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8. Íåò íè áûêà, íè ÷åëîâåêà:

Íåò íè÷åãî � íè õëûñòà, íè ïðèâÿçè; íè ÷åëîâåêà, íè áûêà:

Ðàçâå ìîæíî îáúÿòü âçîðîì ïðîñòîðû íåáåñ?

Â ïûëàþùåé ïå÷è íå íàéòè íèêàêèõ ñíåæèíîê:

Êîãäà ïîëîæåíèå äåë òàêîâî, ïðîÿâëÿåòñÿ äóõ äðåâíåãî ìàñòåðà.

Ïó-ìèí, �Äåñÿòü ðèñóíêîâ î ïàñòóõå è áûêå�
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Íàïîìèíàíèå: ïëàí ïðåäûäóùåé ëåêöèè

1. Çàäà÷à Ýéëåðà îá ýëàñòèêàõ
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Ïëàí ýòîé ëåêöèè

1. Ñóáðèìàíîâû ñòðóêòóðû, êðàò÷àéøèå, ñôåðû

2. Ñóáðèìàíîâà çàäà÷à íà ãðóïïå åâêëèäîâûõ äâèæåíèé ïëîñêîñòè

3. Ñóáðèìàíîâà çàäà÷à íà ãðóïïå ãèïåðáîëè÷åñêèõ äâèæåíèé ïëîñêîñòè

4. Ñóáðèìàíîâà çàäà÷à íà ãðóïïå Ýíãåëÿ

5. Îòêðûòûå âîïðîñû
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Îñíîâíûå îïðåäåëåíèÿ

• ãëàäêîå ìíîãîîáðàçèå M,

• ðàñïðåäåëåíèå ∆ = {∆q ⊂ TqM | q ∈ M}, dim∆q ≡ const,

• ñêàëÿðíîå ïðîèçâåäåíèå â ∆:

g = {gq � ñêàëÿðíîå ïðîèçâåäåíèå â ∆q | q ∈ M}

• ÑÐ ìíîãîîáðàçèå (M,∆, g), ÑÐ ñòðóêòóðà (∆, g) íà M

• ãîðèçîíòàëüíàÿ (äîïóñòèìàÿ) êðèâàÿ q ∈ Lip([0, t1],M):

q̇(t) ∈ ∆q(t) äëÿ ï.â. t ∈ [0, t1],

• äëèíà l(q(·)) =
∫ t1
0
(g(q̇(t), q̇(t))1/2 dt,

• ÑÐ ðàññòîÿíèå d(q0, q1) = inf{l(q(·)) | q(·) ãîðèç. êðèâàÿ,
q(0) = q0, q(t1) = q1},
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• ÑÐ êðàò÷àéøàÿ q(t), t ∈ [0, t1]: ãîðèçîíòàëüíàÿ êðèâàÿ ò.÷.

l(q(·)) = d(q(0), q(t1)),

• ñôåðà SR(q0) = {q ∈ M | d(q, q0) = R},
øàð BR(q0) = {q ∈ M | d(q, q0) ≤ R},

• ãåîäåçè÷åñêàÿ: ãîðèçîíòàëüíàÿ êðèâàÿ, ìàëûå äóãè êîòîðîé � êðàò÷àéøèå,

• âðåìÿ ðàçðåçà âäîëü ãåîäåçè÷åñêîé q(t):

tcut(q(·)) = sup{t > 0 | q(s), s ∈ [0, t], êðàò÷àéøàÿ },

• òî÷êà ðàçðåçà q(t1), t1 = tcut(q(·)),

• ìíîæåñòâî ðàçðåçà Cutq0 = {q1 ∈ M | q1 ò. ðàçðåçà äëÿ íåê-ðîé ãåîäåç. q(·),
q(0) = q0}
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• ïåðâîå ñîïðÿæåííîå âðåìÿ âäîëü ãåîäåçè÷åñêîé q(t):

t1conj(q(·)) = sup{t > 0 | q(s), s ∈ [0, t], ëîêàëüíî îïòèìàëüíà },

• q(·) ëîêàëüíî îïòèìàëüíà, åñëè ∃ îêðåñòíîñòü O ⊃ {q(t)} ò.÷. q(·) �
êðàò÷àéøàÿ íà (O, ∆|O , g |O),

• ïåðâàÿ ñîïðÿæåííàÿ òî÷êà âäîëü ãåîäåçè÷åñêîé q(t):
q(t1), t1 = t1conj(q(·)),

• ïåðâàÿ êàóñòèêà:

Conjq0 = {q1 ∈ M |
q1 ïåðâàÿ ñîïðÿæåííàÿ ò. äëÿ íåê-ðîé ãåîäåç. q(·),

q(0) = q0}.
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Ïðèìåð: Ãðóïïà Ãåéçåíáåðãà

• M =


 1 a c

0 1 b
0 0 1

 | (a, b, c) ∈ R3


• X1 =

∂
∂x − y

2
∂
∂z , X2 =

∂
∂y + x

2
∂
∂z , x = a, y = b, z = c − ab/2

• ∆q = span(X1(q),X2(q)), g(Xi ,Xj) = δij
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Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ
• ÑÐ ìíîãîîáðàçèå (M,∆, g)
• Îðòîíîðìèðîâàííûé ðåïåð:

∆q = span(X1(q), . . . ,Xk(q)), g(Xi ,Xj) = δij , i , k = 1, . . . , k,

• Êðàò÷àéøèå q(t) � ðåøåíèÿ çàäà÷è

q̇ =
k∑

i=1

uiX1(q), q ∈ M, ui ∈ R,

q(0) = q0, q(t1) = q1,

l =

∫ t1

0

(
k∑

i=1

u2i (t)

)1/2

dt → min

⇔ J =
1

2

∫ t1

0

k∑
i=1

u2i (t) dt → min .
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Ñóùåñòâîâàíèå ðåøåíèé

Òåîðåìà 1 (Ðàøåâñêèé-×æîó)

Ïóñòü M ñâÿçíî è äëÿ âñåõ q ∈ M

span(Xi (q), [Xi ,Xj ](q), [[Xi ,Xj ],Xl ](q), . . . ) = TqM. (1)

Òîãäà äëÿ ∀ q0, q1 ∈ M ∃ ãîðèçîíòàëüíàÿ êðèâàÿ q(t), t ∈ [0, t1], ò.÷. q(0) = q0,
q(t1) = q1.

Äàëåå óñëîâèå ïîëíîãî ðàíãà (1) ïðåäïîëàãàåòñÿ âûïîëíåííûì.

Òåîðåìà 2 (Ôèëèïïîâ)

Ñîåäèíÿþùàÿ òî÷êè q0, q1 ∈ M êðàò÷àéøàÿ ñóùåñòâóåò, åñëè âûïîëíåíî îäíî èç

óñëîâèé:

• q1 äîñòàòî÷íî áëèçêî ê q0,

• øàðû BR(q0) êîìïàêòíû,

• (∆, g) ëåâîèíâàðèàíòíà íà ãðóïïå Ëè M.
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Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà

• hi (λ) = ⟨λ,Xi (q)⟩, λ ∈ T ∗M.

Òåîðåìà 3 (Ïîíòðÿãèí)

Åñëè q(t), t ∈ [0, t1], � êðàò÷àéøàÿ, ñîîòâåòñòâóþùàÿ óïðàâëåíèþ u(t), òî
∃λ ∈ Lip([0, t1],T

∗M), λ(t) ∈ T ∗
q(t)M, ò.÷.:

(1) ëèáî λ̇(t) = H⃗(λ(t)), H(λ) = 1
2

∑k
i=1 h

2
i (λ), ui (t) = hi (λ(t)),

(2) ëèáî h1(λ(t)) = · · · = hk(λ(t)) ≡ 0, λ̇(t) =
∑k

i=1 ui (t)h⃗i (λ(t)).

(1) ⇒ λ(t) íîðìàëüíàÿ ýêñòðåìàëü, q(t) íîðìàëüíàÿ ýêñòðåìàëüíàÿ

òðàåêòîðèÿ,

(2) ⇒ λ(t) àíîðìàëüíàÿ ýêñòðåìàëü, q(t) àíîðìàëüíàÿ ýêñòðåìàëüíàÿ

òðàåêòîðèÿ.
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Îïòèìàëüíîñòü íîðìàëüíûõ ãåîäåçè÷åñêèõ
• q(t) � íîðìàëüíàÿ ýêñòðåìàëüíàÿ òðàåêòîðèÿ ⇒
q(t) � ãåîäåçè÷åñêàÿ (óñèëåííîå óñëîâèå Ëåæàíäðà)

• λ(t) � íîðìàëüíàÿ ýêñòðåìàëü ⇒
λ(t) = etH⃗(λ0), H(λ(t)) ≡ const

• λ0 ∈ C = {H(λ) ≡ 1/2} ∩ T ∗
q0M

• Ýêñïîíåíöèàëüíîå îòîáðàæåíèå Exp : C × R+ → M,

Exp(λ, t) = q(t) = π ◦ etH⃗(λ).
• q1 � òî÷êà Ìàêñâåëëà íà ãåîäåçè÷åñêîé q(t):

∃q̃(t) ̸≡ q(t), q̃(0) = q(0), q̃(t1) = q(t1) = q1.

Òåîðåìà 4

Ïóñòü q(t) = Exp(λ, t) � ñòðîãî íîðìàëüíàÿ ãåîäåçè÷åñêàÿ. Åñëè t1 � âðåìÿ

ðàçðåçà, òî q(t1) � ïåðâàÿ òî÷êà Ìàêñâåëëà èëè ïåðâàÿ ñîïðÿæåííàÿ òî÷êà.
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Ãëàäêîñòü ñôåð

Òåîðåìà 5

Åñëè ∆q0 ̸= Tq0M, òî ëþáàÿ ñôåðà SR(q0) íå ÿâëÿåòñÿ ãëàäêèì ìíîãîîáðàçèåì

(åñëè SR(q0) ̸= ∅).
Òåîðåìà 6

Ïóñòü q1 ∈ SR(q0). Ïðåäïîëîæèì, ÷òî:

(1) q1 ñîåäèíÿåòñÿ ñ q0 åäèíñòâåííîé íîðì. êðàò÷àéøåé q(t),

(2) q1 íå ÿâëÿåòñÿ ñîïðÿæåííîé òî÷êîé âäîëü q(t).

Òîãäà SR(q0) � ãëàäêîå ìíîãîîáðàçèå â îêðåñòíîñòè òî÷êè q1.

Ñëåäñòâèå 1

Ïðè÷èíû òî÷åê ðàçðåçà è îñîáåííîñòåé ñôåð:

(1) àíîðìàëüíûå êðàò÷àéøèå,

(2) òî÷êè Ìàêñâåëëà,

(3) ñîïðÿæåííûå òî÷êè. 13 / 87



Ãðóïïà åâêëèäîâûõ äâèæåíèé ïëîñêîñòè

SE(2) =


 cos θ − sin θ x

sin θ cos θ y
0 0 1

 | (x , y) ∈ R2, θ ∈ S1


X1(q) = cos θ

∂

∂x
+ sin θ

∂

∂y
, X2(q) =

∂

∂θ
.

M = SE(2), ∆ = span(X1,X2), g(Xi ,Xj) = δij .

q̇ = u1X1 + u2X2, q = (x , y , θ) ∈ SE(2), (u1, u2) ∈ R2,

q(0) = q0 = Id = (0, 0, 0), q(t1) = q1,

l =

∫ t1

0

√
u21 + u22 dt → min .
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Êîíòàêòíàÿ ñóáðèìàíîâà ñòðóêòóðà íà SE(2)

• X3 = [X1,X2] = sin θ ∂
∂x − cos θ ∂

∂y

• span(X1(q),X2(q),X3(q)) = TqM ⇒ ïîëíàÿ óïðàâëÿåìîñòü

• Âåêòîð ðîñòà (2, 3) ⇒ êîíòàêòíîå ðàñïðåäåëåíèå

• Èíâàðèàíòû À.À.Àãðà÷åâà: κ = χ

• Åäèíñòâåííàÿ ëåâîèíâàðèàíòíàÿ êîíòàêòíàÿ ñóáðèìàíîâà ñòðóêòóðà íà SE(2),
ñ òî÷íîñòüþ äî ðàñòÿæåíèé è ëîêàëüíûõ èçîìåòðèé
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Çàäà÷à îá îïòèìàëüíîì äâèæåíèè

ìîáèëüíîãî ðîáîòà íà ïëîñêîñòè

q0 = (x0, y0, θ0)
x

y

θ

q1 = (x1, y1, θ1)

l =

∫ t1

0

√
ẋ2 + ẏ2 + θ̇2 dt → min
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Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà

• Àíîðìàëüíûå ýêñòðåìàëüíûå òðàåêòîðèè ïîñòîÿííû.

• Íîðìàëüíûå ýêñòðåìàëè:

γ̇ = c, ċ = − sin γ, (γ, c) ∈ C ∼= (2S1
γ )× Rc ,

ẋ = sin
γ

2
cos θ, ẏ = sin

γ

2
sin θ, θ̇ = − cos

γ

2
.

• Èíòåãðàë ýíåðãèè E = c2

2 − cos γ ∈ [−1,+∞)

• γ(t), c(t), q(t): ïàðàìåòðèçàöèÿ ôóíêöèÿìè ßêîáè sn, cn, dn, E.
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Ðàçáèåíèå ôàçîâîãî öèëèíäðà ìàÿòíèêà C = ∪5
i=1Ci

• C1 = {λ ∈ C | E ∈ (−1, 1)} ⇒ êîëåáàíèÿ ìàÿòíèêà,
• C2 = {λ ∈ C | E ∈ (1,+∞)} ⇒ âðàùåíèÿ ìàÿòíèêà,
• C3 = {λ ∈ C | E = 1, c ̸= 0} ⇒ êðèòè÷åñêîå äâèæåíèå,
• C4 = {λ ∈ C | E = −1} ⇒ óñòîé÷èâîå ðàâíîâåñèå,
• C5 = {λ ∈ C | E = 1, c = 0} ⇒ íåóñò. ðàâíîâåñèå

-2 2 4 6 8

-3

-2

-1

1

2

3

γ

c

C1
5 C0

5

C1−
3C0−

3

C1+
3C0+

3

C0
4 C1

4

C+
2

C0
1

C−
2

C1
1

−π 2π 3ππ0
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Îòðàæåíèÿ εi â ôàçîâîì öèëèíäðå ìàÿòíèêà γ̈ = − sin γ
• εi : C → C , εi∗H⃗v = ±H⃗v , H⃗v = c ∂

∂γ − sin γ ∂
∂c ∈ VecC ,

• Ãðóïïà ñèììåòðèé ïàðàëëåëåïèïåäà

G = {Id, ε1, . . . , ε7} = Z2 × Z2 × Z2.

• Äåéñòâèå îòðàæåíèé εi : δ 7→ δi íà òðàåêòîðèè ìàÿòíèêà:

Π 2 Π

δ

δ1

δ2

δ3

δ4

δ5

δ6

δ7

γ

c

εi (λ, t) =

{
(εi (λ), t), εi∗H⃗v = H⃗v ,

(e−tH⃗v ◦ εi (λ), t), εi∗H⃗v = −H⃗v .
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Ïåðâîå âðåìÿ Ìàêñâåëëà, ñîîòâåòñòâóþùåå ñèììåòðèÿì
Ñèììåòðèè ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ:

Exp ◦εi (λ, t) = εi ◦ Exp(λ, t), (λ, t) ∈ C × R+, εi ∈ G .

tMax(λ) = min{t > 0 | ∃εi ∈ G : εi (λ, t) ̸= (λ, t), Exp ◦εi (λ, t) = Exp(λ, t)}

Òåîðåìà 7

• E = −1 ⇒ tMax(λ) = π,

• E ∈ (−1, 1) ⇒ tMax(λ) = 2K (k), k =
√
(E + 1)/2,

• E = 1 ⇒ tMax(λ) = +∞,

• E > 1 ⇒ tMax(λ) = 2kp1(k), k =
√
2/(E + 1),

p1(k) = min{p > 0 | cn(p, k)(E(p, k)− p)− dn(p, k) sn(p, k) = 0}.
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Îöåíêè ïåðâîãî ñîïðÿæåííîãî âðåìåíè

Òåîðåìà 8

• E ∈ [−1, 1] ⇒ t1conj(λ) = +∞,

• E > 1 ⇒ t1conj(λ) ∈ [tMax(λ), 4kK ],

• ∀λ ∈ C t1conj(λ) ≥ tMax(λ).

Ìåòîä äîêàçàòåëüñòâà:

Ãîìîòîïè÷åñêàÿ èíâàðèàíòíîñòü èíäåêñà Ìàñëîâà (êîëè÷åñòâà ñîïðÿæåííûõ

òî÷åê)
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Ãëîáàëüíàÿ ñòðóêòóðà ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ

• Exp : C × R+ = N → M: íåîïòèì. ãåîäåç. ïðè t > tMax(λ),

• N̂ = {(λ, t) ∈ C × R+ | t ≤ t(λ)}, M̂ = M \ {q0},
Exp : N̂ → M̂ ñþðúåêòèâíî, íå èíúåêòèâíî (ò. Ìàêñâåëëà),

• M̃ = {q ∈ M | εi (q) ̸= q} =
= {q ∈ M | sin θ ̸= 0, Ri (q) ̸= 0} = ∪8

i=1Mi ,

Ñ = Exp−1(M̃) =
= {(λ, t) ∈ N | t < tMax(λ), sin(γt/2/2) ̸= 0} = ∪8

i=1Di ,

Exp : Ñ → M̃: íåò ò. Ìàêñâåëëà è ñîïðÿæåííûõ òî÷åê.

Òåîðåìà 9

Exp : Di → Mi � äèôôåîìîðôèçì, i = 1, . . . , 8.
Exp : Ñ → M̃ � äèôôåîìîðôèçì.
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Äèôôåîìîðôíûå ñòðàòèôèêàöèè è ìíîæåñòâî ðàçðåçà
• Cut,Max ⊂ M ′ = M̂ \ M̃ = {q ∈ M | sin θR1(q)R2(q) = 0},
• N ′ = N̂ \ Ñ,
• Exp : N ′ → M ′,
• Ñòðàòèôèêàöèè: N ′ = ⊔58

i=1N
′
i , M

′ = ∪58
i=1M

′
i ,

• Exp : N ′
i → M ′

i � äèôôåîìîðôèçì, i = 1, . . . , 58
• Max = ∪{M ′

i | ∃M ′
j = M ′

i , j ̸= i},
• Cut = Max∪(Cut∩Conj),
• Cut = Cutloc ∪Cutglob,
• Cutglob = {q ∈ M | θ = π}, d(q0,Cutglob) = π,
• Cutloc ⊂ {R2 = 0}, cl(Cutloc) ∋ q0,
• Cutloc = {q ∈ M | θ ∈ (−π, π), R2 = 0, |R1| > R1

1 (|θ|)},
R1 = y cos θ

2 − x sin θ
2 , R2 = x cos θ

2 + x sin θ
2 ,

R1
1 (θ) = 2(p1(k)− E(p1(k), k)),

k = k1(θ) � îáðàòíàÿ ôóíêöèÿ ê θ = k sn(p1(k), k).
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Ìíîæåñòâî M ′ ⊃ Cut ⊃ Max
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Ìíîæåñòâî ðàçðåçà:

ãëîáàëüíîå ðàñïîëîæåíèå
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Ñòðàòèôèêàöèÿ ëåíòû Ìåáèóñà R2(q) = 0

0
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Ìíîæåñòâî ðàçðåçà

â âûïðÿìëÿþùèõ êîîðäèíàòàõ (R1,R2, θ)
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Ëîêàëüíàÿ êîìïîíåíòà ìíîæåñòâà ðàçðåçà

â èñõîäíûõ êîîðäèíàòàõ (x , y , θ)
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Îïòèìàëüíûé ñèíòåç â çàäà÷å

q(0) = q1, q(t1) = q0 = (0, 0, 0)

• q1 ∈ M̂ = M \ {q0}
• Exp : N̂ → M̂ ñþðúåêòèâíî

• Exp−1(q) =

{(λ, t)}, åñëè q ∈ M̂ \Max,

{(λ′, t) ̸= (λ′′, t)}, åñëè q ∈ Max

• Exp−1(q1) = (λ, t), λ = (γ, c) ∈ (2S1)× R, t > 0

• γ̈s = − sin γs , (γ0, γ̇0) = (γ, c), s ∈ [0, t]

• u1(q1) = − sin(γt/2), u2(q1) = cos(γt/2)

• îïòèìàëüíûé ñèíòåç q1 7→ (u1, u2) äâóçíà÷åí íà Max, îäíîçíà÷åí íà M̂ \Max.
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Âðåìÿ ðàçðåçà

Òåîðåìà 10

• tcut(λ) = tMax(λ), λ ∈ C ,

• tcut ◦ εi = tcut, εi ∈ G ,

• H⃗v tcut = 0,

• tcut : C → (0,+∞] íåïðåðûâíà, tcut|E ̸=±1 ãëàäêàÿ.
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Ñóáðèìàíîâû ñôåðû

• R ∈ (0, π) ⇒ SR ∼= S2,

• R = π ⇒ SR ∼= S2/{N = S},

• R > π ⇒ SR ∼= T 2.

Îñîáåííîñòè ñôåð:

SR ∩ Cut = (SR ∩Max) ∪ (SR ∩ Cut∩Conj).
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Ñóáðèìàíîâà ñôåðà ðàäèóñà < π
â èñõîäíûõ êîîðäèíàòàõ (x , y , θ)
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Ñóáðèìàíîâà ñôåðà ðàäèóñà < π
â âûïðÿìëÿþùèõ êîîðäèíàòàõ (R1,R2, θ)
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Ñóáðèìàíîâà ñôåðà ðàäèóñà π
â èñõîäíûõ êîîðäèíàòàõ (x , y , θ)
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Ñóáðèìàíîâà ñôåðà ðàäèóñà π
â âûïðÿìëÿþùèõ êîîðäèíàòàõ (R1,R2, θ)
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Ñóáðèìàíîâà ñôåðà ðàäèóñà > π
â èñõîäíûõ êîîðäèíàòàõ (x , y , θ)
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Ñóáðèìàíîâà ñôåðà ðàäèóñà > π
â âûïðÿìëÿþùèõ êîîðäèíàòàõ (R1,R2, θ)

37 / 87



Ìàòðåøêà ñôåð ðàäèóñà π è > π

38 / 87



Ìàòðåøêà ïîëóñôåð ðàäèóñà < π, π è > π
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Ñóáðèìàíîâà ñôåðà ðàäèóñà < π
è ìíîæåñòâî ðàçðåçà

40 / 87



Ñóáðèìàíîâà ñôåðà ðàäèóñà π
è ìíîæåñòâî ðàçðåçà

41 / 87



Ñóáðèìàíîâà ñôåðà ðàäèóñà > π
è ìíîæåñòâî ðàçðåçà

42 / 87



Ãðóïïà ãèïåðáîëè÷åñêèõ äâèæåíèé ïëîñêîñòè

SH(2) =


 ch z sh z x

sh z ch z y
0 0 1

 | (x , y , z) ∈ R3


X1(q) = ch z

∂

∂x
+ sh z

∂

∂y
, X2(q) =

∂

∂z
.

M = SH(2), ∆ = span(X1,X2), g(Xi ,Xj) = δij .

q̇ = u1X1 + u2X2, q = (x , y , θ) ∈ SH(2), (u1, u2) ∈ R2,

q(0) = q0 = Id = (0, 0, 0), q(t1) = q1,

l =

∫ t1

0

√
u21 + u22 dt → min .
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Êîíòàêòíàÿ ñóáðèìàíîâà ñòðóêòóðà íà SH(2)

• X3 = [X1,X2] = − sh z ∂
∂x − ch z ∂

∂y

• span(X1(q),X2(q),X3(q)) = TqM ⇒ ïîëíàÿ óïðàâëÿåìîñòü

• Âåêòîð ðîñòà (2, 3) ⇒ êîíòàêòíîå ðàñïðåäåëåíèå

• Èíâàðèàíòû À.À.Àãðà÷åâà: κ = −χ

• Åäèíñòâåííàÿ ëåâîèíâàðèàíòíàÿ êîíòàêòíàÿ ñóáðèìàíîâà ñòðóêòóðà íà SH(2),
ñ òî÷íîñòüþ äî ðàñòÿæåíèé è ëîêàëüíûõ èçîìåòðèé
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Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà

• Àíîðìàëüíûå ýêñòðåìàëüíûå òðàåêòîðèè ïîñòîÿííû.

• Íîðìàëüíûå ýêñòðåìàëè:

γ̇ = c, ċ = − sin γ, (γ, c) ∈ C ∼= (2S1
γ )× Rc ,

ẋ = cos
γ

2
ch z , ẏ = cos

γ

2
sh z , ż = sin

γ

2
.

• γ(t), c(t), q(t): ïàðàìåòðèçàöèÿ ôóíêöèÿìè ßêîáè sn, cn, dn, E

• Ãðóïïà ñèììåòðèé Exp:
G = {Id, ε1, . . . , ε7}.
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Ïåðâîå âðåìÿ Ìàêñâåëëà è ñîïðÿæåííûå âðåìåíà

Òåîðåìà 11

• E = −1 ⇒ tMax(λ) = 2π,

• E ∈ (−1, 1) ⇒ tMax(λ) = 4K (k), k =
√
(E + 1)/2,

• E = 1 ⇒ tMax(λ) = +∞,

• E > 1 ⇒ tMax(λ) = 4kK (k), k =
√
2/(E + 1).

Òåîðåìà 12

• tnMax(λ) ≤ t1conj
n
(λ) ≤ tn+1

Max(λ) äëÿ ëþáûõ λ ∈ C , n ∈ N.
• Ñïðàâåäëèâî îáîáùåíèå òåîðåìû Ðîëëÿ: ìåæäó ïîñëåäîâàòåëüíûìè òî÷êàìè

Ìàêñâåëëà çàêëþ÷åíà îäíà ñîïðÿæåííàÿ òî÷êà.
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Ãëîáàëüíàÿ ñòðóêòóðà ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ

Äèôôåîìîðôíûå ñòðàòèôèêàöèè â ïðîîáðàçå è îáðàçå Exp:

• N̂ = {(λ, t) ∈ C × R+ | t ≤ tMax(λ)} =
= ∪2

i=1Di ∪ (∪40
i=1N

′
i ),

• M̂ = M \ {q0} =
= ∪2

i=1Mi ∪ (∪40
i=1M

′
i ).

Òåîðåìà 13

• Exp : Di → Mi � äèôôåîìîðôèçì, i = 1, 2.

• Exp : N ′
i → M ′

i � äèôôåîìîðôèçì, i = 1, . . . , 40.
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Ñòðàòèôèêàöèÿ ïëîñêîñòè M ′ = {z = 0}
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Âðåìÿ ðàçðåçà

Òåîðåìà 14

• tcut(λ) = tMax(λ), λ ∈ C ,

• tcut ◦ εi = tcut, ε
i ∈ G ,

• H⃗v tcut = 0,

• tcut : C → (0,+∞] íåïðåðûâíà, tcut|E ̸=±1 ãëàäêàÿ.
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Ìíîæåñòâî ðàçðåçà
• Cut = Max∪(Cut∩Conj) = Cutloc ∪Cutglob,
• cl(Cutloc) ∋ q0, d(q0,Cutglob) = 2π,
• Cut ⊂ {z = 0}.
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Ñóáðèìàíîâû ñôåðû

• R > 0 ⇒ SR ∼= S2,

• Îñîáåííîñòè ñôåð:

SR ∩ Cut = (SR ∩Max) ∪ (SR ∩ Cut∩Conj).
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Ñóáðèìàíîâà ñôåðà ðàäèóñà < 2π
â èñõîäíûõ êîîðäèíàòàõ (x , y , z)
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Ñóáðèìàíîâà ñôåðà ðàäèóñà 2π
â èñõîäíûõ êîîðäèíàòàõ (x , y , z)
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Ñóáðèìàíîâà ñôåðà ðàäèóñà < 2π
â âûïðÿìëÿþùèõ êîîðäèíàòàõ (R1,R2, z)
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Ñóáðèìàíîâà ñôåðà ðàäèóñà 2π
â âûïðÿìëÿþùèõ êîîðäèíàòàõ (R1,R2, z)
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Ñóáðèìàíîâà ñôåðà ðàäèóñà > 2π
â âûïðÿìëÿþùèõ êîîðäèíàòàõ (R1,R2, z)
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Ìàòðåøêà ïîëóñôåð ðàäèóñà π è 2π

57 / 87



Ìàòðåøêà ïîëóñôåð ðàäèóñà π, 2π è 3π
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Ñôåðà ðàäèóñà π è ìíîæåñòâî ðàçðåçà

â èñõîäíûõ êîîðäèíàòàõ (x , y , z)
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Ñôåðà ðàäèóñà π è ìíîæåñòâî ðàçðåçà

â âûïðÿìëÿþùèõ êîîðäèíàòàõ (R1,R2, z)
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Ïîëóôåðà ðàäèóñà π è ìíîæåñòâî ðàçðåçà

â âûïðÿìëÿþùèõ êîîðäèíàòàõ (R1,R2, z)
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Ñôåðà ðàäèóñà 2π è ìíîæåñòâî ðàçðåçà

â âûïðÿìëÿþùèõ êîîðäèíàòàõ (R1,R2, z)

62 / 87



Ïîëóôåðà ðàäèóñà 2π è ìíîæåñòâî ðàçðåçà

â âûïðÿìëÿþùèõ êîîðäèíàòàõ (R1,R2, z)
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Ñôåðà ðàäèóñà 3π è ìíîæåñòâî ðàçðåçà

â âûïðÿìëÿþùèõ êîîðäèíàòàõ (R1,R2, z)
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Ïîëóôåðà ðàäèóñà 3π è ìíîæåñòâî ðàçðåçà

â âûïðÿìëÿþùèõ êîîðäèíàòàõ (R1,R2, z)
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Ïåðâàÿ êàóñòèêà
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Ïåðâàÿ êàóñòèêà è ìíîæåñòâî ðàçðåçà
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Ðåáðà âîçâðàòà ïåðâîé êàóñòèêè
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Ïåðâàÿ è âòîðàÿ êàóñòèêè
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Ïåðâàÿ è âòîðàÿ êàóñòèêè â ðàçðåçå

70 / 87



Ãðóïïà Ýíãåëÿ

M =




1 y z v
0 1 x x2/2
0 0 1 x
0 0 0 1

 | (x , y , z , v) ∈ R4


X1(q) =

∂

∂x
− y

2

∂

∂z
, X2(q) =

∂

∂y
+

x

2

∂

∂z
+

x2 + y2

2

∂

∂v
.

X2X2X1X1

X3X3

X4X4

X3 = [X1,X2],

X4 = [X1,X3], [X2,X3] = [X1,X4] = [X2,X4] = 0.

Íèëüïîòåíòíàÿ ÑÐ ñòðóêòóðà ñ âåêòîðîì ðîñòà (2, 3, 4), åäèíñòâåííà ñ òî÷íîñòüþ
äî ðàñòÿæåíèé
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Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà

• Àíîðìàëüíûå òðàåêòîðèè: etX2 ([X2,∆
2] = 0)

• Íîðìàëüíûå ýêñòðåìàëè:

θ̇ = c , ċ = −α sin θ, α̇ = 0,

q̇ = − sin θX1(q) + cos θX2(q),

λ = (θ, c, α) ∈ C = T ∗
q0M ∩ {H = 1/2} = S1

θ × R2
c,α.

• Èíòåãðàë ýíåðãèè E = c2

2 − α cos θ ∈ [−|α|,+∞).

• θ(t), c(t), q(t): ïàðàìåòðèçàöèÿ ôóíêöèÿìè ßêîáè.

• θ = πn, c = 0 ⇒ q̇ = ±X2(q), ⇒ àíîðìàëüíûå òðàåêòîðèè íåñòðîãî

àíîðìàëüíû.
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Ñèììåòðèè è ïåðâîå âðåìÿ Ìàêñâåëëà

G = {Id, ε1, . . . , ε7} ∼= (Z2)
3.

Òåîðåìà 15

• E = −± α ⇒ tMax(λ) = +∞,

• |E | < |α| > 0 ⇒ tMax(λ) =
2p1(k)√

|α|
, k =

√
(E + |α|)/(2|α|),

• E > |α| > 0 ⇒ tMax(λ) = 2kK (k), k =
√
2|α|/(E + |α|),

• α = 0, E > 0 ⇒ tMax(λ) =
√
2π
E ,

p1(k) = min{p > 0 | cn(p, k)(E(p, k)− p)− dn(p, k) sn(p, k) = 0

èëè p = 2K (k)}.
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Ñîïðÿæåííîå âðåìÿ è âðåìÿ ðàçðåçà
Òåîðåìà 16

• t1conj(λ) ≥ tMax(λ), λ ∈ C ,

• tcut(λ) = tMax(λ), λ ∈ C ,

• tcut ◦ εi = tcut, εi ∈ G ,

• H⃗v tcut = 0,

• tcut|E ̸=±α íåïðåðûâíà, tcut|E ̸=±α, E0
ãëàäêàÿ,

E0 = 2k20 − 1, 2E (k0)− K (k0) = 0, k0 = 0.9089 . . .

0 Β0Β1
Π

2

2 Π

4 Π

6 Π
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Ãëîáàëüíàÿ ñòðóêòóðà ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ

è ìíîæåñòâî ðàçðåçà
• Ñ = {(λ, t) ∈ C × R+ | t < tMax(λ), sin(γt/2) ̸= 0} =

= ∪4
i=1Di ,

• M̃ = Exp−1(Ñ) =
= {xz ̸= 0} = ∪4

i=1Mi .

Òåîðåìà 17

Exp : Di → Mi � äèôôåîìîðôèçì, i = 1, . . . , 4.

Cut ⊂ M ′ = M \ M̃ = {q ∈ R4 mod xz = 0}.
Äàëüíåéøèå ïîëó÷åííûå ðåçóëüòàòû:

• Äèôôåîìîðôíûå ñòðàòèôèêàöèè M ′, N ′ = N̂ \ Ñ,
• Ñòðóêòóðà Exp : N ′ → M ′.

• Ñòðóêòóðà Cut.
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Ñôåðà S = S1(q0)

Òåîðåìà 18

• Ŝ = S ∩ {x = z = 0} åñòü çàìêíóòàÿ íåïðåðûâíàÿ êðèâàÿ, îõâàòûâàþùàÿ

íà÷àëî êîîðäèíàò,

• Ŝ ∩ {yw ̸= 0} = ∪4
i=1γi ãëàäêèå êðèâûå (w = v − y3/6),

• Ŝ ∩ Abnorm = {a−, a+}, Ŝ ∩ Conj = {c−, c+},
• Ŝ íåãëàäêàÿ, ëèïøèöåâà â îêðåñòíîñòè òî÷åê a± è c±,

• â îêðåñòíîñòè òî÷êè a+ ïåðåñå÷åíèå Ŝ ∩ {w < 0} åñòü ãðàôèê ïëîñêîé

ôóíêöèè

w = w2(y) = −Y 3

6
+ CY 3e−

2
Y (1+ o(1)), Y =

1− y

2
,

• Ŝ íåñóáàíàëèòè÷íà â îêðåñòíîñòè òî÷åê a±, ïîýòîìó è ñôåðà S
íåñóáàíàëèòè÷íà.
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Ïåðåñå÷åíèå Ŝ = S ∩ {x = z = 0}
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Îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî êðàò÷àéøèõ, ïðèõîäÿùèõ â

ñîïðÿæåííóþ òî÷êó c± íà ñôåðå,

ïðîåêöèÿ íà (x , y)
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Îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî êðàò÷àéøèõ, ïðèõîäÿùèõ â

ñîïðÿæåííóþ òî÷êó c± íà ñôåðå,

ïðîåêöèÿ íà (y ,w)
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Cut∩{x = z = 0}
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Ýëàñòèêè, ïîðîæäàþùèå Max1 ∩{x = z = 0}
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Ýëàñòèêè, ïîðîæäàþùèå Max2 ∩{x = z = 0}
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Ñôåðà S ∩ {x = 0}
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Ïîëóñôåðà S ∩ {x = 0, z > 0}
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Âîïðîñû è ïëàíû
• Íèëüïîòåíòíàÿ çàäà÷à íà ãðóïïå Ýíãåëÿ:

• îñîáåííîñòè ñôåðû,

• Ñóáðèìàíîâû çàäà÷è ñ âåêòîðîì ðîñòà (2, 3, 4):
• àñèìïòîòèêà ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ,
• Conj,
• Cut,
• îñîáåííîñòè ìàëûõ ñôåð,

• Ëåâîèíâàðèàíòíûå ñóáðèìàíîâû è ðèìàíîâû çàäà÷è íà òðåõìåðíûõ ãðóïïàõ
Ëè:

• SO(3),
• SL(2).

• Ëåâîèíâàðèàíòíûå ñóáðèìàíîâû è ðèìàíîâû çàäà÷è íà ãðóïïàõ Ëè:
• êîíñòðóêöèÿ ñèììåòðèé Exp ïî ñèììåòðèÿì H⃗v ,
• H⃗v tcut = 0,
• äèôôåîìîðôíûå ñòðàòèôèêàöèè.
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