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7. The Ox Forgotten, Leaving the Man Alone:

Riding on the animal, he is at last back in his home,

Where lo! the ox is no more; the man alone sits serenely.

Though the red sun is high up in the sky, he is still quietly dreaming,
Under a straw-thatched roof are his whip and rope idly lying.

Pu-ming, “The Ten Ozherding Pictures”
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Reminder: Plan of the previous lecture

1. Proof of Pontryagin maximum principle for sub-Riemannian problems
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Outline of this lecture

1. Sub-Riemannian structures, minimizers, spheres
2. Sub-Riemannian problem on the group of Euclidean plane motions SE(2)

3. Sub-Riemannian problem on the group of hyperbolic plane motions SH(2)
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Basic definitions

a smooth manifold M,
distribution A = {Aq C Ty4M | g € M}, dim A4 = const,
scalar product in A:

g = {gq — scalar product in A, | g € M}
SR manifold (M, A, g), SR structure (A, g) on M
horizontal (admissible) curve g € Lip([0, t1], M):

q(t) € Agy) forae. t €0, 1],

length 1(q(-)) = f5* (g(a(?)
= inf

SR distance d(qo, q1)

,4(t))H2 dt,
{I(q(*)) | q(-) horizontal curve,

q(0) = qo, q(t1) = a1},
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SR minimizer g(t), t € [0, t1]: horizontal curve s.t. /(g(-)) = d(q(0), q(t1)),

sphere Sgp(qo) = {g € M | d(q,q) = R},
ball Br(qo) = {g € M| d(q,q) < R},

geodesic: horizontal curve whose short arcs are minimizers,

cut time along geodesic g(t):
teut(q(+)) = sup{t > 0| g(s), s € [0, t], minimizer },

cut point g(t1), t1 = teue(q(+)),

cut locus

Cutg, = {q1 € M | g1 cut point for some geodesic g(-), q(0) = qo}
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first conjugate time along geodesic q(t):

1 N .
teonj(q(+)) = sup{t > 0] q(s), s € [0,¢], locally optimal },

q(+) locally optimal if 3 a neighborhood of O O {q(t)} including q(-) is the
minimizer on (O, Aly, &lo),

the first conjugate point along the geodesic q(t): q(t1), t1 = t&onj(q(-)),
the first caustic:
Conjqo = {ql eEM |

q1 the first conjugate point for some geodesic g(-),
q(0) = qo}-
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Example: Heisenberg Group
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Optimal control problem

® SR manifold (M, A, g)
® Orthonormal frame:

Ag = span(Xi(q), ..., Xk(q)), &(Xi,Xj)=0j, i,k=1,...,k,

e Minimizer g(t) — solution of the problem
k
g=) uX(q), qgeEM, wueR,
i=1

q(O) = qo, Q(tl) = (1,
k

" 1/2
/:/0 (Z u?(t)) dt — min

i=1
k

1 (6
& J:2/0 Zu?(t)dt—)min.

9/71



Existence of Solutions

Theorem 1 (Rashevskii-Chow)
Let M be connected and for all g € M

span(Xi(q), [Xi Xil(q), [[Xi, Xjl, Xil(q), ...) = TqM. (1)

Then forV qo,q1 € M 3 a horizontal curve q(t), t € [0, t1], so q(0) = qo, q(t1) = q1.
Further, the condition of full rank (1) is assumed to be satisfied.

Theorem 2 (Filippov)
A minimizer connecting points qo, q1 € M exists if one of the following conditions is
satisfied:

® ¢, is sufficiently close to qo,

e the balls Bgr(qo) are compact,

® (A, g) is left-invariant on the Lie group M.
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Pontryagin's Maximum Principle

® hi(A) =\ Xi(q)), A€ T*M.

Theorem 3 (Pontryagin)

If q(t), t € [0, t1], is a length miminizer corresponding to control u(t), then
3\ € Lip([0, 1], T*M), A(t) € TooM. st

(N) either A(£) = HA(D)), HY) = § 10 V), ui(t) = hi(A(2)),
(A) or h(A(B)) = - = (A1) = 0, M) = S, ui()(A(1).

(N) = A(t) is a normal extremal, g(t) is a normal extremal trajectory,

(A) = A(t) is an abnormal extremal, g(t) is an abnormal extremal trajectory.
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Optimality of normal geodesics

® g(t) — normal extremal trajectory =
q(t) — geodesic (strong Legendre condition)

[ ]
>

()
(t)
(t) — normal extremal =
(t) =

A(t ”’7()\0), H(A(t)) = const

* MeC={HN=1/2NTLM

—

® Exponential map Exp : C x R, — M, Exp()\, t) = g(t) = mo etH(N).

® g; is a Maxwell point on g(t):

3q(t) # q(t). q(0) = q(0), g(t1) = q(t1) = a1.

Theorem 4
Let q(t) = Exp(\, t) be a normal geodesic that does not contain abnormal arcs. If t; is
the cut time, then q(t1) is the first Maxwell point or the first conjugate point.
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Smoothness of Spheres
Theorem 5

If Dgy # TqoM, then any sphere Sg(qo) is not a smooth manifold (if Sr(qo) # 0).

Theorem 6
Let g1 € Sr(qo). Suppose that:

(1) g1 is connected to qo by a unique normal minimizer q(t),
(2) g1 is not a conjugate point along q(t).

Then Sg(qo) is a smooth manifold in the neighborhood of q;.
Corollary 1

Reasons for cut points and singularities of spheres:

(1) abnormal shortest paths,

(2) Maxwell points,

(3) conjugate points.
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Group of Euclidean plane motions
cos) —sinf x
SE(2) = sinf cosf y || (x,y)eR? feS?
0 0 1
Xi(q) = cosc92 + sin GQ, X2(q) 0

Ox oy T
M=SE(2), A=span(Xi,X2),  g(Xi,Xj)=dj.

C.I: U1X1 +U2X27 q= (X7y79) ESE(Q), (u17u2) ER2,
q(0) = go = Id = (0,0,0), q(t1) = q1,

t1 ; t
/:/ \/>'<2+)72+92dt:/ \/ U2 + u3 dt — min.
0 0
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Contact sub-Riemannian structure on SE(2)

X3 = [X1, X2] = sin 98% — cos 9%

span(X1(q), X2(q), X3(q)) = TqM = complete controllability
Growth vector (2,3) = contact distribution

A.A. Agrachev’s invariants: kK =y

The only left-invariant contact sub-Riemannian structure on SE(2), up to dilations
and local isometries
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Problem on optimal motion

of a mobile robot on a plane
y

q = (x1,y1,01)

‘qO = (IO, Yo, 90)

t1 N
/:/ \/ X2+ y2 + 62 dt — min
0

x
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Pontryagin's maximum principle

Abnormal extremal trajectories are constant.

Normal extremals: _ _ )

Y=¢ C=—sIn7v, (77C)€ Cg(zsfy)XRCa
Y

X:sin%cosﬁ, y:sin%sinﬂ, 0.:—cos§.

The energy integral E = %2 —cosy € [—1, 4+00)
v(t), c(t), g(t): parameterization by Jacobi functions sn, cn, dn, E.
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Partition of the pendulum phase cylinder C = U>_, G
G={\NeC|Ee(-1,1)} = pendulum oscillations,
G={ e C|E€(l,+0)} = pendulum rotations,
G={NeC|E=1, c#0} = critical motion,
G={\ e C|E=-1} = stable equilibrium,
G={NeC|E=1, c=0} = unstable equilibrium.
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Reﬂechons of £’ in the phase cylinder of a pendulum 4 = —sin~y
: C—=C, EHV—:le Hv—caa—sm'ya € Vec C,
° Symmetry group of a parallelepiped

G = {ld,él,...,zS?} IZQ XZQ X ZQ.

e Action of reflections ¢’ : & — &' on the pendulum trajectory:

52 Y &8 54
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First Maxwell time corresponding to symmetries
Symmetries of the exponential map:

Expoc’(\, t) = &' o Exp(), t), (Mt)e CxRy, ¢ €G.

tmax(A) = min{t > 0| 3e' € G : &'(\t) # (\t), Expoe'(\ t) = Exp(\, t)}

Theorem 7
e F=-1 = tux(N)=m,
e Ec(-1,1) = tux()) =2K(k), k=/(E+1)/2,
e E=1 = tux(A)=+o0,
e E>1 = tya(A) =2kp(k), k = /2/(E +1),
pi(k) = min{p >0 | cn(p, k)) — p) — dn(p, k) sn(p, k) = 0}.
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Estimates of the first conjugate time

Theorem 8
e Ec[-1,1] = tL.(\) =+,
*E>1 = 1) € [tmax(N), 4KK],

e vAe C tl(A) > tmax(N).

Proof method:
Homotopy invariance of the Maslov index (number of conjugate points)
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Global structure of the exponential map

® Exp : C xRy = N — M: non-opt. geodes. for t > tmax(N),

o N={(\t)€CxRy [t<tma(N)},  M=M\{q},
Exp : N — M surjective, not injective (Maxwell points),

* M={qeM|c'(q) #q} =
={qe M|sind#0, Ri(q)#0} =08 M,
N = Exp~}{(M) =
={(\t) € N |t < tmax(A), sin(y¢2/2) # 0} = UE, D;,
Exp : N — M: neither Maxwell point nor conjugate points.

Theorem 9
Exp : D; — M; — diffeomorphism, i = 1,...,8.
Exp N> M— diffeomorphism.
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DifFeomorphic stratifications and the cut set
Cutl\/laxCI\/l’ M\ M = {q € M|sin6R(q)Rx(q) = 0},
= N\ N,
E N — M,
Stratifications: N =188 NI, M = U581I\/I
p : N/ — M! — diffeomorphism, i =1,...,58
Max = U{M; | IM} = M], j # i},
Cut = MaxU( Cut N Conj),
Cut = Cut|0CUCutg|0b,
Cutgk,b = {q eM ’ 0= 71'}, d(qo,Cutg|ob) =,
Cutjoc C {R2 = 0}, CI(CUtIOC) > qo,
Cutjoc = {q eM ‘ 0 e (—7‘(',7['), R, =0, ’Rl‘ > R11(|0‘)},

Rlzycosg—xsing, R2:xcosg+xsing,
R1(0) = 2(p1(k) — E(p1(k), k),
k = k1(0) — inverse function to 6 = ksn(py(k), k).
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Set M’ D Cut D Max

24 /71



Cut locus:
global location
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Stratification of the Mobius strip Rx(g) =0
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Cut locus

in straightening coordinates

fela [?éa 6)

(
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Local component of cut locus
in original coordinates (x, y, 0)

theta
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Optimal synthesis in a problem
q(0) = g1, q(t1) = g0 = (0,0,0)
qr € M= M\ {q}
Exp : N— M surjective

1 {()‘7 t)}: if g€ M\ Max,
Bp™(a) = ((V.1) £ (V. 1)}, if g € Max

Exp~(q1) = (A, t), A=(v,c) e (2SY) xR, t >0
¥s = —sinvs, (70,%) = (7,¢), s € [0, t]
u1(q1) = —sin(7¢/2), u2(q1) = cos(7:/2)

the optimal synthesis g1 — (u1, u2) is two-valued on Max, single-valued on
M\ Max.
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Cut time
Theorem 10
tat(A) = tmax(A), A€ C,
® teut © Ei = teut, €i € G,
I:ivtcut - 0,

® tewr : C = (0,+00] is continuous,  teut|gsyq IS SMOOtH.

t
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Sub-Riemannian spheres

°* Re (0,7T) = SpZ= f;2,
e R=n = Sgpx~S?/{N=S5),

*R>1 = Sp=T2

Singularities of spheres:

Sgr N Cut = (Sg N Max) U (Sg N Cut N Conj).
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Sub-Riemannian sphere of radius < m
in the original coordinates (x, y, 0)
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Sub-Riemannian sphere of radius < m
in rectifying coordinates (Ry, R, 0)
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Sub-Riemannian sphere of radius =
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,y,0)
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in original coordinates
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Sub-Riemannian sphere of radius =
in rectifying coordinates (Ry, R, 0)

SN

SR

=

SSX
S
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Sub-Riemannian sphere of radius > w
in original coordinates (x, y, 0)

N T
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Sub-Riemannian sphere of radius > w

0)

f?27

in rectifying coordinates (R,

37/71



Matryoshka of radius spheres m and > 7
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Matryoshka of hemispheres of radius < 7, m and > 7

-4 -2 0 b 4

theta ©
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Sub-Riemannian sphere of radius < m
and the set locus
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Sub-Riemannian sphere of radius =



Sub-Riemannian sphere of radius > w
and the cut locus
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Group of hyperbolic motions of the plane:
Statement of the problem

chz shz x
SH(2) = shz chz y | |(x,y,2z) e R®
0 0 1

Left-invariant frame:

0 0 0
X1(Q)—Chza+5h257 Xz(Q)—g-

M = SH(Q), A= span(Xl,Xg), g(X,,)g) = 6U
g =wu X1+ Xy, q=(xy,0) €SH(2), (u1,um)eR?
q(o) =dqo = Id = (0a070)7 q(tl) =dq1,

t1 N t1
/:/ \/X2—|—)'/2+92dt:/ \/ U2 + u3 dt — min.
0 0
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Contact sub-Riemannian structure on SH(2)

X3 = [X1,Xo] = —shzgk —chzg.

span(X1(q), X2(q), X3(q)) = TqM = complete controllability
Growth vector (2,3) = contact distribution

A.A. Agrachev invariants: Kk = —x

The only left-invariant contact sub-Riemannian structure on SH(2), up to dilations
and local isometries
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Pontryagin's maximum principle

Anormal extremal trajectories are constant.

Normal extremals:

Y=¢c, ¢=-siny, (7,¢)€C=(25) xR,

X:coslchz, y:coszshz, z=sin L,
2 2 2

v(t), c(t), g(t): parameterization by Jacobi functions sn, cn, dn, E

Symmetry group of Exp:
G={lde,... e}
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First Maxwell Time and Conjugate Times

Theorem 11
o f=-1 = tMax(A) = 2T,
* Ec(-1,1) = tmax(A) =4K(k), k= \/m'
e E=1 = tux(A)=+oo,
* E>1 = tya()) = 4kK(k), k = /2/(E +1).
Theorem 12
© tha(A) <0 i(N) < b (X) forany A€ C, neN.
® A generalization of Rolle’s theorem is valid: between successive Maxwell points
there is one conjugate point.
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Global structure of the exponential map

Diffeomorphic stratifications in the preimage and image of Exp:
o N={(\t)e CxRy|t<tyax(N)} =
= U2, D; U (U N,
o M=M\{q} =
= U2 M; U (U, M.
Theorem 13
® Exp : D; -+ M; — diffeomorphism, i =1, 2.
® Exp : N/ — M! — diffeomorphism, i =1,...,40.
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Stratification of plane M = {z = 0}
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Cut time
Theorem 14
teaut(A) = tmax(A), A € C,
® tewoe =ty € €G,
'L_ivtcut =0,

teut = C — (0,+00] is continuous, tcut|,:-;/éjEl is smooth

Graph of the function tcyt = teut(E):

6T
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Cut locus
® Cut = MaxU(Cut N Conj) = Cutjoc U Cutgop,
° C|(Cut|oc) S qo, d(qo, Cutg|ob) = 2,

e Cut C {z=0}.
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Sub-Riemannian spheres

°* R>0 = Sp% f;2,
¢ Singularities of spheres:

Sr N Cut = (Sg N Max) U (Sg N Cut N Conj).
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Sub-Riemannian sphere of radius < 27
in the original coordinates (x, y, z)
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Sub-Riemannian sphere of radius 27
in original coordinates (x, y, z)
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Sub-Riemannian sphere of radius < 27
in rectifying coordinates (Ry, Ry, z)




-Riemannian sphere of radius 27
in rectifying coordinates (Ry, Ry, z)

Sub
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Sub-Riemannian sphere of radius > 27
in rectifying coordinates (Ry, Rs, 2)
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Matryoshka hemispheres of radius 7 and 27




Matryoshka of hemispheres of radii m, 27 and 37




Sphere of radius 7 and cut locus
in original coordinates (x, y, z)

S
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Sphere of radius 7 and the cut locus
in rectifying coordinates (Ry, Ry, z)




A half-sphere of radius 7 and the cut locus
in straightening coordinates (Ry, Ry, z)

4 4

i
"y
_ »-"H ‘h\‘u/l/ﬂ//z-
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A sphere of radius 27 and the cut locus
in straightening coordinates (Ry, Ry, z)

N

)
*—f“ﬁs‘ !
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A half-sphere of radius 27 and the cut locus
in straightening coordinates (Ry, Ry, z)
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Sphere of radius 37 and the cut locus
in straightening coordinates (Ry, Ry, z)
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Half-sphere of radius 37 and the cut locus
coordinates (R, Ry, 2)

in straightening

50
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First caustic
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First caustic and the cut locus
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Return edges of the first caustic
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First and second caustics




First and second caustics in section




Exercises

1. Solve the sub-Riemannian problems on the groups SE(2) and SH(2) independently.
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