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Ïîñòàíîâêà çàäà÷è



Ìîòèâàöèÿ



Èñòîðèÿ çàäà÷è
1983 J.M. Hammersley: ïîñòàíîâêà çàäà÷è î êà÷åíèè øàðà ïî ïëîñêîñòè.

1986 A.M. Arthur, G.R.Walsh: èíòåãðèðóåìîñòü ãàìèëüòîíîâîé ñèñòåìû ÏÌÏ.

1990 Z.Li, J. Canny: óïðàâëÿåìîñòü ñèñòåìû.

1993 V. Jurdjevic:
I ïðîåêöèè ýêñòðåìàëüíûõ êðèâûõ (x(t), y(t)) � ýëàñòèêè Ýéëåðà,
I îïèñàíèå ðàçëè÷íûõ êà÷åñòâåííûõ òèïîâ ýêñòðåìàëüíûõ òðàåêòîðèé,
I äèôôåðåíöèàëüíûå óðàâíåíèÿ íà óãëû Ýéëåðà;

2010 Þ.Ë. Ñà÷êîâ:
I íåïðåðûâíûå è äèñêðåòíûå ñèììåòðèè;
I íåïîäâèæíûå òî÷êè ñèììåòðèé (òî÷êè Ìàêñâåëëà);
I íåîáõîäèìîå óñëîâèå îïòèìàëüíîñòè: âåðõíÿÿ îöåíêà âðåìåíè ðàçðåçà.

2011 À.Ï. Ìàøòàêîâ, Þ.Ë. Ñà÷êîâ:
I ÿâíàÿ ïàðàìåòðèçàöèÿ ýêñòðåìàëüíûõ òðàåêòîðèé;
I àñèìïòîòèêà ýêñòðåìàëüíûõ òðàåêòîðèé âðåìåíè Ìàêñâåëëà ïðè êà÷åíèè

ñôåðû ïî ñèíóñîèäàì ìàëîé àìïëèòóäû.



Ïîëó÷åííûå ðåçóëüòàòû

Â õîäå ðàáîòû áûëè ïîëó÷åíû:

1. Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è

2. Ïîêàçàíà óïðàâëÿåìîñòü ñèñòåìû

3. Ïîëó÷åíû àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ ýêñòðåìàëüíîãî óïðàâëåíèÿ



Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è

Óðàâíåíèå äëÿ óãëîâîé ñêîðîñòè:

~ω =
[~r × ~u]
r2

Ïîëîæèì äëèíó ~r ðàâíîé åäèíèöå è çàïèøåì ïîëó÷èâøååñÿ óðàâíåíèå â

êîîðäèíàòàõ:

~u = (u1, u2, 0)

~r = (0, 0,−1)
~ω = [~r × ~u] = (u2,−u1, 0)



Êâàòåðíèîí:

q = q0 + q1i+ q2j+ q3k

Êâàòåðíèîí âðàùåíèÿ:

q = cos
θ

2
+ ~n sin

θ

2
∈ S3

|q| =
√
q20 + q21 + q22 + q23 = 1

Îïèñàíèå ïîâîðîòîâ ïðè ïîìîùè êâàòåðíèîíîâ:

~ρ = q~ρ′q−1

Ñâÿçü êâàòåðíèîíà âðàùåíèÿ ñ óãëîâîé ñêîðîñòüþ:

q̇ =
1

2
~ωq



Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ
Óïðàâëÿåìàÿ ñèñòåìà:

ẋ = u1,

ẏ = u2,

q̇0 =
1
2 (q2u1 − q1u2) ,

q̇1 =
1
2 (q3u1 + q0u2) ,

q̇2 =
1
2 (−q0u1 + q3u2) ,

q̇3 =
1
2 (−q1u1 − q2u2) ,

(x, y) ∈ R2,
q ∈ S3.

Êðèòåðèé îïòèìàëüíîñòè:

l =

t1∫
0

√
u21 + u22dt→ min

Ãðàíè÷íûå óñëîâèÿ:

g(0) = g0, g(t1) = g1, gi ∈ R2 × S3



Óïðàâëÿåìîñòü ñèñòåìû

Óïðàâëÿåìàÿ ñèñòåìà F =
{
u1X1 + u2X2 | u ∈ R2

}
Âåêòîðíûå ïîëÿ:

X1 =
(
1, 0, q2/2, q3/2, −q0/2, −q1/2

)
X2 =

(
0, 1, −q1/2, q0/2, q3/2, −q2/2

)
X3 =

(
0, 0, −q3/2, q2/2, −q1/2, q0/2

)
= [X1, X2]

X4 =
(
0, 0, q1/2, −q0/2, −q3/2, q2/2

)
= [X1, X3]

X5 =
(
0, 0, q2/2, q3/2, −q0/2, −q1/2

)
= [X2, X3]



Ñîáåðåì âåêòîðíûå ïîëÿ â ìàòðèöó: Y = [X1, X2, X3, X4, X5]
T

Y =


1, 0, q2/2, −q3/2, −q0/2, q1/2
0, 1, −q1/2, q0/2, −q3/2, q2/2
0, 0, −q3/2, q2/2, −q1/2, q0/2
0, 0, q1/2, −q0/2, −q3/2, q2/2
0, 0, q2/2, q3/2, −q0/2, −q1/2


Ëåãêî âèäåòü, ÷òî:

rank(Y ) = 5 ⇒ ∀g ∈ R2 × S3 : Lieg(F ) = Tg(R2 × S3)



Óïðàâëÿåìîñòü ñèñòåìû

Â ñèëó òåîðåìû Ðàøåâñêîãî-×æîó:

Og = R2 × S3

Ò.ê. F = −F , òî â ñèëó ñëåäñòâèÿ òåîðåìû Ðàøåâñêîãî-×æîó:

Ag = R2 × S3

Òåîðåìà

Ñèñòåìà F âïîëíå óïðàâëÿåìà



Îïòèìàëüíîå óïðàâëåíèå

Áóäåì îïòèìèçèðîâàòü ôóíêöèîíàë äåéñòâèÿ:

J =

t1∫
0

u21(t) + u22(t)

2
dt

Ìîæíî ïîêàçàòü, ÷òî îí ýêâèâàëåíòåí ôóíêöèîíàëó äëèíû êðèâîé:

l =

t1∫
0

√
u21(t) + u22(t)dt



Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà (ÏÌÏ)

Ëèíåéíûå ãàìèëüòîíèàíû:

hi = 〈λ,Xi〉 , λ ∈ T ∗(R2 × S3), i = 1, . . . , 5

Òîãäà ãàìèëüòîíèàí ÏÌÏ çàïèñûâàåòñÿ â âèäå:

hνu(λ) = u1h1 + u2h2 +
ν

2
(u21 + u22)



Àíîðìàëüíûé ñëó÷àé ÏÌÏ

Óñëîâèå ìàêñèìóìà:

u1h1 + u2h2 → max ⇒ h1 = 0, h2 = 0

Ãàìèëüòîíîâà ñèñòåìà â àíîðìàëüíîì ñëó÷àå:
ḣ1 = −u2h3
ḣ2 = u1h3

ḣ3 = u1h4 + u2h5


ḣ4 = −u1h3
ḣ5 = −u2h3
q̇ = u1X1 + u2X2

Òåîðåìà

Àíîðìàëüíûå ýêñòðåìàëè ñîîòâåòñòâóþò êà÷åíèþ øàðà âäîëü ïðÿìûõ ëèíèé:

u1h4 + u2h5 = 0, h4 = const, h5 = const



Íîðìàëüíûé ñëó÷àé ÏÌÏ

Óñëîâèå ìàêñèìóìà:

u1h1 + u2h2 +
1

2

(
u21 + u22

)
→ max ⇒ u1 = h1, u2 = h2

Ãàìèëüòîíîâà ñèñòåìà â íîðìàëüíîì ñëó÷àå:
ḣ1 = −h2h3
ḣ2 = h1h3

ḣ3 = h1h4 + h2h5


ḣ4 = −h1h3
ḣ5 = −h2h3
q̇ = h1X1 + h2X2



Áûëè íàéäåíû ñëåäóþùèå èíòåãðàëû äâèæåíèÿ:

H =
1

2

(
h21 + h22

)
Hrot = h23 + h24 + h25

v1 = h1 − h5
v2 = h2 + h4



Ïðè ïîìîùè óêàçàííûõ âûøå èíòåãðàëîâ äâèæåíèÿ ñèñòåìó ìîæíî ñâåñòè ê

ñëåäóþùåìó âèäó: 
θ̇ = h3

ḣ3 = − sin θ

ġ = cos(α− θ)X1 + sin(α− θ)X2

Ãäå:

α = arctan
v2
v1

� çàäàåò êóðñ êà÷åíèÿ øàðà

θ � çàäàåò îòêëîíåíèå îò êóðñà



Èíòåãðèðîâàíèå âåðòèêàëüíîé ïîäñèñòåìû

Âåðòèêàëüíàÿ ïîäñèñòåìà ñîâïàäàåò ñ óðàâíåíèåì ìàòåìàòè÷åñêîãî ìàÿòíèêà

Òðàåêòîðèè ìàÿòíèêà ìîæíî ðàçäåëèòü íà 5 êàòåãîðèé:

C1 =
{
(θ, h3) |

h23
2 − cos θ < 1

}
C2 =

{
(θ, h3) |

h23
2 − cos θ > 1

}
C3 =

{
(θ, h3) |

h23
2 − cos θ = 1

}
C4 = { (θ, h3) | θ = 0, h3 = 0 }
C5 = { (θ, h3) | θ = π, h3 = 0 }



Óïðàâëåíèÿ ñèñòåìû ìîæíî âûðàçèòü ñëåäóþùèì îáðàçîì:

u1 = cos(α− θ) = cosα cos θ + sinα sin θ

u2 = sin(α− θ) = sinα cos θ − cosα sin θ

Äëÿ ðàçëè÷íûõ îáëàñòåé ïîëó÷àåì ðàçíûå âûðàæåíèÿ äëÿ cos θ:

C1 : cos θ = dn2(φ0 + t, k0)− k20sn2(φ0 + t, k0)

C2 : cos θ = cn2
(
φ0 + t

k0
, k0

)
− sn2

(
φ0 + t

k0
, k0

)
C3 : cos θ = 1− 2 tanh2(φ0 + t)

C4 : cos θ = 1

C5 : cos θ = −1



Ýêñòðåìàëüíîå óïðàâëåíèå äëÿ C1



Ýêñòðåìàëüíîå óïðàâëåíèå äëÿ C2



Ýêñòðåìàëüíîå óïðàâëåíèå äëÿ C3



Êà÷åíèå äëÿ C1



Êà÷åíèå äëÿ C1



Êà÷åíèå äëÿ C2



Êà÷åíèå äëÿ C2



Êà÷åíèå äëÿ C3



Êà÷åíèå äëÿ C3



Íàó÷íàÿ íîâèçíà

Íàéäåí åùå îäèí èíòåãðàë äâèæåíèÿ:

W = h2h4 − h1h5 −
h23
2

Ïðè ýòîì:

ḣ3 = h1h4 + h2h5

Òîãäà:

ḧ3 = −h3(h21 + h22 + [h2h4 − h1h5]) = −h3(H +W +
h23
2
)



Ïëàíû

1. Èíòåãðèðîâàíèå ãîðèçîíòàëüíîé ÷àñòè ãàìèëüòîíèàíà ÏÌÏ (â ÷àñòíîñòè

ïîèñê ÿâíîãî âèäà êâàòåðíèîíà âðàùåíèÿ)

2. Èññëåäîâàíèå ñèììåòðèé çàäà÷è, ïîèñê òî÷åê Ìàêñâåëëà, èññëåäîâàíèå

ñîïðÿæåííûõ òî÷åê, îïðåäåëåíèå âðåìåíè ðàçðåçà

3. Îïòèìàëüíûé ñèíòåç



Ñïàñèáî çà âíèìàíèå!
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