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Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ óïðàâëÿåìàÿ ñèñòåìà
ẋ = u1 cos θ,

ẏ = u1 sin θ,

θ̇ = u1k,

k̇ = u2,

(x, y, θ, k) ∈ SE(2)× R,
(u1, u2) ∈ R2.

Äëÿ òðàåêòîðèè γ(t), ñîîòâåòñòâóþùåé óïðàâëåíèþ (u1(t), u2(t)) çà âðåìÿ T > 0,
îïðåäåëèì ôóíêöèîíàë êà÷åñòâà � ñóáðèìàíîâó äëèíó ýòîé òðàåêòîðèè:

l(γ) =

T∫
0

√
u21(t) + u22(t) dt.

Äëÿ çàäàííûõ ãðàíè÷íûõ óñëîâèé γ(0) = (0, 0, 0, k0), γ(T ) = (x1, y1, θ1, k1),
òðåáóåòñÿ íàéòè òðàåêòîðèþ, èìåþùóþ ìèíèìàëüíóþ ñóáðèìàíîâó äëèíó.
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Ìîòèâàöèÿ èññëåäîâàíèÿ

Óòî÷íåíèå ìîäåëè Ïåòèòî-×èòòè-Ñàðòè: äîáàâëåíèå ïàðàìåòðà êðèâèçíû ïðè

àíàëèçå êîíòóðîâ èçîáðàæåíèé.
3 / 17



Èñòîðèÿ çàäà÷è

Ñóáðèìàíîâû ñòðóêòóðû â íåéðîãåîìåòðèè çðåíèÿ:

I J. Petitot, The neurogeometry of pinwheels as a sub-Riemannian contact

structure, 2003. (Ãðóïïà Ãåéçåíáåðãà)

I G. Citti and A. Sarti, A Cortical Based Model of Perceptual Completion in the

Roto-Translation Space, 2006. (Ãðóïïà SE(2))

I J. Petitot, Neuromathematics of Vision, 2014. (Ãðóïïà Ýíãåëÿ).

I Îáñóæäåíèå ñ G. Citti íà êîíôåðåíöèè Geometry, PDE's and Lie Groups in

Image Analysis, Eindhoven, 2016. (×åòûðåõìåðíîå ðàñøèðåíèå ãðóïïû SE(2).)

4 / 17



Ïîëó÷åííûå ðåçóëüòàòû

Òåîðåìà

I Ñèñòåìà âïîëíå óïðàâëÿåìà.

Äîêàçûâàëàñü óïðàâëÿåìîñòü ñ ïîìîùüþ òåîðåìû Ðàøåâñêîãî-×æîó. Ïåðâûå äâà

óñëîâèÿ âûïîëíÿëèñü ïî ïîñòàíîâêå çàäà÷è, îñòàâàëîñü íàéòè ñêîáêè Ëè, êîòîðûå

áóäóò óäîâëåòâîðÿòü ðàíãîâîìó óñëîâèþ. Îêàçàëîñü, ÷òî:

det


cos θ 0 0 − sin θ
sin θ 0 0 cos θ
k 0 −1 0
0 1 0 0

 ≡ 1
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Àíîðìàëüíûé ñëó÷àé ν = 0

Ïîëó÷åííàÿ ñèñòåìà óðàâíåíèé âûãëÿäèò ñëåäóþùèì îáðàçîì:
k̇ = u2,

a cos θ + b sin θ = 0,

h4 = −a sin θ + b cos θ = const.

Âûáèðàÿ óãîë θ = 0, ïîëó÷àåì çíà÷åíèÿ a = 0, b = const 6= 0. Âûáèðàÿ
íàòóðàëüíóþ ïàðàìåòðèçàöèþ ãåîäåçè÷åñêèõ, ïîëó÷àåì u2 = ±1.
Òåîðåìà

I Àíîðìàëüíûå ãåîäåçè÷åñêèå èìåþò âèä (0, 0, 0, t).
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Íîðìàëüíûé ñëó÷àé ν = −1
h1 = a cos θ + b sin θ + ck,

h2 = d,

h3 = −c,
h4 = −a sin θ + b cos θ,

ȧ = 0,

ḃ = 0,

ċ = −((b2 − a2) cos θ sin θ + ab(cos2 θ − sin2 θ)− ack sin θ + bck cos θ),

ḋ = −(c2k + ac cos θ + bc sin θ),
ẋ = (a cos θ + b sin θ + ck) cos θ,

ẏ = (a cos θ + b sin θ + ck) sin θ,

θ̇ = (a cos θ + b sin θ + ck)k,

k̇ = d.

7 / 17



Íîðìàëüíûé ñëó÷àé ν = −1



ḣ1 = −h2h3,
ḣ2 = h1h3,

ḣ3 = h1h4,

ḣ4 = −kh1(kh3 + 1),

k̇ = h2,


ẋ = h1 cos θ,

ẏ = h1 sin θ,

θ̇ = h1k.

Ñèñòåìà 5 íåçàâèñèìûõ ïåðåìåííûõ èìååò 3 ïåðâûõ èíòåãðàëà a, b,H. Íî

ôîðìóëüíî ÷åðåç hi è k áûëî íàéäåíî âñåãî 2:

1) H = h21 + h22 = const
2) a2 + b2 = h21 + 2h1h3k + h23k

2 + h24 = const
Èíòåãðèðóåìîñòü ñèñòåìû óñòàíîâèòü íå óäàëîñü, ò.ê. íå áûë íàéäåí åùå îäèí

ïåðâûé èíòåãðàë. Ïîýòîìó äàëåå áûëî ïðîâåäåíî ÷èñëåííîå èññëåäîâàíèå

ñèñòåìû íà íàëè÷èå õàîñà.

8 / 17



Ìåòîä Ïóàíêàðå: çàìêíóòàÿ òðàåêòîðèÿ
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Ìåòîä Ïóàíêàðå: âàðèàöèÿ íà÷àëüíûõ óñëîâèé

10 / 17



×èñëåííîå èññëåäîâàíèå õàîñà
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×èñëåííîå èññëåäîâàíèå õàîñà

Íàáëþäåíèå: êîíå÷íûå òî÷êè òðàåêòîðèé, áëèçêèõ ê çàìêíóòûì, çàïîëíÿþò

òðåõìåðíóþ îáëàñòü â ïðîñòðàíñòâå (x, y, k), θ = 0.
Âûâîä: â ñèñòåìå íàáëþäàåòñÿ õàîòè÷åñêîå ïîâåäåíèå.
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Ïëàíû

Ïðîäîëæåíèå ðàññìîòðåíèÿ ñèñòåìû:

I Áîëåå äåòàëüíûé àíàëèç õàîòè÷åñêîãî äâèæåíèÿ.

I Ïîñòðîèòü áîëåå íàãëÿäíûé ãðàôèê äëÿ îïðåäåëåíèÿ õàîñà ïóò¼ì ñîêðàùåíèÿ

ðàçìåðíîñòè ìîäåëè, èñïîëüçóÿ íàéäåííûå ïåðâûå èíòåãðàëû.

I Ïðèìåíåíèå èññëåäîâàííûõ òðàåêòîðèé äëÿ îáðàáîòêè èçîáðàæåíèé.

I Èññëåäîâàíèå ðîäñòâåííîé ìîäåëè (ñ ôàçîé è ÷àñòîòîé).
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ÑÏÀÑÈÁÎ ÇÀ ÂÍÈÌÀÍÈÅ!
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