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The plate-ball problem
Rolling of sphere on plane without slipping or twisting
Given: A, B € R?, frames (a1, a2,a3), (b1, b, b3) in R3.
Find: v(t) € R?, t € [0, t1], — the shortest curve s.t.:
7(0) = A, y(t1) = B,

by rolling along ~(t), orientation of the sphere transfers from

(ala ar, 33) to (b17 b27 b3)

€3

e;




State and control variables

Contact point (x,y) € R?

Orientation of sphere R : a;— ¢, i=1,2,3, R € S0(3)
State of the system Q = (x,y, R) € R> x SO(3) = M
Boundary conditions Q(0) = Qu, Q(t1) = &1

Controls u3 = u/2, up = v/2

Cost functional

51 t1
/(7)2/0 \/>'<2+}'/2dt=/0 \/ Ui + u3 dt — min



Control system

X=u, y=u, (x,y) €R?,  (u1,u) € R?,
_ 0 —w3  w?
R = RQ, R e 50(3), Q= w3 0 —w1 ,
—Wy w1 0
w1
w=1 w angular velocity vector.
w3

No twisting = w3 =0.

No slipping = w1 =, w2 = —13.
0 0 —u
Q= 0 0 —w

up up 0



History of the problem

1894 H. Hertz: rolling sphere as a nonholonomic mechanical system.

1983 J.M. Hammersley: statement of the plate-ball problem.

1986 A.M. Arthur, G.R.Walsh: integrability of Hamiltonian system
of PMP in quadratures.

1990 Z. Li, E. Canny: complete controllability of the control system.

1993 V. Jurdjevic:
- projections of extremal curves (x(t), y(t)) — Euler elasticae,
- description of qualitative types of extremal trajectories,

- quadratures for evolution of Euler angles along extremal
trajectories.



New results

Continuous and discrete symmetries
Fixed points of symmetries (Maxwell points)
Necessary optimality conditions

Asymptotics of extremal trajectories and limit behavior of
Maxwell points for sphere rolling on sinusoids of small
amplitude

Global structure of the exponential mapping



Existence of solutions

Left-invariant sub-Riemannian problem:

Q = i X1(Q) + wX2(Q), (u1, w) € R?,
Q0)=Q Qt1))=Q, QeM=R>xS0(3),

t1
I:/ \/u? + u3 dt — min.
0
Complete controllability by Rashevskii-Chow theorem:

spang(Xi, X, Xs, Xa, Xs) = ToM ¥ Q € M,
X3 = [X1, Xa], Xy = [X1, X3], X5 = [X2, X3].

Filippov's theorem: VQp, Q1 € M optimal trajectory exists.
Qo = (0,0,1d) € R? x SO(3).



Pontryagin maximum principle

e Abnormal extremal trajectories: rolling of sphere along straight
lines.
e Normal extremals:

f=c, ¢=—rsinf, a=r=0, (1)
x =cos(d +a), y=sin(6+a), (2)
R = R(sin( + a)A; — cos(f + a)A,), (3)
00 O 0 01
01 0 -1 0 0
0 -1 0
Az = [A17A2] = 1 0 0 ’
0 0 O

(1) mathematical pendulum,
(2) Euler elasticae.



Mathematical pendulum 6 = ¢, ¢ = —rsin

e A= (0,c,r)eC={0ec S ccR, r>0},
e Energy E = c?/2 — rcosf = const € [—r, +0c0),

e r=g/L>0.



Decomposition of the phase cylinder C of pendulum

C=U_,G, GNGC =0, i#j

G={ eC|Ee(~r,r), r>0}, |
G={NeC|Ee(r,+), r>0}, |
G={ e€C|E=r>0, c#£0}, |
C={\NcC|E=—r, r>0}, |
G={\Ne€C|E=r>0,c=0}, 7
Co—{ e C|r=0, c#0} :
G={ eC|r=0, c=0}. |

|




Euler elasticae x = cos(6 + ), y = sin(f + «)

Ci: inflectional elasticae

Go: non-inflectional elasticae




Euler elasticae x = cos(6 + ), y = sin(f + «)

Cs: critical elasticae

C4, Gs, (7: straight lines

GCs: circles



Integration of normal Hamiltonian system of PMP

0=c, ¢ = —rsind, x = cos(f + «), y =sin(0 + «),
R = R(sin(f + a)A; — cos(f + a)Ay).

e 0(t), c(t), x(t), y(t): Jacobi's functions cn, sn, dn, E,

cn(u, k) = cos(am(u, k)),
dt

©
¢ =am(u, k) = u:/ ————— = F(p, k).
0 1— k2sin?t

e R(t) = ela=¢8)As o =93 A2 o1 (1) A3 op2(1) A2 o3 (t) —@) A3
wi(t): Jacobi's functions + elliptic integral of the 3-rd kind

dt

M(n, u, k) :/ .
0 (1—nsin®t)V/1— k2sin’t




Optimality of extremal trajectories

Short arcs of extremal trajectories Q(s) are optimal
Cut time along Q(s):

teur = sup{t > 0| Q(s), s € [0, t], is optimal }.

Maxwell time:

3 Q(s) £ Q(s), Q(0) = Q(0) = Qu,

Q(t) = Q(t) Maxwell point,
t = tmax Maxwell time.

Upper bound on cut time:

teut < tMax-



Rotations 7, 3 € S?

0,c,rya) — (0,c,r,a+ B),

Xs cosf —sinpf Xs
<ys>'_><sin/5 cos 3 ><ys>’

Rs — efAs RsefﬂA?



Reflections &

95, CS) — (Qt_s, —Ct_s), s e [0, t]

(
(XS7yS) — (Xslaysl) = (ths — Xty Yt—s — }/t)
Rs — (Rt)_lRt—s



Reflections &

(Ts,Ys) (Ts,Ys)

(23,42)

_957 _Cs)v s€E [07 t]

(
(XgaYS) = (XS7 _ys)



Exponential mapping and its symmetries

e Group of symmetries
G = (d0 el 2, e3) = {08 dPoc | e St i=1,2,3}

e Exponential mapping

Exp(\,s) = Qs = (xs, ys, Rs) € M = R? x SO(3),
A=(0,c,a,r) € C, s> 0.

e Symmetries of exponential mapping

CXR+EXL>M ()\at)'EX—p>Qt

iz—:"odﬁ ls"odﬁ Ia"odﬁ Ie"odﬁ
Exp

CxRy——=M ()\l,ﬁt)Ep Qﬁ



Maxwell sets corresponding to reflections

e MAX'={(\,1) |38 €S NP £ Q=Q),
i=1,2,3.

e Necessary optimality conditions:

(\t) e MAXT = Qs = Exp(\, s) not optimal for s > t,
teut(A) < t.



Representation of rotations in R3 by quaternions

e H={qg=qo+iq+jg+ kas|qo,...,q3 € R}

S]={qeH|lqP =@ +F +q3+q3 =1}

I ={q € H|Req = qo =0}
qe S3=Ry(a)=qaqt, acl, R,€SO(3)==SO(/)
lift of the system R = RQ from SO(3) to S3:

qauy — Q1U2)

(
EQ3U1 + qouo), ge S
(—

(ul, U2) S R2,
qour + q3up),

qiLur — qolp),

Il
!_l NI NI N N[

Q

—~
(=)

\_/w
I



Necessary optimality conditions in terms of MAX?

Theorem
Let Qs = (xs,ys, Rs) = Exp(A,s), t > 0 satisfy the conditions:
(1) g3(t) =0,

(2) elastica {(xs,ys) | s € [0, t]} is nondegenerate and not
centered at inflection point.

Then (A, t) € MAXY, thus for any t; > t the trajectory Qs,
s € [0, t1], is not optimal.

g3(t) =0 <= axis of rotation (qi(t), g2(t), g3(t)) || R?



Necessary optimality conditions in terms of MAX?

Theorem
Let Qs = (xs,ys, Rs) = Exp(A,s), t > 0 satisfy the conditions:
(1) (xq1 +yq2)(t) =0,

(2) elastica {(xs,ys) | s € [0, t]} is nondegenerate and not
centered at vertex.

Then (), t) € MAX2, thus for any t; > t the trajectory Qs,
s € [0, t1], is not optimal.

(xq1 + yq2)(t) =0 <= (qu(t), 92(t), q3(t)) L (x(t),y(t),0)



Asymptotics of extremal trajectories near (6, c)

e m=./r, s=mt, d=c/m,

(3)=a(5) (%) =aa(F)
A(a)_(cosa —sina

sina  cos«
o po=4/03+d2—0.

x

), go = Go, 93 = G3.

e oscillations of pendulum 6’ = d, d’ = —sin6:
0(s) = 6o coss + dysins + O(p3).
e elasticae ~ sinusoids of small amplitude:

x(s) =~ + 0(n}).

y(s) = %(90 sins + do(1 — cos s)) + O(p3).

(0,0)



Asymptotics of extremal trajectories near (6, c) = (0, 0)

_ s
Go(s) =cos 5+ O(pp),
q1(s) & ( ° Sins (1 + coss)sin S)0+
s) =————~(mcos —sins — =
qi 2(m2 —1) m om 0
1 s . .S )
+ m(m(l — COS 5) COS 5y~ sinssin %)do + O(p§),
go(s) = —sin 24 0(p3)
2m 0/
as(s) k (=1+ ) * | msinssin — 0o+
=————((—1+ coss)cos — i
qs\s 202 = 1) 5 500
1 . S . 5 5
+ m(smscos 5 m(1 + coss)sin ﬂ)do + 0(p3).



Limit behavior of Maxwell set MAX! as pg — 0

Th.: g3(t) = 0, elastica not centered at inflection point
= (\t) € MAXL

__ docosp—bpsinp

g3 = LEL_L0NL L gy (p, m) + O(p3), p = mt/2.

g1(p, m) = cos £ sinp — mcos psin £
p1(m) = min{p > 0|g1(p, m) = 0}

Q: = Exp(\, t), A = (6o, do, m, ) € Cy,
po—0, m—m =

Ve >0 3t € (t +¢,t; +¢) such that (), t) € MAX!,
trajectory Q¢ not optimal at t € [0, t; + €], t1 = 2p1(m)/m.



Bounds of the first root of equation g1(p, m) =0

Theorem
For any m € (0,1) U (1, +00),

pm) < py(m) < B(m).
where
mp, for m € (0, 3],
mm([155]+ 1), forme (3,1),
w([5iy] + 1), for me (1,2),
p, form>2 p=tanp, pc (77,37”)

B(m) = mn([{%-]+2), for m e (0,1),
P B W([ﬁ] +2), forme (1,+00).



Bounds of the first root of equation g1(p, m) =0




Properties of the first root of equation g1(p, m) =0

Theorem
). lim pr(m) = +o0;
b) pi(m) grows for m € (0,1) and decreases for m € (1, +00);
) p(l+ %) =7(n+1), p(33) = 7n,
Pi(l+ 55g) = 7(n+3), pu(5E3) = w(n+ 3);
d) pi1(m) is continuous for m € (0,1) U (1, +00);

e) pi(m) is smooth for

n n+1
N} U
n—l—l’nE FUA n

m e (0,1) U (1, +00)\({ In € N}).

VneN: pi(:#7) = +oo, pj(*) = —o0.



Limit behavior of Maxwell set MAX?

e d=pcosy, 0 =psiny

xesSt, m>0 m#1

D(S:{)‘:(anamaa)E C1‘0<p<57 ’X_X’ <
d, |m—m| <},

e f; = t1(r_n) :2p1(r'n)/r'n
o ={t>0t1—e<t<ti+e}, e>0.

Theorem
Let m # 1, cos(x + t1m/2) # 0, then

Ve > 038 = 8(e) > 0 VA € D; 3t € I. such that (\, t) € MAX!.



Bounds on cut time near (6, c) = (0,0)

Theorem
Let A= (p,x,m,a) € C; and m >0, m+# 1. Then

Tim  tewe(N) < ti(m).

p—0, m—m

Theorem
Let A\=(p,x,ma) € C. Let KC{meR|m>0, m#1} be a
compact. Then

Tim tee(N) < t )
A len) < maga(m)



Maxwell times and conjugate time as (0, c) — 0
35 C

20




Global structure of exponential mapping

e Exp: N — M,
N=CxRy={(0,c,a,rt)|0cS, ccR, acSt r>
0, t >0},
M = R? x SO(3)

e VQ1 € M\ Qo 3(A, t) € N such that Qs = Exp(A, s) optimal,
QL= EXP()‘a t)
t < tewr(N) <ty = inf{s | (A, s) € MAX' UMAX?}
LtyeN={(\s)eN|reC 0<s<th }
Exp : N— M \ Qo surjective



Global structure of exponential mapping

* Decomposition in the preimage of Exp:
NDU Ni, (U N;) D N,
—{(\D) €D 0t <ty (W),
D,- ={(\,t) € N|sgnc,p = £1, sgnsinf,p = +1}.

e Decomposition in the image of Exp:
M > MU Ms, C|(M1 U Mz) =M,
M; = {(x,y. Q) € M| g3 >0, sgn(xq1 + yqo) = £1}.

e Conjecture:
Exp : Ny, N3 — My are diffeomorphisms,
Exp : Ny, Ny — M, are diffeomorphisms.



Steps required to prove the conjecture

N;, M; connected, open (proved: diffeomorphic to R* x S1),

N;/{®P | B € S}, M;/{dP | B € S} simply connected
(proved : diffeomorphic to R?),

Exp(Ny), Exp(N3) C My, Exp(N2), Exp(Na) € My (proved),
Exp(ON;) C OMy U OM, (proved),

Exp : N1, N3 — My, Exp : Np, Ny — My proper (partially
proved),

Exp|y, nondegenerate (numerical evidence).



Algorithm for solution to the problem
(modulo the conjecture)

e QeM UM, = optimal trajectory Qs = ?

e Qe M =
3I(A1, t1) € Ny such that Exp(A1, t1) = Q1,
3!()\3, t3) € N3 such that EXp()\37 t3) = @1,
th<ts = Q!=Exp(\i,s) optimal,
t1>t3 = Q3= Exp(\s,s) optimal,
ti=1t3 = Q_}, QS’ optimal.

e Qe My = similarly for (A2, t2) € Na, (A4, ta) € Na.



Results and plans

parameterization of extremal trajectories,
symmetries and Maxwell points,

upper bound on cut time,

asymptotic case (6, c) — (0,0),

global structure of the exponential mapping,

software for numerical solution to the plate-ball problem
(movies for MAX").



