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Ïóñòü q ∈M , ãäå M � ãëàäêîå ðèìàíîâî ìíîãîîáðàçèå.

Â êàñàòåëüíîì ðàññëîåíèè TM çàäàíî ðàñïðåäåëåíèå ∆ ëèíåéíûõ
ïîäïðîñòðàíñòâ ∆(q) ⊂ TqM .

Òðåáóåòñÿ íàéòè êðàò÷àéøóþ êðèâóþ q(t), ñîåäèíÿþùóþ äâå
çàäàííûå òî÷êè q0 è q1∫ T

0

|q̇(t)| dt→ min ⇐⇒ 1

2

∫ T

0

q̇2(t) dt→ min

ïðè îãðàíè÷åíèè q̇(t) ∈ ∆
(
q(t)

)
.

Äðóãèìè ñëîâàìè,

q̇ =
∑
i

uiXi
1

2

∫ T

0

∑
i,j

giju
iuj dt→ min

ãäå ui ∈ R � óïðàâëåíèÿ, à Xi � âåêòîðíûå ïîëÿ, îáðàçóþùèå áàçèñ
ðàñïðåäåëåíèÿ ∆.
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Âîññòàíîâëåíèå èçîáðàæåíèé. Hubel and Wiesel (Íîáåëåâñêàÿ
ïðåìèÿ 1981) � íåéðîíû ÷óâñòâèòåëüíû ê íàïðàâëåíèþ. Ìîäåëü
Citti-Petitot-Sarti (2003, 2006) � ïîäíÿòèå ïëîñêîãî èçîáðàæåíèÿ
â 3õ ìåðíóþ êîíòàêòíóþ ñòðóêòóðó.

Ìîáèëüíûå ðîáîòû (êëàññè÷åñêàÿ ìàøèíà Äóááèíñà, ðîáîòû ñ
ïðèöåïàìè, óïðàâëåíèå âðàùåíèåì è/èëè äâèæåíèåì òâåðäîãî
òåëà)

Îïòèìàëüíîå óïðàâëåíèå êâàíòîâûìè ñèñòåìàìè.

Äèôôóçèÿ ñ ãèïîýëëèïòè÷åñêîé ïðàâîé ÷àñòüþ (÷åðåç óñëîâèå
Õåðìàíäåðà è ôóíêöèþ Ãðèíà (heat kernel))

Âàêîíîìíàÿ ìåõàíèêà.
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Ïîâðåæäåíî 85%
èçîáðàæåíèÿ

Âîññòàíîâëåííîå
èçîáðàæåíèå

J.-P. Gauthier, D. Prandi, A. Remizov
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Ëîêàëüíî àïïðîêñèìàöèîííàÿ òåîðåìà Ãðîìîâà (1996) óòâåðæäàåò,
÷òî ñóáðèìàíîâî ðàññòîÿíèå â ε-îêðåñòíîñòè òî÷êè (ïîñòîÿííîãî
ðàíãà) ïðèáëèæàåòñÿ ñ òî÷íîñòüþ äî o(ε) ðàññòîÿíèåì â
ëåâîèíâàðèàíòíîé ñóáðèìàíîâîé çàäà÷å íà íåêîòîðîé íèëüïîòåíòíîé
ãðóïïå Ëè G.

À èìåííî,

∆1 = spanXi ∆2 = ∆1 + span[Xi, Xj ] . . .

Â ïðåäïîëîæåíèè, ÷òî ðàçìåðíîñòè ∆k ïîñòîÿííû â îêðåñòíîñòè
òî÷êè ν, ñòðîèòñÿ ãðàäóèðîâàííàÿ íèëüïîòåíòíàÿ àëãåáðà Ëè gν .
Èñõîäíàÿ çàäà÷à � ýòî ëåâîèíâàðèàíòíàÿ ñóáðèìàíîâà çàäà÷à, íà
ñîîòâåòñòâóþùåé ãðóïïå Ëè Gν .
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Âàæíàÿ íåðåøåííàÿ ïðîáëåìà â ñóáðèìàíîâîé ãåîìåòðèè êàñàåòñÿ
àíîðìàëüíûõ òðàåêòîðèé.

Ñîãëàñíî ïðèíöèïó Ìàêñèìóìà Ïîíòðÿãèíà, èìååì

H = −λ0
2

∑
i,j

giju
iuj +

∑
i

ui〈p,Xi〉 → max
u

Çäåñü λ0 ≥ 0 è p ∈ T ∗qM . Â íîðìàëüíîì ñëó÷àå λ0 = 1 î÷åâèäíî

u = gij〈p,Xi〉 H =
1

2

∑
gij〈p,Xi〉〈p,Xj〉

Â àíîðìàëüíîì ñëó÷àå λ0 = 0, ìàêñèìóì H ïî íå äîñòèãàåòñÿ, êðîìå
ñëó÷àÿ, êîãäà 〈p,Xi〉 ≡ 0 äëÿ âñåõ i. Â ïîñëåäíåì ñëó÷àÿ ìàêñèìóì
äîñòèãàåòñÿ ïðè ëþáîì âûáîðå ui, òàê êàê H ≡ 0.
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Èçâåñòíî ñëåäóþùåå

Ëþáàÿ íîðìàëüíàÿ ãåîäåçè÷åñêàÿ ÿâëÿåòñÿ ãëàäêîé
(òðèâèàëüíî).

Åñòü ïðèìåðû àíîðìàëüíûõ òðàåêòîðèé, êîòîðûå íå ÿâëÿþòñÿ
ãëàäêèìè (à âñåãî ëèøü ëèïøèöåâûìè). Îäíàêî îíè íå
îïòèìàëüíû.

Åñòü ïðèìåðû ãëàäêèõ àíîðìàëüíûõ êðèâûõ, êîòîðûå (a) ñòðîãî
àíîðìàëüíû è (b) îïòèìàëüíû.

Îòêðûòûì îñòàåòñÿ âîïðîñ: ñóùåñòâóåò íåãëàäêàÿ àíîðìàëüíàÿ
ãåîäåçè÷åñêàÿ, êîòîðàÿ ÿâëÿåòñÿ îïòèìàëüíîé.
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Ãðóïïà Êàðíî � ýòî ãðóïïà Ëè, àëãåáðà êîòîðîé ÿâëÿåòñÿ
íèëüïîòåíòíîé ñ ôèêñèðîâàííîé ãðàäóèðîâêîé. Ïðîñòåéøèé ïðèìåð
� ýòî ãðóïïà Ãåéçåíáåðãà ñ âåêòîðîì ðîñòà (2,3).

G =


 1 x z

0 1 y
0 0 1

 g =


 0 a c

0 0 b
0 0 0


g = span(X1, X2, X3), ãäå [X1, X2] = X3.

Â ýòîì ñëó÷àå,

1

2

∫ T

0

u21 + u22 dt→ min

 ẋ = u1;
ẏ = u2;
ż = xu2 − yu1.
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Ïîñêîëüêó çàäà÷à ÿâëÿåòñÿ ëåâîèíâàðèàíòíîé, òî ãåîäåçè÷åñêèé
ïîòîê ìîæíî ðàññìàòðèâàòü êàê ïîòîê íà êîàëãåáðå Ëè â ñêîáêå
Ëè-Ïóàññîíà. Ïîëó÷èâøóþñÿ ñèñòåìó íàçûâàþò ¾âåðòèêàëüíîé
ïîäñèñòåìîé¿.

Ïóñòü (h1, h2, h3) � êîîðäèíàòû íà g∗, òîãäà

H = −1

2

(
u21 + u22

)
+ h1u1 + h2u2 → max

u

H =
1

2

(
h21 + h22

)
Ñêîáêà Ëè-Ïóàññîíà èìååò âèä 0 h3 0

−h3 0 0
0 0 0


h3 � êàçèìèð.
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Ñëåäóþùàÿ ñâîáîäíàÿ íèëüïîòåíòíàÿ ãðóïïà Êàðíî èìååò ãëóáèíó 3
è âåêòîð ðîñòà (2,3,5):

g = span(X1, X2, X3, X4, X5), ãäå

[X1, X2] = X3, [X1, X3] = X4 è [X2, X3] = X5.

Åñëè íà êîàëãåáðå g∗ ââåñòè äâîéñòâåííûé áàçèñ, òî âåðòèêàëüíàÿ
ïîäñèñòåìà äëÿ íîðìàëüíûõ òðàåêòîðèé áóäåò èìåòü ãàìèëüòîíèàí

H =
1

2

(
h21 + h22

)
À ñêîáêà Ëè-Ïóàññîíà èìååò âèä

0 h3 h4 0 0
−h3 0 h5 0 0
−h4 −h5 0 0 0

0 0 0 0 0
0 0 0 0 0


Êàçèìèðû h4, h5 è 1

2h
2
3 + h1h5 − h2h4. Ñèìïëåêòè÷åñêèå ñëîè

äâóìåðíû è, ñëåäîâàòåëüíî ñèñòåìà èíòåãðèðóåòñÿ â êâàäðàòóðàõ.
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Äàííàÿ ñèñòåìà îáëàäàåò ãðóïïîé ñèììåòðèé SO(2):

(
h1
h2

)
7→ Aφ

(
h1
h2

)
; h3 7→ h3;

(
h4
h5

)
7→ Aφ

(
h4
h5

)
.

Ïîýòîìó âñå ñëîè ñèìïëåêòè÷åñêîãî ñëîåíèÿ ýêâèâàëåíòíû ñëîÿì ñ
h5 = 0. Â ýòîì ñëó÷àå ïîëó÷àåì ãðóïïó Ýíãåëÿ, ñ âåêòîðîì ðîñòà
(2,3,4).
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Ãðóïïû Êàðíî ãëóáèíû 1 òðèâèàëüíû (ýòî ïðîñòî åâêëèäîâî
ïðîñòðàíñòâî). Àíîðìàëüíûõ òðàåêòîðèé íåò, ñôåðû
àíàëèòè÷åñêèå.

Ãðóïïû ãëóáèíû 2: ãåîäåçè÷åñêèé ïîòîê èíòåãðèðóåòñÿ â
ýëåìåíòàðíûõ ôóíêöèÿõ; àíîðìàëüíûå òðàåêòîðèè åñòü, íî íå
îïòèìàëüíû; ñôåðû ÿâëÿþòñÿ ñóáàíàëèòè÷åñêèìè, íî èìåþò
îñîáåííîñòè.

Ãðóïïû ãëóáèíû 3: ãåîäåçè÷åñêèé ïîòîê èíòåãðèðóåòñÿ óæå â
ýëëèïòè÷åñêèõ ôóíêöèÿõ ßêîáè; àíîðìàëüíûå òðàåêòîðèè
îïòèìàëüíû, íî íå ñòðîãî àíîðìàëüíû; ñôåðû èìåþò
îñîáåííîñòè è íå ñóáàíàëèòè÷íû.
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Âåðòèêàëüíàÿ ïîäñèñòåìà íà ñàìîì äåëå ÿâëÿåòñÿ ãàìèëüòîíîâîé
ñèñòåìîé íà êîàëãåáðå Ëè g∗ ñ ãàìèëüòîíèàíîì H = 1

2 (h21 + h22).
Ñêîáêà Ëè-Ïóàññîíà èìååò âèä

(
{hi, hj}

)8
i,j=1

=



0 h3 h4 h6 h7 0 0 0
−h3 0 h5 h7 h8 0 0 0
−h4 −h5 0 0 0 0 0 0
−h6 −h7 0 0 0 0 0 0
−h7 −h8 0 0 0 0 0 0

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


Êàçèìèðû h6, h7, h8 è C = h3(h6h8 − h27)− 1

2h8h
2
4 − 1

2h6h
2
5 + h27h4h5.
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Äàííàÿ ñèñòåìà îáëàäàåò ãðóïïîé ñèììåòðèé SO(2):

(
h1
h2

)
7→ Aφ

(
h1
h2

)
; h3 7→ h3;

(
h4
h5

)
7→ Aφ

(
h4
h5

)
;

(
h6 h7
h7 h8

)
7→ Aφ

(
h6 h7
h7 h8

)
ATφ .

Òàêèì îáðàçîì, ìîæíî ñ÷èòàòü, ÷òî h7 = 0
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Ñòðóêòóðà ðåøåíèé îïðåäåëÿåòñÿ ñëåäóþùåé ìàòðèöåé

P =

(
h4 h6 h7
h5 h7 h8

)
.

Åñëè rkP = 0, òîò ñèñòåìà ñîâïàäàåò ñ âåðòèêàëüíîé
ïîäñèñòåìîé íà ãðóïïå Ãåéçåíáåðãà (2,3)

Åñëè rkP = 1, Òî âîçìîæíû äâà âàðèàíòà: ëèáî ãðóïïà (2,3,5)
ëèáî ãðóïïà (2,3,4,5)

Åñëè rkP = 2, òî åñòü âûðîæäåííûé ñëó÷àé, êîãäà

rk

(
h6 h7
h7 h8

)
= 1

è íå âûðîæäåííûé ñëó÷àé

rk

(
h6 h7
h7 h8

)
= 2.
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Âåðòèêàëüíàÿ ïîäñèñòåìà äëÿ ëåâîèíâàðèàíòíîé ñóáðèìàíîâîé
çàäà÷å íà ãðóïïå Êàðíî ñ âåêòîðîì ðîñòà (2,3,5,8)



ḣ1 = −h2h3;

ḣ2 = h1h3;

ḣ3 = h1h4 + h2h5;

ḣ4 = h1h6 + h2h7;

ḣ5 = h1h7 + h2h8;

ḣ6 = ḣ7 = ḣ8 = 0.

×åòûðåõìåðíûå ñèìïëåêòè÷åñêèå ñëîè îïðåäåëÿþòñÿ îòíîøåíèåì

ñîáñòâåííûõ ÷èñåë ìàòðèöû

(
h6 h7
h7 h8

)
è çíà÷åíèåì êàçèìèðà C.
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Â îáùåì ñëó÷àå ïðè h7 = 0 ïîñëå çàìåíû êîîðäèíàò

h1 =
√

2H cos θ h2 =
√

2H sin θ

ïîëó÷àåì íà ïîâåðõíîñòè H = const ñëåäóþùóþ ñèñòåìó


θ̇ = k + 1

2

(
h24 +

1

µ
h25

)
ḣ4 =

√
2H cos θ

ḣ5 = µ
√

2H sin θ

Çäåñü H, k = C
h6h8−h2

7
è µ = h8/h6 ïàðàìåòðû, ïðè÷åì

H > 0,

è ìîæíî ñ÷èòàòü, ÷òî

k = 0,±1 ëèáî H = 1

Ñëó÷àé µ = 1 ìîæíî èíòåðïðåòèðîâàòü êàê ïëîñêèå ãîðèçîíòàëüíûå
äâèæåíèÿ çàðÿæåííîé ÷àñòèöû â âåðòèêàëüíîì ìàãíèòíîé ïîëå ñ
íàïðÿæåííîñòüþ k + 1

2 (h24 + h25 )
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Ïðè

µ = 1

ñèñòåìó óäàëîñü ïðîèíòåãðèðîâàòü: åñòü äîïîëíèòåëüíûé ïåðâûé
èíòåãðàë.

Òåîðåìà

Ãåîäåçè÷åñêèé ïîòîê íà ãðóïïå Êàðíî ñ âåêòîðîì ðîñòà (2,3,5,6)
èíòåãðèðóåòñÿ â êâàäðàòóðàõ (ïðè µ = 1).
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2 òîðà

Ðèñ.: Ðåãóëÿðíûå ñîâìåñòíûå ïîâåðõíîñòè óðîâíÿ H è F
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(a) Òîð è îêðóæíîñòü
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(b) Äâà ñêëååííûõ ïî
îêðóæíîñòè òîðà
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(c) Òîð ñ îñîáåííîñòü
íà îêðóæíîñòè

Ðèñ.: Áèôóðêàöèè ñîâìåñòíûõ ïîâåðõíîñòåé óðîâíÿ H è F
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Òåîðåìà

Ãåîäåçè÷åñêèé ïîòîê íà ãðóïïå Êàðíî ñ âåêòîðîì ðîñòà (2,3,5,6)
ÿâëÿåòñÿ íåèíòåãðèðóåìûì ïî Ëèóâèëëþ äëÿ íåêîòîðîãî îòêðûòîãî
ìíîæåñòâà ïàðàìåòðîâ µ.

Ñëåäñòâèå

Âåðòèêàëüíàÿ ïîäñèñòåìà ñâîáîäíîé ãðóïïû Êàðíî ãëóáèíû 4 ñ 2
îáðàçóþùèìè � âåêòîð ðîñòà (2,3,5,8) � ÿâëÿåòñÿ íåèíòåãðèðóåìîé
ïî Ëèóâèëëþ.
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Èòåðàöèè îòîáðàæåíèÿ ïîñëåäîâàíèÿ Ïóàíêàðå



Ââåäåíèå â ñóáðèìàíîâó ãåîìåòðèþ Ëåâîèíâàðèàíòíûå çàäà÷è íà ãðóïïàõ Êàðíî Ãðóïïû Êàðíî ãëóáèíû 4

-1.0 -0.5 0.5 1.0

-3.5

-3.0

-2.5

-2.0

-1.5

-1.0
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k=0 μ=2 H=1 h4
0
=0 h5

0
=-3.599 steps =5000
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-5

-4

-3

-2

-1

k=0.1 μ=5 H=1 Сепаратрисы для точки периода 3

Ðàñùåïëåíèå ñåïàðàòðèñ ïî Çåíäåðó ïðè k 6= 0
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k=0 μ=5 H=1 KAM picture

Ðàñùåïëåíèå ñåïàðàòðèñ ïî Çåíäåðó ïðè k = 0
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Î äîêàçàòåëüñòâå

Â èíòåãðèðóåìîì ñëó÷àè ïðè µ = 1 ñîâìåñòíàÿ ïîâåðõíîñòü óðîâíåé
H è F , îòâå÷àþùàÿ áèôóðêàöèè 2 ñêëååííûõ òîðîâ ñîäåðæèò
âûäåëåííóþ ïåðèîäè÷åñêóþ òðàåêòîðèþ è 2 ïàðû ïîïàðíî
ñîâïàâøèõ ñåïàðàòðèñ.

- 3 - 2 - 1 1 2

- 3

- 2

- 1

1

2

3

H =
1

2
a2 > 0; F =

1

2
+ a2 > 0; k = −1− 1

2
a2 < 0;
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Èíòåãðàë Ìåëüíèêîâà-Ïóàíêàðå èìååò âèä

MP = A cos 2ϕ+B sin 2ϕ

ãäå ϕ ∈ (−∞; +∞) � ñïåöèàëüíûé ïàðàìåòð, ïàðàìåòðèçóþùèé
ñåïàðàòðèñó. Çäåñü

A =
(1

4
θ̇(h25 + h24) +

1

2
a2
∫

sin 2θ dt
)∣∣∣+∞
−∞

;

B =
(1

2
θ̇h4h5 +

1

2
a2
∫

cos 2θ dt
)∣∣∣+∞
−∞

;

Ãäå (θ(t), h4(t), h5(t)) � ñåïàðàòðèñíîå ðåøåíèå
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 θ = −t+ 2w;
h4 = a sin t− 2 cos(w − t);
h5 = a cos t− 2 sin(w − t);

Çäåñü w = 2 arctg u, è u1 = a−
√
a2 − 1 cth

√
a2−1
2 t;

u2 = a+
√
a2 − 1 th

√
a2−1
2 t.
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Çàâèñèìîñòü A(a).
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Çàâèñèìîñòü B(a).

Äàííûå ãðàôèêè ïîñòðîåíû äëÿ âíåøíåé ïàðû ñåïàðàòðèñ. Â ýòîì
ñëó÷àå ïðåäåëüíûå çíà÷åíèÿ A(a) è B(a) ïðè a→ 1 + 0 åñòü

8π sin 2

3e2
è − 8π sin 2

3e2
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