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IlonHoe onmmcanume 9KCIIOHEHIINAJIBHOTI'O OT06pa.}KeHI/IH

B cCyOpMMaHOBOI1 33/ia1e Ha rpymne DHTeJsd
A.A. Apnenros

HIlC um. A. K. Atsamasana PAH

aaa@pereslavl.ru

PaccmarpuBaercst JieBOMHBApUAHTHAS HUJILIIOTEHTHAS CyOPUMAaHOBA,
3aJlada Ha Ipymne DHresst ¢ BeKTopoM pocta (2,3,4). Cybpumanosa 3a-

J1avda, (pOPMYIUPYETCs CIAEIYIONUM 00pa30M:

¢ =u X1 +uXe, q=(z,y,z,0)7 €RY  (u,us) € R?

T 2 o\ T
Y r x°+y
1 (707 270) ) 2 (07 727 9 ) )

tq
q(0) = qo, q(t1) = a1, l:/ \/u? + u3dt — min.
0

BekTopubie nosist X1, X9 nopoxkjaator aiarebpy Jlu, nHazpiBaemoit ajired-
poit Duresst. 3ajada, sIBISETCsT HUIBIMOTEHTHOW, T. €. 3aJaeT HUJIbITO-
TEHTHYO (HEJMHEHHYIO) alllPOKCHMAIINIO BCeM CyOPUMAHOBBIM 3a/adam
B 4-MepHOM IIPOCTPAHCTBE C ABYMEPHBIM yipaBjaenueM. Hanpuwmep, ¢ mo-
MOIIBIO AMMPOKCUMAIINN 33 a9d ONTUMAJBLHOTO YIIPABJICHUS KOJECHBIM
POOOTOM C OJIHUM TIPHUIIETIOM MOXKHO IMOCTPOUTH PEIIeHUS 1T KOHCTPYK-
TUBHOM 3a/1a4M yIIPaBJIeHUs POOOTOM C MPHUIICTIOM.

B pab6ore [1| ¢ momormpbio mpuHIuna MakcuMyMa [loHTpsirnHa Oblia
HOJIydeHa TTapaMeTpu3aliisi 9KCTpeMasbHbIX TpaekTopuii. Takum obpa-
30M, OBLJIO OIIPEJIEJIEHO IKCIIOHEeHIMabHOe oTobpazkeHue Exp, 1epeso-
JIsiiee TOUYKY COTpsizKeHHOro mpoctpanctsa A € C' un Bpemsi t € R, B
COOTBETCTBYIOILYIO TOUKY IKCTpeMaJibHOU Tpaekropun q(t) = Exp(\,t).

Onucanbl JANCKPETHbIE CUMMETPUN 9KCIIOHEHIINAJIHBHOT'O OTO6pa,}KeHI/IH "
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COOTBETCTBYIOIIIE MHOXKeCTBa MakcBeJiia, 9To O3BOJINIO HAWTH [IEPBOE
BpeMmst Makcsesiia, jgaormee riobaJbHY0 BEPXHIOW OIEHKY BPEMEHHU Pa3-
pesa BJIOJIb SKCTPeMasibHbIX TPaeKTopuil ey (A) < tiax(A) (B coorBer-
CTBYIOITEH TOUKE pa3pesa IKCTpeMaJibHas TPACKTOPHsT TePsieT CBOIO TJI0-
OaIbHYIO ONTUMAIBLHOCTE ). Kpome Toro, B pabote 2] Oblia uccaenoBana
JIOKAJIbHAST OMTUMAJBHOCTD MOJYUIEHHBIX IKCTPEMAJbHBIX TPACKTOPHIA.
OkaszaJ/0ch, 4TO HOJIyYeHHOE 11epBoe BpeMst MaKcBeJLIa JI0CTaB/IsieT TaK-
XKe HUYKHIOIO OIEHKY COIPSZKEHHOIO BPEMEHU (BPEMEHHU 110TEPH JIOKAJ b-
HOIE OITHMAIBHOCTH SKCTPEMa/IbHOM TpaekTopun): tyax (A) < i (A).
Haiiiennoe nepsoe Bpemsi Makcsesia 3ajiaer pazdbuenue npoobdbpasa u
0Opa3a IKCIOHEHIUAIBLHOIO 0TobpaKenus Ha 110/100sact. B pabdore [3]
OBLIIO JIOKa3aHa TeopeMa, 9TO Cy»KeHne 0TOOparKeHUst Ha 3TH 110[001aCTh
ecth auddeomopdusm. s qokazaTenbcrBa TEOPEeMbl HCITOIH30BAIACH

teopema Aamapa o riiobasbHoM auddeomopdusme. B pesyibrare 66110

J0Ka3aHo, 9To teyr(N) = tiax(N).
JINTEPATYPA
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TunmaHOoCTh PPAKTAITHBHO-XAOTHIECKOI CTPYKTYPHI
MHTETrpaJIibHBIX BOPOHOK B raMUJIBTOHOBBIX CHUCTEMAaX

C pa3pbIBHOII MTPaBOil YaCThIO
M.NU. 3enukun, JI.B. JlokynueBckmuii, P. Xuabaedpanm

MI'Y umenu M.B. Jlomonocosa, mexmam

mzelikin @mtu-net.ru

OCHOBHBIM MHCTPYMEHTOM JIJIsT PEIeHnst TeTePMUHUPOBAHHBIX 32,181
ONTUMAJILHOTO YIPABJIEHUS SBJIACTCA TPUHINTT MakcuMmyma [loHTpsiru-
na ([IMII). On nosBossier cBecTn 3a/1aty yUPABICHUS K OTBHICKANHIO Pe-
IeHn i TaMIJIBTOHOBOM JIMHAMIYecKOi cucteMbl. I1peanonoxxum, ympas-
JIeHHe v IpUHUMAaeT 3HaueHus B HekoTopoM MHOxKecTBe (). Torma ra-
MUJBTOHUAH H, ONpEeJeIsIoNuil TUHAMUKY, 3aJIaeTCd KaK MaKCHUMyM
H(x,p) = max,eq H(z,p,u) mo BceM yrnpasienusm u € §) dyHKIUI
[Toutpsiruna H, a onTUMaIbHOE YIPABIEHUE (€CJIH OHO CYIIECTBYET) J10-
crapJjisier Mmakcumym H.

Ha oTKpbITOM BCIO/LY IJIOTHOM T10/IMHOXKECTBE HapaMeTpos (T, p) Mak-
cumyMm H 1o u € §) jocTuraercst B €IMHCTBEHHON TOYKE U TVIAJIKO 3aBH-
CUT OT 9TUX napamerpoB. Ha 3ToM 1ojiMHOXKECTBE raMUJIbTOHUAH H. s1B-
JISIeTCS TJIaJIKUM, OJIHAKO Ha I'PAHUIIE STOrO TTOJMHOXKECTBA ITPOU3BO/IHbIE
‘H moryT, BOOOIIE TOBOPsi, pPBaThCs. Halle Bcero raMuibTOHraH H siBJisi-
eTCsl HeMPEPbIBHOMN KYCOUHO-TJIA KON (DYHKIUEH, TpUieM KOKacaTeIhbHOe
paccyoenne pa3OuBaeTcs Ha HelepeceKarorecs obmactu Ay, ..., Ag, Ha
KOTOPBIX TaMUJIbTOHUAH 3a/1aeTcs IiaJdkuMu (pyuknuamu Hy, ..., Hy co-
OTBETCTBEHHO. JIuHaMuUecKasi CUCTEMa OIUCHIBAETCS OOBbIKHOBEHHBIMU

nuddepeHnuaJbHbIMI YPaBHEHUSIMU C pa3PBLIBHOI IpaBoil yacTbio. Ha



JIOKJIajie OyaeT oOCYKIaThCsd CUTYaIsl, KOIJIa, MHOXKECTBO {2 SIBJISI€TCSI
BBIIIYKJIBIM MHOTOI'DAHHUKOM, a objactu A; — 310 B TouHOCTH Te 0bOJIa-
CTH, TJie YIIpaBJIeHHe 00sS3aHO0 HAXOJIUThCS B COOTBETCTBYIOIIEH BEPIINHE
v; MHOrorpaniuka §2. MHOXKecTBO TOYEK, IJie IPOU3BOIHAs H pa3pbIB-
Ha, SBJISETCS CTPATU(MHUIMPOBAHHLIM MHOIMOOOpa3neM, Kaykjas cTparta
KOTOPOT'O OTBeUaeT HEKOTOPOil I'paHi MHOrOTpaHHUKA (2.

TpaekTopust raMUJIBTOHOBON CHCTEMbI, KOTOPasi HE IOKKUIAeT 00JIaCTh
IJIaJIKOCTU I'aMUJIbTOHUAHA, HA3BIBACTCH peayaAapHot. Kciau Tpaekropust
IEePeXOJUT U3 OJIHOM 0bJlacTH IitajkocT A; B Apyryio A;, Torja coorset-
CTBYIOIIEE ONTHUMAJLHOE YIPABJICHUE MEHSIETCS CKAIKOM C BEPIIUHBI U;
MHOrOrpanHuKa {2 Ha BEpIIMHY vj. DTOT HPOIECC HA3BIBACTCA NePerIo-
wenuem, a TOBEPXHOCTh Pa3pbiBa MPaBOil YaCTU CUCTEMbl Ha3bIBACTCH
noseprrocmuvio nepexatovenus. OOBITHO ONTUMAhHAS TPACKTOPUST TIe-
pecekaeT IOBEPXHOCTh [EePEKJIF0UEHUsT TPAHCBEPCAJILHO, B 9TOM CJIydae
OIITUMAJIbHOE yIIpaBJIEHHE Ha3bIBAIOT 09H2-09H2 ynpasisenuem. Tem He
MeHee, HHOTJIA BOBHUKAIOT TPAEKTOPUH, JIBUTAIOIIKNECS BJIOJb OBEPXHO-
CTU pa3pblBa IIPaBoOii YaCTU CUCTEMbI. VIX MPUHATO HA3BIBATH 0COOLLMU
mpaexmopuamu. OOBIYHO €IMHCTBEHHOCTD PEIeHUsT TePSIETCS B OKPECT-
HOCTH OCOOBIX TPAEKTOPUII U MHOXKECTBO PEryJsIpHBIX TPACKTOPHUI MO-
YKET COCJIMHUTBLCS ¢ 0CODOM B OJIHOM M TO# »Ke TO4YKe, Wju, Ha0OOPOT,
coiitu ¢ Hee. Takas cuTyalldsi BOSMOXKHA M3-3a TOIO, YTO IpaBas dacTh
raMUJIBTOHOBOM CHUCTEMbl OOBIKHOBEHHBIX JAuddepeHinaibHbIX ypaBHe-
HUN TEPIUT Pas3pPhIB.

st 0cOOBIX TPAEKTOPUIA, JIEXKAIIUX HA TUIEPIIOBEPXHOCTHU TIEPEKJITO-

qenus!, BO3MOYKHO ONPEIEINTh NOPAJOK, B 3aBUCUMOCTH OT TOTO, Ka-

1370 3KBUBANIEHTHO PACCMOTPEHHIO 334K ¢ OAHOMEPHBIM YIPABIeHIEM B OKPECTHOCTH 0COBOIT



KOro Iopsjika ckooku IlyaccoHa or mpucoeJMHEHHBIX IJIaJKUX dacTeil
H; obnynsrores Ha ocoboii TpaekTopun. ITopsagmok MOXKeT ObITh A0KaAb-
HoLM WA 2400040HbLM, B 3aBUCUMOCTHA OT TOI'O, OOHYJIMJIUCH JIU CKOO-
KU Ha, caMOil 0coDOil TpaeKTOPUU HJIU IEJMKOM B €€ OKPECTHOCTHU. XO-
poitiee 0600ITIEHNE STUX OTpeJIeJeHuH (TaK HA3BIBAEMbIH HaAMYpPasoHvil
nopadox) nauo B [1]. Ecau HaTypaabHbIA TOPSIIOK TPAEKTOPUU SIBJISIET-
Csl YETHBIM 9UCJIOM, TO PEryJISPHBIE TPACKTOPUK HE MOI'YT COEJIUHATHCS
¢ 0coDOi KycOUHO IuiaJIKuM obpaszom. B aTom ciydae perysisipHble Tpa-
eKTOPUU BPAIAIOTCS BOKPYD 0CODOI M IIEPECEKAIOT MOBEPXHOCTH IIepe-
KJIIOUEHNUS B CIETHOM YHUCJIE TOYEK 38 KOHEUHOE BPEMSI TaKUM 0DPa3oM,
YTO TOUYKA COCJIMHEHUST HEOCODOH TPAEKTOPUU U OCODO SIBJISIETCS TOUKOM
HAKOTIJIEHUs. DTOT (PEHOMEH HA3bIBACTCS 4ammepur20Mm W OH JTIOCTATOU-
HO XOPOIINO M3yUeH IS CJIydasi, KOTJa POBHO JIBe OOJACTH TJIAIKOCTH
raMiJIbTOHUAHA, CMBIKAIOTCS 110 IJIaKON I'UIIEPIIOBEPXHOCTH.

Ha jokjajie Oyer paccMaTpeHa CUTyallds, KOrja Tpu 00JIacTU IJ1al-
Koctu Ap, Ag, A3 ¢CMBIKAIOTCS IO MHOTOOOPa3uio Sio3 KOPA3MEPHOCTH 2.
DTa CUTYyalllsl SKBUBAJEHTHA 3aJiade ONTUMAJILHOIO YIIPABIEHUS C JIBY-
MEpPHBIM VIIpaBJICHIEM U3 TPeyroibHuKaZ. B obmeM ciaydae ocobble SKC-
TPEMAJIH JIJisl N-MEPHOTO yIpaBJieHus: Obuin u3ydensl B [2]. B stom ciry-
4ae BMECTO MOPSIIKA IPABUJILHO FOBOPUTH O (hjiare nopsijakos. B Hacro-
siteit paboTe Mbl paccMaTPUBAEM 0COOYIO TPAEKTOPHUIO TTOJTHOTO BTOPOTO
HOPsiJIKa. DTy PabOTy MOXKHO PACCMATPUBATEH KaK IPOJIOJIKEHIE PAOOTHI

[4], B koTOpOIt BliepBbie jlanHast 3aj1a4a Obljia PAcCMOTPEHA 1 ObLIO JIOKA-

TPAEKTOPHH.

2Cyuait, KorJa MHOYKECTBO JIOMYCTUMBIX yIpaBIeHnii ) ABJIdeTcsa MapoM, yIXBATEIbHBIM 00-

pa3oM OkazaJics TecHO cBs3aH ¢ reopueil [anya. Iloagpobuee cu. [2,3].
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3aHO HaJImYue (peHOMEeHa JaTTEePUHTa. 3J1eCh XK€ Mbl pACCMATPUBAEM €I11e
ojinH (peHOMEH, BOSHUKAIONINI B JAHHOH 3a1a4e. A IMEHHO, XaOTUIECKOe
IOBEJICHUE OI'PAHUYCHHBIX JacTell ONTUMAaJbHBIX TPACKTOPUNl CUCTEMBI.
Hannblii (penomen He ObLIT paHee OOHApy»KeH B 3aJiladax OINTHUMAJILHOTO
VIIPABJIEHUs U SIBJISIETCS COBEPIIEHHO HOBBIM. OCHOBHBIM 3JIEMEHTOM JI0-
Ka3aTeJbCTBA SIBJISCTCSA BaXKHBIH HOBBIM MaTeMaTHYeCKUil OObEeKT: CH-
creMa OObIKHOBEHHbIX i depeHinaibHbIX YPpaBHEHUN Ha BCe CKOOKM
[Tyaccona 10 4erBepTOro HMOPsJIKa MEXK)Iy OrpaHudeHusiMu H; ramuiib-
ronnana H Ha obiacru raajkocru A;. Mbl HasbiBaeM TaKylo CUCTEMY
nucnadarouleti cucmemoti ckobok Ilyaccona.

Harre nccsieioBanme He orpaHnieHo TOJbKO 3a/a9aMi OIITHMAJILHOTO
VIIPABJIEHNs, HO TaKXKe BKJIOYaeT B ce0s BeCh KJACC KYyCOUHO TJIAJIKAX
raMMJIbTOHOBBIX CHCTEM B CJIydae, KOTJia Ha CThIKe Tpex obJjacTeil ria/l-
KOCTH TIaMHJIbTOHHAHA H JIEXKUT 0coDas TPaeKTOpHUsl BTOPOIO IIOpsi/i-
Ka. B gacrHocTH, Oy/ieT paccMOTpeHa MaKCUMaJIbHO II0JIpOOHO JIMHEITHO-
KBaJI[paTUUHAas 3a/a49a ONTHMAJLHOIO yIpPaBJEeHU, ONTUMAJbHBIA CHH-
TE€3 B KOTOPOM SBJISIETCS MPOTOTUIIOM JIJIsi OOIIEro cjydas. JTa 3ajada
SIBJISIETCS MOJICJILHON JIJIsT ODIIeil raMUIBTOHOBOM CHCTEMBI ¢ KYCOUHO-
TJIaJIKUM TaMIJIBTOHUAHOM, IOTOMY UTO UX HUCIAIAIONINE CUCTEMbI COB-

11a,/1a10T.

[TojipobHOE UBJIOKEHHUE 1OJIY YEHHBIX PE3YJIBTATOB MOXKHO HalTh B [

nau arXiv:1506.02320.

JINTEPATYPA

1. JI.B. JlokyrueBckuii, « [aMIJIbTOHOBOCTD IIOTOKa OCOOBIX TPACKTO-

puii», Marewm. c6., 2014, N. 205 (3), crp. 133-160.

11



2. M.W. Benukun, JI.B. Jlokynuesckuit u P. Xwuibuebpan, «leo-
MeTpHsI OKPECTHOCTEH 0COOBIX SKCTpeMaJiell B 3a/1a1aX ¢ MHOTOMEPHBIM
yupasienneMms, Tp. MUAH, 2012, N. 277, ctp. 74-90.

3. M. 3emukun, A. 1. Kucenes u JI. B. Jlokynuesckuit, «Onru-
MaJibHOe yrpaBienue u teopust Lamyar, Marem. ¢6, 2013, N. 204(11),
Mocksa, Hayxka, cTp. 83-98.

4. M.I. Zelikin, N.B. Melnikov and R. Hildebrand, «Topological structure
of a typical fibre of optimal synthesis for chattering problems», P. Steklov
Inst. Math., 2001, N. 233, pp. 116-142.

5. M.U. Senukun, JI.B. Jlokyrmuesckuit u P. Xuabpeopan, «Twummda-
HOCTH (PPaAKTATHLHO-Xa0TUIECKOH CTPYKTYPbhl MHTErPahHBIX BOPOHOK B
raMHUJIBTOHOBBIX CHCTEMAaX ¢ Pa3pbIBHON MpaBoil YacThioy, CoBpeMenHast

MareMaTnka, pyHjgamenTagbubie Hampapiaenus, 2015, N. 56, crp. 5-128.
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Sub-Riemannian problems on 3D Lie groups

with applications to retinal image processing
A.P. Mashtakov

Eindhoven University of Technology

alexey.mashtakov@gmail.com

The talk focuses on the application of sub-Riemannian geodesics on
3-dimensional Lie groups to image analysis. Namely, the analysis of

photographs of the retina of the human eye. Two problems will be discussed:

(A) asub-Riemannian (SR) problem in SE (2) with given external cost,

(B) a sub-Riemannian (SR) problem in SO (3) with cuspless spherical

projection constraint.

Both problems have applications in image analysis, namely their solu-
tions provide a method for completion of corrupted contours in flat and
spherical images. The restored arc given by solution of (A) represents
data driven sub-Riemannian geodesics in SE (2), i.e. the curves minimizing
the sub-Riemannian length weighted by an external cost induced by the
image. Problem (B) is the spherical extension of problem (A). Solution
to these problems are applied to retinal vessel tracking, relevant for early
diagnosis of diabetic retinopathy and glaucoma.

(A) SR problem in SE (2) with given external cost C: SE(2) —

[0,1], d > 0, is given by the following optimal control problem:
¥ = w1 (cos 00, +sin 0 9y) |, + us Opl, v(0) =1d, v(T') =g,

136D = [ Cltty/5a0)+ (o) dt = min,
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where v(t) € SE (2), (u,us) € R%, 8 > 0.

We propose an algorithm for solving this problem that consists of two
steps. The first step is producing the distance map in SE (2) while the
second step is finding a solution to the boundary value problem (BVP)
via steepest descent backtracking. We compute the distance map as
the stationary viscosity solution of the corresponding Hamilton-Jacobi-
Bellman (HJB) equation, derived via the Pontryagin Maximum Principle
(PMP). We use an upwind finite differences discretization scheme for
solving the HJB equation while the steepest descent is computed by
numerical integration of the horizontal part of PMP. The comparison
with the exact solution in case C'(g) = 1, that was given by Yu.L.
Sachkov [1], demonstrates high accuracy of the obtained solution. In
this case the algorithm produces globally optimal trajectories. Finally,
examples of vessel tracking in retinal images will be shown. (Joint research
with E.J. Bekkers, R. Duits and G.R. Sanguinetti).

(B) We consider the problem of minimizing fol B2 + k2(s) ds, for
a smooth curve y(s) on a unit sphere with fixed boundary points and
directions. The total length [ is free, s denotes the spherical arclength,
k, denotes the geodesic curvature of «y, and S > 0 is given. By lifting the
curve in extended three-dimensional space of positions (z,y) € S? and
orientations # € S!, one can reformulate this problem as the problem of
finding SR-geodesics in SO (3) with cuspless spherical projections. This
problem can be seen as a modified version of the cortical model by J.
Petitot [2], G. Citti and A. Sarti [3], taking into account the curvature

of the retina. Our motivation is the fact that the retina is not flat, which

14



can be important both for cortical modeling and for processing retinal
images. We derive SR-geodesics and evaluate the first cusp time, i.e. the
instance of time where the spherical projection of a SR-geodesic has a
cusp. Parametrization of the set of endpoints reachable by geodesics with
cuspless spherical projections is provided. In contrast to the SR-problem
in SE (2) there exist non-optimal SR-geodesics with cuspless projections.

(Joint research with I. Beschastnyi, R. Duits and Yu.L. Sachkov).
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Pumanosa 3ama4da na SO (3) B ciydae Jlarpam»xka
A.B. IlomobpseB

HIIC umenu A.K. Adaramasana PAH

alex@alex.botik.ru

PaccmoTpum  JIeBOMHBApUAHTHYIO PUMaHOBY METPUKY Ha, I'PyIi-
e SO (3). Ecrecrsennasi reomerpuueckas 3a,/1a4a 3aKJI04€TCsl B OIUCA-
HUM KpaTJaiiux Takoit merpuku. [lycrs 11, [, I3 — cobcTBenHbie 3HAYE-
HUST COOTBETCTBYIOIIEH KBaApaTudHoii ¢popmbl. Ecin u3 orpeskos jmmH
I, I, I3 MOXXHO COCTaBUTH TPEYTOJBLHUK, TO 3T, 3ajlada UMeeT MeXaHU-
YECKYI0 MHTEPIPUTAINIO — CBODOHOE BPAIIEHUE 3aKPEIJIEHHOI'O B TOUKE
TBepjioro tena. Huxke paccmarpuBaerca cayvat Jlaepanowca Iy = Io.

[Tapamerpuzanus reojesndeckux xHa SO (3) XOPOIIO W3BECTHA, HO UX
ryiobaIbHas ONTUMAJILHOCTE JIO CUX MOp He u3ydasach. JI. Beiircom u
®. Dacco |1] 6buTH OMUCAHBI COMPSKEHHBIC TOUKN (KPUTHIECKHE 3HATE-
HUST 9KCIIOHEHITHAJIBHOTO OTOOpazkeHus ). B Hacrosimeiil pabore HaiigeHO
MHOXKECTBO pa3pesa W ypaBHEHUsI JJisi BpeMeHU pa3pesa (BpeMeHU moTe-
PU OLITUMAJILHOCTH ).

[Tycrs {e1, €9, €3} — oproHOpMUPOBaHHbIH OTHOCTEHHO (POpMbI Kitji-
JIMHTa, 0a31C §03, B KOTOPOM pacCMaTpUBaeMasi PUMAHOBA, METPUKA, MMEeT
cobcrBennbie 3Havdenust Iy, s, I3. Ilyctb pi, po, p3 — cooTBEeTCTBYIOINIHE
MMITYJIbChl (TO eCTh KOOPJMHATHI B IIPOCTPAHCTBE §05 B Oasuce, JIBOIi-
crBeHHoM Gasucy {eq, es, €3} orrocuresnnro Gopmbr Kumara). O6o-
3HAUNM P; = %‘, 1 = 1,2,3. Ilapamerp n = %— 1 > —1 orBeuaer

3a «CIIJIIOCHYTOCTBL» TBEPAOI'O TEJia B MeXaHUYeCKOoi HHTEeplIpeTalnn.

Teopema 1. ITycmov T (N, P3) MUNUMAALHT NOAOACUMEALHOIT KO-
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PEHD YpasHEHUA

cos T cos(Tnps) — ps sin 7 sin(rnps) = 0,

moezda
21 CcU 77
(1) ecau n > —1, mo epema paspesa pasho %.
(2) ecaun —%, MO 6PeMA Pa3pesa PacHo
27‘1’[1 1 =
o ecat 5 S D3| < 1,
ZIchut('r]aﬁS)

ST, ecau |ps] < %

Teopema 2.
(1) Ecaun > —%, MO MHONMCECTNGO PA3PE3A ECTNL NPOEKMUEBHAA NAOC-

kocmo RP?, cocmoawaa us ocesuix cummempu.

1

(2) Ecaun < —35, MO MHOJICECMGO PA3PE3A COCMOUM. U3 JE6YT KOMNO-

nenm: RP? u ompesxa

Jy = {exp(type;) | p € [2n(1 +n), 7}

HokazaresibcTBo ocHoBaHo Ha MeTojie FO. JI. CaukoBa, npuMeHEeHHOTO
VM JIJIST PEIeHus 3a1a9u 00 9il1epoBbix mactukax |2]. PaccmarpuBaercs
IpyIna CUMMETPHUil TaMUJIBTOHOBA BEKTOPHOTO IOJIST TTPUHITUIA MAKCH-
myMma [lonTpsaruna. Untytes Toukn Makcsesia, COOTBETCTBYIONINE CHM-
MeTpUsiM (TO €CTh TOYKHU, B KOTOPBIE B OJIMH U TOT YK€ MOMEHT BPEMEHH
IPUXOJSIT CUMMETPUYHbIE APYI-ApYTy reojesudeckue). Hasee okasbiBa-
eTCsT, IYTO COIPSIKEHHOE BpeMsi 0oJibilie Jith0 PABHO BPEMEHU JOCTHUXKE-
HUs HalijieHHbIX TodeK Makcsesuia. [TokasbiBaercsi, 410 SKCIOHEHIINA b
Hoe oToOpakenwue spJjsiercs auddeomopduzMom 00J1aCTH, OrpaHUYEH-

HOII BpemeHneM Makcgesiia, Ha JIONOJHEHWE K 3aMbIKaAHUIO HailJIeHHOTO
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muozkectsa Makcsesta B SO (3). Tem caMbiM OKa3bIBa€TCs, ITO 3aMbIKA-
HUe MHOXKeCTBa MaKcBesia sBIIsSeTCs B IefiCTBUTEIHHOCTH MHOXKECTBOM
paspesa.

Hns anagoruanoit 3amaqun na SU (2) T. Caxan [3| nokaszas, 1o MHO-
YKECTBO pa3pesa siBIeTCs JBYMepHbIM juckoMm mpu 7 > 0. doa n < 0
nMeeTcs TumoTesa, BuiBuHyTasg M. Beprepom B kuure [4], aTo MHONKe-
CTBO pPasdpesa siBjsiercst oTpe3koM. Tem Ke MeTojioM yJaercsi PeruTh
pumanoBy 3ajady Ha SU (2) B cayuae Jlarpanxka u Jiokasarh runoresy
M. Beprepa.

Nmeercst cBsi3b ¢ cybpuMaHoBoii 3aja4eit va rpytie SO (3), uccieo-
sannoit Y. Bockannom n @. Pocen [5]. OkasbiBaercst, uro npu I3 — 00
COTPSTYKEHHOE BPEMSsT, MHOYKECTBO CONPSIKEHHbBIX TOYEK, BpeMsi pa3pesa u
MHOXKECTBO pa3pe3a B PUMAHOBOM 3a/1ade CXO[ATCA K TeM Ke 00beKTam
B cyOprMaHOBOIl 3aj1ave.

Ornmcanmble 371€Ch Pe3YJIbTATEI MOAPOOHO N3JI0KEHDI B |6].
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JnddepennmaabHble THBAPUAHTHI

Ha pelleHndaX ypaBHeHuil DiinmreitHa-MakcBesia
B.A. FOmary>xun

UIIC um. A.K. Atiramaszana PAH
yuma@diffiety.botik.ru

Kaxk m3BecTHO, cucTeMa ypaBHEeHH# JitHITeiina-MakcBesia nHBapH-
AHTHA OTHOCUTEJIbHO 11CEBIOIPYIIIbL i HeoMopdu3MoB IPOCTpaHCTBA-
Bpemenn Diffeo, a e€ perenust nos, jeitcrsuem stux puddeomopdusmon
1peodbpa3yI0TCss B HOBbIE PEIICHMUSI.

B jokjiajie Oyjier 1npejacTaBieHo MOJIHOE OIUCAHUE T10JIs PalliOHaJ b-
HBIX CKaJIAPHBIX JuddepennnaabHbIX MHBAPUAHTOB ypaBHEHN D HIITeiHA-
Maxkcgesta orrocuTenbuo eepgporpymbl Diffeo. 91mu nuBapnanThl pas-
JIEJISTIOT OPOUTHI PEIIeH it OTHOCUTEIHHO JieiicTBust iceBqorpy b Diffeo.

Byner nosiydeno (axTop-ypaBHEHHE, MHOYKECTBOM peLICHUN KOTOPO-
I'o SABJISIETCSI MHOXKECTBO OpOUT perienuii. B wacraocru, Oy/ier moydeHo
peleH#e poodJieMbl SKBUBAJIEHTHOCTH PEIleHN ypaBHEeH DiHIIITeliHa-
Maxcsena.

[TorydyenHbIe MHBAPUAHTEI Oy T UCIOJIH30BAHbI JJIsI BBIUUCICHNST HEKO-

TOPBIX TOYHBIX pEIIeHUI.
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