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Ïîëíîå îïèñàíèå ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ

â ñóáðèìàíîâîé çàäà÷å íà ãðóïïå Ýíãåëÿ

À.À. Àðäåíòîâ

ÈÏÑ èì. À.Ê. Àéëàìàçÿíà ÐÀÍ
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Ðàññìàòðèâàåòñÿ ëåâîèíâàðèàíòíàÿ íèëüïîòåíòíàÿ ñóáðèìàíîâà

çàäà÷à íà ãðóïïå Ýíãåëÿ ñ âåêòîðîì ðîñòà (2,3,4). Ñóáðèìàíîâà çà-

äà÷à ôîðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì:

q̇ = u1X1 + u2X2, q = (x, y, z, v)T ∈ R4, (u1, u2) ∈ R2,

X1 =

(
1, 0,−y

2
, 0

)T
, X2 =

(
0, 1,

x

2
,
x2 + y2

2

)T
,

q(0) = q0, q(t1) = q1, l =

∫ t1

0

√
u2

1 + u2
2 dt→ min .

Âåêòîðíûå ïîëÿ X1, X2 ïîðîæäàþò àëãåáðó Ëè, íàçûâàåìîé àëãåá-

ðîé Ýíãåëÿ. Çàäà÷à ÿâëÿåòñÿ íèëüïîòåíòíîé, ò. å. çàäàåò íèëüïî-

òåíòíóþ (íåëèíåéíóþ) àïïðîêñèìàöèþ âñåì ñóáðèìàíîâûì çàäà÷àì

â 4-ìåðíîì ïðîñòðàíñòâå ñ äâóìåðíûì óïðàâëåíèåì. Íàïðèìåð, ñ ïî-

ìîùüþ àïïðîêñèìàöèè çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ êîëåñíûì

ðîáîòîì ñ îäíèì ïðèöåïîì ìîæíî ïîñòðîèòü ðåøåíèÿ äëÿ êîíñòðóê-

òèâíîé çàäà÷è óïðàâëåíèÿ ðîáîòîì ñ ïðèöåïîì.

Â ðàáîòå [1] ñ ïîìîùüþ ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà áûëà

ïîëó÷åíà ïàðàìåòðèçàöèÿ ýêñòðåìàëüíûõ òðàåêòîðèé. Òàêèì îáðà-

çîì, áûëî îïðåäåëåíî ýêñïîíåíöèàëüíîå îòîáðàæåíèå Exp, ïåðåâî-

äÿùåå òî÷êó ñîïðÿæåííîãî ïðîñòðàíñòâà λ ∈ C è âðåìÿ t ∈ R+ â

ñîîòâåòñòâóþùóþ òî÷êó ýêñòðåìàëüíîé òðàåêòîðèè q(t) = Exp(λ, t).

Îïèñàíû äèñêðåòíûå ñèììåòðèè ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ è
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ñîîòâåòñòâóþùèå ìíîæåñòâà Ìàêñâåëëà, ÷òî ïîçâîëèëî íàéòè ïåðâîå

âðåìÿ Ìàêñâåëëà, äàþùåå ãëîáàëüíóþ âåðõíþþ îöåíêó âðåìåíè ðàç-

ðåçà âäîëü ýêñòðåìàëüíûõ òðàåêòîðèé tcut(λ) ≤ t1MAX(λ) (â ñîîòâåò-

ñòâóþùåé òî÷êå ðàçðåçà ýêñòðåìàëüíàÿ òðàåêòîðèÿ òåðÿåò ñâîþ ãëî-

áàëüíóþ îïòèìàëüíîñòü). Êðîìå òîãî, â ðàáîòå [2] áûëà èññëåäîâàíà

ëîêàëüíàÿ îïòèìàëüíîñòü ïîëó÷åííûõ ýêñòðåìàëüíûõ òðàåêòîðèé.

Îêàçàëîñü, ÷òî ïîëó÷åííîå ïåðâîå âðåìÿ Ìàêñâåëëà äîñòàâëÿåò òàê-

æå íèæíþþ îöåíêó ñîïðÿæåííîãî âðåìåíè (âðåìåíè ïîòåðè ëîêàëü-

íîé îïòèìàëüíîñòè ýêñòðåìàëüíîé òðàåêòîðèè): t1MAX(λ) ≤ t1conj(λ).

Íàéäåííîå ïåðâîå âðåìÿ Ìàêñâåëëà çàäàåò ðàçáèåíèå ïðîîáðàçà è

îáðàçà ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ íà ïîäîáëàñòè. Â ðàáîòå [3]

áûëî äîêàçàíà òåîðåìà, ÷òî ñóæåíèå îòîáðàæåíèÿ íà ýòè ïîäîáëàñòè

åñòü äèôôåîìîðôèçì. Äëÿ äîêàçàòåëüñòâà òåîðåìû èñïîëüçîâàëàñü

òåîðåìà Àäàìàðà î ãëîáàëüíîì äèôôåîìîðôèçìå. Â ðåçóëüòàòå áûëî

äîêàçàíî, ÷òî tcut(λ) = t1MAX(λ).
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Òèïè÷íîñòü ôðàêòàëüíî-õàîòè÷åñêîé ñòðóêòóðû

èíòåãðàëüíûõ âîðîíîê â ãàìèëüòîíîâûõ ñèñòåìàõ

ñ ðàçðûâíîé ïðàâîé ÷àñòüþ

Ì.È. Çåëèêèí, Ë.Â. Ëîêóöèåâñêèé, Ð. Õèëüäåáðàíä

ÌÃÓ èìåíè Ì.Â. Ëîìîíîñîâà, ìåõìàò

mzelikin@mtu-net.ru

Îñíîâíûì èíñòðóìåíòîì äëÿ ðåøåíèÿ äåòåðìèíèðîâàííûõ çàäà÷

îïòèìàëüíîãî óïðàâëåíèÿ ÿâëÿåòñÿ ïðèíöèï ìàêñèìóìà Ïîíòðÿãè-

íà (ÏÌÏ). Îí ïîçâîëÿåò ñâåñòè çàäà÷ó óïðàâëåíèÿ ê îòûñêàíèþ ðå-

øåíèé ãàìèëüòîíîâîé äèíàìè÷åñêîé ñèñòåìû. Ïðåäïîëîæèì, óïðàâ-

ëåíèå u ïðèíèìàåò çíà÷åíèÿ â íåêîòîðîì ìíîæåñòâå Ω. Òîãäà ãà-

ìèëüòîíèàí H, îïðåäåëÿþùèé äèíàìèêó, çàäàåòñÿ êàê ìàêñèìóì

H(x, p) = maxu∈ΩH(x, p, u) ïî âñåì óïðàâëåíèÿì u ∈ Ω ôóíêöèè

Ïîíòðÿãèíà H, à îïòèìàëüíîå óïðàâëåíèå (åñëè îíî ñóùåñòâóåò) äî-

ñòàâëÿåò ìàêñèìóì H.

Íà îòêðûòîì âñþäó ïëîòíîì ïîäìíîæåñòâå ïàðàìåòðîâ (x, p) ìàê-

ñèìóì H ïî u ∈ Ω äîñòèãàåòñÿ â åäèíñòâåííîé òî÷êå è ãëàäêî çàâè-

ñèò îò ýòèõ ïàðàìåòðîâ. Íà ýòîì ïîäìíîæåñòâå ãàìèëüòîíèàí H ÿâ-

ëÿåòñÿ ãëàäêèì, îäíàêî íà ãðàíèöå ýòîãî ïîäìíîæåñòâà ïðîèçâîäíûå

H ìîãóò, âîîáùå ãîâîðÿ, ðâàòüñÿ. ×àùå âñåãî ãàìèëüòîíèàí H ÿâëÿ-

åòñÿ íåïðåðûâíîé êóñî÷íî-ãëàäêîé ôóíêöèåé, ïðè÷åì êîêàñàòåëüíîå

ðàññëîåíèå ðàçáèâàåòñÿ íà íåïåðåñåêàþùèåñÿ îáëàñòè A1, . . . , Ak, íà

êîòîðûõ ãàìèëüòîíèàí çàäàåòñÿ ãëàäêèìè ôóíêöèÿìèH1, . . . , Hk ñî-

îòâåòñòâåííî. Äèíàìè÷åñêàÿ ñèñòåìà îïèñûâàåòñÿ îáûêíîâåííûìè

äèôôåðåíöèàëüíûìè óðàâíåíèÿìè ñ ðàçðûâíîé ïðàâîé ÷àñòüþ. Íà
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äîêëàäå áóäåò îáñóæäàòüñÿ ñèòóàöèÿ, êîãäà ìíîæåñòâî Ω ÿâëÿåòñÿ

âûïóêëûì ìíîãîãðàííèêîì, à îáëàñòè Ai � ýòî â òî÷íîñòè òå îáëà-

ñòè, ãäå óïðàâëåíèå îáÿçàíî íàõîäèòüñÿ â ñîîòâåòñòâóþùåé âåðøèíå

vi ìíîãîãðàííèêà Ω. Ìíîæåñòâî òî÷åê, ãäå ïðîèçâîäíàÿ H ðàçðûâ-

íà, ÿâëÿåòñÿ ñòðàòèôèöèðîâàííûì ìíîãîîáðàçèåì, êàæäàÿ ñòðàòà

êîòîðîãî îòâå÷àåò íåêîòîðîé ãðàíè ìíîãîãðàííèêà Ω.

Òðàåêòîðèÿ ãàìèëüòîíîâîé ñèñòåìû, êîòîðàÿ íå ïîêèäàåò îáëàñòü

ãëàäêîñòè ãàìèëüòîíèàíà, íàçûâàåòñÿ ðåãóëÿðíîé. Åñëè òðàåêòîðèÿ

ïåðåõîäèò èç îäíîé îáëàñòè ãëàäêîñòè Ai â äðóãóþ Aj, òîãäà ñîîòâåò-

ñòâóþùåå îïòèìàëüíîå óïðàâëåíèå ìåíÿåòñÿ ñêà÷êîì ñ âåðøèíû vi

ìíîãîãðàííèêà Ω íà âåðøèíó vj. Ýòîò ïðîöåññ íàçûâàåòñÿ ïåðåêëþ-

÷åíèåì, à ïîâåðõíîñòü ðàçðûâà ïðàâîé ÷àñòè ñèñòåìû íàçûâàåòñÿ

ïîâåðõíîñòüþ ïåðåêëþ÷åíèÿ. Îáû÷íî îïòèìàëüíàÿ òðàåêòîðèÿ ïå-

ðåñåêàåò ïîâåðõíîñòü ïåðåêëþ÷åíèÿ òðàíñâåðñàëüíî, â ýòîì ñëó÷àå

îïòèìàëüíîå óïðàâëåíèå íàçûâàþò áýíã-áýíã óïðàâëåíèåì. Òåì íå

ìåíåå, èíîãäà âîçíèêàþò òðàåêòîðèè, äâèãàþùèåñÿ âäîëü ïîâåðõíî-

ñòè ðàçðûâà ïðàâîé ÷àñòè ñèñòåìû. Èõ ïðèíÿòî íàçûâàòü îñîáûìè

òðàåêòîðèÿìè. Îáû÷íî åäèíñòâåííîñòü ðåøåíèÿ òåðÿåòñÿ â îêðåñò-

íîñòè îñîáûõ òðàåêòîðèé è ìíîæåñòâî ðåãóëÿðíûõ òðàåêòîðèé ìî-

æåò ñîåäèíèòüñÿ ñ îñîáîé â îäíîé è òîé æå òî÷êå, èëè, íàîáîðîò,

ñîéòè ñ íåå. Òàêàÿ ñèòóàöèÿ âîçìîæíà èç-çà òîãî, ÷òî ïðàâàÿ ÷àñòü

ãàìèëüòîíîâîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíå-

íèé òåðïèò ðàçðûâ.

Äëÿ îñîáûõ òðàåêòîðèé, ëåæàùèõ íà ãèïåðïîâåðõíîñòè ïåðåêëþ-

÷åíèÿ1, âîçìîæíî îïðåäåëèòü ïîðÿäîê, â çàâèñèìîñòè îò òîãî, êà-

1Ýòî ýêâèâàëåíòíî ðàññìîòðåíèþ çàäà÷è ñ îäíîìåðíûì óïðàâëåíèåì â îêðåñòíîñòè îñîáîé
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êîãî ïîðÿäêà ñêîáêè Ïóàññîíà îò ïðèñîåäèíåííûõ ãëàäêèõ ÷àñòåé

Hi îáíóëÿþòñÿ íà îñîáîé òðàåêòîðèè. Ïîðÿäîê ìîæåò áûòü ëîêàëü-

íûì èëè ãëîáàëüíûì, â çàâèñèìîñòè îò òîãî, îáíóëèëèñü ëè ñêîá-

êè íà ñàìîé îñîáîé òðàåêòîðèè èëè öåëèêîì â åå îêðåñòíîñòè. Õî-

ðîøåå îáîáùåíèå ýòèõ îïðåäåëåíèé (òàê íàçûâàåìûé íàòóðàëüíûé

ïîðÿäîê) äàíî â [1]. Åñëè íàòóðàëüíûé ïîðÿäîê òðàåêòîðèè ÿâëÿåò-

ñÿ ÷åòíûì ÷èñëîì, òî ðåãóëÿðíûå òðàåêòîðèè íå ìîãóò ñîåäèíÿòüñÿ

ñ îñîáîé êóñî÷íî ãëàäêèì îáðàçîì. Â ýòîì ñëó÷àå ðåãóëÿðíûå òðà-

åêòîðèè âðàùàþòñÿ âîêðóã îñîáîé è ïåðåñåêàþò ïîâåðõíîñòü ïåðå-

êëþ÷åíèÿ â ñ÷åòíîì ÷èñëå òî÷åê çà êîíå÷íîå âðåìÿ òàêèì îáðàçîì,

÷òî òî÷êà ñîåäèíåíèÿ íåîñîáîé òðàåêòîðèè è îñîáîé ÿâëÿåòñÿ òî÷êîé

íàêîïëåíèÿ. Ýòîò ôåíîìåí íàçûâàåòñÿ ÷àòòåðèíãîì è îí äîñòàòî÷-

íî õîðîøî èçó÷åí äëÿ ñëó÷àÿ, êîãäà ðîâíî äâå îáëàñòè ãëàäêîñòè

ãàìèëüòîíèàíà ñìûêàþòñÿ ïî ãëàäêîé ãèïåðïîâåðõíîñòè.

Íà äîêëàäå áóäåò ðàññìàòðåíà ñèòóàöèÿ, êîãäà òðè îáëàñòè ãëàä-

êîñòè A1, A2, A3 ñìûêàþòñÿ ïî ìíîãîîáðàçèþ S123 êîðàçìåðíîñòè 2.

Ýòà ñèòóàöèÿ ýêâèâàëåíòíà çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ ñ äâó-

ìåðíûì óïðàâëåíèåì èç òðåóãîëüíèêà2. Â îáùåì ñëó÷àå îñîáûå ýêñ-

òðåìàëè äëÿ n-ìåðíîãî óïðàâëåíèÿ áûëè èçó÷åíû â [2]. Â ýòîì ñëó-

÷àå âìåñòî ïîðÿäêà ïðàâèëüíî ãîâîðèòü î ôëàãå ïîðÿäêîâ. Â íàñòî-

ÿùåé ðàáîòå ìû ðàññìàòðèâàåì îñîáóþ òðàåêòîðèþ ïîëíîãî âòîðîãî

ïîðÿäêà. Ýòó ðàáîòó ìîæíî ðàññìàòðèâàòü êàê ïðîäîëæåíèå ðàáîòû

[4], â êîòîðîé âïåðâûå äàííàÿ çàäà÷à áûëà ðàññìîòðåíà è áûëî äîêà-

òðàåêòîðèè.
2Ñëó÷àé, êîãäà ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé Ω ÿâëÿåòñÿ øàðîì, óäèâèòåëüíûì îá-

ðàçîì îêàçàëñÿ òåñíî ñâÿçàí ñ òåîðèåé Ãàëóà. Ïîäðîáíåå ñì. [2,3].
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çàíî íàëè÷èå ôåíîìåíà ÷àòòåðèíãà. Çäåñü æå ìû ðàññìàòðèâàåì åùå

îäèí ôåíîìåí, âîçíèêàþùèé â äàííîé çàäà÷å. À èìåííî, õàîòè÷åñêîå

ïîâåäåíèå îãðàíè÷åííûõ ÷àñòåé îïòèìàëüíûõ òðàåêòîðèé ñèñòåìû.

Äàííûé ôåíîìåí íå áûë ðàíåå îáíàðóæåí â çàäà÷àõ îïòèìàëüíîãî

óïðàâëåíèÿ è ÿâëÿåòñÿ ñîâåðøåííî íîâûì. Îñíîâíûì ýëåìåíòîì äî-

êàçàòåëüñòâà ÿâëÿåòñÿ âàæíûé íîâûé ìàòåìàòè÷åñêèé îáúåêò: ñè-

ñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé íà âñå ñêîáêè

Ïóàññîíà äî ÷åòâåðòîãî ïîðÿäêà ìåæäó îãðàíè÷åíèÿìè Hi ãàìèëü-

òîíèàíà H íà îáëàñòè ãëàäêîñòè Ai. Ìû íàçûâàåì òàêóþ ñèñòåìó

íèñïàäàþùåé ñèñòåìîé ñêîáîê Ïóàññîíà.

Íàøå èññëåäîâàíèå íå îãðàíè÷åíî òîëüêî çàäà÷àìè îïòèìàëüíîãî

óïðàâëåíèÿ, íî òàêæå âêëþ÷àåò â ñåáÿ âåñü êëàññ êóñî÷íî ãëàäêèõ

ãàìèëüòîíîâûõ ñèñòåì â ñëó÷àå, êîãäà íà ñòûêå òðåõ îáëàñòåé ãëàä-

êîñòè ãàìèëüòîíèàíà H ëåæèò îñîáàÿ òðàåêòîðèÿ âòîðîãî ïîðÿä-

êà. Â ÷àñòíîñòè, áóäåò ðàññìîòðåíà ìàêñèìàëüíî ïîäðîáíî ëèíåéíî-

êâàäðàòè÷íàÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ, îïòèìàëüíûé ñèí-

òåç â êîòîðîé ÿâëÿåòñÿ ïðîòîòèïîì äëÿ îáùåãî ñëó÷àÿ. Ýòà çàäà÷à

ÿâëÿåòñÿ ìîäåëüíîé äëÿ îáùåé ãàìèëüòîíîâîé ñèñòåìû ñ êóñî÷íî-

ãëàäêèì ãàìèëüòîíèàíîì, ïîòîìó ÷òî èõ íèñïàäàþùèå ñèñòåìû ñîâ-

ïàäàþò.

Ïîäðîáíîå èçëîæåíèå ïîëó÷åííûõ ðåçóëüòàòîâ ìîæíî íàéòè â [5]

èëè arXiv:1506.02320.
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Sub-Riemannian problems on 3D Lie groups

with applications to retinal image processing

A.P. Mashtakov

Eindhoven University of Technology

alexey.mashtakov@gmail.com

The talk focuses on the application of sub-Riemannian geodesics on

3-dimensional Lie groups to image analysis. Namely, the analysis of

photographs of the retina of the human eye. Two problems will be discussed:

(A) a sub-Riemannian (SR) problem in SE (2) with given external cost,

(B) a sub-Riemannian (SR) problem in SO (3) with cuspless spherical

projection constraint.

Both problems have applications in image analysis, namely their solu-

tions provide a method for completion of corrupted contours in �at and

spherical images. The restored arc given by solution of (A) represents

data driven sub-Riemannian geodesics in SE (2), i.e. the curves minimizing

the sub-Riemannian length weighted by an external cost induced by the

image. Problem (B) is the spherical extension of problem (A). Solution

to these problems are applied to retinal vessel tracking, relevant for early

diagnosis of diabetic retinopathy and glaucoma.

(À) SR problem in SE (2) with given external cost C : SE (2) →

[δ, 1], δ > 0, is given by the following optimal control problem:

γ̇ = u1(cos θ ∂x + sin θ ∂y)|γ + u2 ∂θ|γ, γ(0) = Id, γ(T ) = g,

l(γ(·)) =

∫ T

0

C(γ(t))
√
β2u2

1(t) + u2
2(t) dt→ min,
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where γ(t) ∈ SE (2), (u1, u2) ∈ R2, β > 0.

We propose an algorithm for solving this problem that consists of two

steps. The �rst step is producing the distance map in SE (2) while the

second step is �nding a solution to the boundary value problem (BVP)

via steepest descent backtracking. We compute the distance map as

the stationary viscosity solution of the corresponding Hamilton-Jacobi-

Bellman (HJB) equation, derived via the Pontryagin Maximum Principle

(PMP). We use an upwind �nite di�erences discretization scheme for

solving the HJB equation while the steepest descent is computed by

numerical integration of the horizontal part of PMP. The comparison

with the exact solution in case C(g) ≡ 1, that was given by Yu.L.

Sachkov [1], demonstrates high accuracy of the obtained solution. In

this case the algorithm produces globally optimal trajectories. Finally,

examples of vessel tracking in retinal images will be shown. (Joint research

with E.J. Bekkers, R. Duits and G.R. Sanguinetti).

(B) We consider the problem of minimizing
∫ l

0

√
β2 + k2

g(s) ds, for

a smooth curve γ(s) on a unit sphere with �xed boundary points and

directions. The total length l is free, s denotes the spherical arclength,

kg denotes the geodesic curvature of γ, and β > 0 is given. By lifting the

curve in extended three-dimensional space of positions (x, y) ∈ S2 and

orientations θ ∈ S1, one can reformulate this problem as the problem of

�nding SR-geodesics in SO (3) with cuspless spherical projections. This

problem can be seen as a modi�ed version of the cortical model by J.

Petitot [2], G. Citti and A. Sarti [3], taking into account the curvature

of the retina. Our motivation is the fact that the retina is not �at, which

14



can be important both for cortical modeling and for processing retinal

images. We derive SR-geodesics and evaluate the �rst cusp time, i.e. the

instance of time where the spherical projection of a SR-geodesic has a

cusp. Parametrization of the set of endpoints reachable by geodesics with

cuspless spherical projections is provided. In contrast to the SR-problem

in SE (2) there exist non-optimal SR-geodesics with cuspless projections.

(Joint research with I. Beschastnyi, R. Duits and Yu.L. Sachkov).
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Àñèìïòîòè÷åñêàÿ òåîðèÿ óïðàâëåíèÿ

äëÿ çàìêíóòîé ñòðóíû

À. È. Îâñååâè÷, À. Ê. Ôåäîðîâ

ÈÏÌåõ ÐÀÍ

ovseev@ipmnet.ru

Ðå÷ü èäåò î ðàçíûõ àñïåêòàõ çàäà÷è áûñòðåéøåãî ãàøåíèÿ êîëåáà-

íèé ñòðóíû, â òîì ÷èñëå î ÿâíîé êîíñòðóêöèè ïðîöåññà òîðìîæåíèÿ.
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Ðèìàíîâà çàäà÷à íà SO (3) â ñëó÷àå Ëàãðàíæà

À.Â. Ïîäîáðÿåâ

ÈÏÑ èìåíè À.Ê. Àéëàìàçÿíà ÐÀÍ

alex@alex.botik.ru

Ðàññìîòðèì ëåâîèíâàðèàíòíóþ ðèìàíîâó ìåòðèêó íà ãðóï-

ïå SO (3). Åñòåñòâåííàÿ ãåîìåòðè÷åñêàÿ çàäà÷à çàêëþ÷àåòñÿ â îïèñà-

íèè êðàò÷àéøèõ òàêîé ìåòðèêè. Ïóñòü I1, I2, I3 � ñîáñòâåííûå çíà÷å-

íèÿ ñîîòâåòñòâóþùåé êâàäðàòè÷íîé ôîðìû. Åñëè èç îòðåçêîâ äëèí

I1, I2, I3 ìîæíî ñîñòàâèòü òðåóãîëüíèê, òî ýòà çàäà÷à èìååò ìåõàíè-

÷åñêóþ èíòåðïðèòàöèþ � ñâîáîäíîå âðàùåíèå çàêðåïëåííîãî â òî÷êå

òâåðäîãî òåëà. Íèæå ðàññìàòðèâàåòñÿ ñëó÷àé Ëàãðàíæà I1 = I2.

Ïàðàìåòðèçàöèÿ ãåîäåçè÷åñêèõ íà SO (3) õîðîøî èçâåñòíà, íî èõ

ãëîáàëüíàÿ îïòèìàëüíîñòü äî ñèõ ïîð íå èçó÷àëàñü. Ë. Áåéòñîì è

Ô. Ôàññî [1] áûëè îïèñàíû ñîïðÿæåííûå òî÷êè (êðèòè÷åñêèå çíà÷å-

íèÿ ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ). Â íàñòîÿùåé ðàáîòå íàéäåíî

ìíîæåñòâî ðàçðåçà è óðàâíåíèÿ äëÿ âðåìåíè ðàçðåçà (âðåìåíè ïîòå-

ðè îïòèìàëüíîñòè).

Ïóñòü {e1, e2, e3} � îðòîíîðìèðîâàííûé îòíîñòåëüíî ôîðìû Êèë-

ëèíãà áàçèñ so3, â êîòîðîì ðàññìàòðèâàåìàÿ ðèìàíîâà ìåòðèêà èìååò

ñîáñòâåííûå çíà÷åíèÿ I1, I2, I3. Ïóñòü p1, p2, p3 � ñîîòâåòñòâóþùèå

èìïóëüñû (òî åñòü êîîðäèíàòû â ïðîñòðàíñòâå so∗3 â áàçèñå, äâîé-

ñòâåííîì áàçèñó {e1, e2, e3} îòíîñèòåëüíî ôîðìû Êèëëèíãà). Îáî-

çíà÷èì p̄i = pi
|p| , i = 1, 2, 3. Ïàðàìåòð η = I1

I3
− 1 > −1 îòâå÷àåò

çà ¾ñïëþñíóòîñòü¿ òâåðäîãî òåëà â ìåõàíè÷åñêîé èíòåðïðåòàöèè.

Òåîðåìà 1. Ïóñòü τcut(η, p̄3) ìèíèìàëüíûé ïîëîæèòåëüíûé êî-
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ðåíü óðàâíåíèÿ

cos τ cos(τηp̄3)− p̄3 sin τ sin(τηp̄3) = 0,

òîãäà

(1) åñëè η > −1
2, òî âðåìÿ ðàçðåçà ðàâíî 2I1τcut(η,p̄3)

|p| .

(2) åñëè η < −1
2, òî âðåìÿ ðàçðåçà ðàâíî

2πI1
|p| , åñëè 1

2η 6 |p̄3| < 1,

2I1τcut(η,p̄3)
|p| , åñëè |p̄3| < 1

2η .

Òåîðåìà 2.

(1) Åñëè η > −1
2, òî ìíîæåñòâî ðàçðåçà åñòü ïðîåêòèâíàÿ ïëîñ-

êîñòü RP 2, ñîñòîÿùàÿ èç îñåâûõ ñèììåòðèé.

(2) Åñëè η < −1
2, òî ìíîæåñòâî ðàçðåçà ñîñòîèò èç äâóõ êîìïî-

íåíò: RP 2 è îòðåçêà

Jη = {exp(±ϕe3) | ϕ ∈ [2π(1 + η), π]}.

Äîêàçàòåëüñòâî îñíîâàíî íà ìåòîäå Þ. Ë. Ñà÷êîâà, ïðèìåíåííîãî

èì äëÿ ðåøåíèÿ çàäà÷è îá ýéëåðîâûõ ýëàñòèêàõ [2]. Ðàññìàòðèâàåòñÿ

ãðóïïà ñèììåòðèé ãàìèëüòîíîâà âåêòîðíîãî ïîëÿ ïðèíöèïà ìàêñè-

ìóìà Ïîíòðÿãèíà. Èùóòñÿ òî÷êè Ìàêñâåëëà, ñîîòâåòñòâóþùèå ñèì-

ìåòðèÿì (òî åñòü òî÷êè, â êîòîðûå â îäèí è òîò æå ìîìåíò âðåìåíè

ïðèõîäÿò ñèììåòðè÷íûå äðóã-äðóãó ãåîäåçè÷åñêèå). Äàëåå îêàçûâà-

åòñÿ, ÷òî ñîïðÿæåííîå âðåìÿ áîëüøå ëèáî ðàâíî âðåìåíè äîñòèæå-

íèÿ íàéäåííûõ òî÷åê Ìàêñâåëëà. Ïîêàçûâàåòñÿ, ÷òî ýêñïîíåíöèàëü-

íîå îòîáðàæåíèå ÿâëÿåòñÿ äèôôåîìîðôèçìîì îáëàñòè, îãðàíè÷åí-

íîé âðåìåíåì Ìàêñâåëëà, íà äîïîëíåíèå ê çàìûêàíèþ íàéäåííîãî
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ìíîæåñòâà Ìàêñâåëëà â SO (3). Òåì ñàìûì îêàçûâàåòñÿ, ÷òî çàìûêà-

íèå ìíîæåñòâà Ìàêñâåëëà ÿâëÿåòñÿ â äåéñòâèòåëüíîñòè ìíîæåñòâîì

ðàçðåçà.

Äëÿ àíàëîãè÷íîé çàäà÷è íà SU (2) Ò. Ñàêàè [3] ïîêàçàë, ÷òî ìíî-

æåñòâî ðàçðåçà ÿâëÿåòñÿ äâóìåðíûì äèñêîì ïðè η > 0. Äëÿ η < 0

èìååòñÿ ãèïîòåçà, âûäâèíóòàÿ Ì. Áåðãåðîì â êíèãå [4], ÷òî ìíîæå-

ñòâî ðàçðåçà ÿâëÿåòñÿ îòðåçêîì. Òåì æå ìåòîäîì óäàåòñÿ ðåøèòü

ðèìàíîâó çàäà÷ó íà SU (2) â ñëó÷àå Ëàãðàíæà è äîêàçàòü ãèïîòåçó

Ì. Áåðãåðà.

Èìååòñÿ ñâÿçü ñ ñóáðèìàíîâîé çàäà÷åé íà ãðóïïå SO (3), èññëåäî-

âàííîé Ó. Áîñêàèíîì è Ô. Ðîññè [5]. Îêàçûâàåòñÿ, ÷òî ïðè I3 → ∞

ñîïðÿæåííîå âðåìÿ, ìíîæåñòâî ñîïðÿæåííûõ òî÷åê, âðåìÿ ðàçðåçà è

ìíîæåñòâî ðàçðåçà â ðèìàíîâîé çàäà÷å ñõîäÿòñÿ ê òåì æå îáúåêòàì

â ñóáðèìàíîâîé çàäà÷å.

Îïèñàííûå çäåñü ðåçóëüòàòû ïîäðîáíî èçëîæåíû â [6].
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Äèôôåðåíöèàëüíûå èíâàðèàíòû

íà ðåøåíèÿõ óðàâíåíèé Ýéíøòåéíà-Ìàêñâåëëà

Â.À. Þìàãóæèí

ÈÏÑ èì. À.Ê. Àéëàìàçÿíà ÐÀÍ

yuma@di�ety.botik.ru

Êàê èçâåñòíî, ñèñòåìà óðàâíåíèé Ýéíøòåéíà-Ìàêñâåëëà èíâàðè-

àíòíà îòíîñèòåëüíî ïñåâäîãðóïïû äèôôåîìîðôèçìîâ ïðîñòðàíñòâà-

âðåìåíè Di�eo, à å¼ ðåøåíèÿ ïîä äåéñòâèåì ýòèõ äèôôåîìîðôèçìîâ

ïðåîáðàçóþòñÿ â íîâûå ðåøåíèÿ.

Â äîêëàäå áóäåò ïðåäñòàâëåíî ïîëíîå îïèñàíèå ïîëÿ ðàöèîíàëü-

íûõ ñêàëÿðíûõ äèôôåðåíöèàëüíûõ èíâàðèàíòîâ óðàâíåíèé Ýéíøòåéíà-

Ìàêñâåëëà îòíîñèòåëüíî ïñåâäîãðóïïû Di�eo. Ýòè èíâàðèàíòû ðàç-

äåëÿþò îðáèòû ðåøåíèé îòíîñèòåëüíî äåéñòâèÿ ïñåâäîãðóïïû Di�eo.

Áóäåò ïîëó÷åíî ôàêòîð-óðàâíåíèå, ìíîæåñòâîì ðåøåíèé êîòîðî-

ãî ÿâëÿåòñÿ ìíîæåñòâî îðáèò ðåøåíèé. Â ÷àñòíîñòè, áóäåò ïîëó÷åíî

ðåøåíèå ïðîáëåìû ýêâèâàëåíòíîñòè ðåøåíèé óðàâíåíèé Ýéíøòåéíà-

Ìàêñâåëëà.

Ïîëó÷åííûå èíâàðèàíòû áóäóò èñïîëüçîâàíû äëÿ âû÷èñëåíèÿ íåêî-

òîðûõ òî÷íûõ ðåøåíèé.
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