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Áàçîâûå ïîíÿòèÿ

G � ãðóïïà Ëè, e � åäèíè÷íûé ýëåìåíò, Lqh = qh � ëåâûé ñäâèã.

∆ ⊂ TG � ëåâîèíâàðèàíòíîå ïîäðàññëîåíèå (ðàñïðåäåëåíèå),
G � ëåâîèíâàðèàíòíîå ñêàëÿðíîå ïðîèçâåäåíèå íà ∆.

Ëåâîèíâàðèàíòíàÿ ñóáðèìàíîâà (ÑÐ) ñòðóêòóðà (∆,G) íà ãðóïïå G çàäàåòñÿ
∆ = span(A1, . . . ,Ad), G(Ai,Aj) = δij , ãäå Ai|q = L∗qAi, Ai ∈ TeG.

γ : [0, T ] → G � ãîðèçîíòàëüíàÿ (äîïóñòèìàÿ) êðèâàÿ, åñëè

γ̇(t) ∈ ∆γ(t) äëÿ ïî÷òè âñåõ t ∈ [0, T ].

ÑÐ êðàò÷àéøèå � ãîðèçîíòàëüíûå êðèâûå γ ìèíèìàëüíîé äëèíû

l(γ) =

∫ T

0

√
G(γ̇(t), γ̇(t)) dt → min .

ÑÐ ñòðóêòóðà èìååò ïîëíûé ðàíã, åñëè Lie(A1|q, . . . ,Ad|q) = TqG.
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Òåîðèÿ îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ïîèñêà ÑÐ êðàò÷àéøèõ

Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ

γ̇(t) = u1(t) A1|γ(t) + . . .+ ud(t) Ad|γ(t)
γ(0) = e, γ(T ) = g1

l(γ) =
∫ T
0

√
u1(t)2 + . . .+ ud(t)2 dt → min

(u1(t), . . . , ud(t)) ∈ Rd,

Ïðèíöèï Ìàêñèìóìà Ïîíòðÿãèíà: ãàìèëüòîíîâà ñèñòåìà íà ãåîäåçè÷åñêèå

λ̇ = H⃗(λ), λ ∈ T ∗G

Ýêòðåìàëüíàÿ òðàåêòîðèÿ � ñóáðèìàíîâà ãåîäåçè÷åñêàÿ:

Exp : (λ0, t) 7→ γ(t)

Îïòèìàëüíàÿ òðàåêòîðèÿ � ñóáðèìàíîâà êðàò÷àéøàÿ. Óñëîâèÿ îïòèìàëüíîñòè
âûñøèõ ïîðÿäêîâ, ñèììåòðèè, òî÷êè ðàçðåçà.
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Öåíòðàëüíîå ðàñøèðåíèå ãðóïïû ñîáñòâåííûõ äâèæåíèé ïëîñêîñòè

Öåíòðàëüíîå ðàñøèðåíèå ãðóïïû ñîáñòâåííûõ äâèæåíèé ïëîñêîñòè:

SE2 =

q =


cos θ − sin θ x 0
sin θ cos θ y 0
0 0 1 0
0 0 0 k


∣∣∣∣∣∣∣∣ (x, y) ∈ R2, θ ∈ SO2, k ∈ R+

 .

Àëãåáðà Ëè se2 = span(f1, f2, f3, f4), ãäå f3 = [f1, f2], f4 � öåíòðàëüíûé ýëåìåíò.

Ñîãëàñíî êëàññèôèêàöèè Almeida [2014] ñóùåñòâóåò äâóõïàðàìåòðè÷åñêîå
ñåìåéñòâî ÑÐ ñòðóêòóð ýíãåëåâà òèïà íà SE2. Òàêèå ñòðóêòóðû îïðåäåëÿþòñÿ
îðòîíîðìèðîâàííûì ðåïåðîì (ξ1, ξ2):

A1 =
√

βf1, S2 = α
√

βf1 −
1√
β
f3 −

1

β
f4, α ≥ 0, β > 0.

Áàçèñíûå ëåâîèíâàðèàíòíûå âåêòîðíûå ïîëÿ Ai(q) = L∗qAi, Lqh = qh
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Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ

Óïðàâëÿåìàÿ ñèñòåìà:
θ̇ =

√
βu1 + α

√
βu2,

ẋ = sin θ√
β
u2,

ẏ = − cos θ√
β
u2,

k̇ = −ku2,

∣∣∣∣∣∣∣∣∣
(x, y, θ) = q ∈ SE2 = M,

(u1, u2) ∈ R2}.

Ïî çàäàííûì q0, q1 ∈ M òðåáóåòñÿ íàéòè óïðàâëåíèÿ u1(t), u2(t) òàêèå, ÷òî
òðàåêòîðèÿ γ : [0, T ] → M ïåðåâîäèò ñèñòåìó èç q0 â q1 è èìååò ìèíèìàëüíóþ äëèíó

γ(0) = q0, γ(T ) = q1,

∫ T

0

√
u21(τ) + u22(τ)dτ → min .

Óïðàâëåíèå u êëàññà L∞([0, T ],R2), à òðàåêòîðèÿ γ åñòü ëèïøèöåâà êðèâàÿ íà M .
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Ìîòèâàöèÿ: Âîñïðèÿòèå çðèòåëüíîé èíôîðìàöèè ÷åëîâåêîì
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À.Ï. Ìàøòàêîâ (ÈÏÑ ÐÀÍ) Ñóáðèìàíîâà çàäà÷à íà SE2 23.01.2024 7 / 25



Ñòðîåíèå çðèòåëüíîé êîðû V1 ìëåêîïèòàþùèõ

1 

Адаптировано из Алмазова Т.А. Обработка 
визуальной информации: от сетчатки до V1, 
Психиатрия & Нейронауки, 2018. 
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Ãîðèçîíòàëüíàÿ ñâÿçü ìåæäó äàëåêèìè òî÷êàìè ñ ïîõîæåé
îðèåíòàöèåé

 

Replicated from 
Bosking, W.H., et 
al., Orientation 
selectivity and the 
arrangement of 
horizontal 
connections in tree 
shrew striate 
cortex. J. 
Neuroscience, 
1997 
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Ìàòåìàòè÷åñêàÿ ìîäåëü Ïåòèòî-×èòòè-Ñàðòè

Replicated from R. Duits, U. Boscain, F. Rossi, Y. Sachkov, Association Fields via Cuspless Sub-Riemannian Geodesics in SE(2), JMIV, 2013. 
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Âàðèàöèîííûé ïðèíöèï âîññòàíîâëåíèÿ ïîâðåæäåííûõ êîíòóðîâ
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Ïðèëîæåíèå: âîññòàíîâëåíèå ïîâðåæäåííûõ èçîáðàæåíèé

À.Ï. Ìàøòàêîâ (ÈÏÑ ÐÀÍ) Ñóáðèìàíîâà çàäà÷à íà SE2 23.01.2024 12 / 25



Ïðèëîæåíèå: ïîèñê âûäåëÿþùèõñÿ êðèâûõ íà èçîáðàæåíèè
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Óòî÷íåíèå ìîäåëè: àíàëèç òîëùèíû êîíòóðîâ
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Óòî÷íåíèå ìîäåëè: àíàëèç òîëùèíû êîíòóðîâ
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Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ

Óïðàâëÿåìàÿ ñèñòåìà:
θ̇ =

√
βu1 + α

√
βu2,

ẋ = sin θ√
β
u2,

ẏ = − cos θ√
β
u2,

k̇ = −ku2,

∣∣∣∣∣∣∣∣∣
(x, y, θ) = q ∈ SE2 = M,

(u1, u2) ∈ R2}.

Ïî çàäàííûì q0, q1 ∈ M òðåáóåòñÿ íàéòè óïðàâëåíèÿ u1(t), u2(t) òàêèå, ÷òî
òðàåêòîðèÿ γ : [0, T ] → M ïåðåâîäèò ñèñòåìó èç q0 â q1 è èìååò ìèíèìàëüíóþ äëèíó

γ(0) = q0, γ(T ) = q1,

∫ T

0

√
u21(τ) + u22(τ)dτ → min .

Óïðàâëåíèå u êëàññà L∞([0, T ],R2), à òðàåêòîðèÿ γ åñòü ëèïøèöåâà êðèâàÿ íà M .
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Ñóùåñòâîâàíèå ðåøåíèÿ

Òåîðåìà. Äëÿ ëþáûõ ãðàíè÷íûõ óñëîâèé q0, q1 ∈ SE2 ñóùåñòâóåò ñóáðèìàíîâà
êðàò÷àéøàÿ (îïòèìàëüíàÿ òðàåêòîðèÿ) ñîåäèíÿþùàÿ èõ.

Ñóùåñòâîâàíèå îáåñïå÷èâàåòñÿ òåîðåìîé Ðàøåâñêîãî-×æîó è òåîðåìîé Ôèëèïïîâà.

X1 =


√
β
0
0
0

 , X2 =



α
√

β
sin θ√

β
cos θ√

β

−k

β


, X3 = [X1, X2], X4 = [X1, X3].

rank(X1, X2, X3, X4) = 4.
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Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà (ÏÌÏ)

Íåîáõîäèìîå óñëîâèå îïòèìàëüíîñòè � ÏÌÏ.

Ôóíêöèÿ Ïîíòðÿãèíà èìååò âèä

Hu = ⟨p,
2∑

i=1

uiAi⟩+ ν

√√√√ 2∑
i=1

u2i , p = (p1, p2, p3, p4) ∈ T ∗M, ν ≤ 0.

Ïóñòü (u(t), q(t)), t ∈ [0, T ] åñòü îïòèìàëüíûé ïðîöåññ. Òîãäà ñóùåñòâóåò
ëèïøèöåâà êðèâàÿ p(t), äëÿ êîòîðîé âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

- óñëîâèå íåòðèâèàëüíîñòè p21 + p22 + p23 + p24 + ν2 ̸= 0;

- ãàìèëüòîíîâà ñèñòåìà ṗ = −∂Hu

∂q
, q̇ =

∂Hu

∂p
;

- óñëîâèå ìàêñèìóìà H = max
u∈U

Hu(p(t), q(t)).

Ñëó÷àé ν = 0 íàçûâàåòñÿ àíîðìàëüíûì; ν = 1 íàçûâàåòñÿ íîðìàëüíûì.
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Àíîðìàëüíûå ýêñòðåìàëè

Ëåâîèíâàðèàíòíûå ãàìèëüòîíèàíû hi = ⟨λ,Ai⟩, λ ∈ T ∗M .

Ôóíêöèÿ Ïîíòðÿãèíà Hu = u1h1 + u2h2 → max ⇔ h1 = h2 ≡ 0.

Òåîðåìà. Àíîìàëüíûå ýêñòðåìàëüíûå òðàåêòîðèè èìåþò âèä0, 0,− 1√
β

t∫
0

u2(τ)dτ,
1

β
e
−

t∫
0

u2(τ)dτ

 ,

ãäå β > 0 � ïîñòîÿííûé ïàðàìåòð èñõîäíîé ñèñòåìû, à u2(·) � ïðîèçâîëüíàÿ
âåùåñòâåííîçíà÷íàÿ èíòåãðèðóåìàÿ ôóíêöèÿ.
Íàòóðàëüíî ïàðàìåòðèçîâàííàÿ àíîðìàëüíàÿ ýêñòðåìàëüíàÿ òðàåêòîðèÿ îïòèìàëüíà
òîãäà è òîëüêî òîãäà, êîãäà u2(t) ≡ ±1.
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Íîðìàëüíàÿ ãàìèëüòîíîâà ñèñòåìà

Ëåâîèíâàðèàíòíûå ãàìèëüòîíèàíû hi = ⟨λ,Ai⟩, λ ∈ T ∗M .

Ôóíêöèÿ Ïîíòðÿãèíà Hu = u1h1 + u2h2 −
√

u21 + u22 → max ⇔ ui = hi.

Ãàìèëüòîíîâà ñèñòåìà
θ̇ =

√
βh1 + α

√
βh2,

ẋ = sin θ√
β
h2,

ẏ = − cos θ√
β
h2,

k̇ = − k
βh2,


ḣ1 = −h2h3,

ḣ2 = h1h3,

ḣ3 = (h1 + αh2)h4

ḣ4 = −β(h1 + αh2)h3.
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Èíòåãðèðóåìîñòü ïî Ëèóâèëëþ

Ïåðâûå èíòåãðàëû:

H = h21 + h22,

b = cos θh3 − h4 sin θ,

c = cos θh4 + h3 sin θ,

K = βh2 + h4.

Òåîðåìà Íîðìàëüíàÿ ãàìèëüòîíîâà ñèñòåìà èíòåãðèðóåìà ïî Ëèóâèëëþ äëÿ âñåõ
α ≥ 0, β > 0
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×àñòíûé ñëó÷àé α = 0, β = 1

Ïåðâûå èíòåãðàëû:

Ãàìèëüòîíîâà ñèñòåìà 
θ̇ = h1,
ẋ = h2 sin θ,
ẏ = −h2 cos θ,

k̇ = −kh2.,


ḣ1 = −h2h3,

ḣ2 = h1h3,

ḣ3 = h1h4,

ḣ4 = −h1h3.

Âåðòèêàëüíàÿ ÷àñòü ñâîäèòñÿ ê

ḧ2=2h32−3h22(h2(0)+h4(0))+h2(2h2(0)h4(0)−h21(0)−h23(0))+(h21(0)+h22(0))(h2(0)+h4(0)).

ßâíîå âûðàæåíèå â ýëëèïòè÷åñêèõ ôóíêöèÿõ ßêîáè.
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Ýêñòðåìàëè
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Çàêëþ÷åíèå

Îáîáùåíèå ìîäåëè Ïåòèòî-×èòòè-Ñàðòè ïóòåì äîáàâëåíèÿ àíàëèçà òîëùèíû
êîíòóðîâ.

Ïðîñòðàíñòâî ïîëîæåíèé, íàïðàâëåíèé è òîëùèí � öåíòðàëüíîå ðàñøèðåíèå
ãðóïïû äâèæåíèé ïëîñêîñòè SE2.

Ëåâîèíâàðèàíòíîå ðàñïðåäåëåíèå êàñàòåëüíûõ ïîäïðîñòðàíñòâ ìîäåëèðóåò
âîçìîæíûå ïóòè óñòàíîâëåíèÿ íåéðîííîé ñâÿçè.

Ñóáðèìàíîâî ðàññòîÿíèå ïðîïîðöèîíàëüíî ýíåðãèè, çàòðà÷åííîé íà àêòèâàöèþ
ïðîìåæóòî÷íûõ íåéðîíîâ ìåæäó äâóìÿ âîçáóæäåííûìè ãðàíè÷íûìè íåéðîíàìè.

Ñåìåéñòâî ñóáðèìàíîâûõ ñòðóêòóð ïîëíîãî ðàíãà íà SE2.

Ñóùåñòâîâàíèå ñóáðèìàíîâû êðàò÷àéøèõ íà SE2.

Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà.

Ýêñòðåìàëè.
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Ñïàñèáî çà âíèìàíèå!
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