
Ìîäåëü çðèòåëüíîãî âîñïðèÿòèÿ êîíòóðîâ ñ ó÷åòîì èõ
îðèåíòàöèè è òîëùèíû

Àëåêñåé Ïàâëîâè÷ Ìàøòàêîâ
(äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ È.À. Ãàëÿåâûì)

Èíñòèòóò ïðîãðàììíûõ ñèñòåì èì. À. Ê. Àéëàìàçÿíà ÐÀÍ

Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ SCDG2024
¾Äèíàìè÷åñêèå ñèñòåìû: óñòîé÷èâîñòü, óïðàâëåíèå, äèôôåðåíöèàëüíûå èãðû¿,

ïîñâÿùåííàÿ 100-ëåòèþ ñî äíÿ ðîæäåíèÿ àêàäåìèêà Í.Í. Êðàñîâñêîãî
10 ñåíòÿáðÿ 2024, ã. Åêàòåðèíáóðã

À.Ï. Ìàøòàêîâ (ÈÏÑ ÐÀÍ) Ñóáðèìàíîâà çàäà÷à íà SIM(2) 10.09.2024 1 / 22



Âîñïðèÿòèå çðèòåëüíîé èíôîðìàöèè ÷åëîâåêîì
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G(θ,σ)(x, y) = e−(x
2
θ+y2θ) cos yθ, xθ = e−σ (x cos θ + y sin θ), yθ = e−σ (−x sin θ + y cos θ) .
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Âîñïðèÿòèå êîíòóðîâ îáîçðåâàåìîãî èçîáðàæåíèÿ
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Âîñïðèÿòèå êîíòóðîâ îáîçðåâàåìîãî èçîáðàæåíèÿ
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Êëàññè÷åñêàÿ ìîäåëü Ïåòèòî-×èòòè-Ñàðòè

J. Petitot, 2003, ãðóïïà Ãåéçåíáåðãà;

G. Citti and A. Sarti, 2006, ãðóïïà SE(2);

Âîññòàíîâëåííàÿ äóãà èìååò ìèíèìàëüíóþ äëèíó â ïðîñòðàíñòâå (x, y, θ):∫ √
ξ2 (ẋ2 + ẏ2) + θ̇2dt → min, ïðè óñëîâèè θ = arg (ẋ+ i ẏ) .

Þ.Ë. Ñà÷êîâ, 2011, îïòèìàëüíûé ñèíòåç íà SE(2).

x

y

�0

�1

(x0,y0)

(x1,y1)
x

y

À.Ï. Ìàøòàêîâ (ÈÏÑ ÐÀÍ) Ñóáðèìàíîâà çàäà÷à íà SIM(2) 10.09.2024 5 / 22



Óòî÷íåíèå ìîäåëè: àíàëèç òîëùèíû êîíòóðîâ

D.H. Hubel and T.N. Wiesel, 1959. Âòîðè÷íûå ¾ïðèâèòûå¿ ïåðåìåííûå:
îðèåíòàöèÿ, ìàñøòàá (òîëùèíà), êðèâèçíà è äðóãèå.

C.T. Blakemore, F. Campbell, F. On the existence of neurones in the human visual
system selectively sensitive to the orientation and size of retinal images, 1969.

S.C. Dakin, R.F. Hess, Contour integration and scale combination processes in visual
edge detection, 1999.

A. Sarti, G. Citti, J. Petitot. The symplectic structure of the primary visual cortex,
2008 (ìîäåëü ñ ó÷åòîì òîëùèíû):

ïðîñòðàíñòâî ñîñòîÿíèé � ãðóïïà ïîäîáèé ïëîñêîñòè SIM(2);
ðàñïðåäåëåíèå íàñëåäóåòñÿ èç êëàññè÷åñêîé ìîäåëè;
èíòåãðàëüíûå êðèâûå â ÷àñòíûõ ñëó÷àÿõ;
çàäà÷à î ìèíèìóìå ýíåðãèè íå ðàññìàòðèâàëàñü.

â íàñòîÿùåé ðàáîòå ÿâíî îïðåäåëåíà ìåòðèêà è èññëåäîâàíà çàäà÷à î
ãåîäåçè÷åñêèõ.

À.Ï. Ìàøòàêîâ (ÈÏÑ ÐÀÍ) Ñóáðèìàíîâà çàäà÷à íà SIM(2) 10.09.2024 6 / 22



Óòî÷íåíèå ìîäåëè: àíàëèç òîëùèíû êîíòóðîâ
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Ãðóïïà ïîäîáèé ïëîñêîñòè

Ãðóïïà ïðåîáðàçîâàíèé ïîäîáèÿ ïëîñêîñòè:

SIM(2) =

q =

eσ cos θ − eσ sin θ x
eσ sin θ eσ cos θ y

0 0 1

 ∣∣∣∣∣∣ (x, y) ∈ R2, θ ∈ S1, σ ∈ R

 .

Àëãåáðà Ëè sim(2) = span
(

∂q
∂x

∣∣∣
Id
, ∂q
∂y

∣∣∣
Id
, ∂q
∂θ

∣∣∣
Id
, ∂q
∂σ

∣∣∣
Id

)
= span (A1, A2, A3, A4)

Áàçèñíûå ëåâîèíâàðèàíòíûå âåêòîðíûå ïîëÿ Xi(q) = L∗qAi, Lqh = qh
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Ñóáðèìàíîâà ñòðóêòóðà íà ãðóïïå SIM(2)

Ëåâîèíâàðèàíòíîå ðàñïðåäåëåíèå ∆ = span (X1, X3, X4):

X1(q) = eσ
(
cos θ ∂

∂x + sin θ ∂
∂y

)
, X3(q) =

∂
∂θ , X4(q) =

∂
∂σ ,

X2(q) = eσ
(
− sin θ ∂

∂x + cos θ ∂
∂x

)
� çàïðåùåííîå íàïðàâëåíèå.

Ëåâîèíâàðèàíòíàÿ ìåòðèêà

G = ω1 ⊗ ω1 + α2ω3 ⊗ ω3 + β2ω4 ⊗ ω4, ⟨ωi, Xj⟩ = δij

Äàëåå ðàññìàòðèâàåòñÿ ÷àñòíûé ñëó÷àé α = β = 1.
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Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ

Óïðàâëÿåìàÿ ñèñòåìà:
ẋ = u1 e

σ cos θ,

ẏ = u1 e
σ sin θ,

θ̇ = u3,

σ̇ = u4,

(x, y, θ, σ) = q ∈ SIM(2),

(u1, u3, u4) ∈ U,

U =
{
(u1, u3, u4) ∈ R3

∣∣ u21 + u23 + u24 ≤ 1
}
.

Ïî çàäàííûì q0, q1 ∈ SIM(2) òðåáóåòñÿ íàéòè óïðàâëåíèÿ u1(t), u3(t), u4(t) òàêèå, ÷òî
òðàåêòîðèÿ γ : [0, T ] → SIM(2) ïåðåâîäèò ñèñòåìó èç q0 â q1 çà ìèíèìàëüíîå âðåìÿ

T → min .

Óïðàâëåíèå u êëàññà L∞([0, T ],R3), à òðàåêòîðèÿ γ åñòü ëèïøèöåâà êðèâàÿ íà SIM(2).
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Ñóùåñòâîâàíèå ðåøåíèÿ

Òåîðåìà. Äëÿ ëþáûõ ãðàíè÷íûõ óñëîâèé q0, q1 ∈ SIM(2) ñóùåñòâóåò ñóáðèìàíîâà
êðàò÷àéøàÿ (îïòèìàëüíàÿ òðàåêòîðèÿ) ñîåäèíÿþùàÿ èõ.

Ñóùåñòâîâàíèå îáåñïå÷èâàåòñÿ òåîðåìîé Ðàøåâñêîãî-×æîó è òåîðåìîé Ôèëèïïîâà.

Ñêîáêè Ëè áàçèñíûõ ïîëåé:

[X1, X3] = −X2, [X1, X4] = −X1, [X2, X3] = X1, [X2, X4] = −X2.

Ñèñòåìà ïîëíîãî ðàíãà:

Lieq(X1, X3, X4) = span(X1(q), [X3, X1](q), X3(q), X4(q)) = Tq SIM(2) .
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Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà (ÏÌÏ)

Íåîáõîäèìîå óñëîâèå îïòèìàëüíîñòè � ÏÌÏ.

Ôóíêöèÿ Ïîíòðÿãèíà èìååò âèä

Hu(p, q) = ⟨p, u1X1(q) + u3X3(q) + u4X4(q)⟩ = u1 e
σ(p1 cos θ+ p2 sin θ) + u3p3 + u4p4,

ãäå (p1, p2, p3, p4) � êîîðäèíàòû íà T ∗
q SIM(2), ñîîòâåòñòâóþùèå (x, y, θ, σ).

Ïóñòü (u(t), q(t)), t ∈ [0, T ] åñòü îïòèìàëüíûé ïðîöåññ. Òîãäà ñóùåñòâóåò
ëèïøèöåâà êðèâàÿ p(t), äëÿ êîòîðîé âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

- óñëîâèå íåòðèâèàëüíîñòè p21 + p22 + p23 + p24 ̸= 0;

- ãàìèëüòîíîâà ñèñòåìà ṗ = −∂Hu

∂q
, q̇ =

∂Hu

∂p
;

- óñëîâèå ìàêñèìóìà H = max
u∈U

Hu(p(t), q(t)).

Ñëó÷àé H = 0 íàçûâàåòñÿ àíîðìàëüíûì; H = 1 íàçûâàåòñÿ íîðìàëüíûì.
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Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà (ÏÌÏ)

Ëåâîèíâàðèàíòíûå ãàìèëüòîíèàíû hi(p, q) = ⟨p,Xi(q)⟩:

h1 = eσ (p1 cos θ + p2 sin θ) , h2 = eσ (p1 sin θ − p2 cos θ) , h3 = p3, h4 = p4.

Ôóíêöèÿ Ïîíòðÿãèíà Hu = u1h1 + u3h3 + u4h4.

Ãàìèëüòîíîâà ñèñòåìà
ẋ = u1 e

σ cos θ,
ẏ = u1 e

σ sin θ,

θ̇ = u3,
σ̇ = u4,


ḣ1 = u3h2 + u4h1,

ḣ2 = −u3h1 + u4h2,

ḣ3 = −u1h2,

ḣ4 = −u1h1,

À.Ï. Ìàøòàêîâ (ÈÏÑ ÐÀÍ) Ñóáðèìàíîâà çàäà÷à íà SIM(2) 10.09.2024 13 / 22



Àíîðìàëüíûå ýêñòðåìàëè H = 0

Òåîðåìà. Àíîìàëüíûå ýêñòðåìàëüíûå òðàåêòîðèè èìåþò âèä

x(t) = y(t) = θ(t) = 0, σ(t) =

t∫
0

u4(τ) dτ,

ãäå u4(·) � ïðîèçâîëüíàÿ èíòåãðèðóåìàÿ ôóíêöèÿ ñî çíà÷åíèÿìè ±1.

Òåîðåìà. Àíîìàëüíûå îïòèìàëüíûå òðàåêòîðèè èìåþò âèä

x(t) = y(t) = θ(t) = 0, σ(t) = ±t.
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Íîðìàëüíàÿ ãàìèëüòîíîâà ñèñòåìà H = 1

Ýêñòðåìàëüíûå óïðàâëåíèÿ ui = hi.

Ãàìèëüòîíîâà ñèñòåìà
ẋ = h1 e

σ cos θ,
ẏ = h1 e

σ sin θ,

θ̇ = h3,
σ̇ = h4,


ḣ1 = h3h2 + h4h1,

ḣ2 = −h3h1 + h4h2,

ḣ3 = −h1h2,

ḣ4 = −h21.

Ïåðâûå èíòåãðàëû:

H = h21 + h23 + h24, g1 = e−σ (h1 cos θ − h2 sin θ) , g2 = e−σ (h2 cos θ + h1 sin θ) .
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Ñèìïëåêòè÷åñêîå ñëîåíèå

Ñîïðÿæåííàÿ ñèñòåìà

ḣ1 = h3h2 + h4h1, ḣ2 = −h3h1 + h4h2, ḣ3 = −h1h2, ḣ4 = −h21

Áèâåêòîð Ïóàññîíà P

{, } h1 h2 h3 h4
h1 0 0 −h2 −h1
h2 0 0 h1 −h2
h3 h2 −h1 0 0
h4 h1 h2 0 0

Íóëüìåðíûå ñëîè detP = 0 ïðè h1 = h2 = 0

×åòûðåõìåðíûå ñëîè detP = 4 ïðè h21 + h22 > 0
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Íîðìàëüíûå ýêñòðåìàëè â ÷àñòíîì ñëó÷àå

Òåîðåìà. Åñëè íà÷àëüíîå çíà÷åíèå êîâåêòîðà èìååò âèä

h10 = h20 = 0, h230 + h240 = 1,

òî ñîîòâåòñòâóþùàÿ ýêñòðåìàëüíàÿ òðàåêòîðèÿ èìååò âèä

x(t) = y(t) = 0, θ(t) = h30 t, σ(t) = h40 t.
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Íîðìàëüíûå ýêñòðåìàëè â îáùåì ñëó÷àå

Òåîðåìà. Ðåøåíèå ñîïðÿæåííîé ñèñòåìû â îáùåì ñëó÷àå h210 + h220 > 0, h40 < 0 èìååò
ñëåäóþùóþ àñèìïòîòèêó:

lim
t→∞

h1(t) = 0, lim
t→∞

h2(t) = 0, lim
t→∞

h3(t) = h31, lim
t→∞

h4(t) = h41, h231 + h241 = 1.

Äîêàçàòåëüñòâî. Îáîçíà÷èì r(t) = h21(t) + h22(t). Â ñèëó ñèñòåìû âûïîëíåíî

ṙ(t) = 2h4(t)r(t) ⇒ r(t) = e
∫ t
0 2h4(τ) dτ r(0).

Ïîñêîëüêó ḣ4(t) = −h21(t) ≤ 0 è h4(0) = h40 < 0, èìååì
∫ t
0 2h4(τ) dτ ≤ 2h40t → −∞.

Ñëåäîâàòåëüíî, e
∫ t
0 2h4(τ) dτ → 0. Òàêèì îáðàçîì, lim

t→∞
h1(t) = lim

t→∞
h2(t) = 0. Â ñèëó

ìîíîòîííîñòè è îãðàíè÷åííîñòè h4(t), èìååì lim
t→∞

h4(t) = h41. Â ñèëó ãàìèëüòîíèàíà

èìååì lim
t→∞

h3(t) = h31.
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Ìîäåëèðîâàíèå ïîëÿ àññîöèàöèé

Ñëåâà: èëëþñòðàöèÿ ïîëÿ àññîöèàöèé èç ðàáîòû [D.J. Field, A. Hayes, R. Hess, 1993].
Ñïðàâà: ïîëå àññîöèàöèé ñ ïîìîùüþ ñóáðèìàíîâûõ ãåîäåçè÷åñêèõ íà SIM(2).
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Ìîäåëèðîâàíèå ïîëÿ àññîöèàöèé

Ñóáðèìàíîâî ðàññòîÿíèå â SIM(2) äëÿ ïåðöåïòèâíîé ãðóïïèðîâêè ïàòòåðíîâ ñ
ðàçëè÷íûìè ïîëîæåíèÿìè, îðèåíòàöèÿìè è ðàçìåðàìè.
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Çàêëþ÷åíèå

Ìîäåëü Ïåòèòî-×èòòè-Ñàðòè ñ ó÷åòîì òîëùèíû êîíòóðîâ.

Ïðîñòðàíñòâî ïîëîæåíèé, íàïðàâëåíèé è òîëùèí � ãðóïïà ïîäîáèé ïëîñêîñòè.

Ëåâîèíâàðèàíòíîå ðàñïðåäåëåíèå êàñàòåëüíûõ ïîäïðîñòðàíñòâ ìîäåëèðóåò
âîçìîæíûå ïóòè óñòàíîâëåíèÿ íåéðîííîé ñâÿçè.

Ñóáðèìàíîâî ðàññòîÿíèå ïðîïîðöèîíàëüíî ýíåðãèè, çàòðà÷åííîé íà àêòèâàöèþ
ïðîìåæóòî÷íûõ íåéðîíîâ ìåæäó äâóìÿ âîçáóæäåííûìè ãðàíè÷íûìè íåéðîíàìè.

Èññëåäîâàíà ñóáðèìàíîâà çàäà÷à íà SIM(2).

Ñóùåñòâîâàíèå ñóáðèìàíîâûõ êðàò÷àéøèõ.

Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà.

Ýêñòðåìàëè.
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Ñïàñèáî çà âíèìàíèå!
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