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Ìîòèâàöèÿ

Óïðàâëåíèå ìàøèíîé ñ îãðàíè÷åíèåì íà ìèíèìàëüíûé ðàäèóñ ïîâîðîòà.

Ïîèñê âûäåëÿþùèõñÿ êðèâûõ. Íàïðèìåð, ïîèñê ñîñóäîâ íà ôîòî ñåò÷àòêè ãëàçà.
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Çàäà÷à áûñòðîäåéñòâèÿ

Ìîäåëü ìàøèíû íà ïëîñêîñòè. Ñîñòîÿíèå q � öåíòðàëüíàÿ òî÷êà è óãîë îðèåíòàöèè.
Äâà óïðàâëåíèÿ: ëèíåéíàÿ u1 è óãëîâàÿ u2 ñêîðîñòü, (u1, u2) ∈ U .
Ïî çàäàííûì ñîñòîÿíèÿì q0, q1 íàéòè äâèæåíèå èç q0 â q1 çà ìèíèìàëüíîå âðåìÿ.

u

u

1

2
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Ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé
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Çàäà÷à áûñòðîäåéñòâèÿ íà SE2 ñ óïðàâëåíèåì â ñåêòîðå

Óïðàâëÿåìàÿ ñèñòåìà:
ẋ = u1 cos θ,

ẏ = u1 sin θ,

θ̇ = u2,

∣∣∣∣∣∣∣
(x, y, θ) = q ∈ SE2 =M,

(u1, u2) ∈ U,

U = {(r cosϕ, r sinϕ)
∣∣ 0 ≤ r ≤ 1, |ϕ| ≤ α}.

Ïî çàäàííûì q0, q1 ∈M òðåáóåòñÿ íàéòè óïðàâëåíèÿ u1(t), u2(t) òàêèå, ÷òî
òðàåêòîðèÿ γ : [0, T ] →M ïåðåâîäèò ñèñòåìó èç q0 â q1 çà ìèíèìàëüíîå âðåìÿ

γ(0) = q0, γ(T ) = q1, T → min .

Óïðàâëåíèå u êëàññà L∞([0, T ], U), à òðàåêòîðèÿ γ åñòü ëèïøèöåâà êðèâàÿ íà M .
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Ñóùåñòâîâàíèå ðåøåíèÿ

Òåîðåìà. Â çàäà÷å áûñòðîäåéñòâèÿ ëåâîèíâàðèàíòíîé óïðàâëÿåìîé ñèñòåìîé íà
ãðóïïå äâèæåíèé ïëîñêîñòè ñ óïðàâëåíèåì â êðóãîâîì ñåêòîðå ñ óãëîì ðàñòâîðà ≤ π
îïòèìàëüíîå óïðàâëåíèå ñóùåñòâóåò äëÿ ëþáûõ ãðàíè÷íûõ óñëîâèé.

Ñóùåñòâîâàíèå îáåñïå÷èâàåòñÿ òåîðåìîé Ôèëèïïîâà â ñèëó êîìïàêòíîñòè è

âûïóêëîñòè ìíîæåñòâà çíà÷åíèé äîïóñòèìûõ óïðàâëåíèé è ïîëíîé óïðàâëÿåìîñòè.

Ïîëíàÿ óïðàâëÿåìîñòü äîêàçûâàåòñÿ ìåòîäîì íàñûùåíèÿ Ëè.

Ïóñòü F̂ = {X1 + wX2| |w| ≤ tgα}. Âåêòîðíîå ïîëå X1 + wX2, w ̸= 0 èìååò

ïåðèîäè÷åñêóþ òðàåêòîðèþ. Òîãäà, −(X1 + wX2) ∈ LS(F̂ ). Ïîëó÷àåì
−wX2 = −(X1 + wX2) +X1 ∈ LS(F̂ ). Ñëåäîâàòåëüíî, ±X2 ∈ LS(F̂ ), ±X1 ∈ LS(F̂ ).
Òàêèì îáðàçîì, LS(F̂) = Lie(X1, X2).

Óïðàâëÿåìàÿ ñèñòåìà íå ÿâëÿåòñÿ ëîêàëüíî óïðàâëÿåìîé çà ìàëîå âðåìÿ.

x(t) =
∫ t
0 u1(τ) cos θ(τ) d τ ≥ 0 äëÿ ìàëîãî t > 0.
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Ìíîæåñòâî äîñòèæèìîñòè

A.P. Mashtakov, Yu.L. Sachkov (PSI RAS) Extremals in SE2 with control in a sector 27.11.2023 8 / 24



Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà (ÏÌÏ)

Íåîáõîäèìîå óñëîâèå îïòèìàëüíîñòè � ÏÌÏ.

Îáîçíà÷èì (p1, p2, p3) ∈ T ∗
qM ≃ R3. Ôóíêöèÿ Ïîíòðÿãèíà èìååò âèä

Hu = u1(p1 cos θ + p2 sin θ) + u2p3.

Ïóñòü (u(t), q(t)), t ∈ [0, T ] åñòü îïòèìàëüíûé ïðîöåññ. Òîãäà ñóùåñòâóåò
ëèïøèöåâà êðèâàÿ p(t), äëÿ êîòîðîé âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

- óñëîâèå íåòðèâèàëüíîñòè p21 + p22 + p23 ̸= 0;

- ãàìèëüòîíîâà ñèñòåìà ṗ = −∂Hu

∂q
, q̇ =

∂Hu

∂p
;

- óñëîâèå ìàêñèìóìà H = max
u∈U

Hu(p(t), q(t)) ∈ {0, 1}.

Ñëó÷àé H = 0 íàçûâàåòñÿ àíîðìàëüíûì; H = 1 íàçûâàåòñÿ íîðìàëüíûì.
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Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà äëÿ ëåâîèíâàðèàíòíîé çàäà÷è

Ëåâîèíâàðèàíòíûå ãàìèëüòîíèàíû hi = ⟨λ,Xi⟩, λ ∈ T ∗M :

h1 = p1 cos θ + p2 sin θ, h2 = p3, h3 = p1 sin θ − p2 cos θ.

Ôóíêöèÿ Ïîíòðÿãèíà Hu = u1h1 + u2h2.
Ãàìèëüòîíîâà ñèñòåìà 

ẋ = u1 cos θ,

ẏ = u1 sin θ,

θ̇ = u2,


ḣ1 = −u2h3,
ḣ2 = u1h3,

ḣ3 = u2h1.

A.P. Mashtakov, Yu.L. Sachkov (PSI RAS) Extremals in SE2 with control in a sector 27.11.2023 10 / 24



Óñëîâèå ìàêñèìóìà

Ïóñòü h1 = ρ cosψ, h2 = ρ sinψ, ψ ∈ (−π, π], ρ > 0. Ãàìèëüòîíèàí H = max
u∈U

u1h1+u2h2.

Ïðè |ψ| ∈ (π2 + α, π]: H = 0, u1 = u2 = 0.
Ïðè |ψ| = π

2 + α: H = 0, u1 = r cosα, u2(t) = r sinα.
Ïðè ±ψ ∈ (α, π2 + α): H = h1 cosα± h2 sinα, u1 = cosα, u2 = ± sinα.

Ïðè |ψ| ≤ α: H =
√
h21 + h22, u1 = cosψ, u2 = sinψ.

Ïðè ρ = 0: H = 0 äëÿ ëþáûõ (u1, u2) ∈ U .
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Àíîðìàëüíûå ýêñòðåìàëè

Ãàìèëüòîíèàí H = 0 òîãäà è òîëüêî òîãäà, êîãäà |ψ| ∈ [π2 + α, π].
Àíîðìàëüíûå ýêñòðåìàëè

ïðè |ψ| > π
2 + α: òðèâèàëüíû;

ïðè |ψ| = π
2 + α: ñîîòâåòñòâóþò äâèæåíèþ ìàøèíû ïî ïîëîâèíå äóãè îêðóæíîñòè

ìèíèìàëüíî âîçìîæíîãî ðàäèóñà ñ ïðîèçâîëüíîé ñêîðîñòüþ
r(t) =

√
u21(t) + u22(t) ∈ L∞([0, T ], [0, 1]);

â ìîìåíòû ïåðåêëþ÷åíèÿ íàïðàâëåíèå îáõîäà (ïî èëè ïðîòèâ ÷àñîâîé ñòðåëêå)
ìåíÿåòñÿ âìåñòå ñî çíàêîì ψ, ïåðâûé ìîìåíò ïåðåêëþ÷åíèÿ ïðîèñõîäèò íå ïîçæå
ïîëîâèíû äóãè, ñëåäóþùèå ïåðåêëþ÷åíèÿ ïðîèñõîäÿò ðîâíî ÷åðåç ïîëîâèíó äóãè.

Àíîðìàëüíûå ýêñòðåìàëè

íå ÿâëÿþòñÿ îïòèìàëüíûìè, åñëè r(t) < 1 äëÿ íåêîòîðîãî t ∈ [0, T ];

íå ÿâëÿþòñÿ ñòðîãî àíîðìàëüíûìè ïðè r(t) ≡ 1 äî ïåðâîãî ìîìåíòà
ïåðåêëþ÷åíèÿ.
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Aíîðìàëüíûé ñëó÷àé

h2

h3

y

x

ãàìèëüòîíèàí

0 = H =

{
h1 cosα+ |h2| sinα, ïðè |ψ| > α,√
h21 + h22, ïðè |ψ| ≤ α.

ôóíêöèÿ Êàçèìèðà
E = h21 + h23.
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Íîðìàëüíûé ñëó÷àé: ïåðâûå èíòåãðàëû ãàìèëüòîíîâîé ñèñòåìû

ãàìèëüòîíèàí H =

{
h1 cosα+ |h2| sinα, ïðè |ψ| > α,√
h21 + h22, ïðè |ψ| ≤ α.

ôóíêöèÿ Êàçèìèðà
E = h21 + h23.
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Ðåäóêöèÿ ñèñòåìû òåõíèêîé âûïóêëîé òðèãîíîìåòðèè

Ïîëÿðíîå ìíîæåñòâî ê U åñòü Uo = {(h1, h2) ∈ R2∗∣∣u1h1 + u2h2 ≤ 1 ∀(u1, u2) ∈ U):

Uo =

(

=h1︷ ︸︸ ︷
ρ cosψ,

=h2︷ ︸︸ ︷
ρ sinψ)

∣∣∣∣∣∣
ïðè |ψ| ≤ α : ρ ∈ [0, 1],
ïðè α < ψ < α+ π

2 : h1 cosα+ h2 sinα ≤ 1,
ïðè − α− π

2 < ψ < −α : h1 cosα− h2 sinα ≤ 1


Ôóíêöèè âûïóêëîé òðèãîíîìåòðèè

ïðè |ϕo| ≤ α : cosUo ϕo = cosϕo, sinUo ϕo = sinUo ϕo;
ïðè |ϕo| > α : cosUo ϕo = cosα− sinα(ϕo − α), sinUo ϕo = sign(ϕo) (sinα+ cosα(ϕo − α))

Âäîëü ýêñòðåìàëüíûõ òðàåêòîðèé u1 = cosϕ, u2 = sinϕ, h1 = cosUo ϕo, h2 = sinUo ϕo.

Îáîçíà÷èì K(ϕo) = 1
2 cos

2
Uo ϕo. Ôóíêöèÿ Êàçèìèðà E =

h2
1
2 +

h2
3
2 =

h2
3
2 +K(ϕo) åñòü

ïîëíàÿ ýíåðãèÿ êîíñåðâàòèâíîé ñèñòåìû ñ îäíîé ñòåïåíüþ ñâîáîäû

ϕ̇o = h3, ḣ3 = −K ′(ϕo).
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Ôàçîâûé ïîðòðåò íà ïîâåðõíîñòè óðîâíÿ ãàìèëüòîíèàíà

E = 0 ⇒ (ϕo, h3) ≡ (±(α+ cotα), 0) óñòîé÷èâîå ðàâíîâåñèå;
E ∈ (0, 12) ∪ (12 ,+∞) ⇒ òðàåêòîðèÿ (ϕo, h3)(t) ïåðèîäè÷íà;
E = 1

2 ⇒ (ϕo, h3) ≡ (0, 0) íåóñòîé÷èâîå ðàâíîâåñèå, ëèáî (ϕo, h3)(t) ñåïàðàòðèñà.

��

h3

�� �
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Ýêñòðåìàëüíûå òðàåêòîðèè â îáëàñòè C1

O1
- O1

+

S1

-
S1

+

h3

� = 0� = 0

� = Ts

2
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2 +To � = Ts

2

� = Ts

2 +To

h  < cos �1

h  > 02

h  < cos �1

h  < 02

h  > cos �1

h  < 02

h  > cos �1

h  > 02

x

y
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Ýêñòðåìàëüíûå òðàåêòîðèè â îáëàñòè C2

h3

S2
+

S2

-

O2
+

O2
-

_

�  = 0

�  = Ts

2 +To

�  = Ts

2

�  = Ts+To
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3

2
3� =  Ts+2To
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h  > 02
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h  > cos �1

h  < 02
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To
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2
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x

y
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Ýêñòðåìàëüíûå òðàåêòîðèè â îáëàñòè C3

O3
+

S3
++

h3

h  < cos �1

h  > 02

h  < cos �1

h  < 02

h  > cos �1

h  < 02
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� =�

� =��� =�
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� =��
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�� = To
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�� = To
2

� = To
2

� = 0 � = 0 
x

y
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Ýêñòðåìàëüíûå òðàåêòîðèè â îáëàñòÿõ C4 è C5

x

y

x

y
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Îïòèìàëüíîñòü ýêñòðåìàëüíûõ òðàåêòîðèé
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Îïòèìàëüíîñòü ýêñòðåìàëüíûõ òðàåêòîðèé

q(�) q(T+�)

(x,y)(t)

(x,y)(t) q(2T+�)

Â îáëàñòè C1: tcut ≤ 2(To + Ts)

Â îáëàñòè C2: tcut ≤ 4(To + Ts)

Â îáëàñòè C3: tcut = ∞ äëÿ
òðàåêòîðèé áåç ïåðåêëþ÷åíèé

Â îáëàñòè C4: tcut = To

Â îáëàñòè C5: tcut = ∞
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Çàêëþ÷åíèå

Ðåçóëüòàòû:

Ëåâîèíâàðèàíòíàÿ çàäà÷à áûñòðîäåéñòâèÿ íà SE2 ñ óïðàâëåíèåì â ñåêòîðå.

Ïðèëîæåíèÿ â ðîáîòîòåõíèêå è îáðàáîòêå èçîáðàæåíèé.

Äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ ðåøåíèÿ.

ßâíûå ôîðìóëû äëÿ ýêñòðåìàëüíûõ óïðàâëåíèé è òðàåêòîðèé.

Îïòèìàëüíîñòü ýêñòðåìàëåé.
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Ñïàñèáî çà âíèìàíèå!
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