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Abstract: We study a time-optimal problem in the roto-translation group with admissible control
in a circular sector. The problem reveals the trajectories of a car model that can move forward on a
plane and turn with a given minimum turning radius. Our work generalizes the sub-Riemannian
problem by adding a restriction on the velocity vector to lie in a circular sector. The sub-Riemannian
problem is given by a special case when the sector is the full disc. The trajectories of the system are
applicable in image processing to detect salient lines. We study the local and global controllability
of the system and the existence of a solution for given arbitrary boundary conditions. In a general
case of the sector opening angle, the system is globally but not small-time locally controllable. We
show that when the angle is obtuse, a solution exists for any boundary conditions, and when the
angle is reflex, a solution does not exist for some boundary conditions. We apply the Pontryagin
maximum principle and derive a Hamiltonian system for extremals. Analyzing a phase portrait of
the Hamiltonian system, we introduce the rectified coordinates and obtain an explicit expression
for the extremals in Jacobi elliptic functions. We show that abnormal extremals are of circular type,
and they correspond to motions of a car along circular arcs of minimal possible radius. The normal
extremals in a general case are given by concatenation of segments of sub-Riemannian geodesics in
SE; and arcs of circular extremals. We show that, in a general case, the vertical (momentum) part of
the extremals is periodic. We partially study the optimality of the extremals and provide estimates
for the cut time in terms of the period of the vertical part.

Keywords: geometric control; model of a car; extremal trajectories; Pontryagin maximum principle;
group of motions of a plane

MSC: 49K15

1. Introduction

Consider a car model that can move forward on a plane and turn with a given
minimum turning radius (see Figure 1). The car has two wheels, equidistant from the
axle of the wheelset. Both wheels have independent drives that can rotate so that the
corresponding rolling of the wheels occurs without slipping. The configuration of the
system is described by the triple ¢ = (x,y,0) = R? x S!, where (x,y) € R? is the central
point, and 6 € S! is the orientation angle of the car. In such a way, the configuration space
forms the Lie group of roto-translations SE, ~ R? x S1.

The car has two controls: the tangential velocity u; and the angular velocity u,.
Consider the configuration Id = (0,0,0), when the car is located at the origin and oriented
along the positive direction of Ox. An infinitesimal translation is generated by the vector
dx and rotation by the vector dg. They are possible motions controlled by u; and u;. The
remaining direction dy is forbidden since the immediate motion of the car in a direction
perpendicular to its wheels is not possible. Thus, the dynamics of the car at the origin is
givenby X = uy,y =0, and 6 = uy.
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Figure 1. A model of a car that can move forward and turn within a given minimal radius. The
control u is responsible for moving forward and u; for the turn.

The origin Id is the unit element of the group SE; (see Section 2). Any element g € SE,

is generated by the left translation L, Id. The dynamics at an arbitrary configuration g are

G =u1X1(q) +u2Xa(q), ey

where X; represents left-invariant vector fields (see Section 2).

Various sets of admissible controls U > (11, u3) lead to different models (see Figure 2).

The time-optimal problem for

u1 =1, lup| < x, k¥ > 0leads to Dubins car [1];

lu1] = 1, |uz| < x, x > 0leads to Reeds—Shepp car [2];

up > 1, up + |uz] < x < 1leads to a generalized Dubins car, studied by Ardentov [3];
u? + u3 < 1leads to the model whose solutions are sub-Riemannian length minimals,
studied by Sachkov [4];

u% + u% <1, u; # 0leads to the model studied by Berestovskii [5];

uy >0, u2 + u3 < 1leads to the model of a car moving forward and turning in place,
proposed by Duits [6];

control in a circular sector, which is studied in this paper.

up =rcos¢, up =rsing, 0 <r <1,|¢p| < aleads to the general model of a car with
y?
' |\
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Figure 2. Set of admissible controls for various models of a car on a plane: Dubins car [1]; Reeds—
Shepp car [2]; Ardentov model [3] (generalized Dubins car); Sachkov model [4] (sub-Riemannian
problem); Berestovskii model [5]; Duits model [6]; our model with control in a sector.
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In 1957, Dubins described [1] the problem of finding the shortest path for a car in
plane moving with no reverse gear from an initial configuration (position and direction) to
a final configuration penalizing the curvature of its trajectory in the plane. Later in 1990,
Reeds and Shepp studied [2] the same problem, but for a car that has reverse gear. Both
papers are devoted to a description of the general shape of the optimal paths, without
providing explicit solutions for given boundary conditions. It was shown that the optimal
trajectories of Dubins and Reeds-Shepp cars are given by concatenation of arcs of a circle
of minimum possible radius (circular trajectories) and segments of a straight line (straight
trajectories). In a recent study [3], Ardentov refines the Dubins model by considering the
bounded angular speed of two wheels, which results in maximal tangential speed when
the car is moving straight. For the refined model, extremal trajectories have been found.
They are also given by concatenation of circular and straight trajectories. Note that such
trajectories have bounded curvature: the upper bound is given by reciprocal to the minimal
turning radius.

In 2011, Sachkov [4] obtained optimal synthesis in a sub-Riemannian problem in
SE,. This problem can be seen as the shortest path problem for a car that can move
forward/backward and turn in place. In such a model, the curvature of trajectories is
unbounded, and it was shown that optimal trajectories may contain cusp points, the points
where the direction of motions is switching to the opposite one. Berestovskii [5] studied
segments of the trajectories that contain no cusps and can be parameterized by the length
of the planar projection.

In 2018, Duits and coauthors [6] studied a modification of the sub-Riemannian problem
obtained by the restriction of the reverse gear. In the Duits model, the car can move forward
and rotate in place, but it cannot move backward. Motivation came from image analysis
applications, where the trajectories of the car are used to detect salient lines in images.
An exact expression for the extremals was obtained in [7]. The original idea of the Duits
model was to reduce the number of undesirable cusp points by suppressing the backward
motions. However, it turned out that the cusp points are replaced by turning points (the
points of in-place rotation on 7t radians), and the projection of extremal trajectories of the
Duits car to the image plane coincide with the projection of sub-Riemannian geodesics in
SE,. This observation shows that in order to entirely solve the “cusp problem", the model
needs further adaptation. In the present paper, we propose a model of a car that can move
forward, stay in place, and turn with a given minimal turning radius. Trajectories of this
system a priori cannot have cusp points in the planar projection.

The problem of transferring the car between the given initial and final configurations
is known in robotics as a motion planning problem. There are different approaches to
tackle this problem [8]. Introducing a cost function for the system leads to an optimal
control problem. Such optimal control problems are tackled by various numerical methods,
see, e.g., [9]. However, exact solutions (optimal synthesis) are known only for a few of the
simplest models in robotics [4,10]. In the present paper, we obtain explicit expressions for
extremals in a more complicated model with control in a circular sector.

System (1) arises in the modeling of the human visual system. An important discovery
of the neurophysiology of vision was made by Hubel and Wiesel in 1959 [11], who showed
that in the striate cortex of a cat, there exist groups of neurons sensitive to positions and
directions (orientations). In the first stage of processing, the image is lifted by the brain
to the extended space of positions and directions. In [12], a sub-Riemannian structure on
the Heisenberg group was proposed for contour perception and completion. The model
was refined in [13] by taking into account the global nature of the orientation angle. The
roto-translation group SE; endowed with a sub-Riemannian metric has been proposed to
model the functional architecture of the primary visual cortex. This model is known as
the Petiot—Citti-Sarti model, where sub-Riemannian geodesics (extremal trajectories) are
used for the completion of occluded contours. The usage of sub-Riemannian geodesics for
modeling the association field in the psychophysiology of vision was studied in [14]. It was
shown that good candidates for the association field lines are given by sub-Riemannian
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geodesics with cuspless planar projection. Application of sub-Riemannian geodesics for
modeling illusory contours in geometrical optical illusions has been studied in [15,16].

The principles of biological visual systems are actively used in computer vision. Based
on these principles, effective image processing methods are created, e.g., image reconstruc-
tion [17] and detection of salient lines in images [18,19]. In [18], optimal trajectories of a
System (1) are used to detect salient lines in images. The motivation for our study is to solve
the problem of cusp points that appear in the salient line detection method [18], which
is based on tracking via sub-Riemannian geodesics. At such points, the car reverses its
direction of motion, and a detected salient line has an undesirable cusp point. In our model
with control in a circular sector with an acute opening angle, the cusp points are impossible.

Our work generalizes the sub-Riemannian problem [4] by adding a restriction on the
velocity vector to lie in a circular sector. The sub-Riemannian problem is given by a special
case when the sector is the full disc. In addition to its importance for applications, the
problem under study is of independent interest in geometric control theory [20] as a model
example of an optimal control problem in which zero control lies on the boundary of the
set of control parameters.

The problem can be seen as a rolling geodesic problem [21,22], where a disc is rolling
on a plane. We explicitly derive the geodesics and analyze their optimality.

In the present paper, we study the time-optimal problem for System (1) with control
in a circular sector. We generalize the results [7], where we studied the special case
of admissible controls in a half-disc. The present paper is an extended version of the
preliminary work [23], where we studied the case of the sector opening angle less than
7t and parameterized the extremal trajectories by the length of their planar projection
(s—parametrization). Now we study the general case of the sector opening angle and derive
the explicit formulas for the time-parameterized extremals (f—-parametrization), which is
natural for time-optimal problems. We also provide an analysis of their optimality.

The present paper is organized as follows. In Section 2, we give preliminary materials
on the Lie group SE;. In Section 3, we formulate an optimal control problem under
consideration. In Section 4, we study local and global controllability (see Definitions 1-3)
of the system and the existence of a solution for given arbitrary boundary conditions. In
Section 5, we apply a necessary optimality condition, the Pontryagin maximum principle
(PMP), and describe a phase portrait of the Hamiltonian system of PMP. In Section 6, we
integrate the Hamiltonian system and obtain an explicit expression for the extremals. In
Section 7, we partially study the optimality of the extremals and provide estimates for the
cut time.

2. Preliminaries

The roto-translation group SE; is the group of proper motions of the Euclidean plane.
Any such motion g = (x,y,0) € SE; consists of a rotation around a given point on angle
0 € S' = R/2nZ and a parallel translation on a vector (x,y) € R2.

The composition of two motions results in the product of two elements ¢/, g € SE;:

q - q=(xcost —ysind +x', xsind' +ycosd' +y, 0+0).

The identical transformation of the plane is the unit element Id = (0,0,0) € SE;.
For any g € SE,, there exists g ! € SEp such that ™' - g = gq-g~! = Id given by

g1 = (—xcos@ — ysinh, xsinf — ycosh, —0).
Note that the group operation is not commutative. The left translation is defined as

Lyq = q - q.



Mathematics 2023, 11, 3931

50f 31

The tangent space Tig SE; = span(9y, dy, dg) with the Lie bracket operation
[0x,0y] =0, [0x,99] = =0y, [dy,09] = Ox

forms the Lie algebra se;. It is isomorphic to the Lie algebra of the left-invariant vector field
span(Xl, X5, X3), where the vector fields X; are obtained via push-forward

X1(q) = Lg+0x = cos 00y +sin6 9y,
X2(q) = Lg+09 = 9y,
X3(q) = Lg«(—0y) = sinf 9y — cos 00,

3. Statement of the Problem

For a given angle a € [0, 7t], consider the following control system:

% = 1y cos b, x,y,0) =q € SEy,
}] = uqsiné, (ul,uz) ed, (2)
0= u, U={(rcos¢,rsing)|0<r<1,|p| <a}.

For given boundary conditions g, §1 € SE;, we aim to find the controls u1(t), us(t) €
L*([0, T],R) such that the corresponding trajectory g : [0, T| — SE; transfers the system
from the initial g to the final configuration 4; in minimal time:

T
q(0) =q0, q(T)=q1, T= /0 dt — min. 3)

Remark 1. The problem is invariant under the left action of SE; since the vector fields X1 and X
are left-invariant. Due to this property without loss of generality, we set (0) = Id.

4. Existence of the Solution
4.1. Controllability and Existence of Optimal Controls

In this section, we study the existence of the solution in Problem (2), (3). First, we give
some necessary definitions.

Denote by A the attainable set [20] of System (2) from Id for any non-negative time.

Definition 1. System (2) is called globally controllable if A = SE,.

In other words, a control system is globally controllable if any two points of its
configuration space can be connected by an admissible trajectory.

Let t > 0. Denote by A<; the attainable set of System (2) from Id € SE; for time < ¢.
Denote by int A<, the interior of the set A<;.

Definition 2. System (2) is called small-time locally controllable at 1d if for all t > O, there holds
the inclusion int A<; > 1d .

Definition 3. System (2) is called locally controllable for time t > 0 at Id if int A<; > 1d.

Next, we provide an analysis of global and small-time local controllability of System (2)
and study the existence of optimal control. We show that there are four different possible
cases depending on the domain of angle a. The result is gathered in Theorem 1.

Theorem 1. Consider Problem (2), (3) with qo = 1d. The following statements hold:

1. Forwa = 0, the system is not globally controllable. The attainable set is A = {(x,0,0) | x > 0}.
For any qy € A, there exists a unique optimal trajectory;
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2. Forwa € (0, 5], the system is globally controllable, but not small-time locally controllable. For
any q1 € SEy, there exists an optimal trajectory;

3. Forw € (%,m), the system is globally controllable and small-time locally controllable. An
optimal trajectory does not exist for some boundary conditions;

4. For o = m1, the system is globally and small-time locally controllable. For any q1 € SE,, there
exists an optimal trajectory.

Proof. First, we show that the system is not globally controllable if « = 0. Indeed, when
a = 0, System (2) is reduced to § = u1X1(q), u1 € [0,1], g(0) = Id, and the attainable
set A<; is a segment of the trajectory X1 (Id) = (7,0,0), 0 < T < t. Consequently, the
attainable set for any non-negative time is aray A = {(x,0,0) | x > 0}. The optimal control
is given by 11 = 1, and there exists a unique optimal trajectory, a segment of a straight line,
which transfers the system from Id to any element g; € A.

Next, we provide three different proofs of global controllability for & # 0. The global
controllability of System (2) for a # 0 follows from the global controllability of Dubins
car (see [1]). Indeed, the sets of admissible trajectories of the two systems are the same,
since the convex cones of the sets of admissible controls in these problems coincide with
one another. Thus, the controllability of the Dubins car is equivalent to the controllability
of our problem. The second proof follows from the general statement in [24]. According
to [24], a left-invariant system is globally controllable on SE; if and only if the system is full-
rank (bracket generating), i.e., the Lie algebra at every point forms the full tangent space.
We have Lie(cos aX; + sinaXp, cosaX; —sinaXp) = span(Xy, Xp, X3), thus System (2) is
globally controllable. The third proof of controllability is given in [23]. It relies on the Lie
saturation method (see [20]), which is standard in geometric control theory.

Now we study the case a € (0, %] For any u € U, we have u; > 0. Thus,

t
x(t) = / up(7) cosf(t)dt > 0 for small t > 0.
0

Consequently, System (2) is not small-time locally controllable for « € (0, 7]. Further,
in Theorem 2, we give a precise time estimate for local controllability in this case. The
existence of an optimal trajectory that transfers the system for a € (0, %] from Id to
any q; € SE; is guaranteed by the Filippov theorem [20]. Indeed, all the conditions of
the Filippov theorem hold due to the compactness and convexity of U and the global
controllability of the system.

Next, we analyze the case « € (7, 7). First, we show that the system is small-time
locally controllable. To this end, we consider a convex closure V = co(U) of the set U and
the corresponding relaxed control system (2) with the set of admissible controls V' > (11, uz).
Denote by B<; the attainable set of the relaxed system by time < t. Since 0 € int V and the
relaxed system is full-rank, it is small-time locally controllable, i.e., for all t > 0, we have
int B<; 3 Id. By Thm. 8.2 of [20], the attainable sets of the original and the relaxed systems
are related by B<; C A<;, where S is the closure of a set S. Thus, int A<; 3 Id. Since the
original system is full-rank, we have int A<; > Id, and hence we prove that the system is
small-time locally controllable.

In the case & € (7, ), the set U is not convex. Now we show that there exists a
boundary condition g; for which an optimal trajectory does not exist. Consider q; =
(cosw,0,0). We show that it satisfies the following conditions:

(@) inf{t; > 0] there exists a trajectory g(-), s.t. ¢(0) =1Id, q(t1) = q1} < 1,
(b) A trajectory q(-), s.t. ¢(0) = Id, g(1) = g1 does not exist.
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It is obvious that Conditions (a) and (b) imply the nonexistence of optimal trajectory
connecting Id and g;. Let us prove Item (a). Let n € N. Consider the following control:

i 2i+1

te le' 12—; ) = uy(t) = cosw, up(t) = sina, 4)
2i+1 i+1

te { 12—; , ZZ } = ui(t) = cosa, uy(t) = —sina. ()

For u; = cosa, uy = £ sina, the corresponding trajectory satisfies the following ODE:
% =cosacosf, y =cosasind, § = £sina, (x,y,0)(0) = (xo,y0,60),
and is given by

x(t) = xp = cota(sin(fy £ tsina) — sinfp),
y(t) = yo F (cos(fp % tsina) — cos ),
6(t) = 0y £ tsina.

Thus, the trajectory (x,y,0)(t) with Controls (4) and (5) departing from Id has an
end point

x(1) = x" = 2ncotocsin(512r;“> — cosw, N — 409,
y(1) =y" =2n (1 —cos(i?q“)) =0, n— +oo,

Therefore, point 4" = (x",y",0) is attainable from Id by time #; = 1, and we have
q" — q1 when n — +oco. However, the system is small-time locally controllable at any
point, thus for any ¢ > 0, an attainable set in reverse time from point g; for time < &
contains a neighborhood of point q;. Therefore, for any € > 0, point q; is attainable from gq
by time 1 + ¢, and Item (a) is proved.

Now we prove Item (b). Assume that there exists a trajectory that transfers the system
from Id to g4 for time ¢#; = 1. The corresponding control has the form

uy(t) = r(t)cosp(t), up(t) = r(t)sing(t), r(t) €[0,1], p(t) € [—a, al.
Then,

x(1) = cosua —/ t) cos ¢(t) cos O(t)dt, (6)

/Olr ) sin¢(¥) )

Assume that the function cos (t) changes its sign on the segment t € [0,1]. Then,
for some t € [0,1], we have 6(t) € (%, 7] U[-m,—%). However, [0] = |up] < 1;
therefore, t > 7 > 1, and we obtain a contradiction. Thus, cos6(t) > 0 for t € [0,1].
Then, we have r(t) cos 6(t) cos ¢(t) > cosa, and from (6), we conclude that |p(t)| = «,
r(t) =1, 0(t) = 0, which contradicts (7), and Item (b) is proved.

The case &« = 7 coincides with the well-known sub-Riemannian problem in SE,
studied in [4]. In this case, the system is globally and small-time locally controllable. For
any q; € SEy, there exists an optimal trajectory (sub-Riemannian length minimizer) from Id
to g1, which is explicitly computed in [4]. Note that for some boundary conditions q; € SEy,
there exist two distinct length minimizers. Such points are located on the so-called Maxwell
set. In the general case, when g1 does not belong to the Maxwell set, there exists a unique
optimal trajectory from Id to q;. O
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Remark 2. In Theorem 1, we showed that « = 0 and « € (%, 7'[), Problem (2), (3) is ill-posed,
and the case o = 7t gives rise to a well-known sub-Riemannian problem in SE, where the optimal
synthesis is known. In the remainder of this paper, we consider the case & € (0,5 |, which is an
open, well-posed problem.

Remark 3. For« € (5, ), a natural modification of the ill-posed time minimization problem in a
circular sector is given by replacing the set of admissible controls U by its convex closure.

4.2. Local Controllability
In this subsection, we study the local controllability of System (2) for « € (0, %].
In Theorem 1, we showed that the system is not small-time locally controllable. In this
subsection, we find an instant of time T > 0 at which the local controllability is attained.
We denote
* By Ay the attainable set of System (2) from Id for a time ¢ > 0;
e By A, the attainable set of System (2) from Id for time not greater than ¢;
e By .AqS ;» the attainable set of System (2) from g € SE; for time not greater than ¢.

Theorem 2. Let « € (0,%], and let T = 2. Then, for any ¢ > 0, System (2) is locally

sina
controllable at 1d for time not greater than T + ¢, i.e.,

Id € int A§T+£.
The proof of this theorem follows from the next Lemmas 1-3.
Lemma 1. Foranyt > 0, the point (—t,0,0) € Ar;.

Lemma 2. Forany t > 0 and any € > 0, the point (t,0,0) € int A<;e.

Lemma 3. Forany t > 0and any e > 0, the point Id € int A(S_tig'o)

Now we prove Theorem 2 on the basis of Lemmas 1-3.

Proof. Fix any € > 0, and denote q; = (—¢/2,0,0) € SE,. It follows from Lemma 1 that
71 € At /2. Further, it follows from Lemma 3 that Id € A" ¢/2- However

AL,y C A<Tieniesz = A<ree,
thusId € int A<ty,. O
Now we prove Lemma 1.

Proof. Fix any t > 0. Consider the following admissible control:

u(s) = (cosa,sinw), s€[0,T/2]U[T/2+t T+t
1 (1,0), se(T/2,T/2+t).

Then, immediate computation shows that the corresponding trajectory g(s) passes
through the points

q(T/2) = (0,2cota, ), q(T/2+t)=(—t2cota, ), q(T+t)=(—t0,0).
O

Further, we prove Lemma 2.
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Proof. Denote the vector field X% = cos ¢ X; + sin ¢ X, |¢| < a. Consider the mapping
F(s, ¢1, ¢2) = exp(sX?2) oexp(sX?¥1)(Id) € Ay, s>0, |gi| <a. (8)

Lett > 0, p = (4,0,0) € (0,40)s X [—a,a]y, X [-a,a]yp,, and let g = F(p) =
exp(tXq)(Id) = (¢,0,0) € SE,. Then

oF

75 (P) =X19),
5o () = 5%2(0)
S () = (Xa = 5% ) ),
thus 3 )
T P =~ 0. ©)

Fix any € € (0,t/2). Consider the mapping

t—e t+e
F : D — SEy, D= ( 5 ,2>s X [—a, ], X [—a, &y,

given by (8). Notice that p € int D. In view of (9), by the inverse function theorem, F is a
local diffeomorphism from a neighborhood of p onto a neighborhood of F(p) = g € SE,.
Thus, g € int F(D). However F(D) C A<i1,s0q = (£,0,0) € int A<;4,. O

Finally, we prove Lemma 3.

Proof. Fixany t > 0 and any ¢ € (0,¢/2). By Lemma 2, the point g, := (¢,0,0) € int A< .
System (2) is invariant with regard to left translations L, : SE; — SE;, q € SE;, thus

L (q2) =1deint AT, g3=1L,'(Id) = (=t,0,0) € SE,.
O

Remark 4. There is numerical evidence that the lower bound T + €, € > 0, of the time at which the
local controllability is attained (see Theorem 2) is exact, i.e., Id ¢ int A<r.

5. Pontryagin Maximum Principle
5.1. Hamiltonian System and Maximality Condition

A necessary optimality condition is given by the Pontryagin maximum principle
(PMP) [20,25]. In this section, we apply the PMP to Problem (2), (3).

Let p € T, SE,. Define the Pontryagin function

Hy(p,q) = (p,u1X1(q) +u2X2(q)) = u1(p1 cos 6 + p2sin ) + uzps,

where (p1, p2, p3) are canonical coordinates in the cotangent space T SE, corresponding to
the coordinates (x,y, 0) in SE;.

The PMP states the following. Let u(t), 4(t), t € [0, T] be an optimal control and the
corresponding optimal trajectory. Then, there exists a Lipshitzian curve p(t) for which
p2(t) + p3(t) + p3(t) # 0 for t € [0, T] (the nontriviality condition), and the following
conditions hold for almost every t € [0, T]:

1.  The Hamiltonian system

p(b) = —a;;“ (p(D),4(1),  4(b)
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2. The maximality condition

Hy (p(8),4(t)) = max Hy (p(t),4(t)) = H(p(t),4(t)) > 0.

uel

The maximized Pontryagin function H(p, q) is called the Hamiltonian. It is the first
integral of the Hamiltonian system. The case H = 0 is called abnormal, and the case H > 0

is called normal.

Natural coordinates for left-invariant systems [20] are given linearly on fibers of
cotangent bundle Hamiltonians #; associated with the basis left-invariant vector fields:
hi(p,q) = (p, Xi(q)), p € T; SEz. In canonical coordinates, they read as

hy = prcos@+ ppsin®, hy =p3, h3 = p1sinf — ppcosé.
The Pontryagin function takes the form
H, = uihy + usxhy. (10)

The Hamiltonian system is given by

X = uqcosb, Iy = —uphs,
y = U sin, hz = M1h3, (11)
9 = Uy, hg = Z/lzhl.

The subsystem for state variables x, y, and 0 is called the horizontal part, and the
subsystem for adjoint variables 1, hy, and h3 is called the vertical part of the Hamiltonian

system.
Now we analyze the maximum condition

H = max H, = max(hyuy + houp).
ucl ucl

Note that the Pontryagin function H, can be seen as a scalar product of two vectors
(hy,h2) € R? and (uy,up) € U C R2. From this point of view, the maximum condition has
a clear geometric interpretation (see Figure 3).

Introduce polar coordinates in the planes Ohihy and Ouquy:

hi =pcosiyp, hp =psiny, @€ (—m,m], p>0;
up =rcosp, up =rsing, ¢ e (0,a] C(0,%), rel0,1].

(0,0) = (u1, )

4—"’?,‘ g
(hy,ha) o~

A P ¥ (wy uz)
e &

) Y
(yriu2) (ha, ha)

Figure 3. The maximum condition.

For || € (5 +a, 7], wehave H = 0 and u; = up = 0. In this case, we have trivial
abnormal extremals.

For = (5 4+ a), we have H = 0, u; = rcosa, and 1y = +rsina. In this case, we
have nontrivial abnormal extremals. We study them in detail in Section 5.2.

For p = 0, we have H = 0 for any (uy,u2) € U. In this case, we have abnormal
extremals. Since the Hamiltonian H = 0 is constant along the extremals, the point p = 0
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can lie on a trivial or a nontrivial abnormal extremal that we listed in the two cases above.
Further, we consider p > 0.

For +¢ € (a, § 4+ a), we have 1y = cosa, up = £sina. In this case, we have H =
pcos(a F1p) > 0 and the normal extremals corresponding to the motion of a car along a
circle of minimal possible radius, as we will show in Section 5.3.

For || < a, we have u; = cos i, up = sinp. In this case, we have H = p > 0 that
and the normal extremals corresponding to the motion of a car along sub-Riemannian
geodesics, as we will show in Section 5.3.

5.2. Abnormal Case H = 0

Trivial abnormal extremal control (u1,uy) = 0 corresponds to the fixed point of the
Hamiltonian system.
Nontrivial abnormal extremal controls are given by

uy(t) = r(t) cosa, uy(t) = sign(y(t)) r(t) sina, where 0 < r(t) < 1.

Proposition 1. If an admissible control u(t) = (uy,uz)(t) € U, t € [0, T] is not arc length
parameterized, i.e., there exists a positive measure set o C [0, T] such that u2(t) + u3(t) < 1 for
t € o, then u(t) is not optimal.

Proof. Let r(t) = \/u3(t) + u3(t) for a given trajectory. Let us show thatif 0 < r(t) < 1

onaseto C [0, T] of measure p(c) > 0, then the trajectory is not optimal. First, note that
if r(t) = 0 for all t € o, then this part of the trajectory is a fixed point. Staying in place is
not optimal in a time minimization problem. Now, if r(t) € (0,1) for t € ¢, then one can
reparametrize the trajectory with ds = r(t)dt. In this case, the support of the trajectory
stays the same, new controls are also admissible, but the new motion time S becomes
strictly less than the original one:

S = /OS ds = /OTr(t)dt = '/ar(t)dH— [O,T]\Ur(t)dt < u(@)+u([0,T)\ o) =T.

O

Further, we consider arclength parameterized abnormal extremals.
Theorem 3. Abnormal arclength parameterized extremal controls are piecewise constant
uy(t) = coswa, up(t) =sy(t)sine, wheresy(t) € {—1,1},

with switching times (discontinuity points of s, (t)) differing by ga—. The corresponding trajectories
are motions of a car along circular arcs of the minimal possible radius by angle 1t (except the first
and the last arcs, which may have angles not greater than ).

Proof. Abnormal extremals satisfy the statements of the PMP: the maximum condition,
the Hamiltonian system (11), and nontriviality condition h?3(t) 4+ h3(t) + h3(t) # 0 for all
te[o,T].

From the maximum condition we have

hi(t) = —R(t)sina, hy(t) = sp(t)R(f) cosa, R(t) > 0. (12)
Here, s, (t) = signhy(t).
The vertical part of the Hamiltonian system (11) is given by
h] (t) = —Sz(t) sina h3(t),

o (t) = cosahs(t), (13)
i3 (t) = sp(t) sinahy (t).
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This system preserves the Hamiltonian H = cosa hy + sina |h;| and the Casimir

2.2
E= hl;h3 (see Figure 4). Since H = 0 for abnormal extremals, the nontriviality condition

implies E > 0.

~

/"‘é"\\
—

: N\

\

SO A
z
/'

[
&
o
~—
N
~—
A
/.

g
/
7
i
o
Q\
N\
.
~J

/
’
/f

Figure 4. Abnormal case. (Left) Level surfaces of the Hamiltonian H = 0 (in green) and the Casimir
E > 0 (inred). (Center) Phase portrait on the surface H = 0. (Right) An abnormal extremal trajectory.

Denote a = v/2E > 0. Let hj = acos ¢, h3 = asin ¢, and ¢ = hy, where ¢ € [7, 37”] as
we have h; < 0 (see (12)). System (13) reads

{ ¢(t) = sinasy(t),

¢(t) = a cosa sin ¢(t).

If c(t1) = 0, for some t; € [0, T], then H = 0 implies hy(t;) = 0 and ¢(t;) = m+ 7.
Thus, sin ¢(t;) = £1 and from the second equation of the system, we have ¢(t) # 0 for
[t — ¢t + €] for sufficiently small ¢ > 0. Thus, the function c(t) changes its sign in a
neighborhood of t;. We see that t; is an isolated point where c(t) changes its sign.

If c(t) # 0, thensy(t) = signc(t) (see (12)). The extremal control u;(t) = signc(t) sina
is piecewise constant with interval between switchings At = t, —t; = 47—, as it follows
from the first equation of the system with boundary values ¢(t1) = 7+ %, ¢(t2) = 7 F 7.

The corresponding trajectory of the horizontal part of (11) is easy to find by direct
integration. For time intervals between switchings, the point (x(t),y(t)) moves along the
circular arc with increments of angle A = & sinaAt = £77. [

5.3. Normal Case H > 0

In this section, we provide a qualitative analysis of the dynamics in the normal case
H > 0. Note that the normal case appears iff |¢)| < 7 + «. In the normal case, we set the
Hamiltonian value H = 1 without loss of generality (see [20]).

The vertical part has the first integrals: the Hamiltonian

{ hycosa+ |hy|sin, fora <|¢| < T +a,
1=H=

(14)
\/ 3+ 13, for [y| < a,

W K2
E= ?1 - 33 (15)

In Figure 5, we show variants of the mutual arrangement of the level surface of the
Hamiltonian H = 1, which consists of two half-planes glued with a segment of the cylinder,
and the level surface of the Casimir E > 0, which is a cylinder.

and the Casimir
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L

X

\

|
N
Figure 5. Level surfaces of the Hamiltonian H (in green) and the Casimir E (in red). (Left) E < %

(Center) E = 1. (Right) E > 1.
For the description of the phase portrait of the vertical part, we use techniques of

convex trigonometry [26]. The polar set to U is

e = { () € R | wshy +uzhy <1, (wr,10) € U} =

for || <wa:\/h3+h3 <1,

fora <y <a+7%: hjcosa+hysina <1,

(h1,hy) = (pcosy, psiny)
for —a— 7 <¢ < —a: hjcosa —hysina <1

The corresponding functions of convex trigonometry are

0 cos ¢, for [¢°] < a,
cosypo ¢° =
ue cosa — (¢° —a)sina, for [¢°] > a,
for |¢°| < a,

sin ¢°,

. 0 —
singo ¢ { + (sina + (¢° — a) cosa), for [¢°] > a,

where £+ = sign(¢°).
Along the extremal trajectories, we have

Uy = cos¢, up =sin¢, hy = cosyo ¢°, hy = singpe ¢°.
cos?y, ¢°. The Casimir E can be seen as a total energy integral (sum

Denote K(¢°) = %

of potential and kinetic energy)

W2 hk K
=5+ 5 =5 +K@¢)

E
2 2 2

of conservative system with one degree of freedom [27]

¢ =hs, hs=—K(¢). (16)
The phase portrait of this system is depicted in Figure 6.
Analyzing the phase portrait of (16), we conclude:
E=0= (¢° h3) = (£(a + cotw),0) is stable equilibrium;
E € (0,1)U (3, +) = the trajectory (¢°, h3)(t) is periodic;
E = } = either (¢°, h3) = (0,0) is unstable equilibrium or (¢°, h3)(¢) is a separatrix

of the saddle point.
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Figure 6. The phase portrait on the level surfaces of the Hamiltonian H = 1.

6. Explicit Expression for Normal Extremals
6.1. Stratification of the Hamiltonian System Adjoint Variables Domain

In this section, we derive explicit expressions for the normal extremals. To this end, we
stratify the domain of adjoint variables 11, hy, and h3 into five subdomains and introduce
the coordinates (¢, k) that rectify the phase portrait of the vertical part in each subdomain.
Next, we integrate the horizontal part and derive explicit expressions for the extremal
trajectories. This method was applied for the construction of optimal synthesis in several
optimal control problems [28].

In Figure 7, we stratify the domain of the vertical part with respect to the value of
the Casimir E, the value of ¢°, and the sign s; = signh;, i = 2,3. From the analysis in
the previous section, we know that there are two generic types of motion: [¢°| < a and
|¢°] > &, which are equivalent to /i1 > cosa and h; < cos &, respectively. We denote by the
letter S the domain with the first type of motion and by O the domain with the second type
of motion. Such notions are motivated by S — sub-Riemannian, and O — circle, as we will
show next that the corresponding extremal trajectory (solution to the horizontal part) is
given by arcs of sub-Riemannian geodesics in SE, [4] and arcs of circular extremals (which
correspond to motion of a car along circles of minimal possible radius).

Denote £ = /2E. There are five qualitative types of normal extremal trajectories:

1. Arcs of noninflectional sub-Riemannian geodesics in SE», joined by arcs of the circular
extremals, when cosa < £ < 1 (the subdomain Sf U Oli ; £ = signhy);

2. Arcs of inflectional sub-Riemannian geodesics in SE; joined by arcs of the circular
extremals, when £ > 1 (the subdomain S;E U O;E ; here, + = sign hi3 in the S-domain,
and + = sign hi; in the O-domain);

3. Arcs of the separatrix sub-Riemannian geodesics in SE; joined by an arc of the cir-
cular extremal, when £ = 1 and h; < 1 (the subdomain Sgﬁi U OF; here, (+,+) =
(sign h3,signhy) in the S-domain, and 4 = sign /1, in the O-domain);

4.  The circular extremals, when £ < cosa (the subdomains Oi[ ; here, = = signhy
correspond to the motion of the car clockwise or counterclockwise);

5. The straight extremal (the ray), when £ = 1 and h; = 1 (the subdomain Ss).
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Figure 7. Stratification of the domain of the vertical part.

Next, we derive explicit formulas for the extremals in each case. In order to avoid
difficulties in the interpretation of formulas of convex trigonometry, which appeared very
useful for qualitative analysis of the Hamiltonian system in the previous section, we return
to the classical coordinates (1, hy, h3) € C C R3, where the vertical part (16) takes the form

hy = —hyhs, iy = —sp sinahs,
hy = hyhsy,  for hy > cosa; Jiy = cos ahs, for h; < cosu; (17)

hg = h2h1, hg = S2 sin txl’l1,

where s, = signhy. The extremal controls are given by
(uy,up) = (hy, ha), forhy > cosw; (u1,uz) = (cosa,sysina), forhy < cosa; (18)
and the horizontal part is given by

X = uqcosb,
Y = upsin, (19)
9 = Uo.

Note that for 1; > cos «, System (17)—(19) coincides with the system for sub-Riemannian
geodesics in SE; [4]. Thus, the solutions in the S-domains are given by arcs of sub-
Riemannian geodesics. Denote by ¢ : R x C — SE, : (t,h°) s o(t, h°) the flow from Id
along the sub-Riemannian geodesic with the initial covector 1° € C. The exact formula for
the operator ¢ in the different domains is presented in the subsections below.

For h; < cosa, System (17)—(19) is easily integrated, and the solutions are given by
arcs of circles of radius cot a, which is the minimal possible turning radius for the car model.
Denote by w : R x C — SE : (t,h%) — w(t,h°) the corresponding flow from Id:

w(t,h%) = (cotasin(tsina), s, cota(l — cos(tsina)), sptsina). (20)

The case Iy = cosa is joined to the case k1 > cos « when sys3 < 0, and joined to the
case hy < cosw, when sps3 > 0 (see Figure 7). Here, sp = sign hp, and s3 = sign hs.

To obtain a general solution for the horizontal part we separate the timeline by the
intervals, in which the S or the O mode holds. We denote by t;, i € N, the instances of time
when the dynamics switches (see Figure 8). Denote by h% € C the corresponding value
of the adjoint covector, and by go; = q(ty;) € SE; the corresponding point of the extremal
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trajectory. Due to left-invariance (see Remark 1), the arc of the trajectory starting from gy is
given by

L](t) = LquU(t - tOir hOi) = 4q0; - O'(i' — tOi/ hOi), in S—domain,

Q(t) = qu,-w(t — toi, hOi) =qoi - (U(i’ — toi, hOi), in O-domain. (21)

Figure 8. Timeline with indicated instances of switching and the corresponding trajectory.

6.2. The Domain cosa < £ < 1

Here, we consider the case when the initial covector h° belongs to the subdomain
Sli U Of, where + = signhy =: s5. Notice that in this case, the trajectory of the vertical
part is periodic, and s; is constant (see Figure 7). Denote the period by T, 4 Ts, where T, is
the full time of motion in the O-domain, and T is the full time of motion in the S-domain.

Denote k := &. Introduce the coordinates (&, k) € [—%, L + T,] x (cosa,1)
(see Figure 9). Here, ¢ is periodic with the period T + T,.

pe

hy <cos a h, > cos a h, > cos « hy < cos a
h, <0 h, <0 h,>0 h,>0

Figure 9. Rectified coordinates in the domain cosa < £ < 1.
For h° = (hyg, hao, h3p) in Sit, where £+ = sy = sign hy:

hy = ksn(Ge + ),
hy = spdn(Gc +Q), (22)
I’lg = —52k SH(CC + C),

where . =K, ¢ € {— %, %} . The time T of the full motion is computed as

T, = Z(F(arg(—\/ k2 — cos?2a +icos oc)) - K), where arg € (g, n), (23)
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and the initial value ¢ is expressed via h° as follows:
¢o = F(arg(—sahso +ihip)) — &c, where arg € (0, 7).

Here, sn, cn, and dn are Jacobi elliptic functions; F is the elliptic integral of the first
kind; and K = F(7) is the complete elliptic integral of the first kind.
For h° = (hyg, hao, h3p) in Of, where £ = sy = sign hyg:

hy = kcos(sina (& + &)),
hy = g3z (1 —kcosacos(sina(S: +¢))), (24)

hs = spksin(sina(&: + ¢)),

where ¢, = Siﬁ i %, ¢ e [%, % + To} . The time T, of the full motion is computed as

T, = Z (7-[_ ¢), where ¢ = arg(coszx—l—im) € (O,g), (25)

sin «

and the initial value & is expressed via h° as follows:

¢o = arg(hyg + isah3g) / sina — §., where arg € (O, g) U (3271,27t>.

The direct computation shows that (17) is rectified in the coordinates (¢, k):
¢(t) =3Cr =G0+t k= const.

Remark 5. There is a symmetry between the solutions for s, = 1 and s; = —1: the substitution
(h1,hy, h3) — (hy, —hy, —h3) translates a trajectory in Sfﬁ U Of to the trajectory in SJ U OF .

Remark 6. The values Ts and T, are computed as the minimal positive time instances when

(hl(O),hg(O)):<cosoc,— kLh%(o)), (hl(Ts),hg(TS)):(cosoc, kLh%(o)),
(h1(0),h3(0)):<cosoc, kz—hg(o)), (hl(To),hg,(To)):(cosoc,— kz—hg(O)).

Now we integrate the horizontal part and find the exact expression for the extremal
trajectories. Recall that in the O-domain, the extremal trajectories q(t) = w(t, h°) are given
by arcs of the circles (20), and in the S-domain, the extremal trajectories q(t) = o (t, h%)
are given by arcs of sub-Riemannian geodesics. Exact formulas for the sub-Riemannian
geodesics are found in [4]. In our notation, they read as:

0(1) = (5Bt~ Blam(E + &) + E(B)) — cp(dn(Ec + &) —VI-FSF) ),
y(t) = (Bt — E(am(&c + &) + E()) +sB(dn(&c + &) — VI Fs?) ),
0(t) = s2(—B+am(&. +&1)),

p=am(Go+Cc), sp = sinp = sn(Go +Cc), ¢f = cos p = cn(Go + o).

Here, am, sn, cn, and dn are Jacobi elliptic functions, and E is the elliptic integral of
the second kind.
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To obtain a general solution for the horizontal part, we separate the timeline
by the intervals

[0, ] = [0, to1) U [ton, to2) U [toz, tos) U - .. U [toam—1) toam+1)) U lfom+1) tom+1) + .
in which the S or the O mode holds (see Figure 10). Here, we have

t—to1
T, + T

F=t— tor — m(To + Ts), m= |: :|, tor = min{t >0 | hl(t) = COSIX}, (27)

where the square brackets denote the integer part.
Denote

hi = (cos a, +sina, £v/k? — cos? uc) , hf= (cos a, +sina, TV k? — cos? uc) (28)
the initial covector for the full arc of O and S segment of the extremals (see Figure 7), and
g = w(To, hy), ge = 0(Ts, h5") (29)

the end point of the corresponding extremal trajectory.
Now we obtain the resulting formula for the extremal trajectories by usage of (21).

1 2

v | m
YT Y Y Ty
to1 T +T, T AT, - T+Tg [
0y to oz fos  fos t0(2m-1) t0(2m+1) t

Figure 10. Timeline for the trajectory with indicated instances of switches.

Theorem 4. For h° € Sli, the corresponding extremal trajectory is given by

U(t/ ho)/ fort 6 [0, tol),
q(t) =1 qo1- (45 )" - w(f hy), for0 <F<T,
qor- (9F -q5)" g5 -o(F—=To hE), for T, <E< T, + T,

where gy = o (to1, h°).
For h¥ € Of[, the corresponding extremal trajectory is given by

w(t/ho)/ fort S [0, tol),
q(t) =19 qo1- (fﬁ 0725): 'U(f,hét)J for0 < f~< Ts,
qor- (95 -q2)" 45 - w(F—To,hy), for Ts <E<T,+Ts,

where qo1 = w (to1, h°).

For both cases, the operators o and w are defined by (26) and (20); the values Ts and T, are
defined by (23) and (25); the values ¥, m, and to, are defined by (27); and the initial covectors hf
and hi and the corresponding end points g and g5 are defined by (28) and (29).

In Figure 11, we show an example of the extremal trajectories in the domain Sli U Of[.
Remark 7. The power of an element q € SE; is defined as

1d, form =0,
qm = m times

q-...-q, form>1.
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N

Figure 11. Two extremal trajectories in 51i U 01i with & = 37” for t € [0,15.4]: for i¥ =
(0.32,—0.85, —0.66) and W = (0.52,0.85, —0.46). The sub-Riemannian arcs are depicted in red,
and arcs of the circles are depicted in blue.

yA

v

6.3. The Domain £ > 1

Here, we consider the case when the initial covector 1° belongs to the subdomain
Séﬁ U Oéf, where £+ = signh3 =: s3 in the S-domain, and £+ = signh =: s in the O-domain.
Notice that in this case, the trajectory of the vertical part is periodic (see Figure 7). Denote
the period by 2(T, + Ts), where Ty, is the full time of motion in the O-domain, and T is the
full time of motion in the S-domain.

Denote k := Introduce the coordinates (&, k) € [-%,%k 4 27,] x (0,1)
(see Figure 12). Here, ¢ is periodic with the period 2(Ts + T).

h
- — 'l\ A . /l—>\ O+
%~ 5237%};\%}/ 5 \ :

/ 1
g m, 57 < \E\Z o
L
S, .
\\ £= fisfff /

=

3T Ts

>+ Tou—— =>+To

2 2
hy < cos a h, > cos « h, > cos a hy <cos a
h,<0 By <0 h>0 h,>0

Figure 12. Rectified coordinates in the domain £ > 1.
For h° = (hyg, hao, h3p) in Sf, where + = s3 = sign h3:
h1 = 538N Lljg
hy = —en( ), (30)
hs = %3 dn(éflj€>,

4
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where the time T of the full motion is computed as
T
T, :2k(F(a+ 5) —K). @31)

For h° € S, we have

_ LT
gC_kKr €€|: 212:|r

and the initial value & is expressed via h as follows:
¢o = kF(arg(—hyo +ih1g)) — &, where arg € (0, 7).

For h° ¢ S, , we have

(’,‘C:k(F(g—ZK))— (Tﬁ?), ce {§+To,32n+n )

and the initial value ¢ is expressed via h° as follows:
¢o = kF(arg(—hy — ihyp)) — Cc, where arg € (—1,0).

For h° = (hyg, hao, h3p) in Oic, where £ = sy = sign hyg:

h %Cos(sinoc(gc+§))f
= 522 (1— 32 cos(sina(é + €)), >

sina

h3 = % sin(sina(c 4 §)),

where the time T, of the full motion is computed as

2 T
= J— g i — K2 2 —
T, P (r — @), where ¢ = arg (k cosa +1iv1—k?cos 0() € (O, 5 ) (33)

For h° € OF, we have

_ ¢ I T Ts
gc_sinzx 2’ CE{

and the initial value ¢ is expressed via h" as follows:

Go = arg(hyo +ih3p)/ sina — &, where arg € (_g' g)

For h° ¢ O, , we have

3Ts 3Ts

_ ¢ (T 3ls 21s
éc_sintx <2 —l—To), ¢ e { > + T, > +2T0},

and the initial value ¢ is expressed via h” as follows:

¢o = arg(hyg — ihsp)/ sinw — &, where arg € (O, g) U (327-[,271)
The direct computation shows that (17) is rectified in the coordinates (¢, k):
é(t)y=¢r =380+t k= const.

Now we integrate the horizontal part and find the exact expression for the extremal
trajectories. Recall that in the O-domain, the extremal trajectories q(t) = w(t, h°) are given
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by arcs of the circles (20), and in the S-domain, the extremal trajectories q(t) = o(t, h°)
are given by arcs of sub-Riemannian geodesics. Exact formulas for the sub-Riemannian
geodesics are found in [4]. In our notation, they read as:

ot h0) = (x(t),y(t )/9(15)),

X( ) —S3k<S‘E)< —E({am (éc+§t>) ) 1_k2 /32((:‘3 ( T )
y(t) =s3 (kzsﬁ(cﬁ —cn(gCJrgf)) m<E ( m(&zg;))
cosO(t) = kZS‘B Sn(@c'}i‘gf) kz 52 dn<§c+§t)

sinf(t) = k(sﬁdn(gﬁé‘f) V1 —k?sp? sn(%)),

where

)
D)

B= am(&’:éc), sp=sinp = Sn(é‘o—kkéc), ¢B = cosp = Cn(go_ltgc)'

Here, am, sn, cn, and dn are Jacobi elliptic functions, and E is the elliptic integral of
the second kind.

To obtain a general solution for the horizontal part, we separate the timeline
by the intervals

[0,£] = [0, to1) U [ton, to2) U [toz, tos) U - .. U [toam—1) toams1)) U lom+1) tom+1) +
in which the S or the O mode holds (see Figure 10). Here, we have

F=t—tyn — {%} (2T, +2T5), m = [ ] tor = min{t > 0 | hy(t) = cosa}, (35)

T,+ T, |

where the square brackets denote the integer part.
Denote

1 1
hE = (cosa,isinuc,iwlcz —cos%c) hE = (cosoc,j:sintx,:H/k2 —cos? ) (36)

the initial covector for the full arc of O and S segment of the extremals
(see Figure 7), and denote

‘ﬁ = w(To,th), tﬁ = ‘T(Ts/hsc) (37)

the end point of the corresponding extremal trajectory.
Now we obtain the resulting formula for the extremal trajectories by usage of (21).

Theorem 5. For h° € S5, the corresponding extremal trajectory is given by

o(t,h0), fort € [0, to1),
qo1 * Gm -w('t“,hgt), for0 <f<T,
q(t) =% qo1 - qm - qz; - o (F = To, hF), for T, <E<T,+ T,
qo1 - Gm 'qi'q;—'w(f—TO_TS/hf)r forTo“‘Ts <FP<2T,+ T,

qor - Gm - 95 - qF - qF - o(F— 2T, — T, h¥),  for 2T, + Ts < F < 2T, + 2T,

where qo = o (to1, 1), and g = (a3 - 43 - 45 - ) 2],
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For h° € OF, the corresponding extremal trajectory is given by
w(t,hY), fort € [0,tn),
qo1 - qm - o (£, h), for0<F<T,
Q(t): q01'Qm'q(:7F'w(t_Ts/h;F)r forTs§t<T§+Tm
qor - Gm - qF - q5 - o(F—Ts — Tp, h), for To+ T, <E<2T+T,,

qor - qm - qF -9 - 95 - w(F—2Ts — To, hE),  for 2T + T, < F < 2T, + 2T,,

where go1 = w(tor, 1), and g = (qF - 43 - % - 43) 2.
For both cases, the operators o and w are defined by (34) and (20); the values Ts and T, are
defined by (31) and (33); the values f, m, and ty; are defined by (35); and the initial covectors hoi

and h and the corresponding end points g and g5 are defined by (36) and (37).

In Figure 13, we show an example of the extremal trajectories in the domain S;E U O;E.

ylk

N

v

Figure 13. Two extremal trajectories in S;E U 02i with & = Z: for K0 = (0.7,-0.714, —1.05) and
1 = (0.7,0.714, —0.85), for t € [0,16]. The sub-Riemannian arcs are depicted in red, and arcs of the
circles are depicted in blue.

6.4. The Domain £ = land hy <1

In this subsection, we consider the case when the initial covector h° = (I, a9, h30)
belongs to the subset S7°2 U O3, where (s, s3) = (sign hy, signh3). Notice that in this case,
the trajectory of the vertical part is a separatrix of the saddle point (see Figure 7). It consists
of not greater than three arcs of the types S, O, and S.

Introduce the coordinate { € (—o0,00) by (39), (40), and (39) (see Figure 14) in the
domains

¢ e (— ,—%), for sps3 > 0, hyp > cosw;
¢ e {—%, %}, for hig < cosg;
¢ € (%,oo>, for sps3 < 0, hyg > cosa,
where )
To = —(m—a), T;= —arctanh(cosa). (38)
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For h° ¢ S?SS, we have:

hi = —sps3 tanh (& + ),
hy = spsech(&; + &), (39)
h3 = s3sech(&c +¢),

where

T
CC = $753 (20 + TS)
For h° € O}:
hy = cos(sina (&, + &)),
hy = g (1 — cosacos(sina(Zc +¢))), (40)

hs = sysin(sina(éc + ¢)),

where
T

sina’

Ge =

The direct computation shows that (17) is rectified:

S(t)=¢r=2Co+t,

where
: { —spsz arctanh(hyg) — (% + TS>, for hyg > cosu;
0=

arg (hm +1isps34/1 — h%o) /sina — ., forhyg < cosa,

where arg € (0,27).

hy <cos a h, > cos « h, > cos a hy <cos «
h, <0 h, <0 h,>0 h,>0

Figure 14. Rectified coordinates in the domain £ =1, h; < 1.

Now we integrate the horizontal part and find the exact expression for the extremal
trajectories. Recall that in the O-domain, the extremal trajectories q(t) = w(t, h°) are given
by arcs of the circles (20), and in the S-domain, the extremal trajectories g(t) = o(t, h°)
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are given by arcs of sub-Riemannian geodesics. Exact formulas for the sub-Riemannian
geodesics are found in [4]. In our notation, they read as:

o(t,h%) = (x(t),y(t),0(t)),
x(t) = —sps3(sech (&) X(t) —I—tanh(CO)y~ ),
),

y(t) = s3(tanh (&) %(t) — sech (o) 7(t) (41)
cos 0(t) = sech(&p) se (? t) + tanh(&p) tanh (&o + ),
sin6(t) = sech(&p) sech (o + t) — sech(¢o + t) tanh(&p),
where _ _
%(t) = sech (&) —sech (o + 1),
§(t) =t +tanh(gp) — tanh (o + 1),
g: €0+5253<% +T5).
Denote the first switching time by
tor = min{t > 0 | hy(t) = cosa}. (42)

The initial covector for the full O segment of the extremals (see Figure 7), denoted by
hE = (cosa, £ sina, & sin ) (43)

and the end point of the corresponding trajectory denoted by
9o = @ (To 15). (44)

Denote
hE = (cosw, £ sina, F sina) (45)

the covector, when switching from the O to the S segment appears.
Now we obtain the resulting formula for the extremal trajectories by usage of (21).

Theorem 6. For h° € S%, 5355 > 0, the corresponding extremal trajectory is given by

o(t,h%), for t € [0, to1),
q(t) =< qo1-w(t—to, h?), fortgr <t <tg + T,
qo1 - qes - o (t — To — to, h?), fort >t + To,

where qo1 = o (to1, h°).
For h° € O3, the corresponding extremal trajectory is given by

a(t) = { w(t,h), fort € [0, to1),

‘701 : U(t - tOl/hzz)/ fOrt 2 tOl/

where qo; = w(tgy, h°).
For h° € 3, s3s, < 0, the corresponding extremal trajectory is given by

q(t) = o(t,h%), fort>0.

For all cases, the operators o and w are defined by (41) and (20), the values Ts and T, are
defined by (38), the value to is defined by (42), the initial covectors h and hi are defined by (43)
and (45), and the corresponding end point g7 is defined by (44).

In Figure 15, we show an example of the extremal trajectories in the set S3 U Os.
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Figure 15. Three extremal trajectories in S;i U O;E with & = % for (h19, 20, 530) = (0.95,—1,1) and
T = 12; for (hyg,520,530) = (0.99999,1,1) and T = 21; for (hyg, S20,530) = (0.9,1,1) and T = 15.5. The
sub-Riemannian arcs are depicted in red, and arcs of the circles are depicted in blue.

6.5. The Domain £ < cosa
When 10 € Of = Off, the Hamiltonian system (17)—(19) is easily integrated:

hi(t) = hyocos(sinat) — h3zpsy sin(sinat),
hy(t) = spcota(hyg + hopsp tana — hyg cos(sinat) + sphsg sin(sinat)), (46)
hs(t) = hzgcos(sinat) 4 hygsy sin(sin at),

(x(t), y(t), 6(t)) = (cotasin(tsina), s cota(1 — cos(tsina)), sat).

The extremal trajectories are given by circles (20) (see Figure 16).

Y

Figure 16. Extremal trajectories in Of.
Theorem 7. For h° € OF, the corresponding extremal trajectory is given by the circle
x(t) = cotasin(tsina), y(t) =sycota(l—cos(tsina)), 6(t) =sytsine, +>0.

6.6. The Domain £ = land hy =1
When 10 € S5, i.e., h® = (1,0,0), the Hamiltonian system (17)—(19) is reduced to

Xx=1,y=0=0, h=h="h;=0,
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which is easily integrated
x(t) =t y(t)=0,0(t) =0, hy(t)=1, ho(t) =0, h3(t) =0.
Theorem 8. For h° € S5, i.e., h° = (1,0,0), the corresponding extremal trajectory is the ray
x(t)=t, y(t)=0(t)=0, t>0. (47)

The extremal trajectory for h° € S5 is depicted in Figure 17.

I)’

Figure 17. Extremal trajectory in Ss.

7. Optimality of Extremal Trajectories
7.1. General Upper Bound of Cut Time

The limitation of the Pontryagin maximum principle is that it is only a necessary but
not a sufficient condition of optimality. It provides a Hamiltonian system for the extremals,
which are first-order candidates for being optimal among all admissible trajectories of a
control system. An extremal loses its optimality at a cut point [20].

In this section, we provide an upper bound of the cut time for a time-optimal problem

q = ulxl + uZXZI q= (xry’ 9) € SEZ/ u= (ulr uZ) eluc Rz/ (48)
0 . .0 0

X1 = cos Qﬂ + smG@, X = FY L (49)

q(0) =q0,  q(t1) =@, (50)

t; — min. (51)

Recall that the cut time for a trajectory g(-) of an optimal control problem is defined as

teut(q(+)) = sup{T > 0] gl is optimal}.

A trajectory q(t) = (x(t),y(t),0(t)), t € R, of the control system (48) is called
quasiperiodic with a period T > 0 if the following two conditions hold:
(1) 6(t)=06(t+T)forallt e R;
(2) There exists a linear function ! : R> — R, [ # 0 such that

I(x(t+T),y(t+T)) = I(x(),y(t)) forallt e R. (52)

Proposition 2. Let the time-optimal Problem (48)—(51) satisfies the hypotheses:
(1) w2 +us <landuy > 0forany u = (uy,up) € U;
(2) (1,0) e U.

Let a trajectory q(t) = (x(t),y(t),0(t)), t € R, of the control system (48) be quasiperiodic
with a period T > 0. Assume moreover that the curve y(t) = (x(t),y(t)), t € R, is not a straight
line.

Then, the cut time of the trajectory q(-) for the time-optimal problem (48)—(51) admits an
upper bound
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teutr(q(+)) < 2T. (53)

Proof. Consider the function ! from Condition (52). The function f(t) = I(x(t),y(t)) is
T-periodic and continuous, thus it attains a maximum M = f(7), T € [0, T]. The curve ()
is tangent to the straight line /=1 (M) for each value of the parameter t = T+ nT, n € Z.
Moreover, v is distinct from the line /=1 (M), thus the control u(-) corresponding to the
trajectory g(-) satisfies the inequality u(t) # 1. On the other hand, the vector (%,y)
u1(cos ,sin )|, is collinear with the line =1 (M), as well as the vector (cos®,sin8)|,.

Consider now the trajectory §(-) of the control system (48) with the initial condition
7(0) = g(7) and the control u = (1,0). There exists t; > 0 such that §(f;) = q( + T). Since
u(t) # 1, then't; < T. Indeed, (%,7)(t), t € [0,1], is a straight line segment connecting
the points (x,y)(7) and (x,y)(t + T), while (x,y)(t), t € [t,T+ T], is a curvilinear arc
connecting the same points (see Figure 18). Thus, the trajectory g (r,c+7) 18 Mot optimal for
Problem (48)—(51).

The arc q| [0,27) 18 not optimal as well since it contains a non-optimal arc q|[
required bound (53) follows. [

- =

7, 7+T]" The

q(7) @)W q(T+7) q(2T+7)

Figure 18. Nonoptimal arc of the extremal trajectory.

Remark 8. It is obvious that Proposition 2 is applicable to the time-optimal Problem (2), (3) on
SE, with control in a circular sector.

7.2. Optimality of Extremals for cosa < £ < 1

In this subsection, we analyze optimality of the extremal trajectories for h* € SljE U Oli,
described in Section 6.2.

Proposition 3. Let q(t), t € RY, be an extremal trajectory in the time-optimal Problem (2), (3).
Assume that the corresponding initial covector h® € SljE U Of:, and let T, and T be the traveling
time along full O and full S arc, given by (25) and (23) .

The trajectory q(t), t € [0, t1], is not optimal if t1 > 2(T, + Ts). In particular,

teut(q(+)) < 2(To + Ts).

Proof. First, we fix the sign h® € S UO;. The proof for i® € S; UO; follows by
Remark 5.

To prove the proposition, we rely on the general upper bound of cut time
in Proposition 2, where obviously the Hypotheses (1) and (2) hold. Let us show that the ex-
tremal trajectory q(t) is quasiperiodic with the period T = T, + T;. To this end, without loss
of generality, we fix the initial covector h® = hj = (COS «, sin w, vV k? — cos? oc) correspond-
ing to the beginning of the circular arc of the extremal g(t). The result for another choice of
initial covector follows by left-invariance (21). Denote by h} = (cos a, sina, —Vk? — cos? tx)

the covector at the end of the circular arc (see Figure 7). Periodicity by 6 follows by direct
computation from Theorem 4:

W (To, h3) + 0 (T, h}) = 27,
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where by w?(t,h}) and o?(t,h), we denote the f-component of the operators w(t, h7")
and o (t, h), which are the flows from Id along the O and S arcs, respectively. Thus,

0(T) —6(0) =27t = 0(T) = 6(0) (mod 27), since § € S' = R/2nZ.

Now, note that the extremal control (11, u)(t) is periodic with the period T = T, + T,
and thus the components (x, y)(t) of the corresponding extremal trajectory satisfy

(x,y)2T) = (x,y)(T) = (x,y)(T) - (x,¥)(0).

Thus, by Proposition 2, the extremal trajectory g(t) is quasiperiodic and admits the
upper bound for the cut time t.u(q(+)) < T =2(T, + Ts). O

7.3. Optimality of Extremals for £ > 1

In this subsection, we analyze optimality of the extremal trajectories for i° € S5 U O5,
described in Section 6.3.

Proposition 4. Let q(t), t € R, be an extremal trajectory in the time-optimal Problem (2), (3).
Assume that the corresponding initial covector h® € SZjE U Ojt, and let T, and T; be the traveling
time along full O and full S arc, given by (33) and (31) .

The trajectory q(t), t € [0, t1], is not optimal if t1 > 4(T, + Ts). In particular,

tcut(’](')) < 4T + Ts).

Proof. The proof is similar to the proof of Proposition 4. The only difference appears in
the periodicity by 6. In the case k% € S U O3, we have §(T) — 0(0) =0, T = 2(T, + Ts),
which follows from Theorem 5. O

7.4. Optimality of Separatrix Extremals (€ =1, hyg # 1)

In this subsection, we analyze optimality of extremal trajectories for i’ € S3 U Oj,
described in Section 6.4.

Proposition 5. Let q(t), t € R, be an extremal trajectory in Problem (2), (3). Assume that the
initial covector h® € S3 U Os. The trajectory q(t) is optimal for t € [0,tny], i.e, it is optimal before
the first switching. In particular, for h® € S, the trajectory q(t) is optimal up to infinity.

Proof. The extremal trajectory g(t) is given by Theorem 6. For h¥ € O%, the corresponding
trajectory q(t), t € [0, t1] is given by an arc of circular extremal, which is optimal as we
prove in Proposition 6. For h® € S, the corresponding extremal trajectory before the first
switching is given by an arc of separatrix sub-Riemannian geodesic in SE;, which is optimal,
as proved in [4]. In particular, for h° € Sgﬂt, the trajectory g(t) is optimal up to infinity
since it has no switchings. [

Remark 9. An upper bound of the cut time for the separatrix extremals of general type, which have
the switching points, remains an open problem.

7.5. Optimality of Circular Trajectories, € < cos a

In this subsection, we analyze optimality of circular extremals described in Section 6.5.

Proposition 6. Let q(t), t € R, be an extremal trajectory in the time-optimal Problem (2), (3).
Assume that q(-) is of circular type and let T, = 2 be its period.

sina

A trajectory q(t), t € [0,t1], is optimal iff t1 € [0, T, ). In particular,

teut(9(+)) = To.
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Moreover, for any t € [0, Ty), the trajectory q(t), t € [0, t1], is a unique optimal trajectory
connecting qo to g(ty).

Proof. First of all, a full circular arc q(t), t € [0, T,], is not optimal since it connects the
same points 4(0) = g(T,) in a positive time T,.

Now we prove that for any t; € (0,T,), the trajectory ¢q(t), t € [0,1], is a unique
optimal trajectory connecting g to 4(t1). By contradiction, suppose that there is another
trajectory 4(t) = (6,%,7)(t), t € [0,%], with a control (ify, i) (t) such that f; < t; and

7(0) = g0, 4(1) = q(t1). We have 6(t) = ii»(t) < sina, moreover, this inequality becomes
strict on a nonempty interval since the trajectory 4(-) is not circular. Thus,

i _
fsina = 0(t) = 0(F) = / T (t)dt < Fysina < t sina,
0

whence t; sina < t1 sina, a contradiction. [

7.6. Optimality of the Straight Trajectory (€ =1, hyjg = 1)
In this subsection, we analyze the optimality of the straight extremal (47) (see Section 6.6).

Proposition 7. The straight extremal trajectory (47) in Problem (2), (3) is optimal up to infinity.

Proof. Since u; < 1, an end point (¢,0,0) cannot be reached from Id by time < ¢t. [

7.7. Lower Bound of Cut Time

Proposition 8. Let q(t), t € [0, 1], be an extremal trajectory in the time-optimal problem on SE;
with control in a circular sector. Assume that q(-) is of sub-Riemannian type.

If q(-) is optimal for the sub-Riemannian problem on SE,, then it is optimal in the time-optimal
problem on SEp with control in a circular sector. Thus,

feut(7(+)) > taat(9(-)),

where t3R (q(+)) is the cut time of the trajectory q(-) for the sub-Riemannian problem on SE,

cut

(see [4]).
In particular, there exists e > 0 such that teut(q(-)) > e

Proof. The sub-Riemannian problem on SE; can be stated as a time-optimal problem with
a set of control parameters given by the full disc. Now the statements of this proposition are
obvious since if a trajectory is optimal for a problem with a bigger set of control parameters,
then it is also optimal for a problem with a smaller set of control parameters. [

Now, Propositions 6 and 8 imply the following.

Corollary 1. Let q(t), t € [0, t1], be an extremal trajectory in the time-optimal problem on SE;
with control in a circular sector. Then, there exists € > 0 such that toy(q(-)) > e.

8. Conclusions

We considered the time minimization Problem (2), (3) in the roto-translation group
SE, with admissible control in a circular sector. The problem reveals the trajectories of
a car model that can move forward on a plane and turn with a given minimum turning
radius. The model generalizes the sub-Riemannian length minimizers problem by adding
a restriction on the velocity vector to lie in a circular sector with the opening angle 2« € S'.

We studied the local and global controllability of the system and the existence of the
solution for given arbitrary boundary conditions in Theorem 1. We obtained the following.

1. For a = 0, the system is not globally controllable.
2. Forwa € (0, 5], the system is globally but not small-time locally controllable.
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3. Fora € (%, ), the problem is ill-posed. The system is globally and small-time locally
controllable, but an optimal trajectory does not exist for some boundary conditions.

4. For « = m, the system is globally and small-time locally controllable. This case
coincides with the sub-Riemannian length minimizers problem in SE;.

Then, we considered the well-posed case « € (0, 5].

We obtained a lower bound for local controllability time T = 2~ (see Theorem 2).

We applied PMP and obtained explicit expressions for the extremals.

We showed that arclength parameterized abnormal extremals are given by joining of
the half period arcs of the circular extremals (see Theorem 3).

We showed that there are five qualitative types of normal extremal trajectories.

1. Arcs of noninflectional sub-Riemannian geodesics in SE,, joined by arcs of circular
extremals. The exact expression is given by Theorem 4. An upper bound for the cut
time is given by Proposition 3.

2. Arcs of inflectional sub-Riemannian geodesics in SEy, joined by arcs of circular ex-
tremals. The exact expression is given by Theorem 5. An upper bound for the cut time
is given by Proposition 4.

3. Arcs of the separatrix sub-Riemannian geodesics in SE; joined by an arc of the circular
extremal. The exact expression is given by Theorem 6. The extremals before the first
switching are optimal (see Proposition 5).

4. The circular extremals. The exact expression is given by Theorem 7. The cut time is
given by Proposition 6.

5. The straight extremal. The exact expression is given by Theorem 8. It is optimal up to
infinity (see Proposition 7).

We showed that small arcs of the normal extremals are optimal (see Corollary 1).
As a further extension of the present work, we plan to use the obtained exact expres-
sions for the extremals and the bounds for the cut time to construct the optimal synthesis;

similarly, it is performed for the sub-Riemannian length minimizer problem in SE; [4].
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