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1 Ââåäåíèå

1.1 Ñóáðèìàíîâû ñòðóêòóðû

Ñóáðèìàíîâà ñòðóêòóðà íà ñâÿçíîì ãëàäêîì ìíîãîîáðàçèè M åñòü ïà-
ðà (D, g), ñîñòîÿùàÿ èç ãëàäêîãî âåêòîðíîãî ðàñïðåäåëåíèÿ D ⊂ TM è
ñêàëÿðíîãî ïðîèçâåäåíèÿ g â D [1�5]. Ãîðèçîíòàëüíàÿ êðèâàÿ ðàñïðåäåëå-
íèÿ D åñòü ëèïøèöåâà êðèâàÿ â M , ïî÷òè âñþäó êàñàþùàÿñÿ ýòîãî ðàñïðå-
äåëåíèÿ. Ïî òåîðåìå Ðàøåâñêîãî-×æîó, ëþáûå äâå òî÷êè â M ñîåäèíèìû
ãîðèçîíòàëüíîé êðèâîé òîãäà è òîëüêî òîãäà, êîãäà ðàñïðåäåëåíèå D èìååò
ïîëíûé ðàíã (â àíàëèòè÷åñêîì ñëó÷àå); òî åñòü ôëàã èç ïîñëåäîâàòåëüíûõ
ñêîáîê Ëè ðàñïðåäåëåíèÿ ñòàáèëèçèðóåòñÿ íà êàñàòåëüíîì ðàññëîåíèè:

D ⊂ D2 = D + [D,D] ⊂ D3 = D2 + [D2, D] ⊂ · · · ⊂ Ds = TM.

Íàèìåíüøåå òàêîå s íàçûâàåòñÿ ãëóáèíîé ðàñïðåäåëåíèÿ, à âåêòîð

(dimDx,dimD2
x, . . . ,dimDs

x), x ∈M,

íàçûâàåòñÿ âåêòîðîì ðîñòà ðàñïðåäåëåíèÿ.
Ãëóáèíà è âåêòîð ðîñòà ðàñïðåäåëåíèÿ ÿâëÿþòñÿ åãî âàæíåéøèìè èíâà-

ðèàíòàìè. Ñóáðèìàíîâû ñòðóêòóðû ñòðàòèôèöèðîâàíû ïî ãëóáèíå èõ ðàñ-
ïðåäåëåíèé, è ñëîæíîñòü ñóáðèìàíîâûõ ñòðóêòóð áûñòðî âîçðàñòàåò ñ óâå-
ëè÷åíèåì èõ ãëóáèíû. Ñóáðèìàíîâû ñòðóêòóðû ãëóáèíû îäèí � ýòî ðè-
ìàíîâû ñòðóêòóðû. Äëÿ ñóáðèìàíîâûõ ñòðóêòóð ãëóáèíû äâà â ìèíèìàëü-
íîé ðàçìåðíîñòè 3 (òî åñòü äëÿ âåêòîðà ðîñòà (2, 3)) èìååòñÿ äåòàëüíàÿ
òåîðèÿ [3]. Äëÿ ñóáðèìàíîâûõ ñòðóêòóð ãëóáèíû òðè èìåþòñÿ ïîäðîáíûå
èññëåäîâàíèÿ ëèøü â ïðîñòåéøåì ëåâîèíâàðèàíòíîì ñëó÷àå äëÿ ðàçìåðíî-
ñòåé 4, 5 (âåêòîðà ðîñòà (2, 3, 4) è (2, 3, 5)) [20, 24]. Öåëü äàííîé ðàáîòû �
ïðîäîëæåíèå èññëåäîâàíèÿ ïðîñòåéøåãî ëåâîèíâàðèàíòíîãî ñëó÷àÿ ðàíãà 2
ãëóáèíû 4 (âåêòîð ðîñòà (2, 3, 5, 8)), íà÷àòîå â ðàáîòàõ [6�9].

Íàðàñòàíèå ñëîæíîñòè ñóáðèìàíîâûõ ñòðóêòóð ñ óâåëè÷åíèåì èõ ãëó-
áèíû ìîæíî íàáëþäàòü ïî äâóì êðèòè÷åñêè âàæíûì õàðàêòåðèñòèêàì:

� êëàññ ôóíêöèé, â êîòîðûõ èíòåãðèðóåòñÿ ãàìèëüòîíîâà ñèñòåìà ïðèí-
öèïà ìàêñèìóìà Ïîíòðÿãèíà äëÿ íîðìàëüíûõ ãåîäåçè÷åñêèõ,

� ñòðóêòóðà àíîðìàëüíûõ òðàåêòîðèé.

Äëÿ ëåâîèíâàðèàíòíûõ ñóáðèìàíîâûõ ñòðóêòóð íà ñâîáîäíûõ íèëüïîòåíò-
íûõ ãðóïïàõ Ëè ðàíãà 2 ñèòóàöèÿ ñ ýòèìè ïàðàìåòðàìè îòðàæåíà â òàáëè-
öå 1.

Ãîðèçîíòàëüíûå êðèâûå ðàñïðåäåëåíèÿ D, èìåþùèå íàèìåíüøóþ äëè-
íó â ñìûñëå ìåòðèêè g, íàçûâàþòñÿ êðàò÷àéøèìè ñóáðèìàíîâîé ñòðóê-
òóðû (D, g). Ñòàíäàðòíûì ïîäõîäîì ê ïîèñêó ñóáðèìàíîâûõ êðàò÷àéøèõ
ÿâëÿåòñÿ ïðèìåíåíèå ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà (ÏÌÏ) [2,3,10]. Ñî-
ãëàñíî ýòîìó ïðèíöèïó, ëþáàÿ ñóáðèìàíîâà êðàò÷àéøàÿ x(t) ∈ M èìååò
ãàìèëüòîíîâ ëèôò λt ∈ T ∗M , ïðîåöèðóþùèéñÿ â x(t), ýòîò ëèôò λt íàçûâà-
åòñÿ ýêñòðåìàëüþ. Êàê îáû÷íî ïðè ïðèìåíåíèè ÏÌÏ, ýêñòðåìàëè äåëÿòñÿ
íà íîðìàëüíûå (çàâèñÿùèå îò D è g) è àíîðìàëüíûå (çàâèñÿùèå òîëüêî
îò ðàñïðåäåëåíèÿ D). Àíîðìàëüíûå ýêñòðåìàëè îáðàçóþò ãîðàçäî ìåíüøåå
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Òàáëèöà 1: Ñâîáîäíûå íèëüïîòåíòíûå ñóáðèìàíîâû ñòðóêòóðû ðàíãà 2
ãëóáèíà âåêòîð

ðîñòà
èíòåãðèðóåìîñòü íîð-
ìàëüíîé ãàìèëüòîíîâîé
ñèñòåìû ÏÌÏ

àíîðìàëüíûå òðàåêòî-
ðèè

1 (2) ëèíåéíûå ôóíêöèè íåò
2 (2, 3) òðèãîíîìåòðè÷åñêèå

ôóíêöèè
ïîñòîÿííû

3 (2, 3, 5) ôóíêöèè ßêîáè [20] 1-ìåðíîå ñåìåéñòâî; îä-
íîïàðàìåòðè÷åñêèå ïîä-
ãðóïïû, êàñàþùèåñÿ D;
âñå íåñòðîãî àíîðìàëü-
íû [20]

4 (2, 3, 5, 8) íåèíòåãðèðóåìà ïî Ëè-
óâèëëþ [9]

4-ìåðíîå ñåìåéñòâî;
èíòåãðèðóåìû â ýëåì.
ôóíêöèÿõ; ï.â. ñòðîãî
àíîðìàëüíûå [6�8]

ìíîæåñòâî ÷åì íîðìàëüíûå, îäíàêî áîëüøèíñòâî ñëîæíûõ âîïðîñîâ ñóá-
ðèìàíîâîé ãåîìåòðèè ñâÿçàíî èìåííî ñ àíîðìàëüíûìè ýêñòðåìàëÿìè. Ïî-
âòîðèì � àíîðìàëüíûå ýêñòðåìàëè íå çàâèñÿò îò ìåòðèêè g, ïîýòîìó ïðà-
âèëüíåå ãîâîðèòü îá àíîðìàëüíûõ ýêñòðåìàëÿõ ðàñïðåäåëåíèÿ D; îäíàêî
ïðîáëåìàòèêà ýòèõ ýêñòðåìàëåé ïðèîáðåëà îñîáóþ îñòðîòó èìåííî â ðàì-
êàõ ñóáðèìàíîâîé ãåîìåòðèè, ïîýòîìó ìû áóäåì ãîâîðèòü îá àíîðìàëüíûõ
ýêñòðåìàëÿõ ñóáðèìàíîâîé ñòðóêòóðû (D, g) è ïðèìåíÿòü ïðèíöèï ìàêñè-
ìóìà Ïîíòðÿãèíà äëÿ èõ ïàðàìåòðèçàöèè. Ïåðâûì, êòî îòìåòèë îñîáóþ
ðîëü àíîðìàëüíûõ ýêñòðåìàëåé â ñóáðèìàíîâîé ãåîìåòðèè, áûë Ð. Ìîíòãî-
ìåðè [11,12].

Â äàííîé ñòàòüå èññëåäóþòñÿ àíîðìàëüíûå ýêñòðåìàëè äëÿ ëåâîèíâàðè-
àíòíîé ñóáðèìàíîâîé ñòðóêòóðû ñ âåêòîðîì ðîñòà (2, 3, 5, 8) � ïðîñòåéøåé
ñóáðèìàíîâîé ñòðóêòóðû ãëóáèíû 4 ðàíãà 2 (ñîîòâåòñòâóþùàÿ 8-ìåðíàÿ
ãðóïïà Ëè åñòü ñâîáîäíàÿ íèëüïîòåíòíàÿ ãðóïïà Êàðíî ãëóáèíû 4 ñ äâó-
ìÿ îáðàçóþùèìè). Îíà çàäàåò íèëüïîòåíòíóþ àïïðîêñèìàöèþ [3, 13] ñóá-
ðèìàíîâîé ñòðóêòóðû îáùåãî ïîëîæåíèÿ â âîñüìèìåðíîì ïðîñòðàíñòâå ñ
äâóìåðíûì óïðàâëåíèåì.

1.2 Ïîñòàíîâêà çàäà÷è

Ïóñòü G åñòü ñâÿçíàÿ îäíîñâÿçíàÿ ñâîáîäíàÿ íèëüïîòåíòíàÿ ãðóïïà Ëè ðàí-
ãà 2 ãëóáèíû 4. Åå àëãåáðà Ëè g èìååò áàçèñ X1, . . . , X8 ñ òàáëèöåé óìíî-
æåíèÿ

[X1, X2] = X3, [X1, X3] = X4, [X2, X3] = X5, [X1, X4] = X6,

[X2, X4] = [X1, X5] = X7, [X2, X5] = X8.

Ðàññìîòðèì ëåâîèíâàðèàíòíóþ ñóáðèìàíîâó ñòðóêòóðó [1, 3] íà G, çàäàí-
íóþ îðòîíîðìèðîâàííûì ðåïåðîì (X1, X2). Â ýòîé ðàáîòå èññëåäóþòñÿ ñëå-
äóþùèå âîïðîñû äëÿ ýòîé ñóáðèìàíîâîé ñòðóêòóðû:

1. ÿâíàÿ ïàðàìåòðèçàöèÿ àíîðìàëüíûõ òðàåêòîðèé ðàñïðåäåëåíèÿ D =
span(X1, X2),
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2. ñòðóêòóðà ìíîæåñòâà â G, çàïîëíåííîãî àíîðìàëüíûìè òðàåêòîðèÿ-
ìè, âûõîäÿùèìè èç åäèíèöû ãðóïïû G,

3. ëîêàëüíàÿ è ãëîáàëüíàÿ îïòèìàëüíîñòü àíîðìàëüíûõ òðàåêòîðèé.

Óêàçàííàÿ ñóáðèìàíîâà ñòðóêòóðà åäèíñòâåííà ñ òî÷íîñòüþ äî àâòî-
ìîðôèçìà ãðóïïû G. Îíà èìååò âåêòîð ðîñòà (2, 3, 5, 8), áóäåì íàçûâàòü
åå ñóáðèìàíîâîé (2, 3, 5, 8)-ñòðóêòóðîé. Êðàò÷àéøèå ýòîé ñòðóêòóðû ñóòü
ðåøåíèÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ

ẋ = u1X1(x) + u2X2(x), x ∈ G, u = (u1, u2) ∈ R2, (1)

x(0) = x0 = Id, x(t1) = x1, (2)

l =
1

2

∫ t1

0

√
u21 + u22 dt→ min, (3)

áóäåì íàçûâàòü åå ñóáðèìàíîâîé (2, 3, 5, 8)-çàäà÷åé.

1.3 Ìîäåëü

Áóäåì èñïîëüçîâàòü ñëåäóþùóþ ìîäåëü ñóáðèìàíîâîé (2, 3, 5, 8)-ñòðóêòó-
ðû:

G ≃ R8
x1,...,x8

, (4)

X1 =
∂

∂ x1
− x2

2

∂

∂ x3
− x21 + x22

2

∂

∂ x5
− x1x

2
2

4

∂

∂ x7
− x32

6

∂

∂ x8
, (5)

X2 =
∂

∂ x2
+
x1
2

∂

∂ x3
+
x21 + x22

2

∂

∂ x4
+
x31
6

∂

∂ x6
+
x21x2
4

∂

∂ x7
, (6)

X3 =
∂

∂x3
+ x1

∂

∂x4
+ x2

∂

∂x5
+
x21
2

∂

∂x6
+ x1x2

∂

∂x7
+
x22
2

∂

∂x8
, (7)

X4 =
∂

∂x4
+ x1

∂

∂x6
+ x2

∂

∂x7
, X5 =

∂

∂x5
+ x1

∂

∂x7
+ x2

∂

∂x8
, (8)

X6 =
∂

∂x6
, X7 =

∂

∂x7
, X8 =

∂

∂x8
. (9)

1.4 Ãåîìåòðè÷åñêèé ñìûñë çàäà÷è

Ïóñòü x(t) = (x1(t), . . . , x8(t)), t ∈ [0, t1], åñòü òðàåêòîðèÿ ñèñòåìû (1) ñ
ãðàíè÷íûìè óñëîâèÿìè (2), â ìîäåëè (4)�(6). Ïóñòü x1 = (x11, . . . , x

1
8). Ðàñ-

ñìîòðèì îáëàñòü E ⊂ R2
x1,x2

, îãðàíè÷åííóþ êðèâîé (x1, x2)(t), t ∈ [0, t1], è
ðàäèóñ-âåêòîðîì òî÷êè (x11, x

1
2). Îïðåäåëèì äëÿ ýòîé îáëàñòè âåëè÷èíû:

ïëîùàäü S =

∫
E

dx1 dx2,

ñòàòè÷åñêèå ìîìåíòû îòíîñèòåëüíî îñåé x1 è x2

M1 =

∫
E

x2 dx1 dx2, M2 =

∫
E

x1 dx1 dx2,
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ìîìåíòû èíåðöèè âòîðîãî ïîðÿäêà îòíîñèòåëüíî îñåé x1 è x2

J1 =

∫
E

x22 dx1 dx2, J2 =

∫
E

x21 dx1 dx2,

öåíòðîáåæíûé ìîìåíò

K12 =

∫
E

x1x2 dx1 dx2.

Òåîðåìà 1. Êîîðäèíàòû êîíå÷íîé òî÷êè x1 = (x11, . . . , x
1
8) èìåþò ñëåäó-

þùèé ãåîìåòðè÷åñêèé ñìûñë äëÿ îáëàñòè E:

S = x13, M1 = x15 +
1

6
x11((x

1
1)

2 + (x12)
2), M2 = x14 −

1

6
x12((x

1
1)

2 + (x12)
2),

J1 = 2x18 +
1

12
x11(x

1
2)

3, J2 = 2x16 −
1

12
(x11)

3x12, K12 = x17.

Äîêàçàòåëüñòâî. Ôîðìóëà Ñòîêñà.

Åñëè S ̸= 0, òî îáëàñòü E èìååò öåíòð ìàññ (c1, c2), ãäå c1 = M2

S , c2 = M1

S .

1.5 Ñòðóêòóðà ðàáîòû

Â ðàçäåëå 2 îïèñàíû ïîëó÷åííûå â ðàáîòàõ [6�9] ðåçóëüòàòû ïî ñóáðèìà-
íîâîé (2, 3, 5, 8)-çàäà÷å: íåèíòåãðèóðåìîñòü íîðìàëüíîãî ãåîäåçè÷åñêîãî ïî-
òîêà, ñèììåòðèè, îïèñàíèå ðàçëè÷íûõ êëàññîâ àíîðìàëüíûõ ýêñòðåìàëåé.
Â ÷àñòíîñòè, óêàçûâàåòñÿ, ÷òî âñå àíîðìàëüíûå ýêñòðåìàëè äåëÿòñÿ íà äâà
êëàññà:

� õîðîøèå (nice), ïàðàìåòðèçóåìûå íåêîòîðûì (àíîðìàëüíûì) ãàìèëü-
òîíîâûì ïîëåì íà àííóëÿòîðå êâàäðàòà ðàñïðåäåëåíèÿ � ïîòîìó àíà-
ëèòè÷åñêèå,

� àñèìïòîòè÷åñêèå, âêëþ÷àþùèå â ñåáÿ íåãëàäêèå ñ îñîáåííîñòÿìè òèïà
óãëîâîé òî÷êè.

Â ðàçäåëå 3 ïðèâåäåíà ÿâíàÿ ïàðàìåòðèçàöèÿ õîðîøèõ àíîðìàëüíûõ
ýêñòðåìàëåé ïîëèíîìèàëüíûìè, òðèãîíîìåòðè÷åñêèìè è ãèïåðáîëè÷åñêèìè
ôóíêöèÿìè. Äëÿ ýòîãî èíòåãðèðóåòñÿ àíîðìàëüíîå ãàìèëüòîíîâî ïîëå.

Ðàçäåë 4 ïîñâÿùåí èññëåäîâàíèþ àíîðìàëüíîãî ìíîæåñòâà Abn � ìíî-
æåñòâà òî÷åê â ãðóïïå G, ïðèíàäëåæàùèõ àíîðìàëüíûì òðàåêòîðèÿì, ïðî-
õîäÿùèì ÷åðåç åäèíè÷íûé ýëåìåíò. Äîêàçàíî, ÷òî ìíîæåñòâî Abn íåçà-
ìêíóòî, íåïîëóàëãåáðàè÷íî, íåãëàäêî, íî ÿâëÿåòñÿ 5-ìåðíûì ñóáàíàëèòè-
÷åñêèì ìíîæåñòâîì. Àíàëîãè÷íûå ñâîéñòâà èññëåäîâàíû äëÿ ìíîæåñòâ, çà-
ïîëíåííûõ àñèìïòîòè÷åñêèìè àíîðìàëüíûìè òðàåêòîðèÿìè è íåêîòîðûìè
åñòåñòâåííûìè ïîäêëàññàìè õîðîøèõ àíîðìàëüíûõ òðàåêòîðèé. Èñïîëüçó-
åòñÿ ïàðàìåòðèçàöèÿ õîðîøèõ è àñèìïòîòè÷åñêèõ òðàåêòîðèé, à òàêæå ãåî-
ìåòðè÷åñêèé ñìûñë çàäà÷è.

Íàêîíåö, â ðàçäåëå 5 èññëåäóåòñÿ ãëîáàëüíàÿ è ëîêàëüíàÿ îïòèìàëü-
íîñòü àíîðìàëüíûõ òðàåêòîðèé. Íåãëàäêèå àíîðìàëüíûå òðàåêòîðèè (â ÷àñò-
íîñòè, àñèìïòîòè÷åñêèå) íåîïòèìàëüíû ïîñëå îñîáåííîñòè. Ãëàäêèå àíîð-
ìàëüíûå ýêñòðåìàëüíûå òðàåêòîðèè ñóòü ãåîäåçè÷åñêèå. Îïèñàíû àíîðìàëü-
íûå ìåòðè÷åñêèå ïðÿìûå (ãåîäåçè÷åñêèå, îïòèìàëüíûå íà ëþáîì êîíå÷íîì
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îòðåçêå) � ýòî â òî÷íîñòè îäíîïàðàìåòðè÷åñêèå ïîäãðóïïû, êàñàþùèåñÿ
ðàñïðåäåëåíèÿ. Äëÿ ÷àñòè õîðîøèõ àíîðìàëüíûõ òðàåêòîðèé äîêàçàíà êî-
íå÷íîñòü âðåìåíè ðàçðåçà (âðåìåíè ïîòåðè îïòèìàëüíîñòè). Äëÿ àíîðìàëü-
íûõ òðàåêòîðèé, ïðîåöèðóþùèõñÿ íà ïëîñêîñòü ðàñïðåäåëåíèÿ â îêðóæíî-
ñòè, äîêàçàíî îòñóòñòâèå ñîïðÿæåííûõ òî÷åê, ïîýòîìó ëîêàëüíàÿ îïòèìàëü-
íîñòü íà ëþáîì êîíå÷íîì îòðåçêå. Ïðèìåíÿþòñÿ ðåçóëüòàòû Ý. Ëå Äîííå
è Ý. Õàêàâóîðè [16, 17] î ñæàòèÿõ (blow-down) ìåòðè÷åñêèõ ïðîìåæóòêîâ,
à òàêæå òåîðèÿ ñîïðÿæåííûõ òî÷åê íà õîðîøèõ àíîðìàëüíûõ ýêñòðåìà-
ëÿõ [3].

Â çàêëþ÷èòåëüíîì ðàçäåëå 6 ïîäâîäÿòñÿ èòîãè ðàáîòû.

2 Ïîëó÷åííûå ðàíåå ðåçóëüòàòû

Îïèøåì ïîëó÷åííûå â ðàáîòàõ [6�9] ðåçóëüòàòû ïî ñóáðèìàíîâîé (2, 3, 5, 8)-
çàäà÷å.

Íîðìàëüíûé ãåîäåçè÷åñêèé ïîòîê äëÿ ýòîé çàäà÷è íåèíòåãðèðóåì ïî
Ëèóâèëëþ [9].

2.1 Ñèììåòðèè

Â ðàáîòå [7] äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2. Âåêòîðíûå ïîëÿ X0, Y ÿâëÿþòñÿ èíôèíèòåçèìàëüíûìè ñèì-
ìåòðèÿìè ðàñïðåäåëåíèÿ D, ãäå

X0 = −x2
∂

∂x1
+ x1

∂

∂x2
− x5

∂

∂x4
+ x4

∂

∂x5
+ P

∂

∂x6
+Q

∂

∂x7
+R

∂

∂x8
, (10)

P =
x41
24

− x21x
2
2

8
− x7,

Q = −x1x
3
2

12
− x31x2

12
+ 2x6 − 2x8,

R = −x
2
1x

2
2

8
+
x42
24

+ x7,

Y = x1
∂

∂x1
+ x2

∂

∂x2
+ 2x3

∂

∂x3
+ 3x4

∂

∂x4
+ 3x5

∂

∂x5
+ 4x6

∂

∂x6
+

+ 4x7
∂

∂x7
+ 4x8

∂

∂x8
. (11)

2.2 Õàðàêòåðèçàöèÿ àíîðìàëüíûõ ýêñòðåìàëåé

Îáîçíà÷èì hi(λ) = ⟨λ,Xi⟩, i = 1. . . . , 8, λ ∈ T ∗G. Â ðàáîòå [8] ñëåäóþùåå
óòâåðæäåíèå ïîëó÷åíî èç ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà [2, 10].

Òåîðåìà 3. Ëèïøèöåâà êðèâàÿ λ ∈ Lip([0, t1], T
∗G) ÿâëÿåòñÿ àíîðìàëüíîé

ýêñòðåìàëüþ òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò óïðàâëåíèå u ∈
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L∞([0, t1],R2), òàêîå, ÷òî:

λt ̸= 0,

h1 = h2 = h3 = 0,

u1h4 + u2h5 = 0,(
ḣ4
ḣ5

)
=

(
h6 h7
h7 h8

)(
u1
u2

)
,

ḣ6 = ḣ7 = ḣ8 = 0,

ñîîòâåòñòâóþùàÿ àíîðìàëüíàÿ òðàåêòîðèÿ x(t) = π(λt), π : T ∗G → G,
óäîâëåòâîðÿåò óðàâíåíèþ (1).

2.3 Õîðîøèå àíîðìàëüíûå òðàåêòîðèè

Â ñëó÷àå (h24 + h25)(λt) ̸= 0 àíîðìàëüíàÿ ýêñòðåìàëü λt íàçûâàåòñÿ õîðîøåé
(nice) [2, 3]. Â ýòîì ñëó÷àå, ñ òî÷íîñòüþ äî ïåðåïàðàìåòðèçàöèè âðåìåíè,
u1 = −h5, u2 = h4, ñîîòâåòñòâóþùèå ýêñòðåìàëè ÿâëÿþòñÿ òðàåêòîðèÿìè
àíîðìàëüíîãî âåêòîðíîãî ïîëÿ A⃗ = −h5h⃗1 + h4h⃗2, à òðàåêòîðèè çàäàþò-

ñÿ àíîðìàëüíûì ýêñïîíåíöèàëüíûì îòîáðàæåíèåì Exp(λ, t) = π ◦ etA⃗(λ).
Ïðîåêöèè õîðîøèõ ýêñòðåìàëåé íà ïëîñêîñòü (x1, x2) ñóòü ëèíèè ïåðâîãî
èëè âòîðîãî ïîðÿäêà (ïðÿìûå, ýëëèïñû, ãèïåðáîëû, ïàðàáîëû).

2.4 Àñèìïòîòè÷åñêèå àíîðìàëüíûå òðàåêòîðèè

Â ñëó÷àå, êîãäà (h24+h
2
5)(λt) îáðàùàåòñÿ â íóëü ïðè íåêîòîðûõ t, äëÿ îïèñà-

íèÿ àíîðìàëüíîãî ìíîæåñòâà äîñòàòî÷íî ðàññìîòðåòü êóñî÷íî-ïîñòîÿííûå
óïðàâëåíèÿ ñ íå áîëåå ÷åì îäíèì ïåðåêëþ÷åíèåì. Ñîîòâåòñòâóþùèå òðàåê-
òîðèè èìåþò âèä

x(t) =

{
et(u1X1+u2X2), t ∈ [0, t̄], t̄ ⩾ 0,

e(t−t̄)(v1X1+v2X2) ◦ et̄(u1X1+u2X2), t ⩾ t̄.

Ïðè t̄ > 0 òàêèå òðàåêòîðèè èìåþò óãëîâóþ òî÷êó è âåòâÿòñÿ ïðè t = t̄,
êàæäàÿ òàêàÿ òðàåêòîðèÿ ïðîåöèðóåòñÿ íà ïëîñêîñòü (x1, x2) â ïåðåñå÷åíèå
äâóõ íåïàðàëëåëüíûõ ïðÿìûõ. Ïðè t̄ = 0 òàêèå òðàåêòîðèè íàçûâàþòñÿ
âûðîæäåííûìè, îíè ïðîåöèðóþòñÿ íà ïëîñêîñòü (x1, x2) â ïðÿìûå [6].

3 Ïàðàìåòðèçàöèÿ àíîðìàëüíûõ ýêñòðåìàëåé

3.1 Çàäà÷à Êîøè

äëÿ õîðîøèõ àíîðìàëüíûõ ýêñòðåìàëåé

Â ýòîì ðàçäåëå ïðèâåäåíà ïàðàìåòðèçàöèÿ òðàåêòîðèé λt àíîðìàëüíîãî
âåêòîðíîãî ïîëÿ:

λ̇t = A⃗(λt) = (−h5h⃗1 + h4h⃗2)(λt), λt ∈ (∆2)⊥, (12)

λ0 ∈ g∗ ∩ (∆2)⊥. (13)
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Â ñëó÷àå
λ0 ∈ (D2)⊥ \ (D3)⊥ ⇐⇒ (h24 + h25)(λ0) ̸= 0

êðèâàÿ λt = etA⃗(λ0) åñòü õîðîøàÿ àíîðìàëüíàÿ ýêñòðåìàëü, à â ñëó÷àå λ0 ∈
(D3)⊥ òàêàÿ òðàåêòîðèÿ ïîñòîÿííà. Â êîîðäèíàòàõ çàäà÷à Êîøè (12), (13)
çàïèñûâàåòñÿ ñëåäóþùèì îáðàçîì:

ḣ4 = h7h4 − h6h5, ḣ5 = h8h4 − h7h5, ḣ6 = ḣ7 = ḣ8 = 0, (14)

ẋ1 = −h5, ẋ2 = h4, ẋ3 =
x2
2
h5 +

x1
2
h4, (15)

ẋ4 =
x21 + x22

2
h4, ẋ5 =

x21 + x22
2

h5, (16)

ẋ6 =
x31
6
h4, ẋ7 =

x1x
2
2

4
h5 +

x21x2
4

h4, ẋ8 =
x32
6
h5, (17)

h4(0) = h04, h5(0) = h05, x(0) = 0. (18)

Ïåðâûå äâà äèôôåðåíöèàëüíûõ óðàâíåíèÿ â (14) ïðåäñòàâëÿþò ñîáîé
ëèíåéíóþ ñèñòåìó ÎÄÓ îòíîñèòåëüíî h4, h5 ñ ïîñòîÿííûìè êîýôôèöèåí-
òàìè h6, h7, h8, ïîýòîìó èõ ðåøåíèÿ âûðàæàþòñÿ ÷åðåç ëèíåéíûå, òðèãî-
íîìåòðè÷åñêèå è ãèïåðáîëè÷åñêèå ôóíêöèè âðåìåíè. Ñëåäîâàòåëüíî, ÎÄÓ
(15)�(17) èíòåãðèðóþòñÿ â ïîëèíîìàõ, òðèãîíîìåòðè÷åñêèõ è ãèïåðáîëè÷å-
ñêèõ ôóíêöèÿõ. Èõ ÿâíûé âèä ïðèâåäåí äàëåå â ïï. 3.2�3.5.

Ââåäåì îáîçíà÷åíèÿ:

∆ = h6h8 − h27, δ =
√
|∆|, h = (h4, h5)

T ,

I = h8h
2
4 − 2h7h4h5 + h6h

2
5,

C =

(
h7 −h6
h8 −h7

)
, Q =

(
h04 ḣ04/δ

h05 ḣ05/δ

)
ïðè ∆ ̸= 0.

Ôóíêöèÿ I, íàðÿäó ñ Êàçèìèðàìè h6, h7, h8, åñòü èíòåãðàë ðàññìàòðèâàåìîé
ñèñòåìû [8].

3.2 Ýëëèïòè÷åñêèé ñëó÷àé ∆ > 0

3.2.1 Îáùèé ýëëèïòè÷åñêèé ñëó÷àé I ̸= 0

Óñëîâèå I ̸= 0 ðàâíîñèëüíî íåðàâåíñòâó (h04, h
0
5) ̸= (0, 0).

Â ýòîì ñëó÷àå êðèâàÿ h(t) åñòü ýëëèïñ ñ öåíòðîì â íà÷àëå êîîðäèíàò:(
h4(t)
h5(t)

)
= Q

(
cos δt
sin δt

)
.

x1(t) = −C
1
0 + C1

1 cos(δt) + S1
1 sin(δt)

∆
,

C1
0 = h8h

0
4 − h7h

0
5, C1

1 = −h8h04 + h7h
0
5, S1

1 = δh05.

x2(t) =
C2

0 + C2
1 cos(δt) + S2

1 sin(δt)

∆
,

C2
0 = −h6h05 + h7h

0
4, C2

1 = h6h
0
5 − h7h

0
4, S2

1 = δh04.
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x3(t) =
I

2δ3
(δt− sin(δt)).

x4(t) =
1

24∆3

C4
0 + L4t+

3∑
j=1

C4
j cos(jδt) +

3∑
j=1

S4
j sin(jδt)

 ,

C4
0 = 2I

(
5h7(h6 + h8)h

0
4 − (5h6(h6 + h8) + ∆)h05

)
− 4∆

(
h7(h

0
4)

3 + h7h
0
4(h

0
5)

2 − h6(h
0
4)

2h05 − h6(h
0
5)

3
)
,

L4 = −12∆I
(
h8h

0
4 − h7h

0
5

)
,

C4
1 = −3I

(
5h7(h6 + h8)h

0
4 − (5h6(h6 + h8) + 2∆)h05

)
+ 12∆

(
h7(h

0
4)

3 + h7h
0
4(h

0
5)

2

−h6(h04)2h05 − h6(h
0
5)

3
)
,

C4
2 = 6I(h6 + h8)

(
h7h

0
4 − h6h

0
5

)
− 6∆

(
2h7(h

0
4)

3 + (h8 − 2h6)(h
0
4)

2h05 − h6(h
0
5)

3
)
,

C4
3 = I(h6 + h8)

(
h6h

0
5 − h7h

0
4

)
+ 2∆

(
2h7(h

0
4)

3 + (h8 − 2h6)(h
0
4)

2h05 − h6(h
0
5)

3
)
,

S4
1 = 3δ

(
I
(
(5h6 + 7h8)h

0
4 − 2h7h

0
5

)
− 4∆

(
(h04)

3 + h04(h
0
5)

2
))
,

S4
2 = −6δ

(
I(h6 + h8)h

0
4 + (2h27 − h6h8)(h

0
4)

3 − h6(2h8 − h6)h
0
4(h

0
5)

2

+h7(h8 − 2h6)(h
0
4)

2h05 + h6h7(h
0
5)

3
)
,

S4
3 = δ

(
I(h6 + h8)h

0
4 − 2

(
(h6h8 − 2h27)(h

0
4)

3 + h6(2h8 − h6)h
0
4(h

0
5)

2

+h7(2h6 − h8)(h
0
4)

2h05 − h6h7(h
0
5)

3 ) ) .

x5(t) =
1

24∆3

C5
0 + L5t+

3∑
j=1

C5
j cos(jδt) +

3∑
j=1

S5
j sin(jδt)

 ,

C5
0 = 2I

(
(5h8(h6 + h8) + ∆)h04 − 5h7(h6 + h8)h

0
5

)
− 4∆

(
h8(h

0
4)

3 + h8h
0
4(h

0
5)

2 − h7(h
0
4)

2h05 − h7(h
0
5)

3
)
,

L5 = 12∆I
(
h7h

0
4 − h6h

0
5

)
,

C5
1 = −3I

(
(5h8(h6 + h8) + 2∆)h04 − 5h7(h6 + h8)h

0
5

)
+ 12∆

(
h8(h

0
4)

3 + h8h
0
4(h

0
5)

2 − h7(h
0
4)

2h05 − h7(h
0
5)

3
)
,

C5
2 = 6I(h6 + h8)

(
h8h

0
4 − h7h

0
5

)
− 6∆

(
h8(h

0
4)

3 + (2h8 − h6)h
0
4(h

0
5)

2 − 2h7(h
0
5)

3
)
,

C5
3 = I(h6 + h8)

(
h7h

0
5 − h8h

0
4

)
+ 2∆

(
h8(h

0
4)

3 + (2h8 − h6)h
0
4(h

0
5)

2 − 2h7(h
0
5)

3
)
,

S5
1 = 3δ

(
I
(
(7h6 + 5h8)h

0
5 − 2h7h

0
4

)
− 4∆h05

(
(h04)

2 + (h05)
2
))
,

S5
2 = −6δ

(
I(h6 + h8)h

0
5 + h7h8(h

0
4)

3 − h7(2h8 − h6)h
0
4(h

0
5)

2

+h8(h8 − 2h6)(h
0
4)

2h05 + (2h27 − h6h8)(h
0
5)

3
)
,

S5
3 = δ

(
I(h6 + h8)h

0
5 + 2(h7h8(h

0
4)

3 − h7(2h8 − h6)h
0
4(h

0
5)

2

+h8(h8 − 2h6)(h
0
4)

2h05 + (2h27 − h6h8)(h
0
5)

3)
)
.
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x6(t) = − 1

192∆4

C6
0 + L6t+

4∑
j=1

C6
j cos(jδt) +

4∑
j=1

S6
j sin(jδt)

 ,

C6
0 = 35h7h8I

2 + 20∆h7I(h
0
5)

2 − 60∆h8Ih
0
4h

0
5 + 8∆2h04(h

0
5)

3,

L6 = −12∆I
(
5h8I − 4∆(h05)

2
)
,

C6
1 = −8

(
7h7h8I

2 + 2∆h7I(h
0
5)

2 − 13∆h8Ih
0
4h

0
5 + 4∆2h04(h

0
5)

3
)
,

C6
2 = 4

(
7h7h8I

2 − 4∆h7I(h
0
5)

2 − 16∆h8Ih
0
4h

0
5 + 12∆2h04(h

0
5)

3
)
,

C6
3 = −8

(
h7h8I

2 − 2∆h7I(h
0
5)

2 − 3∆h8Ih
0
4h

0
5 + 4∆2h04(h

0
5)

3
)
,

C6
4 = h7h8I

2 − 4∆h7I(h
0
5)

2 − 4∆h8Ih
0
4h

0
5 + 8∆2h04(h

0
5)

3,

S6
1 = 8δ

(
13h28I(h

0
4)

2 − 19h7h8Ih
0
4h

0
5 + 6h27I(h

0
5)

2 − 4∆h8(h
0
4)

2(h05)
2 + 4∆h7h

0
4(h

0
5)

3
)
,

S6
2 = −8δ

(
4h28I(h

0
4)

2 − h7h8Ih
0
4h

0
5 − 3h6h8I(h

0
5)

2 + 2∆h7h
0
4(h

0
5)

3 − 4∆h8(h
0
4)

2(h05)
2 + 2∆h6(h

0
5)

4
)
,

S6
3 = 8δ

(
h28I(h

0
4)

2 + h7h8Ih
0
4h

0
5 − 2h27I(h

0
5)

2 − 4∆h8(h
0
4)

2(h05)
2 + 4∆h7h

0
4(h

0
5)

3
)
,

S6
4 = δ

(
−h28I(h04)2 − 2h7h8Ih

0
4h

0
5 + 3h6h8I(h

0
5)

2 + 4∆h8(h
0
4)

2(h05)
2 − 4∆h6(h

0
5)

4
)
.

x7(t) = − I

48δ7

C7
0 + L7t+

3∑
j=1

C7
j cos(jδt) +

3∑
j=1

S7
j sin(jδt)

 ,

C7
0 = 10δ

(
h8(h

0
4)

2 − h6(h
0
5)

2)
)
, L7 = 6δ

(
5h7I − 4∆h04h

0
5

)
,

C7
1 = −15δ

(
h8(h

0
4)

2 − h6(h
0
5)

2)
)
, C7

2 = 6δ
(
h8(h

0
4)

2 − h6(h
0
5)

2
)
,

C7
3 = −δ

(
h8(h

0
4)

2 − h6(h
0
5)

2
)
, S7

1 = −3
(
15h7I − 14∆h04h

0
5

)
,

S7
2 = 3

(
3h7I − 4∆h04h

0
5

)
, S7

3 = −h7I + 2∆h04h
0
5.

x8(t) =
1

192∆4

C8
0 + L8t+

4∑
j=1

C8
j cos(jδt) +

4∑
j=1

S8
j sin(jδt)

 ,

C8
0 = 35h6h7I

2 + 20∆h7I(h
0
4)

2 − 60∆h6Ih
0
4h

0
5 + 8∆2(h04)

3h05,

L8 = 12∆I
(
5h6I − 4∆(h04)

2
)
,

C8
1 = −8

(
7h6h7I

2 + 2∆h7I(h
0
4)

2 − 13∆h6Ih
0
4h

0
5 + 4∆2(h04)

3h05
)
,

C8
2 = 4

(
7h6h7I

2 − 4∆h7I(h
0
4)

2 − 16∆h6Ih
0
4h

0
5 + 12∆2(h04)

3h05
)
,

C8
3 = 8

(
−h6h7I2 + 2∆h7I(h

0
4)

2 + 3∆h6Ih
0
4h

0
5 − 4∆2(h04)

3h05
)
,

C8
4 = h6h7I

2 − 4∆h7I(h
0
4)

2 − 4∆h6Ih
0
4h

0
5 + 8∆2(h04)

3h05,

S8
1 = 8δ

(
I
(
−6(h7)

2(h04)
2 + 19h6h7h

0
4h

0
5 − 13(h6)

2(h05)
2
)
− 4∆

(
h7(h

0
4)

3h05 − h6(h
0
4)

2(h05)
2
))
,

S8
2 = −8δ

(
h6I

(
3h8(h

0
4)

2 + h7h
0
4h

0
5 − 4h6(h

0
5)

2
)
− 2∆

(
h8(h

0
4)

4 + h7(h
0
4)

3h05 − 2h6(h
0
4)

2(h05)
2
))
,

S8
3 = 8δ

(
I
(
2h27(h

0
4)

2 − h6h7h
0
4h

0
5 − (h6)

2(h05)
2
)
− 4∆

(
h7(h

0
4)

3h05 − h6(h
0
4)

2(h05)
2
))
,

S8
4 = δ

(
h6I

(
−3h8(h

0
4)

2 + 2h7h
0
4h

0
5 + h6(h

0
5)

2
)
+ 4∆

(
−h6(h04)2(h05)2 + h8(h

0
4)

4
))
.

Êðèâàÿ (x1(t), x2(t)) åñòü ýëëèïñ.
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3.2.2 Ñïåöèàëüíûé ýëëèïòè÷åñêèé ñëó÷àé I = 0

Óñëîâèå I = 0 ðàâíîñèëüíî ðàâåíñòâó (h04, h
0
5) = (0, 0). Â ýòîì ñëó÷àå h(t) ≡

0 è x(t) ≡ 0.

3.3 Ãèïåðáîëè÷åñêèé ñëó÷àé ∆ < 0

3.3.1 Îáùèé ãèïåðáîëè÷åñêèé ñëó÷àé I ̸= 0

Â ýòîì ñëó÷àå h(t) åñòü âåòâü ãèïåðáîëû ñ öåíòðîì â íà÷àëå êîîðäèíàò:(
h4(t)
h5(t)

)
= Q

(
ch δt
sh δt

)
.

x1(t) =
1

∆

(
C1

0 + C1
1 ch(δt) + S1

1 sh(δt)
)
,

C1
0 = −h8h04 + h7h

0
5, C1

1 = h8h
0
4 − h7h

0
5, S1

1 = δh05.

x2(t) =
1

∆

(
C2

0 + C2
1 ch(δt) + S2

1 sh(δt)
)
,

C2
0 = h7h

0
4 − h6h

0
5, C2

1 = −h7h04 + h6h
0
5, S2

1 = −δh04.

x3(t) =
I

2∆2
(∆t+ δ sh(δt)).

x4(t) =
1

24∆3

C4
0 + L4t+

3∑
j=1

C4
j ch(jδt) +

3∑
j=1

S4
j sh(jδt)

 ,

C4
0 = −2

(
5I(h6 + h8)(h7h

0
4 − h6h

0
5)−∆

(
2h7(h

0
4)

3 + (h8 − 2h6)(h
0
4)

2h05 − h6(h
0
5)

3
))
,

L4 = 12∆I(h8h
0
4 − h7h

0
5),

C4
1 = 3

(
5I(h6 + h8)

(
h7h

0
4 − h6h

0
5

)
− 2∆

(
2h7(h

0
4)

3 + (h8 − 2h6)(h
0
4)

2h05 − h6(h
0
5)

3
))
,

C4
2 = −6

(
I(h6 + h8)

(
h7h

0
4 − h6h

0
5

)
−∆

(
2h7(h

0
4)

3 + (h8 − 2h6)(h
0
4)

2h05 − h6(h
0
5)

3
))
,

C4
3 = I(h6 + h8)

(
h7h

0
4 − h6h

0
5

)
− 2∆

(
2h7(h

0
4)

3 + (h8 − 2h6)(h
0
4)

2h05 − h6(h
0
5)

3
)
,

S4
1 = 3δ

(
I
(
(5h6 + 7h8)h

0
4 − 2h7h

0
5

)
− 4∆h04

(
(h04)

2 + (h05)
2
))
,

S4
2 = −6δ

(
I
(
(2h6 + h8)h

0
4 + h7h

0
5

)
− 2∆h04

(
(h04)

2 + (h05)
2
))
,

S4
3 = δ

(
I
(
(3h6 + h8)h

0
4 + 2h7h

0
5

)
− 4∆h04

(
(h04)

2 + (h05)
2
))
.
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x5(t) =
1

24∆3

C5
0 + L5t+

3∑
j=1

C5
j ch(jδt) +

3∑
j=1

S5
j sh(jδt)

 ,

C5
0 = 2

(
5I(h6 + h8)

(
−h8h04 + h7h

0
5

)
+∆

(
h8(h

0
4)

3 − (h6 − 2h8)h
0
4(h

0
5)

2 − 2h7(h
0
5)

3
))
,

L5 = 12∆I
(
−h7h04 + h6h

0
5

)
,

C5
1 = −3

(
5I(h6 + h8)(−h8h04 + h7h

0
5) + 2∆

(
h8(h

0
4)

3 − (h6 − 2h8)h
0
4(h

0
5)

2 − 2h7(h
0
5)

3
))
,

C5
2 = 6

(
I(h6 + h8)

(
−h8h04 + h7h

0
5

)
+∆

(
h8(h

0
4)

3 − (h6 − 2h8)h
0
4(h

0
5)

2 − 2h7(h
0
5)

3
))
,

C5
3 = −I(h6 + h8)

(
−h8h04 + h7h

0
5

)
− 2∆

(
h8(h

0
4)

3 − (h6 − 2h8)h
0
4(h

0
5)

2 − 2h7(h
0
5)

3
)
,

S5
1 = −3δ

(
I
(
2h7h

0
4 − (7h6 + 5h8)h

0
5

)
+ 4∆h05

(
(h04)

2 + (h05)
2
))
,

S5
2 = 6δ

(
−I

(
h7h

0
4 + (h6 + 2h8)h

0
5

)
+ 2∆h05

(
(h04)

2 + (h05)
2
))
,

S5
3 = δ

(
I
(
2h7h

0
4 + (h6 + 3h8)h

0
5

)
− 4∆h05

(
(h04)

2 + (h05)
2
))
.

x6(t) = − 1

192∆4

C6
0 + L6t+

4∑
j=1

C6
j ch(jδt) +

4∑
j=1

S6
j sh(jδt)

 ,

C6
0 = 35h7h8I

2 + 20∆I(h7(h
0
5)

2 − 3h8h
0
4h

0
5) + 8∆2h04(h

0
5)

3,

L6 = 12∆I
(
−5Ih8 + 4∆(h05)

2
)
,

C6
1 = −8

(
7h7h8I

2 +∆I(2h7(h
0
5)

2 − 13h8h
0
4h

0
5) + 4∆2h04(h

0
5)

3
)
,

C6
2 = 4

(
7h7h8I

2 − 4∆I(h7(h
0
5)

2 + 4h8h
0
4h

0
5) + 12∆2h04(h

0
5)

3
)
,

C6
3 = −8

(
h7h8I

2 −∆I(2h7(h
0
5)

2 + 3h8h
0
4h

0
5) + 4∆2h04(h

0
5)

3
)
,

C6
4 = h7h8I

2 − 4∆I
(
h7(h

0
5)

2 + h8h
0
4h

0
5

)
+ 8∆2h04(h

0
5)

3,

S6
1 = 8δ

(
h8h

0
4 − h7h

0
5

) (
I(6h7h

0
5 − 13h8h

0
4) + 4∆h04(h

0
5)

2
)
,

S6
2 = −8δ

(
I
(
−4h28(h

0
4)

2 + h7h8h
0
4h

0
5 + 3h6h8(h

0
5)

2
)
− 2∆

(
h7h

0
4(h

0
5)

3 − 2h8(h
0
4)

2(h05)
2 + h6(h

0
5)

4
))
,

S6
3 = −8δ

(
h8h

0
4 − h7h

0
5

) (
I(2h7h

0
5 + h8h

0
4)− 4∆h04(h

0
5)

2
)
,

S6
4 = δ

(
I
(
h28(h

0
4)

2 + 2h7h8h
0
4h

0
5 − 3h27(h

0
5)

2
)
+∆

(
6h7h

0
4(h

0
5)

3 − 7h8(h
0
4)

2(h05)
2 + h6(h

0
5)

4
))
.

x7(t) = − I

48δ7

C7
0 + L7t+

3∑
j=1

C7
j ch(jδt) +

3∑
j=1

S7
j sh(jδt)

 ,

C7
0 = 10δ

(
h8(h

0
4)

2 − h6(h
0
5)

2)
)
, L7 = 6δ

(
5h7I − 4∆h04h

0
5

)
,

C7
1 = −15δ

(
h8(h

0
4)

2 − h6(h
0
5)

2)
)
, C7

2 = 6δ
(
h8(h

0
4)

2 − h6(h
0
5)

2
)
,

C7
3 = −δ

(
h8(h

0
4)

2 − h6(h
0
5)

2
)
, S7

1 = −3
(
15h7I − 14∆h04h

0
5

)
,

S7
2 = 3

(
3h7I − 4∆h04h

0
5

)
, S7

3 = −h7I + 2∆h04h
0
5.
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x8(t) =
1

192∆4

C8
0 + L8t+

4∑
j=1

C8
j ch(jδt) +

4∑
j=1

S8
j sh(jδt)

 ,

C8
0 = 35h6h7I

2 + 20∆h7I(h
0
4)

2 − 60∆h6Ih
0
4h

0
5 + 8∆2(h04)

3h05,

L8 = 12∆I
(
5h6I − 4∆(h04)

2
)
,

C8
1 = −8

(
7h6h7I

2 + 2∆h7I(h
0
4)

2 − 13∆h6Ih
0
4h

0
5 + 4∆2(h04)

3h05
)
,

C8
2 = 4

(
7h6h7I

2 − 4∆h7I(h
0
4)

2 − 16∆h6Ih
0
4h

0
5 + 12∆2(h04)

3h05
)
,

C8
3 = 8

(
−h6h7I2 + 2∆h7I(h

0
4)

2 + 3∆h6Ih
0
4h

0
5 − 4∆2(h04)

3h05
)
,

C8
4 = h6h7I

2 − 4∆h7I(h
0
4)

2 − 4∆h6Ih
0
4h

0
5 + 8∆2(h04)

3h05,

S8
1 = 8δ

(
I
(
−6(h7)

2(h04)
2 + 19h6h7h

0
4h

0
5 − 13(h6)

2(h05)
2
)
− 4∆

(
h7(h

0
4)

3h05 − h6(h
0
4)

2(h05)
2
))
,

S8
2 = −8δ

(
h6I

(
3h8(h

0
4)

2 + h7h
0
4h

0
5 − 4h6(h

0
5)

2
)
− 2∆

(
h8(h

0
4)

4 + h7(h
0
4)

3h05 − 2h6(h
0
4)

2(h05)
2
))
,

S8
3 = 8δ

(
I
(
2h27(h

0
4)

2 − h6h7h
0
4h

0
5 − (h6)

2(h05)
2
)
− 4∆

(
h7(h

0
4)

3h05 − h6(h
0
4)

2(h05)
2
))
,

S8
4 = δ

(
h6I

(
−3h8(h

0
4)

2 + 2h7h
0
4h

0
5 + h6(h

0
5)

2
)
+ 4∆

(
−h6(h04)2(h05)2 + h8(h

0
4)

4
))
.

Êðèâàÿ (x1(t), x2(t)) åñòü âåòâü ãèïåðáîëû.

3.3.2 Àñèìïòîòè÷åñêèé ãèïåðáîëè÷åñêèé ñëó÷àé I = 0, (h04, h
0
5) ̸=

(0, 0)

Â ýòîì ñëó÷àå âûïîëíåíû ðàâåíñòâà(
h04
h05

)
= k

(
h7 ± δ
h8

)
= l

(
h6

h7 ∓ δ

)
, kl ̸= 0.

Îáîçíà÷èì ñîîòâåòñòâåííî ε = ±1, α = ±δ .
Ëèíèÿ h(t) åñòü ëó÷, ñòðåìÿùèéñÿ ê áåñêîíå÷íîñòè â ñëó÷àå ε = 1 (ê

íà÷àëó êîîðäèíàò â ñëó÷àå ε = −1) ïðè t→ +∞:

h4(t) = h04e
αt, h5(t) = h05e

αt.

x1(t) =
αh05
∆

(
eαt − 1

)
,

x2(t) =
αh04
∆

(
1− eαt

)
,

x3(t) ≡ 0,

x4(t) =
αh04((h

0
4)

2 + (h05)
2)

6∆2

(
eαt − 1

)3
,

x5(t) =
αh05((h

0
4)

2 + (h05)
2)

6∆2

(
eαt − 1

)3
,

x6(t) = −h
0
4(h

0
5)

3

24∆2

(
eαt − 1

)4
,

x7(t) ≡ 0,

x8(t) =
(h04)

3h05
24∆2

(
eαt − 1

)4
.

Êðèâàÿ (x1(t), x2(t)) åñòü ëó÷.
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3.3.3 Ñïåöèàëüíûé ãèïåðáîëè÷åñêèé ñëó÷àé (h04, h
0
5) = (0, 0)

Â ýòîì ñëó÷àå h(t) ≡ 0 è x(t) ≡ 0.

3.4 Ïàðàáîëè÷åñêèé ñëó÷àé ∆ = 0, C ̸= 0

3.4.1 Îáùèé ïàðàáîëè÷åñêèé ñëó÷àé I ̸= 0

Â ýòîì ñëó÷àå h(t) åñòü ïðÿìàÿ:

h(t) = (Ct+ Id)h0.

x1(t) = L1
1t+ L1

2t
2,

L1
1 = −h05, L1

2 = −1

2
(h8h

0
4 − h7h

0
5),

x2(t) = L2
1t+ L2

2t
2,

L2
1 = h04, L2

2 =
1

2
(h7h

0
4 − h6h

0
5),

x3(t) = L3
3t

3,

L3
3 =

I

12
,

x4(t) =

6∑
n=3

L4
nt

n,

L4
3 =

1

6
h04((h

0
4)

2 + (h05)
2), L4

4 =
1

8
(2h7(h

0
4)

3 − (2h6 − h8)(h
0
4)

2h05 − h6(h
0
5)

3),

L4
5 =

1

40
(h8(5h6 + h8)(h

0
4)

3 − 2h7(5h6 − h8)(h
0
4)

2h05 + h6(5h6 − 7h8)h
0
4(h

0
5)

2 + 4h6h7(h
0
5)

3),

L4
6 =

1

48
(h7h

0
4 − h6h

0
5)(h6 + h8)I,

x5(t) =

6∑
n=3

L5
nt

n,

L5
3 =

1

6
h05((h

0
4)

2 + (h05)
2), L5

4 =
1

8
(h8(h

0
4)

3 − (h6 − 2h8)h
0
4(h

0
5)

2 − 2h7(h
0
5)

3),

L5
5 =

1

40
(4h7h8(h

0
4)

3 − h8(7h6 − 5h8)(h
0
4)

2h05 + 2h7(h6 − 5h8)h
0
4(h

0
5)

2 + h6(h6 + 5h8)(h
0
5)

3),

L5
6 =

1

48
(h8h

0
4 − h7h

0
5)(h6 + h8)I,
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x6(t) =

8∑
n=4

L6
nt

n,

L6
4 = − 1

24
h04(h

0
5)

3, L6
5 = − 1

60
(h05)

2(3h8(h
0
4)

2 − h7h
0
4h

0
5 − 2h6(h

0
5)

2),

L6
6 = − 1

48
h05(h8h

0
4 − h7h

0
5)(h8(h

0
4)

2 + h7h
0
4h

0
5 − 2h6(h

0
5)

2),

L6
7 = − I

336
h8(h8(h

0
4)

2 + 5h7h
0
4h

0
5 − 6h6(h

0
5)

2), L6
8 = − I2

384
h7h8,

x7(t) =

7∑
n=5

L7
nt

n,

L7
5 = − I

40
h04h

0
5, L7

6 = − I

96
(h8(h

0
4)

2 − h6(h
0
5)

2), L7
7 = − I2

224
h7,

x8(t) =

8∑
n=4

L8
nt

n,

L8
4 =

1

24
(h04)

3h05, L8
5 =

1

60
(h04)

2(2h8(h
0
4)

2 + h7h
0
4h

0
5 − 3h6(h

0
5)

2),

L8
6 =

1

48
h04(h7h

0
4 − h6h

0
5)(2h8(h

0
4)

2 − h7h
0
4h

0
5 − h6(h

0
5)

2),

L8
7 =

I

336
h6(6h8(h

0
4)

2 − 5h7h
0
4h

0
5 − h6(h

0
5)

2), L8
8 =

I2

384
h6h7.

Êðèâàÿ (x1(t), x2(t)) åñòü ïàðàáîëà.

3.4.2 Ñïåöèàëüíûé ïàðàáîëè÷åñêèé ñëó÷àé I = 0

Â ýòîì ñëó÷àå h(t) ≡ h0.

x1(t) = −h05t,
x2(t) = h04t,

x3(t) = 0,

x4(t) =
1

6
h04((h

0
4)

2 + (h05)
2)t3,

x5(t) =
1

6
h05((h

0
4)

2 + (h05)
2)t3,

x6(t) = − 1

24
h04(h

0
5)

3t4,

x7(t) = 0,

x8(t) =
1

24
(h04)

3h05t
4.

Êðèâàÿ (x1(t), x2(t)) åñòü ïðÿìàÿ ïðè (h04, h
0
5) ̸= (0, 0), â ïðîòèâíîì ñëó÷àå

ýòî íà÷àëî êîîðäèíàò.
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3.5 Îñîáûé ñëó÷àé C = 0

Â ýòîì ñëó÷àå ïàðàìåòðèçàöèè h(t) è x(t) ñîâïàäàþò ñ ïðèâåäåííûìè â
ï. 3.4.2.

4 Àíîðìàëüíîå ìíîæåñòâî

4.1 Îïðåäåëåíèå è ïðîñòåéøèå ñâîéñòâà àíîðìàëüíîãî

ìíîæåñòâà

Àíîðìàëüíîå ìíîæåñòâî ðàñïðåäåëåíèÿ D ⊂ TG, ñîîòâåòñòâóþùåå åäè-
íè÷íîìó ýëåìåíòó Id ∈ G, îïðåäåëÿåòñÿ êàê

Abn = {x(t) | x(·) � àíîðìàëüíàÿ òðàåêòîðèÿ ðàñïðåäåëåíèÿ D,

x(0) = Id, t ∈ R}.

Àíîðìàëüíîå ìíîæåñòâî ëèíåéíî ñâÿçíî ò.ê. ëþáàÿ åãî òî÷êà ñîåäèíåíà
ñ Id íåïðåðûâíîé àíîðìàëüíîé òðàåêòîðèåé.

Çàìå÷àíèå 1. Äëÿ ëåâîèíâàðèàíòíûõ ðàñïðåäåëåíèé ðàíãà 2 íà ãðóïïàõ
Êàðíî ãëóáèíû íå áîëüøå 3 àíîðìàëüíîå ìíîæåñòâî èìååò ïðîñòóþ ñòðóê-
òóðó.

Íà ãðóïïå Ãåéçåíáåðãà G ≃ R3
x1,x2,x3

òàêîå ðàñïðåäåëåíèå ïîðîæäåíî

âåêòîðíûìè ïîëÿìè X1 = ∂
∂ x1

− x2

2
∂

∂ x3
, X2 = ∂

∂ x2
+ x1

2
∂

∂ x3
, è àíîðìàëüíîå

ìíîæåñòâî åñòü òî÷êà: Abn = {Id = (0, 0, 0)}.
Íà ãðóïïå Ýíãåëÿ G ≃ R4

x1,...,x4
òàêîå ðàñïðåäåëåíèå ïîðîæäåíî âåê-

òîðíûìè ïîëÿìè X1 = ∂
∂ x1

− x2

2
∂

∂ x3
, X2 = ∂

∂ x2
+ x1

2
∂

∂ x3
+

x2
1+x2

2

2
∂

∂ x4
, è

àíîðìàëüíîå ìíîæåñòâî åñòü àëãåáðàè÷åñêîå ìíîãîîáðàçèå, äèôôåîìîðô-
íîå ïðÿìîé [31]:

Abn = {x ∈ R4 | x1 = x3 = 0, x4 = x32/6} = {etX2 | t ∈ R}.

Íà ãðóïïå ÊàðòàíàG ≃ R5
x1,...,x5

òàêîå ðàñïðåäåëåíèå ïîðîæäåíî âåêòîð-

íûìè ïîëÿìè X1 = ∂
∂ x1

− x2

2
∂

∂ x3
− x2

1+x2
2

2
∂

∂ x5
, X2 = ∂

∂ x2
+ x1

2
∂

∂ x3
+

x2
1+x2

2

2
∂

∂ x4
, è

àíîðìàëüíîå ìíîæåñòâî åñòü àëãåáðàè÷åñêîå ìíîãîîáðàçèå, äèôôåîìîðô-
íîå äâóìåðíîé ïëîñêîñòè [20]:

Abn = {x ∈ R5 | x3 = 0, x4 = x2(x
2
1 + x22)/6, x5 = −x1(x21 + x22)/6}

= {eu1X1+u2X2 | ui ∈ R}.

Òàêèì îáðàçîì, âî âñåõ ýòèõ ñëó÷àÿõ àíîðìàëüíîå ìíîæåñòâî åñòü ãëàä-
êîå àëãåáðàè÷åñêîå ïîäìíîãîîáðàçèå ñîîòâåòñòâóþùåé ãðóïïû Ëè êîðàç-
ìåðíîñòè 3.

Âåðíåìñÿ ê ñóáðèìàíîâîé (2, 3, 5, 8)-çàäà÷å.
Îáîçíà÷èì ìíîæåñòâà òî÷åê â G, çàïîëíåííûå õîðîøèìè, àñèìïòîòè÷å-

ñêèìè è âûðîæäåííûìè òðàåêòîðèÿìè, âûõîäÿùèìè èç Id, ÷åðåç Abnnice,
Abnas è Abndeg ñîîòâåòñòâåííî, ñì. [8]. Òîãäà

Abnnice = Exp(Π× R), Π = (D2)⊥ ∩ g∗, (19)

Abnas = {ev1X1+v2X2 ◦ eu1X1+u2X2 | (u1, u2), (v1, v2) ∈ R2}, (20)

Abndeg = {eu1X1+u2X2 | (u1, u2) ∈ R2}. (21)
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Òåîðåìà 4. Âåêòîðíûå ïîëÿ X0, Y (ñì. (10), (11)) ñîõðàíÿþò êàæäîå èç
ìíîæåñòâ Abn, Abnnice, Abnas è Abndeg.

Äîêàçàòåëüñòâî. Ñëåäóåò èç òåîðåìû 2.

Ïðåäëîæåíèå 1. Âûïîëíÿþòñÿ ñëåäóþùèå ñîîòíîøåíèÿ:

(1) Abn = Abnas ∪Abnnice,

(2) Abndeg ⊂ Abnas ∩Abnnice.

Äîêàçàòåëüñòâî. Ðàâåíñòâî (1) ñëåäóåò èç òåîðåìû 2 [8], ñì. òàêæå âûøå
ïï. 2.3, 2.4. Ðàâåíñòâî (2) ñëåäóåò èç îïðåäåëåíèé (19)�(21).

4.2 Àëãåáðàè÷åñêèå, ïîëóàëãåáðàè÷åñêèå,

è ñóáàíàëèòè÷åñêèå ìíîæåñòâà

Íàïîìíèì íåîáõîäèìûå äëÿ äàëüíåéøåãî áàçîâûå îïðåäåëåíèÿ è ôàêòû.
Àëãåáðàè÷åñêèì ìíîãîîáðàçèåì íàçûâàåòñÿ ñîâìåñòíàÿ ïîâåðõíîñòü óðîâ-

íÿ êîíå÷íîãî íàáîðà ìíîãî÷ëåíîâ â Rn. Ëþáîå àëãåáðàè÷åñêîå ìíîãîîáðàçèå
çàìêíóòî.

Ìíîæåñòâî S ⊂ Rn íàçûâàåòñÿ ïîëóàëãåáðàè÷åñêèì, åñëè îíî èìååò âèä

S = ∪N
i=1{x ∈ Rn | Pi1(x) = · · · = Piki

(x) = 0, Qi1(x) > 0, . . . , Qili(x) > 0}
(22)

äëÿ íåêîòîðûõ N, ki, li ∈ N è ïîëèíîìîâ Pij , Qij .
Íàïîìíèì òåïåðü íåêîòîðûå îïðåäåëåíèÿ è ñâîéñòâà, îòíîñÿùèåñÿ ê ñóá-

àíàëèòè÷åñêèì ìíîæåñòâàì [28,29].
Ïîäìíîæåñòâî S âåùåñòâåííî-àíàëèòè÷åñêîãî ìíîãîîáðàçèÿ M íàçûâà-

åòñÿ ïîëóàíàëèòè÷åñêèì, åñëè îíî äîïóñêàåò òàêîå ïîêðûòèå îòêðûòûìè
ìíîæåñòâàìè U ⊂ M , ÷òî êàæäîå ïåðåñå÷åíèå U ∩ S ÿâëÿåòñÿ îáúåäèíå-
íèåì êîìïîíåíò ñâÿçíîñòè ìíîæåñòâ âèäà g−1(0) \ h−1(0), ãäå ôóíêöèè g
è h ïðèíàäëåæàò íåêîòîðîé êîíå÷íîé ñîâîêóïíîñòè âåùåñòâåííîçíà÷íûõ
àíàëèòè÷åñêèõ ôóíêöèé íà U .

Íåïðåðûâíîå îòîáðàæåíèå f : N → M ìåæäó òîïîëîãè÷åñêèìè ïðî-
ñòðàíñòâàìè íàçûâàåòñÿ ñîáñòâåííûì, åñëè äëÿ ëþáîãî êîìïàêòà K ⊂ M
åãî ïðîîáðàç f−1(K) ⊂ N êîìïàêòåí.

Ñóáàíàëèòè÷åñêîå ïîäìíîæåñòâî S âåùåñòâåííî-àíàëèòè÷åñêîãî ìíîãî-
îáðàçèÿ M � ýòî ïîäìíîæåñòâî, äîïóñêàþùåå òàêîå ïîêðûòèå îòêðûòûìè
ïîäìíîæåñòâàìè U ⊂ M , ÷òî êàæäîå ïåðåñå÷åíèå U ∩ S ïðåäñòàâëÿåò ñî-
áîé îáúåäèíåíèå êîìïîíåíò ñâÿçíîñòè ìíîæåñòâ âèäà f(L1) \ f(L2), ãäå Li

ïðèíàäëåæàò íåêîòîðîìó êîíå÷íîìó ñåìåéñòâó F ïîëóàíàëèòè÷åñêèõ ïîä-
ìíîæåñòâ àíàëèòè÷åñêîãî ìíîãîîáðàçèÿM ′, à f : M ′ →M åñòü àíàëèòè÷å-
ñêîå îòîáðàæåíèå, ñóæåíèå êîòîðîãî íà çàìûêàíèå ìíîæåñòâà ∪F ÿâëÿåòñÿ
ñîáñòâåííûì.

Â ÷àñòíîñòè, åñëè ìíîæåñòâî P ⊂ M ′ ïîëóàíàëèòè÷íî, à f : M ′ → M
åñòü àíàëèòè÷åñêîå îòîáðàæåíèå, äëÿ êîòîðîãî ñóæåíèå f |cl(P ) ñîáñòâåííîå,

òî ìíîæåñòâî S = f(P ) ⊂M ñóáàíàëèòè÷íî.
Ïåðåñå÷åíèå è îáúåäèíåíèå êîíå÷íîãî íàáîðà ñóáàíàëèòè÷åñêèõ ìíî-

æåñòâ ñóáàíàëèòè÷íî. Çàìûêàíèå, âíóòðåííîñòü è äîïîëíåíèå ñóáàíàëèòè-
÷åñêîãî ìíîæåñòâà ñóáàíàëèòè÷íî.
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Ïóñòü S ⊂ M åñòü ñóáàíàëèòè÷åñêîå ïîäìíîæåñòâî. Òî÷êà x ∈ S íà-
çûâàåòñÿ ãëàäêîé òî÷êîé ìíîæåñòâà S ðàçìåðíîñòè k, åñëè â íåêîòîðîé
îêðåñòíîñòè òî÷êè x âM ìíîæåñòâî S åñòü àíàëèòè÷åñêîå ïîäìíîãîîáðàçèå
ðàçìåðíîñòè k. Ðàçìåðíîñòü ñóáàíàëèòè÷åñêîãî ìíîæåñòâà îïðåäåëÿåòñÿ
êàê ìàêñèìàëüíàÿ ðàçìåðíîñòü åãî ãëàäêèõ òî÷åê.

Ïî òåîðåìå Õèðîíàêà [30], ñóáàíàëèòè÷åñêîå ìíîæåñòâî äîïóñêàåò ñòðà-
òèôèêàöèþ, ò.å. ëîêàëüíî êîíå÷íîå ðàçáèåíèå P íà ñâÿçíûå àíàëèòè÷åñêèå
ïîäìíîãîîáðàçèÿ, òàêèå, ÷òî

P ̸= Q ∈ P, Q ∩ cl(P ) ̸= ∅ ⇒ Q ⊂ cl(P ), dimQ < dimP. (23)

Ìíîæåñòâà P ∈ P íàçûâàþòñÿ ñòðàòàìè. Ïîìèìî óñëîâèÿ ïðèìûêàíèÿ
ñòðàòîâ (23), îíè óäîâëåòâîðÿþò òàêæå óñëîâèÿì Óèòíè (a) è (b), ñì. [28].

4.3 Åñòåñòâåííûå ïîäìíîæåñòâà

àíîðìàëüíîãî ìíîæåñòâà

4.3.1 Âûðîæäåííîå àíîðìàëüíîå ìíîæåñòâî

Â ðàáîòå [6] áûëî èññëåäîâàíî ìíîæåñòâî Abndeg ⊂ Abn, çàïîëíåííîå âû-
ðîæäåííûìè àíîðìàëüíûìè òðàåêòîðèÿìè, íàïîìíèì åãî îñíîâíûå ñâîé-
ñòâà:

(1) Abndeg çàïîëíåíî îäíîïàðàìåòðè÷åñêèìè ïîäãðóïïàìè ãðóïïû Ëè G,
êàñàþùèìèñÿ ðàñïðåäåëåíèÿ D,

(2) Abndeg åñòü äâóìåðíîå ãëàäêîå àëãåáðàè÷åñêîå ìíîãîîáðàçèå, äèôôåî-
ìîðôíîå R2 è ðåãóëÿðíî ïðîåöèðóþùååñÿ íà ïëîñêîñòü (x1, x2):

Abndeg =
{
x ∈ R8 | x3 = x7 = 0, x4 = (x21 + x22)x2/6,

x5 = −(x21 + x22)x1/6, x6 = x31x2/24, x8 = −x1x32/24
}
, (24)

(3) ëþáàÿ àíîðìàëüíàÿ òðàåêòîðèÿ, ïðèíàäëåæàùàÿ Abndeg, ïðîåöèðó-
åòñÿ íà ïëîñêîñòü (x1, x2) â ïðÿìóþ. Åñëè ýòà òðàåêòîðèÿ ãëàäêàÿ
è íàòóðàëüíî ïàðàìåòðèçîâàíà, òî îíà íåñòðîãî àíîðìàëüíà è îïòè-
ìàëüíà.

Ïðåäëîæåíèå 2. Èìååò ìåñòî ðàâåíñòâî Abn∩{x3 = 0} = Abndeg.

Äîêàçàòåëüñòâî. Âêëþ÷åíèå Abn∩{x3 = 0} ⊃ Abndeg î÷åâèäíî èç (24).
Äëÿ äîêàçàòåëüñòâà îáðàòíîãî âêëþ÷åíèÿ âîçüìåì ëþáóþ òî÷êó x èç

ìíîæåñòâà Abn∩{x3 = 0}. Ïóñòü Γ åñòü àíîðìàëüíàÿ òðàåêòîðèÿ, ñîåäè-
íÿþùàÿ Id è x, à γ � åå ïðîåêöèÿ íà ïëîñêîñòü (x1, x2). Ðàâåíñòâî x3 = 0
îçíà÷àåò, ÷òî êðèâàÿ γ âìåñòå ñ åå õîðäîé I ⊂ R2

x1,x2
îãðàíè÷èâàåò îáëàñòü

íóëåâîé àëãåáðàè÷åñêîé ïëîùàäè (ñì. ï. 1.4). Íî òîãäà âûðîæäåííàÿ àíîð-
ìàëüíàÿ òðàåêòîðèÿ, ïðîåöèðóþùàÿñÿ íà ïëîñêîñòü (x1, x2) â îòðåçîê I,
ñîåäèíÿåò Id è x. Ïîýòîìó x ∈ Abndeg.

Ïðåäëîæåíèå 3. Ïóñòü x = eu1X1+u2X2 ∈ Abndeg.

(1) Åñëè x = Id, òî Tx Abndeg = span(X1, X2)|x.

(2) Åñëè x ̸= Id, òî Tx Abndeg = span(X0, u1X1 + u2X2)|x = span(X0, Y )|x.
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Äîêàçàòåëüñòâî. Â ñèëó äâóìåðíîñòè ãëàäêîãî ìíîãîîáðàçèÿ Abndeg, äî-
ñòàòî÷íî íàéòè äâà ëèíåéíî íåçàâèñèìûõ âåêòîðà â êàñàòåëüíîì ïðîñòðàí-
ñòâå Tx Abndeg.

Åñëè x = Id, òî êðèâûå φi(t) = etXi ∈ Abndeg èìåþò êàñàòåëüíûå âåêòî-
ðû φ̇i(0) = Xi(x) ∈ Tx Abndeg.

Åñëè x ̸= Id, òî êðèâàÿ φ(t) = e(1+t)(u1X1+u2X2) ∈ Abndeg èìååò êàñà-
òåëüíûé âåêòîð φ̇(0) = (u1X1 + u2X2)(x) ∈ Tx Abndeg. Ñ äðóãîé ñòîðîíû,
âðàùåíèÿ X0 è äèëàòàöèè Y ñóòü ñèììåòðèè ìíîæåñòâà Abndeg (ñì. òåî-
ðåìó 4), ïîýòîìó X0(x), Y (x) ∈ Tx Abndeg. Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà
îñòàåòñÿ çàìåòèòü, ÷òî âåêòîðû X0(x) è (u1X1+u2X2)(x), à òàêæå âåêòîðû
X0(x) è Y (x) ëèíåéíî íåçàâèñèìû.

4.3.2 Êðóãîâîå àíîðìàëüíîå ìíîæåñòâî

Àíîðìàëüíàÿ òðàåêòîðèÿ íàçûâàåòñÿ êðóãîâîé, åñëè îíà ïðîåöèðóåòñÿ íà
ïëîñêîñòü (x1, x2) â îêðóæíîñòü (òàêèå òðàåêòîðèè îäíîâðåìåííî àíîðìàëü-
íû è íîðìàëüíû, ñì. [8,9]). Êàê ïîêàçàíî â ðàáîòå [8], êðóãîâûå òðàåêòîðèè,
ñòàðòóþùèå èç åäèíè÷íîãî ýëåìåíòà ãðóïïû, çàïîëíÿþò ìíîæåñòâî

Abncirc = {Exp(λ, t) | h6 = h8 ̸= 0, h7 = 0, t ∈ R}.

Â ñèëó ñèììåòðèè (t, λ) 7→ (t/k, kλ), k ̸= 0, ñîõðàíÿþùåé ýòî ìíîæåñòâî,
ìîæíî óìåíüøèòü ÷èñëî ïàðàìåòðîâ â åãî ïàðàìåòðèçàöèè:

Abncirc = {Exp(λ, t) | h6 = h8 = 1, h7 = 0, t ∈ R}.

Åñòåñòâåííî âûäåëÿåòñÿ ïîäìíîæåñòâî âAbncirc, ñîîòâåòñòâóþùåå îêðóæ-
íîñòÿì (x1(t), x2(t)) äî ïåðâîãî ñàìîïåðåñå÷åíèÿ:

Abn1circ = {Exp(λ, t) | h6 = h8 = 1, h7 = 0, (h04, h
0
5) ̸= (0, 0), t ∈ (0, 2π)}.

Òåîðåìà 5. Ìíîæåñòâî Abn1circ åñòü ãëàäêîå 3-ìåðíîå ìíîãîîáðàçèå, ãðà-
ôèê ãëàäêîãî íåàëãåáðàè÷åñêîãî îòîáðàæåíèÿ

(x1, x2, x3) 7→ (x4, . . . , x8), x21 + x22 ̸= 0, x3 > 0.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ïàðàìåòðèçàöèþ êðóãîâûõ ãåîäåçè÷åñêèõ (ñì.
ï. 3), ïîëó÷àåì ïðè h6 = h8 = 1, h7 = 0:

x1 = −h04(1− cos t)− h05 sin t, (25)

x2 = −h05(1− cos t) + h04 sin t, (26)

x3 =
(h04)

2 + (h05)
2

2
(t− sin t), (27)

ýòî ñóáðèìàíîâû ãåîäåçè÷åñêèå íà ãðóïïå Ãåéçåíáåðãà H ≃ R3
x1,x2,x3

, ñì. [3],
à òàêæå äàëåå ï. 5.4.2. Ïðè t ∈ (0, 2π) ïîëó÷àåì

h04 = −x1
2

+
sin t

2(1− cos t)
x2, h05 = − sin t

2(1− cos t)
x1 −

x2
2
, (28)

îòêóäà (h04)
2 + (h05)

2 =
x2
1+x2

2

2(1−cos t) . Ïîýòîìó

2x3
x21 + x22

=
t− sin t

1− cos t
=: φ(t), t ∈ (0, 2π).
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Ôóíêöèÿ φ : (0, 2π) → (0,+∞) åñòü äèôôåîìîðôèçì è èìååò ãëàäêóþ
îáðàòíóþ ôóíêöèþ ψ = φ−1 : (0,+∞) → (0, 2π).

Îòîáðàæåíèå (25)�(27) çàäàåò äèôôåîìîðôèçì

{(h04, h05) ∈ R2 | (h04, h05) ̸= (0, 0)} × {t ∈ (0, 2π)} →
{(x1, x2, x3) ∈ R3 | x21 + x22 ̸= 0, x3 > 0},

ïðè ýòîì îáðàòíîå îòîáðàæåíèå çàäàåòñÿ ôîðìóëîé

t = ψ

(
2x3

x21 + x22

)
, (29)

à òàêæå ôîðìóëàìè (28).
Ïîýòîìó ìíîæåñòâîAbn1circ åñòü ãðàôèê ãëàäêîãî íåàëãåáðàè÷åñêîãî îòîá-

ðàæåíèÿ xi = xi(h
0
4, h

0
5, t), i = 4, . . . , 8, ãäå h04, h

0
5, t âûðàæåíû ÷åðåç x1, x2,

x3 ñ ïîìîùüþ ôîðìóë (29), (28), à xi(h
0
4, h

0
5, t), i = 4, . . . , 8, ñóòü ñîîòâåò-

ñòâóþùèå êîìïîíåíòû ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ (ñì. ï. 3).

Òåîðåìà 6. (1) Abncirc åñòü 3-ìåðíîå ñóáàíàëèòè÷åñêîå ìíîæåñòâî.

(2) Ìíîæåñòâî Abncirc íåïîëóàëãåáðàè÷íî.

Äîêàçàòåëüñòâî. (1) Ïîëîæèì

Σ = {λ ∈ g∗ | h1 = h2 = h3 = h7 = 0, h6 = h8 = 1} ≃ R2
h4,h5

,

òîãäà Abncirc = Exp(Σ × R). Ïðîîáðàç åñòü àíàëèòè÷åñêîå ìíîãîîáðàçèå
Σ × R ≃ R3, à îòîáðàæåíèå Exp àíàëèòè÷åñêîå è ñîáñòâåííîå (ñì. äîêàçà-
òåëüñòâî ñîáñòâåííîñòè â äîêàçàòåëüñòâå òåîðåìû 9). Ïîýòîìó îáðàç Abncirc
åñòü ñóáàíàëèòè÷åñêîå ìíîæåñòâî ðàçìåðíîñòè íå áîëüøå 3. Íî ñîãëàñíî
òåîðåìå 5, ìíîæåñòâî Abncirc èìååò ãëàäêèé 3-ìåðíûé ñòðàò Abn1circ, ïîýòî-
ìó dimAbncirc = 3.

(2) äîêàçûâàåòñÿ àíàëîãè÷íî òåîðåìå 8.

4.3.3 Ðàâíîáî÷íî-ãèïåðáîëè÷åñêîå àíîðìàëüíîå ìíîæåñòâî

Ðàññìîòðèì ïîäìíîæåñòâî àíîðìàëüíîãî ìíîæåñòâà, ñîîòâåòñòâóþùåå ðàâ-
íîáî÷íûì ãèïåðáîëàì (x1(t), x2(t)) ñ àñèìïòîòàìè, ïàðàëëåëüíûìè îñÿì êî-
îðäèíàò:

Abnhyp = {Exp(λ, t) | h6 = h8 = 0, h7 = 1, t > 0}.

Ïðåäëîæåíèå 4. Ìíîæåñòâî Abnhyp åñòü ãëàäêîå 3-ìåðíîå ìíîãîîáðà-
çèå, ãðàôèê ãëàäêîãî íåàëãåáðàè÷åñêîãî îòîáðàæåíèÿ

(x1, x2, x3) 7→ (x4, . . . , x8), (x1, x2, x3) ∈ E,

E = {(x1, x2, x3) ∈ R3 | x1, x2, x3 > 0, 2x3 < x1x2}.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ïàðàìåòðèçàöèþ àíîðìàëüíûõ òðàåêòîðèé (ñì.
ðàçäåë 3), ïîëó÷àåì ïðè h6 = h8 = 0, h7 = 1:

x1 = h05(e
−t − 1), x2 = h04(e

t − 1), x3 = h04h
0
5(t− sh t), (30)
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îòêóäà
2x3
x1x2

=
t− sh t

1− ch t
=: φ(t).

Ôóíêöèÿ φ : (0,+∞) → (0, 1) åñòü äèôôåîìîðôèçì, è ñóùåñòâóåò ãëàäêàÿ
îáðàòíàÿ ôóíêöèÿ ψ = φ−1 : (0, 1) → (0,+∞). Ïîýòîìó îòîáðàæåíèå (30)
çàäàåò äèôôåîìîðôèçì {(h04, h05) ∈ R2 | h04 > 0, h05 < 0} × (0,+∞)t → E,
îáðàòíîå îòîáðàæåíèå ê êîòîðîìó çàäàåòñÿ ôîðìóëàìè

t = ψ

(
2x3
x1x2

)
, h04 =

x2
et − 1

, h05 =
x1

e−t − 1
. (31)

Ïîýòîìó Abnhyp åñòü ãðàôèê ãëàäêîãî îòîáðàæåíèÿ xi = xi(h
0
4, h

0
5, t), i =

4, . . . , 8, ãäå h04, h
0
5, t âûðàæåíû ÷åðåç x1, x2, x3 ñ ïîìîùüþ ôîðìóë (31), à

xi(h
0
4, h

0
5, t), i = 4, . . . , 8, ñóòü ñîîòâåòñòâóþùèå êîìïîíåíòû ýêñïîíåíöèàëü-

íîãî îòîáðàæåíèÿ (ñì. ï. 3).

4.3.4 Àñèìïòîòè÷åñêîå àíîðìàëüíîå ìíîæåñòâî

Â ýòîì ïóíêòå ðàññìîòðèì ìíîæåñòâî Abnas ⊂ Abn, çàïîëíåííîå àíîð-
ìàëüíûìè òðàåêòîðèÿìè, âûõîäÿùèìè èç Id è ïðîåöèðóþùèìèñÿ íà ïëîñ-
êîñòü (x1, x2) â îòðåçêè èëè äâóçâåííûå ëîìàíûå. Íàçîâåì åãî àñèìïòîòè-
÷åñêèì àíîðìàëüíûì ìíîæåñòâîì, ò.ê. çâåíüÿ äâóçâåííûõ ëîìàíûõ ñóòü
àñèìïòîòû ãèïåðáîë, â êîòîðûå ïðîåöèðóþòñÿ àíîðìàëüíûå òðàåêòîðèè ãè-
ïåðáîëè÷åñêîãî ñëó÷àÿ. Ïóñòü x = (x1, . . . , x8) = ev1X1+v2X2 ◦ eu1X1+u2X2 ∈
Abnas, ñì. (20), òîãäà

x1 = u1 + v1, x2 = u2 + v2, x3 =
1

2
(v2u1 − v1u2), (32)

x4 =
(u21 + u22)u2

6
+
v2
2

(
u21 + u22 + u1v1 + u2v2 +

v21 + v22
3

)
, (33)

x5 = − (u21 + u22)u1
6

− v1
2

(
u21 + u22 + u1v1 + u2v2 +

v21 + v22
3

)
, (34)

x6 =
u31u2
24

+
v2
6

(
u31 +

3

2
u21v1 + u1v

2
1 +

v31
4

)
, (35)

x7 =
1

4

(
u21u2v2 − u1u

2
2v1 +

u21v
2
2 − u22v

2
1

2
+
u1v1v

2
2 − u2v

2
1v2

3

)
, (36)

x8 = −u1u
3
2

24
− v1

6

(
u32 +

3

2
u22v2 + u2v

2
2 +

v32
4

)
. (37)

Ôîðìóëû (32)�(37) çàäàþò ÿâíóþ ïàðàìåòðèçàöèþ ìíîæåñòâà Abnas.
Äëÿ îïèñàíèÿ ñòðóêòóðû ìíîæåñòâà Abnas íàì ïîíàäîáèòñÿ ñëåäóþùåå
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ïîëóàëãåáðàè÷åñêîå ìíîæåñòâî B, ñì. ï. (1) òåîðåìû 7 è (46):

B = {x ∈ R8 | x33xi = Pi(x1, . . . , x5), i = 6, 7, 8, x3 ̸= 0, F (x1, . . . , x5) = 0},
(38)

P6 = (−x81x22 − 2x71x2x3 − x2(x
3
2 − 6x4)

3 − 4x61(x
4
2 + x23 − 3x2x4)

− 2x1(x
3
2 − 6x4)

2(x2x3 + 3x5)− 6x51(x
3
2x3 − 2x3x4 + x22x5)

− 4x21(x
3
2 − 6x4)(x2(x

4
2 + x23 − 6x2x4) + 3x3x5)

− 2x41(3x
6
2 + 4x22x

2
3 − 21x32x4 + 18x24 + 6x2x3x5)

+ x31(2x2x3(−3x42 + 4x23 + 18x2x4)− 12(x42 + 2x23 − 6x2x4)x5))/192,
(39)

P7 = ((x41 + 2x21x
2
2 + x42 − 6x2x4 + 6x1x5)(x

5
1x2 + x41x3 + 2x31(x

3
2 − 3x4)

− (x32 − 6x4)(x2x3 − 6x5) + 6x21x2x5

+ x1(x
5
2 − 4x2x

2
3 − 6x22x4 + 6x3x5)))/96, (40)

P8 = (−x101 − 4x81x
2
2 + 6x61x2(−x32 + x4) + 2x71(x2x3 − 9x5)

+ 6x51x
2
2(x2x3 − 8x5) + 6x31x2(x

4
2x3 − 2x2x3x4 − 7x32x5 + 12x4x5)

− 4x2(x
3
2 − 6x4)(x

2
2x

2
3 − 3x2x3x5 + 9x25)− 4x41(x

2
2(x

4
2 + x23 − 3x2x4)

− 6x2x3x5 + 27x25)− x21x
2
2(x

6
2 + 8x22x

2
3 − 6x32x4 − 36x2x3x5 + 144x25)

+ 2x1(x
3
2x3(x

4
2 − 4x23 − 6x2x4)− 6x22(x

4
2 + 2x23 − 6x2x4)x5

+ 36x2x3x
2
5 − 108x35))/192, (41)

F = 4x23 + (x21 + x22)
2 − 6x2x4 + 6x1x5.

Âîçíèêàþùåå èç îïðåäåëåíèÿ (38) ìíîæåñòâà B ìíîæåñòâî

X = {(x1, . . . , x5) ∈ R5 | x3 ̸= 0, F (x1, . . . , x5) = 0}

çàäàåòñÿ óñëîâèÿìè

x3 = ±1

2

√
f(x1, x2, x4, x5), (42)

f(x1, x2, x4, x5) = 6x2x4 − 6x1x5 − (x21 + x22)
2 > 0.

Ìíîæåñòâî O = {(x1, x2, x4, x5) ∈ R4 | f(x1, x2, x4, x5) > 0} äèôôåîìîðô-
íî R3 × S1, ýòî ëåãêî âèäåòü â ïîëÿðíûõ êîîðäèíàòàõ â ïëîñêîñòÿõ (x1, x2)
è (x4, x5). Ïîýòîìó X åñòü ãëàäêîå 4-ìåðíîå ìíîãîîáðàçèå, ñîñòîÿùåå èç
äâóõ êîìïîíåíò ñâÿçíîñòè, äèôôåîìîðôíûõ R3 × S1, � ãðàôèêîâ ôóíê-
öèé (42) íà ìíîæåñòâå O. Ñëåäîâàòåëüíî, ìíîæåñòâî B åñòü îáúåäèíåíèå
ãðàôèêîâ äâóõ ãëàäêèõ îòîáðàæåíèé

O ∋ (x1, x2, x4, x5) 7→ (x1, . . . , x8) ∈ R8, (43)

x3 = ±1

2

√
f(x1, x2, x4, x5), (44)

xi =
Pi(x1, . . . , x5)

x33
, i = 6, 7, 8. (45)

Îáîçíà÷èì ýòè êîìïîíåíòû:

B± = B ∩ {sgnx3 = ±1}. (46)

Äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.
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Ëåììà 1. Ìíîæåñòâî B ïîëóàëãåáðàè÷íî è ÿâëÿåòñÿ ãëàäêèì 4-ìåðíûì
ìíîãîîáðàçèåì, ñîñòîÿùèì èç äâóõ êîìïîíåíò ñâÿçíîñòè B± ≃ R3 × S1,
ñîîòâåòñòâóþùèõ âûáîðó çíàêà â (44).

Ðàññìîòðèì ðàçëîæåíèå

Abnas = Abn−as ⊔Abn0as ⊔Abn+as,

Abnεas = Abnas ∩{sgnx3 = ε}, ε ∈ {±1, 0}.

Â ýòîì ðàçëîæåíèè êîìïîíåíòû Abn−as è Abn+as ñîîòâåòñòâóþò òðåóãîëüíè-
êàì íà ïëîñêîñòè (x1, x2) ñ îòðèöàòåëüíîé è ïîëîæèòåëüíîé àëãåáðàè÷å-
ñêîé ïëîùàäüþ ñîîòâåòñòâåííî, à êîìïîíåíòà Abn0as � âûðîæäåííûì òðå-
óãîëüíèêàì ñ êîëëèíåàðíûìè ñòîðîíàìè (îòðåçêàì). Â ñîîòâåòñòâóþùèå
äâóçâåííûå ëîìàíûå íà ïëîñêîñòè (x1, x2) ïðîåöèðóþòñÿ àñèìïòîòè÷åñêèå
àíîðìàëüíûå òðàåêòîðèè.

Òåîðåìà 7. Ìíîæåñòâî Abnas èìååò ñëåäóþùèå ñâîéñòâà:

(1) Abn±as = B± ïîëóàëãåáðàè÷íî è ÿâëÿåòñÿ ãëàäêèì 4-ìåðíûì ìíîãîîá-
ðàçèåì, äèôôåîìîðôíûì R3 × S1,

(2) Abn0as = Abndeg åñòü ãëàäêîå 2-ìåðíîå àëãåáðàè÷åñêîå ìíîãîîáðàçèå,
äèôôåîìîðôíîå R2,

(3) cl(Abnas) ∩ {x3 = 0} ⊋ Abndeg,

(4) cl(Abnas) ̸= Abnas,

(5) Abnas åñòü ïîëóàëãåáðàè÷åñêîå ìíîæåñòâî è íå ÿâëÿåòñÿ àëãåáðàè-
÷åñêèì ìíîãîîáðàçèåì,

(6) ìíîæåñòâî B íåçàìêíóòî, ïîýòîìó íå ÿâëÿåòñÿ àëãåáðàè÷åñêèì ìíî-
ãîîáðàçèåì,

(7) ìíîæåñòâî Abnas åñòü ñòðàòèôèöèðîâàííîå ïðîñòðàíñòâî, ñîñòî-
ÿùåå èç äâóõ 4-ìåðíûõ ñòðàòîâ Abn±as = B± ≃ R3 × S1 è ïðèìûêàþ-
ùèõ äðóã ê äðóãó ïî 2-ìåðíîìó ñòðàòó Abn0as = Abndeg ≃ R2.

Äîêàçàòåëüñòâî. (1) Ïóñòü

x = ev1X1+v2X2 ◦ eu1X1+u2X2 ∈ Abnas ∩{x3 ̸= 0}, (47)

ñì. (20). Îáîçíà÷èì ÷åðåç (c1, c2) öåíòð ìàññ òðåóãîëüíèêà ñ âåðøèíàìè
(0, 0), (u1, u2), (u1 + v1, u2 + v2). Öåíòð ìàññ òðåóãîëüíèêà ëåæèò íà ïåðåñå-
÷åíèè åãî ìåäèàí, ïîýòîìó

ci =
2

3

(
ui +

vi
2

)
, i = 1, 2. (48)

Îòñþäà, ñ ó÷åòîì (32), ïîëó÷àåì

ui = −xi + 3ci, vi = 2xi − 3ci, i = 1, 2. (49)

Ó÷èòûâàÿ ãåîìåòðè÷åñêèé ñìûñë ïåðåìåííûõ x4, x5 (ñì. ï. 1.4), èìååì

x3c1 = x4 −
x2
6
(x21 + x22), x3c2 = x5 +

x1
6
(x21 + x22). (50)
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Äàëåå, èç ðàâåíñòâ (32), (49) ïîëó÷àåì 2x3 = 3x2c1 − 3x1c2, îòêóäà ñ ó÷å-
òîì (50) ñëåäóåò, ÷òî

F (x1, . . . , x5) = 2x3(2x3 − 3x2c1 + 3x1c2) = 4x23 + (x21 + x22)
2 − 6x2x4 + 6x1x5

= 4x23 − 6x2(x4 −
x2
6
(x21 + x22)) + 6x1(x5 +

x1
6
(x21 + x22)) = 0.

Èòàê, êîîðäèíàòû (x1, . . . , x5) òî÷êè x ñâÿçàíû ðàâåíñòâîì F (x1, . . . , x5) =
0.

Âûðàçèì òåïåðü x6, x7, x8 ÷åðåç x1, . . . , x5. Äëÿ ýòîãî:

� âûðàçèì x6, x7, x8 ÷åðåç u1, u2, v1, v2 ñ ïîìîùüþ ôîðìóë (35)�(37),

� âûðàçèì u1, u2, v1, v2 ÷åðåç x1, x2, c1, c2 ñ ïîìîùüþ ôîðìóë (49),

� è, íàêîíåö, âûðàçèì c1, c2 ÷åðåç x1, . . . , x5 ñ ïîìîùüþ ôîðìóë (50).

Óïðîùàÿ ïîëó÷åííûå òàêèì îáðàçîì âûðàæåíèÿ, ïðèõîäèì ê ðàâåíñòâàì (45),
ãäå ïîëèíîìû Pi èìåþò âèä (39)�(41).

Èòàê, äîêàçàíî âêëþ÷åíèå Abnas ∩{x3 ̸= 0} ⊂ B. Îáðàòíîå âêëþ÷åíèå
ñëåäóåò èç òîãî, ÷òî îòîáðàæåíèå

{(u1, u2, v1, v2) ∈ R4 | u1v2 − u2v1 ̸= 0} → X,

çàäàâàåìîå ôîðìóëàìè (32)�(37), åñòü äèôôåîìîðôèçì â ñèëó ðàâåíñòâ
(48)�(50).

Ðàâåíñòâî Abnas ∩{x3 ̸= 0} = B äîêàçàíî. Ñòðóêòóðà ìíîæåñòâà B îïè-
ñàíà â ëåììå 1. Îòñþäà ñëåäóåò óòâåðæäåíèå ï. (1).

(2) Ïóñòü x ∈ Abnas. Óñëîâèå x3 = 0 îçíà÷àåò, ÷òî âåêòîðû (u1, u2) è
(v1, v2) ëèíåéíî çàâèñèìû, ïîýòîìó ïðè ýòîì óñëîâèè

ev1X1+v2X2 ◦ eu1X1+u2X2 = e(u1+v1)X1+(u2+v2)X2 ∈ Abndeg .

Ñòðóêòóðà ìíîæåñòâà Abndeg îïèñàíà â ï. 4.3.1.

(3) Ðàññìîòðèì ïîñëåäîâàòåëüíîñòè

(un1 , u
n
2 , v

n
1 , v

n
2 ) =

(
n,

1

n2
, 1− n,− 1

n2

)
, n ∈ N,

xn = ev
n
1 X1+vn

2 X2 ◦ eu
n
1 X1+un

2 X2 ∈ Abnas .

Òîãäà èç ôîðìóë (32)�(37) ïîëó÷àåì

xn1 = 1, xn2 = 0, xn3 = − 1

2n2
, xn4 = −1 + n

6n2
, xn5 = −1 + n4

6n4
,

xn6 = −1 + n+ n2

24n2
, xn7 = −1 + 2n

24n4
, xn8 = − 1

24n6
,

îòêóäà xn → x̄ = (1, 0, 0, 0,− 1
6 ,−

1
24 , 0, 0) ïðè n → ∞. Èç íåðàâåíñòâà x̄6 ̸=

x̄31x̄2/24 ïîëó÷àåì x̄ /∈ Abndeg, ñì. (21). Îäíàêî x̄ ∈ cl(Abnas) ∩ {x3 = 0} ⊃
Abndeg, ÷òî äîêàçûâàåò ï. (3).

(4) ñëåäóåò íåïîñðåäñòâåííî èç (2), (3).
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(5) Ïîëóàëãåáðàè÷íîñòüAbnas ñëåäóåò èç ðàçëîæåíèÿAbnas = B∪Abndeg
è ïîëóàëãåáðàè÷íîñòè ìíîæåñòâ B, Abndeg (ñì. ïï. (1), (2) è ëåììó 1). Ìíî-
æåñòâî Abnas íå ÿâëÿåòñÿ àëãåáðàè÷åñêèì ìíîãîîáðàçèåì ò.ê. îíî íåçàìêíó-
òî, ñì. ï. (4).

(6) Ìíîæåñòâî B íåçàìêíóòî ò.ê. ïîñòðîåííàÿ â ï. (3) ïîñëåäîâàòåëü-
íîñòü xn ∈ B, à x̄ = limn→∞ xn /∈ B.

(7) ñëåäóåò èç ïï. (1), (2).

Çàìå÷àíèå 2. Ãåîìåòðè÷åñêèé ñìûñë ï. (1) òåîðåìû 7 � â òîì, ÷òî ìíî-
æåñòâî òðåóãîëüíèêîâ íåíóëåâîé ïëîùàäè ñ çàêðåïëåííîé îäíîé âåðøèíîé
ðåãóëÿðíî ïàðàìåòðèçóåòñÿ 4-ìÿ ïàðàìåòðàìè: êîîðäèíàòàìè (x1, x2) îäíîé
èç ñâîáîäíûõ âåðøèí è êîîðäèíàòàìè (c1, c2) öåíòðà ìàññ. Îòñþäà ïîëó÷à-
åì ðåãóëÿðíóþ ïàðàìåòðèçàöèþ (43)�(45) íåîñîáîé ÷àñòè Abnas ∩{x3 ̸= 0}
àñèìïòîòè÷åñêîãî àíîðìàëüíîãî ìíîæåñòâà.

4.4 Ñâîéñòâà àíîðìàëüíîãî ìíîæåñòâà

4.4.1 Íåçàìêíóòîñòü àíîðìàëüíîãî ìíîæåñòâà

Ïðåäëîæåíèå 5. Àíîðìàëüíîå ìíîæåñòâî Abn íåçàìêíóòî, ïîòîìó íå
ÿâëÿåòñÿ àëãåáðàè÷åñêèì ìíîãîîáðàçèåì.

Äîêàçàòåëüñòâî. Èç ï. (3) òåîðåìû 7 è ïðåäëîæåíèÿ 2 ïîëó÷àåì

cl(Abn) ∩ {x3 = 0} ⊋ Abndeg = Abn∩{x3 = 0},

îòêóäà cl(Abn) ̸= Abn.

4.4.2 Íåàïîëóàëãåáðàè÷íîñòü àíîðìàëüíîãî ìíîæåñòâà

Äîêàæåì ñíà÷àëà ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 2. Ðàññìîòðèì ïðÿìóþ

L = {z(t) | t ∈ R} ⊂ R8, (51)

z(t) = (z1(t), . . . , z8(t)), z1(t) = z2(t) = z5(t) = z7(t) = 0,

z3(t) =
t

2
, z4(t) = − t

2
, z6(t) =

5t

16
, z8(t) =

t

16
.

Òîãäà Abn∩L = {z(2πn) | n ∈ Z}.

Äîêàçàòåëüñòâî. Äîêàæåì ñíà÷àëà âêëþ÷åíèå Abn∩L ⊃ {z(2πn) | n ∈ Z}.
Âîçüìåì òàêîå λ ∈ g∗, ÷òî h1 = h2 = h3 = h5 = h7 = 0, h4 = h6 = h8 = 1. Èç
ïàðàìåòðèçàöèè ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ (ï. 3) ïðè n ∈ Z ïîëó÷àåì
Exp(λ, 2πn) = z(2πn), è òðåáóåìîå âêëþ÷åíèå äîêàçàíî.

Òåïåðü äîêàæåì îáðàòíîå âêëþ÷åíèå

Abn∩L ⊂ {z(2πn) | n ∈ Z}. (52)

Äëÿ ýòîãî âîçüìåì ëþáîå t̄ ∈ R è äîêàæåì, ÷òî âêëþ÷åíèå z(t̄) ∈ Abn∩L
âëå÷åò ðàâåíñòâî t̄ = 2πn, n ∈ Z. Îò ïðîòèâíîãî, ïóñòü z(t̄) ∈ Abn∩L,
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t̄ ̸= 2πn. Òîãäà ñóùåñòâóåò àíîðìàëüíàÿ òðàåêòîðèÿ y(t) = (y1, . . . , y8)(t),
t ∈ [0, T ], òàêàÿ, ÷òî y(0) = 0, y(T ) = z(t̄). Ðàññìîòðèì êðèâóþ γ(t) =
(y1(t), y2(t)), t ∈ [0, T ]. Òàê êàê (y1, y2)(T ) = (z1, z2)(t̄) = 0, òî êðèâàÿ γ
çàìêíóòà. Äàëåå, y3(T ) = z3(t̄) =

t̄
2 , ïîýòîìó êðèâàÿ γ îõâàòûâàåò íà ïëîñ-

êîñòè îáëàñòü E íåíóëåâîé ïëîùàäè, ïîýòîìó ìîæíî ñ÷èòàòü, ÷òî γ åñòü
ýëëèïñ, ïðîéäåííûé ñ ó÷åòîì îðèåíòàöèè k ðàç, k ∈ Z \ {0}. Ó÷èòûâàÿ
ãåîìåòðè÷åñêèé ñìûñë (2, 3, 5, 8)-çàäà÷è (ñì. ï. 1.4), îáëàñòü E èìååò öåíòð
ìàññ c = (c1, c2) è ìîìåíòû âòîðîãî ïîðÿäêà J1, J2, K12 ñëåäóþùåãî âèäà:

c1 =
y4(T )

y3(T )
=
z4(t̄)

z3(t̄)
= −1, c2 =

y5(T )

y3(T )
=
z5(t̄)

z3(t̄)
= 0,

J1 = 2y8(T ) = 2z8(t̄) =
t̄

8
, J2 = 2y6(T ) = 2z6(t̄) =

5t̄

8
, (53)

K12 = y7(T ) = z7(t̄) = 0. (54)

Ðàññìîòðèì ñíà÷àëà ñëó÷àé, êîãäà ýëëèïñ γ èìååò âåðòèêàëüíóþ êàñà-
òåëüíóþ â íà÷àëå êîîðäèíàò, òîãäà y1(t) = cos t− 1, y2(t) = b sin t, t ∈ [0, T ],
T = 2πk. Äëÿ ýòîãî ýëëèïñà J1 = 1

4πbk, J2 = 5
4πb

3k, îòêóäà ñ ó÷åòîì (53)

ïîëó÷àåì b2 = J2

5J1
= 1. Òîãäà J1 = π

4 k = t̄
8 , òî åñòü t̄

2π = k ∈ Z, ÷òî
ïðîòèâîðå÷èò ïðåäïîëîæåíèþ t̄ ̸= 2πn.

Ïóñòü òåïåðü ýëëèïñ γ èìååò â íà÷àëå êîîðäèíàò íàêëîííóþ êàñàòåëü-
íóþ, òîãäà

y1(t) = ac cos t− bs sin t− 1, y2(t) = as cos t+ bc sin t,

s =

√
(a2 − 1)b2

a2 − b2
, c =

√
a2(1− b2)

a2 − b2
, (55)

a, b > 0, a ̸= b. (56)

Äëÿ ýòîãî ýëëèïñà

K12 =
ab(a2 − b2)

4

√
a2b2(a2 − 1)(1− b2)

(a2 − b2)2
,

îòêóäà a = 1 èëè b = 1 â ñèëó (54). Åñëè a = 1, òî J1 = π
4 bk, J2 = 5π

4 b
3k,

îòêóäà ñ ó÷åòîì (53) ïîëó÷àåì b2 = J2

5J1
= 1, ÷òî ïðîòèâîðå÷èò (56). Òàê æå

ïîëó÷àåì ïðîòèâîðå÷èå â ñëó÷àå b = 1.
Èòàê, âî âñåõ ñëó÷àÿõ ïîëó÷åíî ïðîòèâîðå÷èå, äîêàçûâàþùåå âêëþ÷å-

íèå (52).

Òåîðåìà 8. Àíîðìàëüíîå ìíîæåñòâî Abn íåïîëóàëãåáðàè÷íî.

Äîêàçàòåëüñòâî. Îò ïðîòèâíîãî, ïóñòü ìíîæåñòâî Abn ïîëóàëãåáðàè÷íî,
ò.å. èìååò âèä (22). Ïðÿìàÿ L (51) ïåðåñåêàåòñÿ ñ ïîëóàëãåáðàè÷åñêèì ìíî-
æåñòâîì Abn ïî ñ÷åòíîìó ìíîæåñòâó, ñì. ëåììó 2. Íî ýòî íåâîçìîæíî:
âî-ïåðâûõ, êàæäûé èç ïîëèíîìîâ Pij îáðàùàåòñÿ â íîëü íà L, à âî-âòîðûõ,
êàæäûé èç ïîëèíîìîâ Qij ïîëîæèòåëåí â îêðåñòíîñòè êàæäîé òî÷êè ýòîãî
ñ÷åòíîãî ìíîæåñòâà.
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4.4.3 Ñóáàíàëèòè÷íîñòü è ðàçìåðíîñòü àíîðìàëüíîãî ìíîæåñòâà

Òåîðåìà 9. (1) Ìíîæåñòâî Abn ñóáàíàëèòè÷íî.

(2) dimAbn = 5.

(3) Åñëè x0 ∈ Abndeg \{Id}, òî x0 íå ñîäåðæèòñÿ íè â êàêîì 5-ìåðíîì
ñòðàòå ñòðàòèôèöèðîâàííîãî ïðîñòðàíñòâà Abn. Ïîýòîìó Abn íå
ÿâëÿåòñÿ ãëàäêèì ìíîãîîáðàçèåì.

Äîêàçàòåëüñòâî. Äîêàæåì óòâåðæäåíèå (1).
Ââèäó ï. (1) ïðåäëîæåíèÿ 1, äîñòàòî÷íî äîêàçàòü ñóáàíàëèòè÷íîñòü ìíî-

æåñòâ Abnnice è Abnas.
Â ñèëó ï. (5) òåîðåìû 7, ìíîæåñòâî Abnas ïîëóàëãåáðàè÷íî. Ïîýòîìó

îíî ïîëóàíàëèòè÷íî, à, çíà÷èò, è ñóáàíàëèòè÷íî.
Äîêàæåì, ÷òî ìíîæåñòâî Abnnice (19) åñòü îáðàç ïîëóàíàëèòè÷åñêîãî

ìíîæåñòâà ïðè ñîáñòâåííîì àíàëèòè÷åñêîì îòîáðàæåíèè, îòñþäà áóäåò ñëå-
äîâàòü ñóáàíàëèòè÷íîñòü ìíîæåñòâà Abnnice.

Ìíîæåñòâî Π × R ïîëóàíàëèòè÷íî, à îòîáðàæåíèå Exp àíàëèòè÷åñêîå,
ïîýòîìó îñòàëîñü äîêàçàòü òîëüêî ñîáñòâåííîñòü îòîáðàæåíèÿ Exp : Π ×
R → R8. Äëÿ ýòîãî íóæíî äîêàçàòü, ÷òî åñëè ïîñëåäîâàòåëüíîñòü (λn, tn) ∈
Π× R íå ñîäåðæèòñÿ íè â êàêîì êîìïàêòå, òî åå îáðàç xn = Exp(λn, tn) íå
ñîäåðæèòñÿ íè â êàêîì êîìïàêòå â R8.

Ïóñòü Π × R+ ∋ (λn, tn) → ∞. Âîñïîëüçóåìñÿ òåì, ÷òî äèëàòàöèÿ Y
çàäàåò îáîáùåííóþ ñèììåòðèþ ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ, ñì. ï. 2.1
è [7]:

etA⃗ ◦ erh⃗Y = erh⃗Y ◦ et
′A⃗, t′ = te4r,

îòêóäà

Exp(λ, t) = erY ◦ Exp(e−rh⃗Y (λ), t′), (λ, t) ∈ Π× R+.

Ôàêòîð ïðîñòðàíñòâà (Π×R)\{(0, 0)} ïî äèëàòàöèè h⃗Y åñòü òîïîëîãè÷åñêàÿ
ñôåðà

S = {(λ, t) ∈ Π× R+ | h44 + h45 + |h6|3 + |h7|3 + |h8|3 + t3 = 1}.

Îáîçíà÷èì k = (h44+h
4
5+ |h6|3+ |h7|3+ |h8|3+t3)1/12. Íà ïîñëåäîâàòåëüíîñòè

(λn, tn) → ∞ èìååì kn → +∞. Äëÿ rn = ln kn → +∞ âûïîëíåíî(
exp(−rnh⃗Y (λn)), tn exp(4rn)

)
= (λ̃n, t̃n) ∈ S.

Ñóùåñòâóåò ñõîäÿùàÿñÿ ïîäïîñëåäîâàòåëüíîñòü (λ̃ni , t̃ni) → (λ̄, t̄) ∈ S. Ïî-

ýòîìó xni = er
niY ◦Exp(λ̃ni , t̃ni) → ∞ ò.ê. Exp(λ̃ni , t̃ni) → Exp(λ̄, t̃) ∈ R8\{0}

è limr→+∞ erY (x) = ∞. Èòàê, xni íå ñîäåðæèòñÿ íè â êàêîì êîìïàêòå â R8.
Îòîáðàæåíèå Exp : Π×R → R8 ñîáñòâåííîå. Ïîýòîìó ìíîæåñòâî Abnnice

ñóáàíàëèòè÷íî, êàê è ìíîæåñòâî Abn.

Äîêàæåì óòâåðæäåíèå (2). Îöåíèì ðàçìåðíîñòè êîìïîíåíò ðàçëîæåíèÿ
ï. (1) ïðåäëîæåíèÿ 1:

dimAbnnice ⩽ dim(Π× R+) = 5, dimAbnas = 4,

28



ïîýòîìó dimAbn ⩽ 5. Äëÿ äîêàçàòåëüñòâà òîãî, ÷òî ýòî íåðàâåíñòâî åñòü
â äåéñòâèòåëüíîñòè ðàâåíñòâî, âû÷èñëèì ìèíîð ýêñïîíåíöèàëüíîãî îòîá-
ðàæåíèÿ, èñïîëüçóÿ ÿâíóþ ïàðàìåòðèçàöèþ àíîðìàëüíûõ òðàåêòîðèé (ñì.
ï. 3).

Ïðè h04 = 1, h05 = 0, h6 = h8 = 1, h7 = 0 ïîëó÷àåì èç ïàðàìåòðèçàöèè
ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ ï. 3:

J =
∂ (x1, . . . , x5)

∂ (h04, h
0
5, h6, h7, h8)

= −t(−737− 36t2 + (1016− 96t2) cos t+ 8 cos 3t+ 5 cos 4t

+ 2t(296 + 36t2 − 321) cos t+ cos 3t) sin t

+ 4 cos 2t(33t2 − 73 + 12t sin t))/1152

=
t17

21233537
+ o(t17), t→ 0.

Ïîýòîìó ïðè ìàëûõ t > 0 èìååì J ̸= 0. Ýòî îçíà÷àåò, ÷òî ñîîòâåòñòâóþùèå
òî÷êè ìíîæåñòâà Abnnice ñîäåðæàòñÿ â 5-ìåðíîì ñòðàòå. Ñëåäîâàòåëüíî,
dimAbnnice = dimAbn = 5.

Äðóãîå âû÷èñëåíèå, ñ äðóãèì ïîðÿäêîì âûðîæäåíèÿ ÿêîáèàíà ïðè t →
0, òàê æå ïðèâîäÿùåå ê 5-ìåðíîìó ñòðàòó: åñëè h04 = h05 = h7 = 1, h6 = h8 =
0, òî

J = − t11

27325
+ o(t11) ̸= 0, t→ 0.

Äîêàæåì óòâåðæäåíèå (3). Îò ïðîòèâíîãî, ïóñòü íåêîòîðàÿ òî÷êà x0 ∈
Abndeg \{Id} ñîäåðæèòñÿ â íåêîòîðîì 5-ìåðíîì ñòðàòå P ñòðàòèôèöèðîâàí-
íîãî ïðîñòðàíñòâà Abn. Îáîçíà÷èì L = {x ∈ G ≃ R8 | x3 = 0} è äîêàæåì,
÷òî Tx0P ̸⊂ Tx0L. Äëÿ ýòîãî ðàññìîòðèì êðèâûå φi(t) = etXi(x0) ∈ Abnas ⊂
Abn. Ïðè ìàëûõ t èìååì φi(t) ∈ P , ïîýòîìó Tx0P ∋ φ̇i(0) = Xi(x

0). Äàëåå,
⟨dx3, Xi(x

0)⟩ = −x2/2 ïðè i = 1 è x1/2 ïðè i = 2. Òàê êàê x21 + x22 ̸= 0,
ïîëó÷àåì, ÷òî φ̇1(0) /∈ Tx0L èëè φ̇2(0) /∈ Tx0L. Èòàê, Tx0P ̸⊂ Tx0L, ïîýòîìó
Tx0P + Tx0L = Tx0G, òî åñòü ìíîãîîáðàçèÿ P è L ïåðåñåêàþòñÿ òðàíñâåð-
ñàëüíî â òî÷êå x0. Ïîýòîìó èõ ïåðåñå÷åíèå Q = P ∩ L åñòü ãëàäêîå ìíîãî-
îáðàçèå â îêðåñòíîñòè òî÷êè x0, îöåíèì åãî ðàçìåðíîñòü. Ñ îäíîé ñòîðîíû,
dimQ = dim(Tx0P ∩ Tx0L) = 4. À ñ äðóãîé ñòîðîíû, Q ⊂ Abn∩L = Abndeg
(ñì. ïðåäëîæåíèå 2), îòêóäà dimQ ⩽ dimAbndeg = 2, ïðîòèâîðå÷èå.

Çàìå÷àíèå 3. Â ðàáîòå [14] äîêàçàíî, ÷òî Abn åñòü ñóáàíàëèòè÷åñêîå ìíî-
æåñòâî ðàçìåðíîñòè íå áîëüøå 5. Óòâåðæäåíèå ï. (1) òåîðåìû 4 óòî÷íÿåò
ýòî óòâåðæäåíèå.

Â ðàáîòå [15] äîêàçàíî, ÷òî ìíîæåñòâî Abn ñîäåðæèòñÿ â àëãåáðàè÷åñêîì
ìíîãîîáðàçèè êîðàçìåðíîñòè 1, îòêóäà ñëåäóåò, ÷òî ýòî ìíîæåñòâî èìååò
ìåðó íóëü (ñâîéñòâî Ñàðäà â ñóáðèìàíîâîé ãåîìåòðèè). Ýòî òàêæå ñëåäóåò
èç ï. (1) òåîðåìû 4.

Ó÷èòûâàÿ ðåçóëüòàòû ïîñëåäóþùåãî ï. 5, ìîæíî ïðèäàòü êîìïîíåíòàì
ñîîòíîøåíèé

Abn = Abnnice ∪Abnas, Abnnice ∩Abnas ⊃ Abndeg

èíâàðèàíòíûé ñìûñë.
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Ñëåäñòâèå 1. (1) Abnnice åñòü ìíîæåñòâî, çàïîëíåííîå âñåìè àíîðìàëü-
íûìè ãåîäåçè÷åñêèìè, âûõîäÿùèìè èç Id,

(2) Abndeg åñòü ìíîæåñòâî, çàïîëíåííîå âñåìè àíîðìàëüíûìè ìåòðè-
÷åñêèìè ïðÿìûìè, âûõîäÿùèìè èç Id,

(3) Abnas \Abndeg åñòü ìíîæåñòâî, çàïîëíåííîå àíîðìàëüíûìè òðàåê-
òîðèÿìè, âûõîäÿùèìè èç Id è íå ÿâëÿþùèìèñÿ ãåîäåçè÷åñêèìè.

5 Îïòèìàëüíîñòü àíîðìàëüíûõ òðàåêòîðèé

Â ýòîì ðàçäåëå èññëåäóåòñÿ ãëîáàëüíàÿ è ëîêàëüíàÿ (â ñèëüíîì ñìûñëå, ò.å.
â C0-òîïîëîãèè äëÿ òðàåêòîðèé) îïòèìàëüíîñòü [2] àíîðìàëüíûõ òðàåêòî-
ðèé â ñóáðèìàíîâîé (2, 3, 5, 8)-çàäà÷å.

5.1 Ìåòðè÷åñêèå ïðîìåæóòêè

Ïóñòü I ⊂ R åñòü ïðîìåæóòîê, òî åñòü ñâÿçíîå ïîäìíîæåñòâî R. Ïóñòü M
åñòü ñóáðèìàíîâî ìíîãîîáðàçèå.

Ñóáðèìàíîâó ãåîäåçè÷åñêóþ Γ : I → M áóäåì íàçûâàòü ãåîäåçè÷åñêèì
ïðîìåæóòêîì. Âàæíûìè ñëó÷àÿìè äëÿ íàñ áóäóò ãåîäåçè÷åñêèå îòðåçêè
(I = [a, b]), ãåîäåçè÷åñêèå ëó÷è (I = [a,+∞) èëè I = (−∞, a]), è ãåîäåçè÷å-
ñêèå ïðÿìûå (I = R).

Ãåîäåçè÷åñêèé ïðîìåæóòîê Γ : I →M íàçûâàåòñÿ ìåòðè÷åñêèì ïðîìå-
æóòêîì, åñëè Γ åñòü èçîìåòðèÿ, ÷òî ýêâèâàëåíòíî ëþáîìó èç ñëåäóþùèõ
ñâîéñòâ:

� äëÿ ëþáûõ a, b ∈ I ñóæåíèå Γ|[a,b] ÿâëÿåòñÿ ñóáðèìàíîâîé êðàò÷àéøåé,

� äëÿ ëþáûõ a, b ∈ I ñóáðèìàíîâî ðàññòîÿíèå d(Γ(a),Γ(b)) = |a− b|.

Íàïðèìåð, ìåòðè÷åñêèé îòðåçîê åñòü â òî÷íîñòè ñóáðèìàíîâà êðàò÷àéøàÿ.
À ãåîäåçè÷åñêàÿ Γ : [a,+∞) → M åñòü ìåòðè÷åñêèé ëó÷ òîãäà è òîëüêî
òîãäà, êîãäà âðåìÿ ðàçðåçà tcut(Γ) = +∞.

Â òåîðèè ìåòðè÷åñêèõ ãðóïï âàæíûì âîïðîñîì ÿâëÿåòñÿ îïèñàíèå ìåò-
ðè÷åñêèõ ïðÿìûõ â ñóáðèìàíîâûõ ãðóïïàõ Êàðíî [17]. Òàê, â ðàáîòå [18]
ïîêàçàíî, ÷òî â òàêèõ ãðóïïàõ ãëóáèíû íå áîëüøå äâóõ ìåòðè÷åñêèå ïðÿ-
ìûå ñóòü â òî÷íîñòè ïðÿìûå (ñì. îïðåäåëåíèå ïðÿìîé â ãðóïïå Êàðíî â
ï. 5.2). Â ðàáîòå [24] ïðèâåäåí ïðèìåð ìåòðè÷åñêîé ïðÿìîé â ãðóïïå Ýíãå-
ëÿ (èìåþùåé ãëóáèíó 3), íå ÿâëÿþùåéñÿ ïðÿìîé â ýòîé ãðóïïå.

Î÷åâèäíî, ÷òî ãåîäåçè÷åñêàÿ ïðÿìàÿ Γ : R →M åñòü ìåòðè÷åñêàÿ ïðÿ-
ìàÿ òîãäà è òîëüêî òîãäà, êîãäà ëþáîé ãåîäåçè÷åñêèé îòðåçîê Γ : [a, b] →M
ñîäåðæèòñÿ â íåêîòîðîì ìåòðè÷åñêîì ïðîìåæóòêå Γ : I →M , ò.å. [a, b] ⊂ I.
Íàïðèìåð, òàê áóäåò â ñëó÷àå, åñëè âñå ãåîäåçè÷åñêèå ëó÷è Γ : [a,+∞) →M
ÿâëÿþòñÿ ìåòðè÷åñêèìè ëó÷àìè, ò.å.

∀ a ∈ R tcut(Γa) = +∞, Γa = Γ|[a,+∞) .

Áûëî áû èíòåðåñíî ïîíÿòü, ñóùåñòâóåò ëè ãåîäåçè÷åñêàÿ ïðÿìàÿ Γ :
R → M ëåâîèíâàðèàíòíîé ñóáðèìàíîâîé ñòðóêòóðû íà ãðóïïå Êàðíî G
òàêàÿ, ÷òî:
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� äëÿ íåêîòîðîãî a ∈ R ãåîäåçè÷åñêèå ëó÷è Γ|[a,+∞) è Γ|(−∞,−a] ñóòü
ìåòðè÷åñêèå ëó÷è,

� Γ íå ÿâëÿåòñÿ ìåòðè÷åñêîé ïðÿìîé.

Ïîäîáíûé ïðèìåð äëÿ íåëåâîèíâàðèàíòíîé ìåòðèêè ëåãêî ïîñòðîèòü, ñì.
ïðèìåð 1.

Ïðèìåð 1. Ðàññìîòðèì ýëëèïñ, îòëè÷íûé îò îêðóæíîñòè, è âîçüìåì åãî
ïîëîâèíó E, ñîäåðæàùóþ âûòÿíóòóþ ÷àñòü, ïðèìûêàþùóþ ê âåðøèíå ñ
ìàêñèìàëüíîé êðèâèçíîé. Ïðîäîëæèì ãëàäêèì îáðàçîì êðèâóþ E äâóìÿ
åâêëèäîâûìè ëó÷àìè L1, L2, îáîçíà÷èì Γ = E ∪ L1 ∪ L2. Ðàññìîòðèì äâó-
ìåðíóþ ïîâåðõíîñòü M ⊂ R3, ïîëó÷åííóþ âðàùåíèåì êðèâîé Γ âîêðóã åå
îñè ñèììåòðèè. Îïðåäåëèì ðèìàíîâî ðàññòîÿíèå ìåæäó òî÷êàìè q0, q1 ∈ S
êàê íèæíþþ ãðàíü äëèí ëèïøèöåâûõ êðèâûõ âM , ñîåäèíÿþùèõ q0 è q1. Òî-
ãäà M ñòàíîâèòñÿ äâóìåðíûì ðèìàíîâûì ìíîãîîáðàçèåì. Ïî òåîðåìå Êëå-
ðî ìåðèäèàí Γ åñòü ãåîäåçè÷åñêàÿ ïðÿìàÿ. Ïðè ýòîì åâêëèäîâû ëó÷è L1,
L2 ñóòü ìåòðè÷åñêèå ëó÷è. Îäíàêî ãåîäåçè÷åñêèé îòðåçîê E íå ÿâëÿåòñÿ
êðàò÷àéøåé ò.ê. ïîëóîêðóæíîñòü, ñîåäèíÿþùàÿ åå êîíöû íàM , êîðî÷å ÷åì
ïîëîâèíà ýëëèïñà E; ïîýòîìó Γ íå ÿâëÿåòñÿ ìåòðè÷åñêîé ïðÿìîé.

5.2 Ïðÿìûå â ãðóïïå Êàðíî

Ïðÿìîé â ãðóïïå Êàðíî G íàçûâàåòñÿ ëåâàÿ òðàíñëÿöèÿ îäíîïàðàìåòðè-
÷åñêîé ïîäãðóïïû â G, ïîðîæäåííîé íåíóëåâûì ýëåìåíòîì â ïåðâîì ñëîå
àëãåáðû Ëè:

q(t) = getX , g ∈ G, X ∈ g(1) \ {0}, t ∈ R.

Âäîëü òàêîé òðàåêòîðèè óïðàâëåíèå ïîñòîÿííî è îòëè÷íî îò íóëÿ, ïîýòîìó
ëþáàÿ ïðÿìàÿ â ãðóïïå Êàðíî åñòü ìåòðè÷åñêàÿ ïðÿìàÿ äëÿ ëåâîèíâàðèàíò-
íîé ñóáðèìàíîâîé ñòðóêòóðû íàG, ïîðîæäåííîé ñêàëÿðíûì ïðîèçâåäåíèåì
â g(1).

Äëÿ ìîäåëè (4)�(9) ñóáðèìàíîâîé (2, 3, 5, 8)-çàäà÷è ïðÿìûå ñóòü êðèâûå
â R8, ïðîåöèðóþùèåñÿ íà ïëîñêîñòü (x1, x2) â åâêëèäîâû ïðÿìûå, ñì. (29)�
(31) [6]. Ýòè ëèíèè ÿâëÿþòñÿ ìåòðè÷åñêèìè ïðÿìûìè.

5.3 Íåãëàäêèå àíîðìàëüíûå òðàåêòîðèè

Êàê ïîêàçàíî â ðàáîòå [16], ñóáðèìàíîâà êðàò÷àéøàÿ q(t), t ∈ [a, b], íå ìîæåò
èìåòü óãëîâîé îñîáåííîñòè, òî åñòü òàêîé òî÷êè q(τ), τ ∈ (a, b), ÷òî ëåâàÿ è
ïðàâàÿ ïðîèçâîäíûå q̇−(τ), q̇+(τ) ñóùåñòâóþò è ëèíåéíî íåçàâèñèìû.

Â ñóáðèìàíîâîé (2, 3, 5, 8)-çàäà÷å àíîðìàëüíûå òðàåêòîðèè ñ óãëîâîé
òî÷êîé ïîÿâëÿþòñÿ â àñèìïòîòè÷åñêîì ñëó÷àå [8], ñì. ï. 2.4, êîãäà ïðîåêöèè
òàêèõ òðàåêòîðèé íà ïëîñêîñòü (x1, x2) ïðèíàäëåæàò ïàðå ïåðåñåêàþùèõñÿ
ïðÿìûõ è ñîäåðæàò îòðåçêè ðàçíûõ ïðÿìûõ. Âñå òàêèå òðàåêòîðèè íåîïòè-
ìàëüíû â ñèëó âûøåóêàçàííîãî ðåçóëüòàòà ðàáîòû [16].

5.4 Ãëàäêèå àíîðìàëüíûå òðàåêòîðèè

5.4.1 Îïòèìàëüíîñòü ìàëûõ äóã

Òåîðåìà 10. Ìàëûå äóãè ãëàäêèõ àíîðìàëüíûõ òðàåêòîðèé îïòèìàëüíû,
òî åñòü ïðè íàòóðàëüíîé ïàðàìåòðèçàöèè òàêèå òðàåêòîðèè ñóòü ãåî-
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äåçè÷åñêèå. Áîëåå òîãî, êîíöû ìàëûõ äóã ýòèõ òðàåêòîðèé ñîåäèíÿþòñÿ
åäèíñòâåííîé îïòèìàëüíîé òðàåêòîðèåé.

Äîêàçàòåëüñòâî. Ïóñòü Γ : R → G ≃ R8 åñòü ãëàäêàÿ àíîðìàëüíàÿ òðà-
åêòîðèÿ, à γ : R → R2 åñòü åå ïðîåêöèÿ íà ïëîñêîñòü (x1, x2). Åñëè γ åñòü
åâêëèäîâà ïðÿìàÿ, òî Γ åñòü ìåòðè÷åñêàÿ ïðÿìàÿ â ñèëó ï. 5.2 è óäîâëåòâî-
ðÿåò óòâåðæäåíèÿì òåîðåìû.

Â ïðîòèâíîì ñëó÷àå γ åñòü êîíè÷åñêîå ñå÷åíèå (ïàðàáîëà, ýëëèïñ èëè
îäíà âåòâü ãèïåðáîëû) [8], ñì. ï. 2.3. Òîãäà âäîëü ñîîòâåòñòâóþùåé àíîð-
ìàëüíîé ýêñòðåìàëè λt, t ∈ R, âûïîëíåíû óñëîâèÿ

h1 = h2 = h3 ≡ 0, h24 + h25 ̸= 0,

ò.å.
λt ∈ (D2)⊥ \ (D3)⊥,

òàêàÿ ýêñòðåìàëü íàçûâàåòñÿ õîðîøåé (nice) [2,3], à â ðàáîòå [19] òàêàÿ ýêñ-
òðåìàëü íàçûâàåòñÿ ðåãóëÿðíîé. Ñîãëàñíî òåîðåìå 5 [19], ñì. òàêæå òåîðåìó
12.33 è çàìå÷àíèå 12.34 [3], ñîîòâåòñòâóþùàÿ ýêñòðåìàëüíàÿ òðàåêòîðèÿ Γ
óäîâëåòâîðÿåò óòâåðæäåíèÿì äàííîé òåîðåìû.

5.4.2 Îïòèìàëüíîñòü êðóãîâûõ òðàåêòîðèé

Ïóñòü ãåîäåçè÷åñêèé ëó÷ Γ : R+ → G ïðîåöèðóåòñÿ íà ïëîñêîñòü (x1, x2)
â îêðóæíîñòü, íàçîâåì òàêóþ òðàåêòîðèþ êðóãîâîé. Òàêàÿ òðàåêòîðèÿ îä-
íîâðåìåííî àíîðìàëüíà è íîðìàëüíà [8]. Îíà ïðîåöèðóåòñÿ åñòåñòâåííûì
îáðàçîì â ãðóïïû Ãåéçåíáåðãà è Êàðòàíà, è áëàãîäàðÿ ýòîìó ìîæíî ïîëó-
÷èòü íèæíèå îöåíêè âðåìåíè ðàçðåçà âäîëü Γ

tcut(Γ) = sup
{
τ > 0 | Γ|[0,τ ] îïòèìàëüíà

}
.

Ïðîåêöèÿ íà ãðóïïó Ãåéçåíáåðãà Àëãåáðà Ãåéçåíáåðãà åñòü 3-ìåðíàÿ
íèëüïîòåíòíàÿ àëãåáðà Ëè h = span(X1, X2, X3) ñ åäèíñòâåííîé íåíóëåâîé
ñêîáêîé [X1, X2] = X3. Ñîîòâåòñòâóþùàÿ ñâÿçíàÿ îäíîñâÿçíàÿ ãðóïïà Ëè H
íàçûâàåòñÿ ãðóïïîé Ãåéçåíáåðãà. Ñòàíäàðòíàÿ ëåâîèíâàðèàíòíàÿ ñóáðèìà-
íîâà çàäà÷à íà ãðóïïå H çàäàåòñÿ îðòîíîðìèðîâàííûì ðåïåðîì X1, X2 [3].

Ôàêòîð-ãðóïïà G̃ = G/ exp(g(3) + g(4)) èçîìîðôíà ãðóïïå Ãåéçåíáåðãà.

Åñòåñòâåííàÿ ïðîåêöèÿ p : G→ G̃ çàäàåò íà G̃ ëåâîèíâàðèàíòíóþ ñóáðèìà-
íîâó ñòðóêòóðó, èçîìåòðè÷íóþ ñòàíäàðòíîé. Ïðè ýòîì p åñòü ñóáìåòðèÿ, òî
åñòü ñóáìåðñèÿ, ñîõðàíÿþùàÿ ñêàëÿðíîå ïðîèçâåäåíèå ñóáðèìàíîâûõ ìåò-
ðèê. Ïîýòîìó, åñëè ãîðèçîíòàëüíàÿ êðèâàÿ Γ : [a, b] → G òàêîâà, ÷òî åå
ïðîåêöèÿ p ◦Γ(t) îïòèìàëüíà äëÿ ñóáðèìàíîâîé ìåòðèêè íà ãðóïïå Ãåéçåí-
áåðãà G̃, òî Γ(t) îïòèìàëüíà äëÿ (2, 3, 5, 8)-ñóáðèìàíîâîé ìåòðèêè íà G. Äëÿ
ðàññìàòðèâàåìîé ìîäåëè (4)�(9) ñóáðèìàíîâîé (2, 3, 5, 8)-ñòðóêòóðû ïðîåê-
öèÿ p èìååò âèä (x1, . . . , x8) 7→ (x1, x2, x3). Äëÿ ëåâîèíâàðèàíòíîé ñóáðèìà-
íîâîé çàäà÷è íà ãðóïïå Ãåéçåíáåðãà òðàåêòîðèÿ, ïðîåöèðóþùàÿñÿ íà ïëîñ-
êîñòü (x1, x2) â îêðóæíîñòü, òåðÿåò îïòèìàëüíîñòü ïðè ïåðâîì çàìûêàíèè
îêðóæíîñòè [3]. Ïîýòîìó ïîëó÷àåì ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 11. Åñëè ãåîäåçè÷åñêàÿ Γ : R+ → G ïðîåöèðóåòñÿ íà ïëîñ-
êîñòü (x1, x2) â îêðóæíîñòü γ ïåðèîäà T , òî îíà îïòèìàëüíà äî ìîìåí-
òà T , ò.å. tcut(Γ) ⩾ T.
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Ïðîåêöèÿ íà ãðóïïó Êàðòàíà Àëãåáðà Êàðòàíà åñòü 5-ìåðíàÿ íèëüïî-
òåíòíàÿ àëãåáðà Ëè c = span(X1, . . . , X5) ñ íåíóëåâûìè ñêîáêàìè [X1, X2] =
X3, [X1, X3] = X4, [X2, X3] = X5. Ñîîòâåòñòâóþùàÿ ñâÿçíàÿ îäíîñâÿçíàÿ
ãðóïïà Ëè C íàçûâàåòñÿ ãðóïïîé Êàðòàíà. Ñòàíäàðòíàÿ ëåâîèíâàðèàíò-
íàÿ ñóáðèìàíîâà çàäà÷à íà ãðóïïå C çàäàåòñÿ îðòîíîðìèðîâàííûì ðåïå-
ðîì X1, X2, ýòà çàäà÷à áûëà èññëåäîâàíà â ðàáîòàõ [20�23,25,26]. Äëÿ ýòîé
ñóáðèìàíîâîé çàäà÷è òðàåêòîðèÿ, ïðîåöèðóþùàÿñÿ íà ïëîñêîñòü (x1, x2) â
îêðóæíîñòü, òåðÿåò îïòèìàëüíîñòü â ìîìåíò âðåìåíè µT , ãäå T åñòü ïåðèîä
îêðóæíîñòè, à ÷èñëî µ ≈ 1,46 çàäàåòñÿ óñëîâèÿìè:

µ = 2r/π, (57)

(32r2 − 1) cos(2r)− 8r sin(2r) + cos(6r) = 0, r ∈ (π/2, π). (58)

Ðàññìàòðèâàÿ ïðîåêöèþ òðàåêòîðèè Γ íà ãðóïïó Êàðòàíà àíàëîãè÷íî
äîêàçàòåëüñòâó òåîðåìû 11, ïîëó÷àåì ñëåäóþùåå óñèëåíèå ýòîé òåîðåìû.

Òåîðåìà 12. Åñëè ãåîäåçè÷åñêàÿ Γ : R+ → G ïðîåöèðóåòñÿ íà ïëîñ-
êîñòü (x1, x2) â îêðóæíîñòü γ ïåðèîäà T , òî îíà îïòèìàëüíà äî ìîìåí-
òà µT , ò.å. tcut(Γ) ⩾ µT.

5.4.3 Ìåòðè÷åñêèå ïðÿìûå

Ïðåäâàðèòåëüíûå ñâåäåíèÿ Â ýòîì ïóíêòå áóäóò èñïîëüçîâàòüñÿ îïè-
ñàííûå äàëåå â òåîðåìàõ 13, 14 íåîáõîäèìûå óñëîâèÿ òîãî, ÷òî ñóáðèìàíîâà
ãåîäåçè÷åñêàÿ íà ãðóïïå Êàðíî åñòü ìåòðè÷åñêàÿ ïðÿìàÿ.

Ïóñòü G åñòü ãðóïïà Êàðíî, V1 = G/[G,G] åñòü åå ïåðâûé ñëîé, è
π : G → V1 åñòü ïðîåêöèÿ. Ðàññìîòðèì ëåâîèíâàðèàíòíóþ ñóáðèìàíîâó
ñòðóêòóðó íà G, çàäàííóþ íåêîòîðûì ñêàëÿðíûì ïðîèçâåäåíèåì â ïåðâîì
ñëîå g(1) àëãåáðû Ëè g. Ïóñòü Γ åñòü ãåîäåçè÷åñêàÿ ïðÿìàÿ èëè ãåîäåçè÷å-
ñêèé ëó÷.

Òåîðåìà 13 (Ý. Õàêàâóîðè, Ý. Ëå Äîííå [17]). Åñëè Γ åñòü ìåòðè÷åñêàÿ
ïðÿìàÿ èëè ìåòðè÷åñêèé ëó÷, òî ñóùåñòâóþò R > 0 è ãèïåðïëîñêîñòü
W ⊂ V1 òàêèå, ÷òî Im(π ◦ Γ) ñîäåðæèòñÿ â R-îêðåñòíîñòè ãèïåðïëîñêî-
ñòè W â V1.

Äàëåå, ïóñòü I åñòü ïðÿìàÿ R èëè çàìêíóòûé ëó÷ â R âèäà [a,+∞)
èëè (−∞, a]. Ïóñòü Γ : I → G åñòü 1-ëèïøèöåâà êðèâàÿ (â ÷àñòíîñòè,
ãåîäåçè÷åñêàÿ). Ïóñòü δh : G → G, h > 0, åñòü ñåìåéñòâî äèëàòàöèé â
ãðóïïå Êàðíî G. Çàôèêñèðóåì t̄ ∈ I è îïðåäåëèì äëÿ êàæäîãî h > 0 êðèâóþ

Γh(t) = δ 1
h
(Γ(t̄)−1Γ(t̄+ ht)), t ∈ 1

h
(I − t̄). (59)

Ïðè h → +∞ ïðîìåæóòîê 1
h (I − t̄) ñòðåìèòñÿ ê ïðîìåæóòêó Ī, ãäå Ī = R,

Ī = [0,+∞) èëè Ī = (−∞, 0]. Ïî òåîðåìå Àðöåëà-Àñêîëè, äëÿ ëþáîé ïîñëå-
äîâàòåëüíîñòè hj → +∞ ñóùåñòâóåò ïîäïîñëåäîâàòåëüíîñòü hjk è êðèâàÿ
σ : Ī → G òàêàÿ, ÷òî Γhjk

→ σ ðàâíîìåðíî íà êîìïàêòíûõ ïîäìíîæåñòâàõ
R. Ñëåäóÿ ðàáîòå [17], îïðåäåëèì ìíîæåñòâî àñèìïòîòè÷åñêèõ êîíóñîâ (ñæà-
òèé, blow-down [17]) êðèâîé Γ êàê íåïóñòîå ìíîæåñòâî

Asymp(Γ) := {σ | ∃ hj → ∞ : Γhj
→ σ}. (60)

Ýòî ìíîæåñòâî íå çàâèñèò îò t̄.
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Òåîðåìà 14 (Ý. Õàêàâóîðè, Ý. Ëå Äîííå [17]). Åñëè Γ åñòü ìåòðè÷åñêàÿ
ïðÿìàÿ èëè ìåòðè÷åñêèé ëó÷, òî ëþáîé ýëåìåíò ìíîæåñòâà Asymp(Γ)
åñòü òàêæå ìåòðè÷åñêàÿ ïðÿìàÿ (ñîîòâ. ìåòðè÷åñêèé ëó÷).

Àíîðìàëüíûå ìåòðè÷åñêèå ïðÿìûå â ñóáðèìàíîâîé (2, 3, 5, 8)-çàäà÷å

Òåîðåìà 15. Â ñóáðèìàíîâîé (2, 3, 5, 8)-çàäà÷å èç àíîðìàëüíûõ ãåîäåçè÷å-
ñêèõ ìåòðè÷åñêèìè ïðÿìûìè ÿâëÿþòñÿ òîëüêî ïðÿìûå â ãðóïïå Ëè G,
òî åñòü ãåîäåçè÷åñêèå, ïðîåöèðóþùèåñÿ íà ïëîñêîñòü (x1, x2) â åâêëèäîâû
ïðÿìûå.

Äîêàçàòåëüñòâî. Åñëè àíîðìàëüíàÿ òðàåêòîðèÿ Γ â ñóáðèìàíîâîé (2, 3, 5, 8)-
çàäà÷å íåãëàäêàÿ, òî îíà ñîäåðæèò óãëîâóþ òî÷êó èëè òî÷êó âîçâðàòà (Γ̇−(τ)
è Γ̇+(τ) ïðîòèâîïîëîæíî íàïðàâëåíû). Â îáîèõ ñëó÷àÿõ Γ íåîïòèìàëüíà íà
ó÷àñòêå, ñîäåðæàùåì òàêóþ òî÷êó âíóòðè ñåáÿ. Ó÷èòûâàÿ ïóíêò 5.2, íóæíî
äîêàçàòü, ÷òî ãëàäêèå àíîðìàëüíûå òðàåêòîðèè, ïðîåöèðóþùèåñÿ íà ïëîñ-
êîñòü (x1, x2) â êîíè÷åñêèå ñå÷åíèÿ, íå ÿâëÿþòñÿ ìåòðè÷åñêèìè ïðÿìûìè.

Ïóñòü Γ : R → G ≃ R8 åñòü ãëàäêàÿ àíîðìàëüíàÿ òðàåêòîðèÿ, ïðîåêöèÿ
êîòîðîé γ : R → R2 íà ïëîñêîñòü (x1, x2) åñòü êîíè÷åñêîå ñå÷åíèå. Èññëå-
äóåì àñèìïòîòè÷åñêèå êîíóñû êðèâîé Γ ñîãëàñíî îïðåäåëåíèÿì (59), (60).
Ïðè ýòîì áóäåì â îïðåäåëåíèè (59) áóäåì ïîëàãàòü t̄ = 0, îòêóäà Γ(t̄) = Id,
è

Γ 1
h
(t) = δ 1

h
◦ Γ(ht), h > 0, t ∈ R.

Äèëàòàöèè â ãðóïïå Êàðíî G ≃ R8 äåéñòâóþò ñëåäóþùèì îáðàçîì:

δα(x1, . . . , x8) = (αx1, αx2, α
2x3, α

3x4, α
3x5, α

4x6, α
4x7, α

4x8),

α > 0, (x1, . . . , x8) ∈ G ≃ R8.

Îáîçíà÷àÿ Γ(t) = (x1(t), . . . , x8(t)), Γh(t) = (xh1 (t), . . . , x
h
8 (t)), ïîëó÷àåì

xhi (t) =
1

h
xi(ht), i = 1, 2, h > 0.

1. Ïóñòü êðèâàÿ γ(t) = (x1(t), x2(t)) åñòü ýëëèïñ. Òîãäà ôóíêöèè xi(t),
i = 1, 2, îãðàíè÷åíû, è

lim
h→∞

xhi (t) = 0, i = 1, 2, t ∈ R. (61)

Ïóñòü hk → ∞ åñòü ïîñëåäîâàòåëüíîñòü, íà êîòîðîé ñóùåñòâóåò ïðåäåë
limhk→∞ Γ(t) = σ(t) = (x̄1(t), . . . , x̄8(t)). Òîãäà èç (61) ïîëó÷àåì x̄1(t) =
x̄2(t) ≡ 0, îòêóäà ñæàòèå σ(t) ≡ Id åñòü ïîñòîÿííàÿ êðèâàÿ. Ïîýòîìó σ íå
ÿâëÿåòñÿ ìåòðè÷åñêîé ïðÿìîé, è ïî òåîðåìå 14 ýòî æå âåðíî è äëÿ êðèâîé Γ,
÷.ò.ä.

2. Ïóñòü êðèâàÿ γ(t) = (x1(t), x2(t)) åñòü ïàðàáîëà èëè îäíà âåòâü ãèïåð-
áîëû. Äîêàæåì, ÷òî òîãäà Γ íå ìîæåò áûòü ìåòðè÷åñêîé ïðÿìîé.

2.1. Ïåðâîå äîêàçàòåëüñòâî. Ïàðàáîëà è âåòâü ãèïåðáîëû íå ñîäåðæàòñÿ
íè â êàêîé ïîëîñå ìåæäó äâóìÿ ïàðàëëåëüíûìè åâêëèäîâûìè ïðÿìûìè â
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ïëîñêîñòè (x1, x2). Ïî òåîðåìå 13, òðàåêòîðèÿ Γ íå ÿâëÿåòñÿ ìåòðè÷åñêîé
ïðÿìîé.

2.2. Âòîðîå äîêàçàòåëüñòâî. Íåñëîæíîå âû÷èñëåíèå ïî îïðåäåëåíèþ (59)
ïîêàçûâàåò, ÷òî:

� ñæàòèå ïàðàáîëû � ýòî çàìêíóòûé ëó÷ ñ âåðøèíîé â íà÷àëå êîîðäèíàò
è ñîíàïðàâëåííûé îñè ïàðàáîëû, à

� ñæàòèå âåòâè ãèïåðáîëû � ýòî óãîë ñ âåðøèíîé â íà÷àëå êîîðäèíàò,
ñòîðîíû êîòîðîãî ñîíàïðàâëåíû àñèìïòîòàì ãèïåðáîëû.

Â îáîèõ ñëó÷àÿõ ïðåäåëüíàÿ êðèâàÿ σ èìååò òî÷êó âîçâðàòà èëè óãëîâóþ
òî÷êó, ïîòîìó íå ÿâëÿåòñÿ ìåòðè÷åñêîé ïðÿìîé. Ïîýòîìó è Γ íå ÿâëÿåòñÿ
ìåòðè÷åñêîé ïðÿìîé.

Òåîðåìà 16. Â ñóáðèìàíîâîé (2, 3, 5, 8)-çàäà÷å ãåîäåçè÷åñêèå ëó÷è, ïðîåöè-
ðóþùèåñÿ â ýëëèïñû èëè ïàðàáîëû, íå ÿâëÿþòñÿ ìåòðè÷åñêèìè ëó÷àìè.

Äîêàçàòåëüñòâî. Àíàëîãè÷íî ïï. 1, 2 äîêàçàòåëüñòâà òåîðåìû 15.

Ê ñîæàëåíèþ, ìû íå ìîæåì ñäåëàòü âûâîäà, àíàëîãè÷íîãî óòâåðæäå-
íèþ òåîðåìû 16, îá àíîðìàëüíûõ ãåîäåçè÷åñêèõ ëó÷àõ, ïðîåöèðóþùèõñÿ â
ãèïåðáîëû, ò.ê. â ýòîì ñëó÷àå íåîáõîäèìûå óñëîâèÿ òåîðåì 13, 14 íåïðèìå-
íèìû (ïðîåêöèÿ òàêîãî ëó÷à íà ïëîñêîñòü (x1, x2) ñîäåðæèòñÿ â ïîëîñå, à
ñæàòèå òàêîãî ëó÷à åñòü ìåòðè÷åñêèé ëó÷).

5.4.4 Ñîïðÿæåííûå òî÷êè

Ïðåäâàðèòåëüíûå ñâåäåíèÿ Íàïîìíèì íåîáõîäèìûå íàì ñâåäåíèÿ ïî
òåîðèè ñîïðÿæåííûõ òî÷åê âäîëü àíîðìàëüíûõ òðàåêòîðèé èç ðàçäåëà 12.6
êíèãè [3].

Ïóñòü λt, t ∈ [0, t1], åñòü õîðîøàÿ ýêñòðåìàëü äëÿ ðàñïðåäåëåíèÿ D ðàí-
ãà 2 íà ñóáðèìàíîâîì ìíîãîîáðàçèè M , è ïóñòü Γ(t) = π(λt), t ∈ [0, t1], åñòü
ñîîòâåòñòâóþùàÿ àíîðìàëüíàÿ òðàåêòîðèÿ ñ íà÷àëüíîé òî÷êîé q0 = Γ(0),
ãäå π : T ∗M → M åñòü êàíîíè÷åñêàÿ ïðîåêöèÿ. Ïóñòü íîñèòåëü ýòîé êðè-
âîé {Γ(t) | t ∈ [0, t1]} åñòü îäíîìåðíîå C∞-ãëàäêîå ïîäìíîãîîáðàçèå â M , ñ
ãðàíèöåé èëè áåç íåå. Âûáåðåì áàçèñ f1, f2 ðàñïðåäåëåíèÿ D òàê, ÷òîáû

Γ̇(t) = f1(Γ(t)), t ∈ [0, t1]. (62)

Äàëåå, ââåäåì ñåìåéñòâî âåêòîðíûõ ïîëåé

gt = e−tf1
∗ f2, t ∈ [0, t1].

Ïîëîæèì äëÿ ëþáûõ t, s ∈ (0, t1]

l(t) = ⟨λ0, [ġt, gt](q0)⟩,

Xt = v1gs +

∫ t

s

v(τ)ġτdτ, v ∈ L2[0, t1], v1 ∈ R.

Ðàññìîòðèì ñåìåéñòâî êâàäðàòè÷íûõ ôîðì Qs, s ∈ (0, t1], ñëåäóþùåãî âèäà:

Qs(v, v1) =

∫ s

0

l(t)v(t)2dt+

∫ s

0

⟨λ0, [Xt, Ẋt](q0)⟩dt,
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çàäàííûõ íà ïðîñòðàíñòâå

D(Qs) =

{
(v, v1) ∈ L2[0, s]× R |

∫ s

0

v(t)ġt(q0)dt+ v1gs(q0) ∈ span(f1(q0))

}
.

Ìîìåíò âðåìåíè s ∈ (0, t1] íàçûâàåòñÿ ñîïðÿæåííûì ê íà÷àëüíîìó ìî-
ìåíòó 0 äëÿ àíîðìàëüíîé òðàåêòîðèè Γ, åñëè kerQs ̸= 0.

Çàìå÷àíèå 4. Çäåñü è äàëåå èçëàãàåòñÿ òåîðèÿ ñîïðÿæåííûõ òî÷åê äëÿ
ýêñòðåìàëåé, çàäàííûõ íà îòðåçêå t ∈ [0, t1]. Äëÿ ýêñòðåìàëåé, çàäàííûõ íà
îáùåì îòðåçêå t ∈ [t0, t1] ýòà òåîðèÿ î÷åâèäíî ïåðåíîñèòñÿ ñäâèãîì âðåìåíè.

Òåîðåìà 17 (Òåîðåìû 12.37, 12.56 [3]). Åñëè ïðîìåæóòîê (0, t1] íå ñî-
äåðæèò ñîïðÿæåííûõ âðåìåí, òî òðàåêòîðèÿ Γ ëîêàëüíî îïòèìàëüíà â
ñèëüíîì ñìûñëå (ò.å. â ñìûñëå C0-òîïîëîãèè).

Îïèøåì ñïîñîá âû÷èñëåíèÿ ñîïðÿæåííûõ âðåìåí ñ ïîìîùüþ ¾óðàâíå-
íèÿ ßêîáè¿ (63).

Ðàññìîòðèì ëèíåéíûå íà ñëîÿõ T ∗M ãàìèëüòîíèàíû

hf1(λ) = ⟨λ, f1(π(λ))⟩, hgt(λ) = ⟨λ, gt(π(λ))⟩, λ ∈ T ∗M, t ∈ [0, t1],

è ñîîòâåòñòâóþùèå ãàìèëüòîíîâû âåêòîðíûå ïîëÿ h⃗f1 , h⃗gt ∈ Vec(T ∗M).
Îáîçíà÷èì âåêòîðû

ξ1 = h⃗f1(λ0), ζt = h⃗gt(λ0) ∈ Tλ0(T
∗M).

Îïðåäåëèì ïðîñòðàíñòâî

E = span(ξ1, ζt | t ∈ [0, t1]) ⊂ Tλ0
(T ∗M),

à òàêæå ïðîñòðàíñòâî
Σ = E/ (kerσ|E) ,

ãäå σ ∈ Λ2(T ∗M) åñòü êàíîíè÷åñêàÿ ñèìïëåêòè÷åñêàÿ 2-ôîðìà íà ñèìïëåê-
òè÷åñêîì ìíîãîîáðàçèè T ∗M . Îáîçíà÷èì ÷åðåç ζ

t
∈ Σ ïðîåêöèþ âåêòî-

ðà ζt ∈ E, à ÷åðåç Π ⊂ Σ � ïðîåêöèþ ïðîñòðàíñòâà E ∩ kerπ∗ ïðè îòîá-
ðàæåíèè E → Σ. Äëÿ ýëåìåíòà ζ ∈ Σ îáîçíà÷èì åãî êîñîîðòîãîíàëüíîå

äîïîëíåíèå ζ∠ = {α ∈ Σ | σ(ζ, α) = 0}, àíàëîãè÷íî îïðåäåëÿåòñÿ êîñîîð-

òîãîíàëüíîå äîïîëíåíèå Π∠ = {α ∈ Σ | σ(v, α) = 0 ∀ v ∈ Π} ïîäïðîñòðàí-
ñòâà Π ⊂ Σ.

Òåîðåìà 18 (Òåîðåìà 12.42 [3]). Ìîìåíò âðåìåíè s ∈ (0, t1] ñîïðÿæåí
íà÷àëüíîìó ìîìåíòó 0 òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò íåïî-
ñòîÿííîå ðåøåíèå y(t), t ∈ [0, s], óðàâíåíèÿ

l(t)ẏ = σ(ζ̇
t
, y)ζ̇

t
, y(t) ∈ Σ, (63)

ñ ãðàíè÷íûìè óñëîâèÿìè

∃ ν ∈ Π∠ ∩ ζ∠
s

òàêîå, ÷òî (y(0) + ν) ∈ Π, (y(s) + ν) ∧ ζ
s
= 0. (64)
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Òåïåðü ïðåäïîëîæèì, ÷òî ñóùåñòâóåò òàêîå k ⩾ 2, ÷òî âåêòîðíûå ïîëÿ

f1, f2, (ad f1)f2, . . . , (ad f1)
k−1f2

ëèíåéíî íåçàâèñèìû â êàæäîé òî÷êå íåêîòîðîé îêðåñòíîñòè õîðîøåé àíîð-
ìàëüíîé òðàåêòîðèè Γ. Áîëåå òîãî, ïóñòü ñóùåñòâóþò ãëàäêèå ôóíêöèè ai,
α, äëÿ êîòîðûõ â êàæäîé òî÷êå ýòîé îêðåñòíîñòè

(ad f1)
kf2 =

k−1∑
i=0

ai(ad f1)
if2 + αf1. (65)

Òîãäà

ζ
(k)
t =

k−1∑
i=0

ai(Γ(t)) ζ
(i)
t + α(Γ(t)) ξ1, t ∈ [0, t1], (66)

îòêóäà dimE = k è Π = {0}. Ãðàíè÷íûå óñëîâèÿ (64) ïðèíèìàþò ôîðìó

y(0) ∈ ζ∠
s
, (y(s)− y(0)) ∧ ζ

s
= 0. (67)

Ñîïðÿæåííûå òî÷êè âäîëü àíîðìàëüíûõ êðóãîâûõ òðàåêòîðèé Íà
îñíîâå ïðåäñòàâëåííûõ â ïðåäûäóùåì ïóíêòå ðåçóëüòàòîâ äîêàæåì ëîêàëü-
íóþ îïòèìàëüíîñòü êðóãîâûõ òðàåêòîðèé â ñóáðèìàíîâîé (2, 3, 5, 8)-çàäà÷å.

Òåîðåìà 19. Ïóñòü àíîðìàëüíàÿ ãåîäåçè÷åñêàÿ Γ : R+ → G ïðîåöèðóåò-
ñÿ íà ïëîñêîñòü (x1, x2) â îêðóæíîñòü. Òîãäà ëþáîé ïðîìåæóòîê (0, t1],
t1 > 0, ñâîáîäåí îò ñîïðÿæåííûõ âðåìåí. Ïîýòîìó ëþáàÿ òðàåêòîðèÿ
Γ|[0,t1], t1 > 0, ëîêàëüíî îïòèìàëüíà â ñèëüíîì ñìûñëå.

Äîêàçàòåëüñòâî. Óòâåðæäåíèå òåîðåìû èíâàðèàíòíî îòíîñèòåëüíî ïîâî-
ðîòîâ è ðàñòÿæåíèé ïëîñêîñòè (x1, x2), ïîýòîìó áóäåì ñ÷èòàòü, ÷òî ïðîåê-
öèÿ òðàåêòîðèè Γ íà ïëîñêîñòü (x1, x2) åñòü îêðóæíîñòü

γ(t) = (sin t, 1− cos t), t ∈ R+.

Îò ïðîòèâíîãî, ïóñòü s > 0 åñòü ñîïðÿæåííîå âðåìÿ ê íà÷àëüíîìó ìîìåí-
òó 0 äëÿ àíîðìàëüíîé òðàåêòîðèè Γ.

Îêðóæíîñòü γ(t) åñòü òðàåêòîðèÿ âåêòîðíîãî ïîëÿ (1− x2)
∂

∂ x1
+ x1

∂
∂ x2

,
ïîòîìó àíîðìàëüíàÿ òðàåêòîðèÿ Γ(t) åñòü òðàåêòîðèÿ âåêòîðíîãî ïîëÿ

f1 = (1− x2)X1 + x1X2,

òî åñòü âûïîëíåíî óñëîâèå (62). Äîïîëíèì ýòî ïîëå äî áàçèñà ðàñïðåäåëå-
íèÿ D ïîëåì

f2 = −x1X1 + (1− x2)X2

â îáëàñòè Ω = {x ∈ G | x21+(1−x2)2 ̸= 0}, ñîäåðæàùåé êðèâóþ Γ. Âû÷èñëèì
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ïîñëåäîâàòåëüíî êîììóòàòîðû:

(ad f1)f2 = (x21 + (1− x2)
2)

∂

∂ x3
+ x1(x

2
1 + (1− x2)

2)
∂

∂ x4
+

+ (x21 + (1− x2)
2)x2

∂

∂ x5
+

1

2
x21(x

2
1 + (1− x2)

2)
∂

∂ x6
+

+ x1(x
2
1 + (1− x2)

2)x2
∂

∂ x7
+

1

2
(x21 + (1− x2)

2)x22
∂

∂ x8
,

(ad f1)
2f2 = (x21 + (1− x2)

2)(1− x2)
∂

∂ x4
+ x1(x

2
1 + (1− x2)

2)
∂

∂ x5
+

+ x1(x
2
1 + (1− x2)

2)(1− x2)
∂

∂ x6
+

+
(
x41 + x21(1− x2) + (1− x2)

3x2
) ∂

∂ x7
+ x1x2(x

2
1 + (1− x2)

2)
∂

∂ x8
,

(ad f1)
3f2 = −x1(x21 + (1− x2)

2)
∂

∂ x4
+ (x21 + (1− x2)

2)(1− x2)
∂

∂ x5
+

+
(
−x41 + (1− x2)

4
) ∂

∂ x6
+ x1(x

2
1 + (−1 + x2)

2)(3− 4x2)
∂

∂ x7
+

+
(
x41 − x21(−1 + x2) + (1− x2)

3x2
) ∂

∂ x8
,

(ad f1)
4f2 = −(x21 + (1− x2)

2)(1− x2)
∂

∂ x4
− x1(x

2
1 + (1− x2)

2)
∂

∂ x5
−

− 4x1(x
2
1 + (1− x2)

2)(1− x2)
∂

∂ x6
−

−
(
4x41 + x21(1− x2) + (1− x2)

3(3− 4x2)
) ∂

∂ x7
−

− x1(x
2
1 + (1− x2)

2)(3− 4x2)
∂

∂ x8
,

(ad f1)
5f2 = x1(x

2
1 + (1− x2)

2)
∂

∂ x4
− (x21 + (1− x2)

2)(1− x2)
∂

∂ x5
+

+ 4(x41 − (1− x2)
4)

∂

∂ x6
− x1(x

2
1 + (1− x2)

2)(15− 16x2)
∂

∂ x7
−

−
(
4x41 + x21(1− x2)− (1− x2)

3(3− 4x2)
) ∂

∂ x8
,

(ad f1)
6f2 = (x21 + (1− x2)

2)(1− x2)
∂

∂ x4
+ x1(x

2
1 + (1− x2)

2)
∂

∂ x5
+

+ 16x1(x
2
1 + (1− x2)

2)(1− x2)
∂

∂ x6
+

+
(
16x41 + x21(1− x2)− (1− x2)

3(15− 16x2)
) ∂

∂ x7
−

−
(
x1(x

2
1 + (1− x2)

2)(15− 16x2)
) ∂

∂ x8
.

Íåïîñðåäñòâåííàÿ ïðîâåðêà ïîêàçûâàåò, ÷òî â îáëàñòè Ω ïîëÿ

f1, f2, (ad f1)f2, . . . , (ad f1)
5f2
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ëèíåéíî íåçàâèñèìû, à

(ad f1)
6f2 = −4(ad f1)

2f2 − 5(ad f1)
4f2.

Òî åñòü ðàâåíñòâî (65) âûïîëíÿåòñÿ äëÿ

k = 6, (68)

α = a1 = a3 = a5 = 0, a2 = −4, a4 = −5. (69)

Ïîýòîìó óðàâíåíèå (66) è ãðàíè÷íûå óñëîâèÿ (67) ïðèíèìàþò âèä

ζ
(6)
t = −4ζ

(2)
t − 5ζ

(4)
t ,

y(0) ∈ ζ∠
s
, (y(s)− y(0)) ∧ ζ

s
= 0.

Äàëåå, èìååì

E = span(⃗h1, h⃗2, h⃗3, h⃗4, h⃗5 + h⃗6, h⃗7, h⃗6 − h⃗8)
∣∣∣
λ0

,

kerσ|E = span(⃗h3 − h⃗5 − h⃗6, h⃗7, h⃗6 − h⃗8)
∣∣∣
λ0

,

Σ ≃ span(⃗h1, h⃗2, h⃗3, h⃗4)
∣∣∣
λ0

,

ζ
t
=

4∑
i=1

wi(t)⃗hi(λ0), w1 = 0, w2 = 1, w3 = 2t− sin t, w4 = 1− cos t,

l(t) = cos t− 2.

Ðàçëîæèì

y(t) =

4∑
i=1

ci(t)⃗hi(λ0) ∈ Σ,

òîãäà óðàâíåíèå (63) ïðèíèìàåò ôîðìó

(cos t− 2)


ċ1
ċ2
ċ3
ċ4

 = (c2(cos t− 2)− c1 sin t)


0
0

2− cos t
sin t

 ,

ò.å.

ċ1 = 0, (70)

ċ2 = 0, (71)

ċ3 = c2(2− cos t) + c1 sin t, (72)

ċ4 = c2 sin t+ c1
sin2 t

2− cos t
. (73)

Ãðàíè÷íûå óñëîâèÿ (67) ïðèíèìàþò ôîðìó

c1(0)(1− cos s) + c2(0)(2s− sin s)− c3(0) = 0,

c1(s) = c1(0),

c3(s)− c3(0) = (c2(s)− c2(0))(2s− sin s), (74)

c4(s)− c4(0) = (c2(s)− c2(0))(1− cos s). (75)
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Ïîêàæåì, ÷òî èç ðàâåíñòâ (70)�(75) ñëåäóåò, ÷òî ci(t) ≡ const, ò.å. y(t) ≡
const, ÷òî è çàâåðøèò äîêàçàòåëüñòâî ýòîé òåîðåìû ñ ó÷åòîì òåîðåì 17, 18.

Óðàâíåíèÿ (70), (71) îçíà÷àþò, ÷òî c1(t), c2(t) ≡ const. Òîãäà èç óðàâíå-
íèé (72), (73) ïîëó÷àåì

c3(t) = c3(0) + c2(2t− sin t) + c1(1− cos t), (76)

c4(t) = c4(0) + c2(1− cos t) + c1F (t), F (t) =

∫ t

0

sin2 τ

2− cos τ
dτ. (77)

Ïîñëå ýòîãî èç êðàåâûõ óñëîâèé (74), (75) ñëåäóåò, ÷òî

c2(2s− sin s) + c1(1− cos s) = 0, (78)

c2(1− cos s) + c1F (s) = 0, (79)

ãäå s > 0 åñòü ñîïðÿæåííîå âðåìÿ. Åñëè c1 = 0, òî c2 = 0, è èç ðàâåíñòâ (76),
(77) ïîëó÷àåì c3(t), c4(t) ≡ const. Ïîýòîìó ðàññìîòðèì ñëó÷àé c1 ̸= 0. Òîãäà
ðàâåíñòâà (78), (79) äàþò

c2 = −c1
1− cos s

2s− sin s
= −c1

F (s)

1− cos s
,

îòêóäà

G(s) = F (s), (80)

G(t) =
(1− cos t)2

2t− sin t
.

Äàëåå, F (0)−G(0) = 0, à ïðè t > 0

F ′(t)−G′(t) =
(3− 3 cos t− 2t sin t)2

(2− cos t)(2t− sin t)2
⩾ 0,

ïðè÷åì ðàâåíñòâî çäåñü ïðèíèìàåòñÿ ëèøü â èçîëèðîâàííûõ òî÷êàõ t. Ïî-
ýòîìó F (t)−G(t) > 0 ïðè t > 0, ÷òî ïðîòèâîðå÷èò (80).

Îòìåòèì, ÷òî åñëè àíîðìàëüíàÿ òðàåêòîðèÿ Γ ïðîåöèðóåòñÿ íà ïëîñ-
êîñòü (x1, x2) â êîíè÷åñêîå ñå÷åíèå, îòëè÷íîå îò îêðóæíîñòè, òî ðàâåí-
ñòâî (68) ñîõðàíÿåòñÿ, îäíàêî êîýôôèöèåíòû α, ai â óðàâíåíèè (65) ñòà-
íîâÿòñÿ íåïîñòîÿííûìè ôóíêöèÿìè, è óðàâíåíèå (66) íå ïðåäñòàâëÿåòñÿ
âîçìîæíûì èññëåäîâàòü. Âïðî÷åì, åñëè äëÿ ýëëèïòè÷åñêèõ ïðîåêöèé äîêà-
çàòü, ÷òî âðåìåíà ïîëíîãî 1-ãî, 2-ãî, 3-ãî, . . . îáõîäîâ ýëëèïñà íå ÿâëÿþòñÿ
ñîïðÿæåííûìè, òî èç ãîìîòîïè÷åñêîé èíâàðèàíòíîñòè èíäåêñà Ìàñëîâà [27]
áóäåò ñëåäîâàòü ïîëíîå îòñóòñòâèå ñîïðÿæåííûõ òî÷åê íà òàêèõ òðàåêòî-
ðèÿõ.

5.5 Èòîãîâûé ðåçóëüòàò îá îïòèìàëüíîñòè

Ñóììèðóåì ðåçóëüòàòû ýòîãî ðàçäåëà. Ïóñòü Γ : R → G åñòü àíîðìàëüíàÿ
òðàåêòîðèÿ. Äëÿ ëþáîãî a ∈ R îáîçíà÷èì ñóæåíèå Γa = Γ|[a,+∞). Îáîçíà-
÷èì ïåðâîå ñîïðÿæåííîå âðåìÿ âäîëü Γa ÷åðåç

t1conj(Γa) = inf {τ > a | τ � ñîïðÿæåííîå âðåìÿ ê ìîìåíòó a} .
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Òåîðåìà 20. Ïóñòü Γ : R → G åñòü ãëàäêàÿ íàòóðàëüíî ïàðàìåòðè-
çîâàííàÿ àíîðìàëüíàÿ òðàåêòîðèÿ â ñóáðèìàíîâîé (2, 3, 5, 8)-çàäà÷å, à γ :
R → R2 åñòü åå ïðîåêöèÿ íà ïëîñêîñòü (x1, x2).

(1) Åñëè γ åñòü ïðÿìàÿ, òî tcut(Γa) = +∞ äëÿ ëþáîãî a ∈ R. Òîëüêî â
ýòîì ñëó÷àå Γ åñòü ìåòðè÷åñêàÿ ïðÿìàÿ.

(2) Åñëè γ åñòü êîíè÷åñêîå ñå÷åíèå, òî Γ åñòü ãåîäåçè÷åñêàÿ, è tcut(Γa) >
a äëÿ ëþáîãî a ∈ R. Åñëè ïðè ýòîì γ åñòü ýëëèïñ èëè ïàðàáîëà, òî
tcut(Γa) < +∞ äëÿ ëþáîãî a ∈ R.

(3) Åñëè γ åñòü îêðóæíîñòü, òî t1conj(Γa) = +∞ è tcut(Γa) ⩾ a + µT
äëÿ ëþáîãî a ∈ R, ãäå T åñòü ïåðèîä îêðóæíîñòè, à ÷èñëî µ ≈ 1,46
çàäàåòñÿ óñëîâèÿìè (57), (58).

6 Çàêëþ÷åíèå

Ðåçóëüòàòû ï. 4 ïîêàçûâàþò, ÷òî äàæå äëÿ ëåâîèíâàðèàíòíûõ ðàñïðåäå-
ëåíèé àíîðìàëüíîå ìíîæåñòâî ìîæåò èìåòü äîâîëüíî ñëîæíóþ ñòðóêòóðó
� áûòü íåçàìêíóòûì è íåïîëóàíàëèòè÷åñêèì ìíîæåñòâîì, íå áûòü ãëàä-
êèì ìíîãîîáðàçèåì. Ñ äðóãîé ñòîðîíû, èçâåñòíûå ðåçóëüòàòû ñóáðèìàíîâîé
ãåîìåòðèè ïîçâîëÿþò ïðåäïîëîæèòü, ÷òî àíîðìàëüíîå ìíîæåñòâî ñóáàíà-
ëèòè÷íî è èìååò êîðàçìåðíîñòü íå ìåíåå 1. Âîçìîæíî, äëÿ ëåâîèíâàðèàíò-
íûõ ðàñïðåäåëåíèé ðàíãà 2 íèæíþþ îöåíêó êîðàçìåðíîñòè ìîæíî ïîâû-
ñèòü äî 3.

Ðåçóëüòàòû ï. 5 îá îïòèìàëüíîñòè àíîðìàëüíûõ òðàåêòîðèé ñóáðèìà-
íîâîé (2, 3, 5, 8)-ñòðóêòóðû âåñüìà íåïîëíû. Íåñìîòðÿ íà ÿâíóþ ïàðàìåò-
ðèçàöèþ àíîðìàëüíîãî ãåîäåçè÷åñêîãî ïîòîêà ýëåìåíòàðíûìè ôóíêöèÿìè
(ï. 3), äàæå èññëåäîâàíèå ëîêàëüíîé (íå ãîâîðÿ î ãëîáàëüíîé) îïòèìàëüíî-
ñòè âñòðå÷àåò ñóùåñòâåííûå àíàëèòè÷åñêèå ïðåïÿòñòâèÿ.

Àâòîðû âûðàæàþò áëàãîäàðíîñòü À.À.Àãðà÷åâó è Ý. Ëå Äîííå çà ïî-
ëåçíûå îáñóæäåíèÿ îïòèìàëüíîñòè ñóáðèìàíîâûõ ãåîäåçè÷åñêèõ.
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