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àíîðìàëüíîå ìíîæåñòâî, ñâîéñòâî Ñàðäà, ñóáàíàëèòè÷íîñòü.

Àíîðìàëüíûå òðàåêòîðèè ïðåäñòàâëÿþò îñîáûé èíòåðåñ äëÿ ñóáðèìàíîâîé ãåîìåòðèè,

òàê êàê âáëèçè íèõ ñóáðèìàíîâà ìåòðèêà èìååò íàèáîëåå ñëîæíûå îñîáåííîñòè [1, 2℄.

Âàæíûé îòêðûòûé âîïðîñ â ñóáðèìàíîâîé ãåîìåòðèè � îïèñàíèå ìíîæåñòâà, çàïîëíåí-

íîãî àíîðìàëüíûìè òðàåêòîðèÿìè, âûõîäÿùèìè èç �èêñèðîâàííîé òî÷êè. Òàê, ãèïîòåçà

Ñàðäà â ñóáðèìàíîâîé ãåîìåòðèè óòâåðæäàåò, ÷òî ýòî ìíîæåñòâî èìååò ìåðó íóëü. Â äàí-

íîé çàìåòêå ðàññìàòðèâàåòñÿ ýòî è äðóãèå ðîäñòâåííûå ñâîéñòâà óêàçàííîãî ìíîæåñòâà

äëÿ ëåâîèíâàðèàíòíîé ñóáðèìàíîâîé çàäà÷è ñ âåêòîðîì ðîñòà (2, 3, 5, 8), â ïðîäîëæåíèå
ïðåäûäóùèõ ðàáîò àâòîðîâ ïî ýòîé çàäà÷å [3�5℄.

1. Ïîñòàíîâêà çàäà÷è

Ïóñòü G åñòü ñâÿçíàÿ îäíîñâÿçíàÿ ñâîáîäíàÿ íèëüïîòåíòíàÿ ãðóïïà Ëè ðàíãà 2 ãëó-

áèíû 4. Åå àëãåáðà Ëè èìååò âèä

g = span(X1, . . . ,X8),

[X1, X2] = X3, [X1, X3] = X4, [X2, X3] = X5, [X1, X4] = X6,

[X2, X4] = [X1, X5] = X7, [X2, X5] = X8.

�àññìîòðèì ëåâîèíâàðèàíòíîå ðàñïðåäåëåíèå D = span(X1, X2) ⊂ TG, îíî èìååò âåêòîð

ðîñòà (2, 3, 5, 8). Àíîðìàëüíîå ìíîæåñòâî ðàñïðåäåëåíèÿ D, ñîîòâåòñòâóþùåå åäèíè÷íî-

ìó ýëåìåíòó Id ∈ G, îïðåäåëÿåòñÿ êàê

Abn = {x(t) | x(·) � àíîðìàëüíàÿ òðàåêòîðèÿ ðàñïðåäåëåíèÿ D, x(0) = Id, t > 0}.

2. Àíîðìàëüíûå òðàåêòîðèè

Îáîçíà÷èì hi(λ) = 〈λ,Xi〉, i = 1. . . . , 8, λ ∈ T ∗G. Â ðàáîòå [5℄ ñëåäóþùåå óòâåðæäåíèå

ïîëó÷åíî èç ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà [6, 7℄.

Òåîðåìà 1. Ëèïøèöåâà êðèâàÿ λ ∈ Lip([0, t1], T
∗G) ÿâëÿåòñÿ àíîðìàëüíîé ýêñòðå-

ìàëüþ òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò óïðàâëåíèå u ∈ L∞([0, t1],R
2), òàêîå,

÷òî:

λt 6= 0,

h1 = h2 = h3 = 0,

u1h4 + u2h5 = 0,
(

ḣ4

ḣ5

)

=

(

h6 h7

h7 h8

)(

u1

u2

)

,

ḣ6 = ḣ7 = ḣ8 = 0,

ñîîòâåòñòâóþùàÿ àíîðìàëüíàÿ òðàåêòîðèÿ x(t) = π(λt) óäîâëåòâîðÿåò óðàâíåíèþ

ẋ = u1X1 + u2X2.
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Õîðîøèå àíîðìàëüíûå òðàåêòîðèè. Â ñëó÷àå (h2
4 + h2

5)(λt) 6= 0 àíîðìàëüíàÿ ýêñ-
òðåìàëü λt íàçûâàåòñÿ õîðîøåé [2, 7℄. Â ýòîì ñëó÷àå u1 = −h5, u2 = h4 ñ òî÷íîñòüþ

äî ïåðåïàðàìåòðèçàöèè âðåìåíè. Ñîîòâåòñòâóþùèå ýêñòðåìàëè ÿâëÿþòñÿ òðàåêòîðèÿìè

àíîðìàëüíîãî âåêòîðíîãî ïîëÿ

~A = −h5
~h1 + h4

~h2, à òðàåêòîðèè çàäàþòñÿ àíîðìàëüíûì

ýêñïîíåíöèàëüíûì îòîáðàæåíèåì Exp(λ, t) = π ◦ et
~A(λ).

Àñèìïòîòè÷åñêèå òðàåêòîðèè. Â ñëó÷àå, êîãäà (h2
4 + h2

5)(λt) îáðàùàåòñÿ â íóëü

ïðè íåêîòîðûõ t, äëÿ îïèñàíèÿ àíîðìàëüíîãî ìíîæåñòâà äîñòàòî÷íî ðàññìîòðåòü êó-

ñî÷íî-ïîñòîÿííûå óïðàâëåíèÿ ñ íå áîëåå ÷åì îäíèì ïåðåêëþ÷åíèåì. Ñîîòâåòñòâóþùèå

òðàåêòîðèè èìåþò âèä

x(t) =

{

et(u1X1+u2X2), t ∈ [0, t̄], t̄ > 0,

e(t−t̄)(v1X1+v2X2) ◦ et̄(u1X1+u2X2), t > t̄.

Ïðè t̄ > 0 òàêèå òðàåêòîðèè èìåþò óãëîâóþ òî÷êó è âåòâÿòñÿ ïðè t = t̄. Ïðè t̄ = 0 òàêèå
òðàåêòîðèè íàçûâàþòñÿ âûðîæäåííûìè.

3. Ñâîéñòâà àíîðìàëüíîãî ìíîæåñòâà

Îáîçíà÷èì ìíîæåñòâà òî÷åê â G, çàïîëíåííûå õîðîøèìè, àñèìïòîòè÷åñêèìè è âû-

ðîæäåííûìè òðàåêòîðèÿìè, âûõîäÿùèìè èç Id, ÷åðåç Abnnice, Abnas è Abndeg ñîîòâåò-

ñòâåííî. Òîãäà

Abnnice = Exp(Π× R+), Π = (D2)⊥ ∩ g
∗
,

Abnas = {ev1X1+v2X2 ◦ eu1X1+u2X2 | (u1, u2), (v1, v2) ∈ R
2},

Abndeg = {eu1X1+u2X2 | (u1, u2) ∈ R
2}.

Ïðåäëîæåíèå 1. Âûïîëíÿþòñÿ ñîîòíîøåíèÿ

Abn = Abnas ∪Abnnice, Abndeg = Abnas ∩Abnnice .

Òåîðåìà 2. (1) Abnas åñòü ïîëóàëãåáðàè÷åñêîå ìíîæåñòâî è íå ÿâëÿåòñÿ àëãåá-

ðàè÷åñêèì ìíîãîîáðàçèåì,

(2) ìíîæåñòâî Abnas íåçàìêíóòî,

(3) Abnas ∩{x3 6= 0} åñòü ãëàäêîå 4-ìåðíîå ìíîãîîáðàçèå, äè��åîìîð�íîå R
4 × {±1},

(4) Abnas ∩{x3 = 0} = Abndeg åñòü ãëàäêîå 2-ìåðíîå ìíîãîîáðàçèå, äè��åîìîð�-

íîå R
2
.

Òåîðåìà 3. (1) Abn åñòü 5-ìåðíîå ñóáàíàëèòè÷åñêîå ìíîæåñòâî,

(2) ìíîæåñòâî Abn íåçàìêíóòî,

(3) ìíîæåñòâî Abn íå ÿâëÿåòñÿ ãëàäêèì ìíîãîîáðàçèåì è íå ïîëóàíàëèòè÷íî,

(4) eRX0(Abn) = eRY (Abn) = Abn, ãäå

X0 = −x2
∂

∂x1
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∂
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∂
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Çàìå÷àíèå 1. Â ðàáîòå [8℄ äîêàçàíî, ÷òî Abn åñòü ñóáàíàëèòè÷åñêîå ìíîæåñòâî ðàç-

ìåðíîñòè íå áîëüøå 5. Óòâåðæäåíèå ï. (1) òåîðåìû 3 óòî÷íÿåò ýòî óòâåðæäåíèå.

Â ðàáîòå [9℄ äîêàçàíî, ÷òî ìíîæåñòâî Abn ñîäåðæèòñÿ â àëãåáðàè÷åñêîì ìíîãîîáðàçèè

êîðàçìåðíîñòè 1, îòêóäà ñëåäóåò, ÷òî ýòî ìíîæåñòâî èìååò ìåðó íóëü (ñâîéñòâî Ñàðäà â

ñóáðèìàíîâîé ãåîìåòðèè). Ýòî òàêæå ñëåäóåò èç ï. (1) òåîðåìû 3.

Îáîçíà÷èì ÷åðåç Hµ(E) µ-ìåðíóþ ìåðó Õàóñäîð�à, à ÷åðåç met dim(E) � ìåòðè-

÷åñêóþ ðàçìåðíîñòü ìíîæåñòâà E ⊂ R
n
. Ñëåäóþùåå óòâåðæäåíèå äåìîíñòðèðóåò ò.í.

ñèëüíîå ñâîéñòâî Ñàðäà â ñóáðèìàíîâîé ãåîìåòðèè.

Ñëåäñòâèå 1. (1) Åñëè 0 6 µ 6 5, òî Hµ(Abn) = +∞. Åñëè µ > 5, òî Hµ(Abn) =
0.

(2) met dim(Abn) = 5.

4. Çàêëþ÷åíèå

�åçóëüòàòû ýòîé ðàáîòû ïîêàçûâàþò, ÷òî àíîðìàëüíîå ìíîæåñòâî ìîæåò èìåòü äî-

âîëüíî ñëîæíóþ ñòðóêòóðó � áûòü íåçàìêíóòûì è íå ïîëóàíàëèòè÷åñêèì ìíîæåñòâîì,

íå áûòü ãëàäêèì ìíîãîîáðàçèåì. Ñ äðóãîé ñòîðîíû, èçâåñòíûå ðåçóëüòàòû ñóáðèìàíîâîé

ãåîìåòðèè ïîçâîëÿþò ïðåäïîëîæèòü, ÷òî àíîðìàëüíîå ìíîæåñòâî ñóáàíàëèòè÷íî è èìå-

åò êîðàçìåðíîñòü íå ìåíåå 1. Âîçìîæíî, äëÿ ëåâîèíâàðèàíòíûõ ðàñïðåäåëåíèé ðàíãà 2

íèæíþþ îöåíêó êîðàçìåðíîñòè ìîæíî ïîâûñèòü äî 3.
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