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Ãåîìåòðè÷åñêàÿ ïîñòàíîâêà çàäà÷è Äèäîíû è å¼ âàðèàöèé

Äàíî:

a, b ∈ R2, γ̄ ⊂ R2 èç b â a,

H S ∈ R,
M (ïðÿìàÿ L) ⊂ R2,

E S ∈ R, (ïðÿìàÿ L) ⊂ R2,

C S ∈ R, c ∈ R2.

Íàéòè:

γ ⊂ R2 èç a â b, ò.÷. γ ∪ γ̄ = ∂D,

H,E,C (ïëîùàäü D) = S,

M,E (öåíòð ìàññ D) ∈ L,

C (öåíòð ìàññ D) = c,

äëèíà γ → min.
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Îáùàÿ ïîñòàíîâêà íèëüïîòåíòíîé ëåâîèíâàðèàíòíîé
ñóáðèìàíîâîé çàäà÷è íà ãðóïïå Êàðíî M

q̇ = u1X1 + u2X2, q ∈ M ∼= Rn,

q(0) = Id, q(T ) = q,

l(q(·)) =
∫ T

0

√
u21 + u22 dt → min =: d(Id,q) (ìåòðèêà Êàðíî-Êàðàòåîäîðè).

Ãðàäóèðîâêà àëãåáðû Êàðíî (ñ âåêòîðîì ðîñòà äëèíû k ≥ 2):

L = L1 ⊕ · · · ⊕ Lk ,

L1 = span(X1,X2), Li+j = [Li , Lj ], ∀i , j ∈ N,
Lk+m = {0}, ∀m > 0.
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ßâíûé âèä âåêòîðíûõ ïîëåé X1,X2 äëÿ M ∈ {H,M,E,C}

q = (x , y , . . . ) ∈ M ∼= Rn,

H : X1 =

(
1
0
− y

2

)
, X2 =
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0
1
x
2

)
. M : X1 =
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2

 .

E : X1 =

 1
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− y

2
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x
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Ïðîåêöèè ýêñòðåìàëüíûõ òðàåêòîðèé íà (x , y) � ýëàñòèêè Ýéëåðà
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Ìàòåìàòè÷åñêèé ìàÿòíèê

θ̈ = −α sin(θ − β), α, β ∈ const.

▶ H: α = 0.

▶ M: α ∈ R, β = 0, θ̇(0) = 0.

▶ E: α ∈ R, β = 0.

▶ C: α ∈ R, β ∈ S1.
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Ýíåðãèÿ ìàÿòíèêà:

E =
θ̇2

2
− α cos(θ − β).
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Ïàðàìåòðèçàöèÿ íîðìàëüíûõ ýêñòðåìàëüíûõ òðàåêòîðèé
÷åðåç ýêñïîíåíöèàëüíîå îòîáðàæåíèå

Ìàêñèìèçèðîâàííûé ãàìèëüòîíèàí:

H =
1

2

(
h21 + h22

)
, ui = hi = ⟨ψ,Xi ⟩, i = 1, 2,

ãäå ψ � âåêòîð ñîïðÿæåííûõ ïåðåìåííûõ, çàïèñàííûé â êîîðäèíàòàõ Äàðáó.

Exp: C × R+ → M,

Exp(λ, t) = qt , λ ∈ C = {λ ∈ T ∗
IdM | H(λ) = 1/2} .

∀λ ∈ C . ∃T (λ) > 0. qt = Exp(λ, t) � îïòèìàëüíàÿ òðàåêòîðèÿ ïðè t ∈ [0,T (λ)].

Êàê âåëèêî ìîæåò áûòü çíà÷åíèå T (λ) ?
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Îïòèìàëüíûå òðàåêòîðèè è èõ ïàðàìåòðû â ñëó÷àå M = H
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Îïòèìàëüíûå òðàåêòîðèè è èõ ïàðàìåòðû â ñëó÷àå M = M

Ïðÿìûå (äèðåêòðèñà). Èíôëåêñèîííûå ýëàñòèêè, âûõîäÿùèå

èç òî÷êè ïåðåãèáà (ðàçìåð, ôîðìà).
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Îïòèìàëüíûå òðàåêòîðèè è èõ ïàðàìåòðû (M = E vs M = C)

Èíôëåêñèîííûå ýëàñòèêè (ðàçìåð, ôîðìà, íà÷àëüíàÿ òî÷êà

+ äèðåêòðèñà (ïðè M = C)).
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Îïòèìàëüíûå òðàåêòîðèè è èõ ïàðàìåòðû (M = E vs M = C)

Íåèíôëåêñèîííûå ýëàñòèêè (ðàçìåð, ôîðìà, íà÷àëüíàÿ òî÷êà

+ äèðåêòðèñà (ïðè M = C)).
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Âðåìÿ ðàçðåçà âäîëü ýêñòðåìàëüíûõ òðàåêòîðèé (M = H)

▶ ïðÿìûå: tHcut(λ) = ∞;

▶ îêðóæíîñòè: µtHcut(λ) = 1;

ãäå µ � êîýôôèöèåíò ðàñòÿæåíèÿ, íîðìèðóþùèé äëèíó îêðóæíîñòè.
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Âðåìÿ ðàçðåçà âäîëü ýêñòðåìàëüíûõ òðàåêòîðèé (M = M)

▶ ïðÿìûå: tMcut(λ) = ∞;

▶ èíôëåêñèîííûå ýëàñòèêè: µtMcut(λ) = 1/2;

ãäå µ � êîýôôèöèåíò ðàñòÿæåíèÿ, íîðìèðóþùèé äëèíó ïîëíîãî ïåðèîäà

ýëàñòèêè.
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Âðåìÿ ðàçðåçà âäîëü ýêñòðåìàëüíûõ òðàåêòîðèé (M = E)

▶ ïðÿìûå è êðèòè÷åñêèå ýëàñòèêè: tEcut(λ) = ∞;

▶ íåèíôëåêñèîííûå ýëàñòèêè (â òîì ÷èñëå êðóãîâûå): µtEcut = 1;

▶ èíôëåêñèîííûå ýëàñòèêè: µtEcut(λ) = min (1, tz1(k));

ãäå µ � êîýôôèöèåíò ðàñòÿæåíèÿ, íîðìèðóþùèé äëèíó ïîëíîãî ïåðèîäà

ýëàñòèêè, ïàðàìåòð k îïðåäåëÿåò ôîðìó èíèôëåêñèîííîé ýëàñòèêè, à ôóíêöèÿ

tz1(k) ñîîòâåòñòâóåò îáíóëåíèþ ñîîòâåòñòâóþùåé îðèåíòèðîâàííîé ïëîùàäè.

Ëåììà

Äëÿ âðåìåíè Ìàêñâåëëà tz1(k) âûïîëíåíû óñëîâèÿ

k ∈ [0, k0) ⇒ tz1(k) ∈ (1, 3/2),

k = k0 ⇒ tz1(k) = 1,

k ∈ (k0, 1) ⇒ tz1(k) ∈ (1/2, 1);

ãäå k0 ≈ 0.909.
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Âðåìÿ ðàçðåçà âäîëü ýêñòðåìàëüíûõ òðàåêòîðèé (M = C)
▶ ïðÿìûå è êðèòè÷åñêèå ýëàñòèêè: tCcut(λ) = ∞;
▶ íåèíôëåêñèîííûå ýëàñòèêè (â òîì ÷èñëå êðóãîâûå): µtCcut(λ) = tV2 (k);
▶ èíôëåêñèîííûå ýëàñòèêè: µtCcut(λ) = t1(k) = min

(
tV1 (k), t

z
1(k)

)
;

ãäå µ � êîýôôèöèåíò ðàñòÿæåíèÿ, íîðìèðóþùèé äëèíó ïîëíîãî ïåðèîäà

ýëàñòèêè, à ôóíêöèè tV1 (k), t
V
2 (k) ñîîòâåòñòâóþò ïîïàäàíèþ öåíòðà ìàññ íà

ñåðåäèííûé ïåðïåíäèêóëÿð ê õîðäå ýëàñòèêè.

Ëåììà

Äëÿ âðåìåíè Ìàêñâåëëà tV1 (k) âûïîëíåíû óñëîâèÿ

k = k0 ⇒ tV1 (k) = 1,

k ̸= k0 ⇒ tV1 (k) ∈ (1, 2).

Äëÿ ïåðâîãî âðåìåíè Ìàêñâåëëà t1(k) âûïîëíåíî

t1(k) =

{
tz1(k), k ∈ (0, k1] ∪ [k0, 1),

tV1 (k), k ∈ [k1, k0], k0 ≈ 0.909, k1 ≈ 0.802.
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Âðåìÿ ðàçðåçà (H, M, E, C)

µtCcut(k) ≤ tz1(0) · µtEcut(k), λ = (k, . . . ) ∈ C1,

µtCcut(k) ≤ tV2 (0) · µtEcut(k), λ = (k, . . . ) ∈ C2,

tz1(0) ≈ 1.43029666, tV2 (0) ≈ 1.46473211.
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ÑÏÀÑÈÁÎ ÇÀ ÂÍÈÌÀÍÈÅ!
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