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Perception of Visual Information by Human Brain 
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 3D Model of the Primary Visual Cortex V1 

3 Replicated from R. Duits, U. Boscain, F. Rossi, Y. Sachkov, 
Association Fields via Cuspless Sub-Riemannian Geodesics in SE(2), JMIV, 2013. 



3D Model of the Primary Visual Cortex 
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 SE(2): Group of Roto-translations of a Plane 
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 Left-invariant Sub-Riemannian Problem on SE(2) 

 

• I. Moiseev, Yu. L. Sachkov, Maxwell strata in sub-Riemannian 
problem on the group of motions of a plane, (2010) 

• Yu. L. Sachkov, Conjugate and cut time in sub-Riemannian 
problem on the group of motions of a plane, (2010) 

• Yu. L. Sachkov, Cut locus and optimal synthesis in the sub-
Riemannian problem on the group of motions of a plane, (2011) 
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Anthropomorphic Image Reconstruction 
By given binary or grayscale image represented as series of isophotes 
(level lines of brightness) with some corrupted regions to restore the 

image in a natural (for human eye) way. 

Input Image with Detected 
Corrupted Regions  

Input (Corrupted) Image Restored Image 



4D Model of the Primary Visual Cortex 
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4D Model of the Primary Visual Cortex 
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Optimal Control Formulation 
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Existence of Optimal Control  
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Pontryagin Maximum Principle 
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Abnormal Case of Pontryagin Maximum Principle 
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Normal Case of Pontryagin Maximum Principle 
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Normal Case of Pontryagin Maximum Principle 
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Normal Case of Pontryagin Maximum Principle 
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Can we solve this system analytically? 
The question of integrability of the system. 
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Examples of Nonintegrable SR problems 

Liouville Integrability of Hamiltonian Systems 
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First Integrals in the 4D Model of V1 

To prove Liouville integrability we need to find one more 
independent first integral. 
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Numerical Analysis of Liouville Integrability 
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Numerical Analysis of Liouville Integrability 
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Numerical Analysis of Liouville Integrability 

Numerical simulations show Liouville integrability and 
existance of one more independent first integral. 



Conclusion 
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• The 4-dimensional SR model of V1 is considered 
 

• Proof of controllability and existence of optimal control 
  

• Application of PMP 
  

• Parameterization of abnormal geodesics 
  

• The Hamiltonian system for normal geodesics 
  

• Numerical investigation of Liouville integrability of normal 
geodesic flow 
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Thank you for your attention! 
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