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Extremal trajectories and the asymptotics
of the Maxwell time in the problem
of the optimal rolling of a sphere on a plane

A.P. Mashtakov and Yu. L. Sachkov

Abstract. The problem of a sphere rolling on a plane without twisting or
slipping is considered. It is required to roll the sphere from one contact
configuration to another so that the length of the curve described by the
contact point is minimal. A parametrization of extremal trajectories is
obtained. The asymptotics of extremal trajectories and the behaviour of the
Maxwell time for the rolling of a sphere over sinusoids of small amplitude
are studied; for such trajectories estimates for the so-called cut time are
obtained.
Bibliography: 21 titles.
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§ 1. Introduction

The paper is devoted to studying the optimal rolling for a sphere on a plane
without twisting or slipping. A state of the system is described by the contact
point between the sphere and the plane and the orientation of the sphere in three-
dimensional space. It is required to roll the sphere from a given initial state to
a given terminal state so that the curve described by the contact point on the plane
has minimal length. The control is the velocity of the centre of the sphere.

This problem is of great significance in robotics when modelling the motion of
a sphere in a hand of a robot-manipulator. Problems involving surfaces rolling
are of great interest in mechanics, robotics, and control theory (see, for example,
[1]-{4)):

The problem of the optimal rolling for a sphere on a plane was posed by Hammer-
sley [5]. Arthurs and Walsh [6] proved that the equations for extremal trajectories in
this problem are integrable in terms of elliptic functions. Jurdjevic [7], [8] showed
that in an optimal rolling the contact point between the sphere and the plane
moves over Euler elastics (stationary configurations of an elastic rod on a plane;
see [9], [10]) and described the possible types of rolling for a sphere. However, an
explicit parametrization of extremal trajectories was not obtained.

The important question of when extremal trajectories are optimal remains open.
Small arcs of extremal trajectories are optimal, but large arcs, generally speaking,
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are not. A point where an extremal trajectory ceases to be optimal is called a cut
point. The study of these points on extremal trajectories was started in [11]. Con-
tinuous and discrete symmetries of the problem were described, the corresponding
Maxwell points were characterized (intersection points of extremal trajectories with
the same values of the functional and time). It is known (see [12]) that an extremal
trajectory cannot be optimal after a Maxwell point. In [11] the Maxwell points cor-
responding to continuous and discrete symmetries of the problem were described
by algebraic equations in the state space.

This paper is a direct continuation of [11]. Results in two directions are obtained.
First, we give an explicit parametrization of extremal trajectories by elliptic func-
tions and integrals; to obtain this parametrization we introduce natural elliptic
coordinates in the space of conjugate variables of Pontryagin’s maximum principle.
Second, we analyse the asymptotics of extremal trajectories when the sphere rolls
along elastics close to a straight line (that is, along sinusoids of small amplitude);
we study the behaviour of Maxwell points for these trajectories and obtain explicit
estimates for the cut time.

Recall the statement of the optimal control problem and some well-known results.
Let (7,y) € R? be the tangency point between the sphere and the plane, and let
R € SO(3) be the rotation of three-dimensional space taking the current orientation
of the sphere to the initial one. The problem of optimal rolling for a sphere of unit
radius on the plane is stated as follows (see [7], [8]):

i=uw, 9§ =u, (L.1)

R = R(upA; — u1 Ap), (1.2)

Q= (z,y,R) € M =R? x SO(3), u = (u,us) € R?, (1.3)
Q(0) = Qo = (0,0,1d), Q(t1) = Q1, (1.4)

ty
l= / u? + u2 dt — min. (1.5)
) \ UL T U

Henceforth we use the basis matrices in the Lie algebra so(3)

00 0 0 0 1 0 -1 0
Ar=10 0 —1|, Ay=[0 o0 0|, As=[1 0 0]. (16
01 0 -1.0 0 0 0 0

Admissible controls are assumed to be measurable and essentially bounded, and
admissible trajectories to be Lipschitzian.

The problem (1.1)-(1.5) is a left-invariant sub-Riemannian problem on the Lie
group M = R? x SO(3). We introduce the following frame on this Lie group:
e = %, €y = a%’ Vi(R) = RA;, i = 1,2,3. In terms of the left-invariant fields
X1 =e; — Vo, Xo = ey + V3, the control system (1.1)—(1.3) takes the form

Q = ule(Q) + UQXQ(Q), Q eM= R? x SO<3), (’U,l,UQ) S R2. (17)

The functional (1.5) is the functional of sub-Riemannian length for the left-
invariant sub-Riemannian structure defined by the fields X7, X5 as an orthonormal
basis:

tl . .
l= / <Q7 Q>1/2 dt — min, <Xi7Xj> = 5ij7 Za.] = 13 2. (18)
0
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By the Chow-Rashevskil theorem (see [4]), the system (1.7) is completely control-
lable, that is, any two points of the state space M can be connected by a trajectory
of the system. Filippov’s theorem (see [4]) implies the existence of optimal con-
trols in the problem (1.1)—(1.5). The Pontryagin maximum principle is applied to
analyse optimal controls (see [13], [4]). In the abnormal case, the sphere rolls in
a straight line along the (x, y)-plane. For the normal case, the Hamiltonian system
of Pontryagin’s maximum principle (for trajectories of unit velocity (Q,Q) = 1)
was obtained in Jurdjevic’s paper [7] in the following form:

6 =c, ¢ = —rsiné, a=7r=0, (1.9)

z = cos(0 + «), y = sin(f + ), (1.10)

R = RQ, O =sin(f + a)A; — cos(f + a)Aa, (1.11)

6 e St ceR, r >0, ae S, Q= (z,y,R) € M, (1.12)
Q(0) = Qo = (0,0,1d). (1.13)

Equations (1.9)—(1.11) give a coordinate representation of the Hamiltonian sys-
tem on the level surface {H = 1/2} in the cotangent bundle for the Hamiltonian
H = ((hl — H2)2 + (h2 +H1)2)/2, where hl()\) = <)\,61‘>, Hz()\) = <)\,V;>, AeT*M
(see [7], [11] for details). The subsystem (1.9) of the Hamiltonian system for the
conjugate variables (6, ¢, r, «) is the equation for a pendulum, and the projections
of extremal curves onto the (x,y)-plane are Euler elastics —stationary configura-
tions of an elastic rod on the plane with fixed ends and fixed tangents at the ends
(see [10]). Jurdjevic [7] described various qualitative types of rolling for a sphere
along elastics of various forms (inflectional, non-inflectional, a circle, a straight
line), and also obtained algebraic and differential equations for the Euler angles
along extremal curves (we present these equations and use some of them in § 3).

Continuous and discrete symmetries of the exponential map parametrizing the
solutions of the Hamiltonian system were described in [11]:

Exp: (A1) — Q, M)eEN=CxRy, Qe M,

C= {AeTéOM ‘ H(A);} ={(0,c,a,r) |0 €S ceER, r>0,a€ S5}

The continuous symmetries {®° | 3 € S'} are rotations through an angle 3 in
the (z,y)-plane, and the discrete symmetries !, €2, €3 are the reflections of the
trajectories of the pendulum (1.9) with respect to the coordinate axes {6 = 0},
{c = 0} and the origin (0,c) = (0,0), respectively. The action of symmetries was
determined both in the inverse image N and the image M of the exponential map.
A description of the Maxwell sets corresponding to the symmetries €%, i = 1,2, 3,

was obtained:

MAX' = {(\,t)e N |3Be S":
(A1) = o ®I(\, 1), Exp(), s) # Exp(\, s), Exp(\, 1) = Exp(), 1) }.

In particular, the following assertion was proved for the symmetry £!.
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Theorem 1.1 (see [11], Theorem 2). Suppose that t > 0 and Qs = (x5, ys, Rs) =
Exp(A, s) is an extremal trajectory such that
(i) gs(t) = 0;
(i) the elastic {(zs,ys) | s € [0,t]} is not degenerate and not centred at a point
of inflection.
Then (\,t) € MAX?; therefore the trajectory Q,, s € [0,t1], is not optimal for
any t1 > t.

Here, ¢ = qo +iq1 + jg2 + kqs is the quaternion of unit length corresponding to
the matrix R € SO(3) (see details in §4, as well as in [11]). In §6 the behaviour
of the Maxwell points (), t) € MAX! near the stable equilibrium position of the
pendulum equations (1.9) is analysed. In [11], propositions similar to Theorem 1.1
were obtained for the Maxwell sets MAX? MAX3.

This paper has the following structure. In §2, we construct a partition of the
cylinder C into subsets corresponding to motions of the pendulum (1.9) of the same
type. Using this partition, elliptic coordinates rectifying the phase flow of the
pendulum are introduced on a subset of full measure of the cylinder C. In §3,
these coordinates are used to obtain a parametrization of extremal trajectories.

In §§4-6 the asymptotics of extremal curves and the behaviour of the Maxwell
set MAX® near the stable equilibrium position of the pendulum are analysed. Using
the fact that this set is described in terms of quaternions, in §4 a control system
is derived describing the variation of the quaternion of unit length ¢ correspond-
ing to the rotation matrix R. In §5, asymptotic expansions of the trajectories of
this system near the stable equilibrium position of the pendulum are calculated.
In §6 the behaviour of the Maxwell set MAX! for the corresponding extremal tra-
jectories is analysed; the asymptotics of the function ¢3(¢) defining this set are
analysed; estimates for the cut time along extremal trajectories corresponding to
small oscillations of the pendulum (1.9) are obtained.

§ 2. Elliptic coordinates in the inverse image of the exponential map

The pendulum equations (1.9) have the energy integral
2
E= 5 rcosf € [—r,+00).

The cylinder C' is partitioned into the following invariant subsets of this equation:

7
c=Ja, anC=9 i#j
i=1

Ci={\eC|Ee€(-rr),r>0} Cy={ e C|EE€(r,+00), r>0},
Cs3={AeC|E=r>0,c#0}, Ci={ eC|E=—-r,r>0},
Cs={AeC|E=r>0,c=0}, Co={rAeC|r=0,c=#0},

Cr,r={AeC|r=0,c=0}

The pendulum equations (1.9) can easily be integrated for A\ € UZ=4 C;. How-
ever, for A € U§:1 C;, to integrate these equations and the complete Hamiltonian
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system (1.9)—(1.11) we shall need special elliptic coordinates. Similar coordinates
were used to study several optimal control problems for which the conjugate sys-
tem of Pontryagin’s maximum principle reduces to the pendulum equation (see [12],
[14], [15]). R

In the domain C = U?:l C;, the elliptic coordinates (p, k, o, r) are introduced
as follows (henceforth, the Jacobi functions sn, cn, dn, E and the complete elliptic
integral of the first kind K are used; see [16], [17]).

If A= (0,c,«,7r) € Cy, then

sin(g> = ksn(Vrg, k), cos<g> = dn(Vre, k), g = kvren(Vrg, k):

here, k = +/(E +7)/(2r) € (0,1) and v/r¢ (mod 4K) € [0,4K].
If A= (0,c,a,1) € Cy, then

(D) (M), (8 V).

€ _EVT G (VI ).
27 Tk k

where + = sgn¢; here, k = \/2r/(E + ) € (0,1) and /rp (mod 2kK) € [0,2kK].
If A € Cs, then

sin(g> — + tanh(v/7), cos<§> - Wlx/?w)’ g = mi%,

where + = sgn¢; here, k =1 and ¢ € (—o0, +00).

The coordinate k is the re-parametrized energy of the pendulum. Direct differ-
entiation shows that the pendulum equations (1.9) are rectified in the coordinates
(p, k,a,7):

o=1, k=0, &=0, 7=0, (2.1)

that is, the coordinate ¢ is the time of motion of the pendulum.

§ 3. Parametrization of extremals

3.1. Integrating the subsystem for the conjugate variables. If
A=(p,k,a,r) € C,

then by equations (2.1) in elliptic coordinates the trajectories of the pendulum (1.9)
have the form ¢, = ¢ + 1, k,a,r = const. Taking the expressions for the ellip-
tic coordinates in the domain C' (see §2) into account, we obtain the following
parametrization of the solutions (6, c;) of the system (1.9).

If A € C1, then

C

sin(92t> = ksn(v/res k), cos(it) = dn(v/res, k), 5 = kv/ren(Vros, k).
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If A € Cy, then

sin(%) ::I:sn(ﬁ%,k>, cos(%) :cn(\/qut,k)

k
Ct i\/’? \/’FQOt
5 A dn( B k), sgnc
If A € C3, then
. 9t Ht 1
sm( 5 ) anh(y/r¢;), cos( 5 ) cosh( o)
Ct Zt\/;

= + = .
2 cosh(y/ret)’ sen e

For the cases \ € UZ:4 C;, the system (1.9) can be integrated directly:

0,=0, ¢, =0 for A € Cy;
0p=m, ¢ =0 for A € C5;
Op=ct+0, c,=c#0 for )\ € Cg;
0, =06, ¢, =0 for A € C.

3.2. Integrating the equations for x, y. To integrate equations (1.10) with the
initial conditions zy = yo = 0, we use the symmetry of the problem —the rotation

T =xcosa+ ysina, Y= —xsina+ ycosa. (3.1)
In the new variables we obtain the Cauchy problem
Ty = cos 0y, 7, = sinéy, Ty =7y = 0. (3.2)

Using the expressions for sin(f;/2), cos(6;/2) obtained in § 3.1, we integrate equa-
tions (3.2) for A € C and obtain the following parametrization of the Euler elastics

(fhyt)'
If A € C1, then
z, = 2(E(Vred) —E(Vre)) — Vit 7, = 2k(en(y/re) — en(Vrer))
\/77- ’ t \/; .

If A € Cs, then
__ 2EW/re/k) —E(Vre/k) — (2 k)V/rt/(2k))

Tt

NG ’
_— j:2(dn(\/ﬁp/lz)\/—;dﬂ(\/7780t/k))’ 4 = senc.
If A € C3, then
_— 2(tanh(y/re;) — tanh(y/re)) — /1t
t \/77 ’
—_ £2(1/ cosh(y/rp) — 1/ cosh(y/r¢r)) + = see.

yt \/F )
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For A € UZ:4 C;, equations (3.2) can be integrated directly:

T, =t, Y, =0 for A € Cy;
Ty=—-t, 7y, =0 for A € Cs;
z, = sin(ct 4 0) — sin9’ 7, = cos ) — cos(ct + 6) for A € Co:
c c
Ty =tcosf, 7, =tsind for A € C.

In terms of the elliptic coordinates, it is natural to give conditions for an elastic
{(zs,ys) | s € [0,t]} to be centred at a point of inflection (at a vertex) that is,
conditions for the midpoint of the elastic (z4/2,9:/2) to be a point of inflection
(respectively, a vertex). We define a variable 7 as follows:

T:\/;(<p+;) for A € Cy UG,

i
T:@ for A € Cs.

Lemma 3.1. Let A € C, Exp(\, s) = (s, ys, Rs), t > 0, and let v = {(zs,ys) | s €
[0,¢]}.
(i) The elastic v is centred at a point of inflection if and only if X € Cy and
cnt = 0.
(ii) The elastic v is centred at a vertex if and only if snT = 0 for A € Cy,
sntenT =0 for A€ Co, 7 =0 for A € Cs.

Proof. The curvature of the elastic v at a point (z,ys) is equal to 6, = ¢s. For
A € C the elastic v is not degenerate (is not a rectilinear segment or an arc of
a circle); therefore the points of inflection of v are determined by the condition
cs = 0, and the vertices by the condition ¢; = —rsinf, = 0.

(i) The midpoint of the elastic (v;/2,¥:/2) is a point of inflection if and only
if ¢,/ = 0. We use the expressions for the component c, of extremals in elliptic
coordinates (§3.1). If A € C'y, then the equation ¢;/o = 0 is equivalent to cn7 = 0;
if X € Cy, then ¢ /5 # 0, since dn 7 # 0; if A € Cs, then ¢; /5 # 0, since 1/ cosh 7 # 0.

Part (ii) is proved in similar fashion.

3.3. Integrating the equation for R. To integrate equation (1.11) we use the
following results of Jurdjevic [7]. Along extremal trajectories, the matrix R and
the vector

P = (Hy,Hy, H3)" = (sin(f + o) — rsina,rcosa — cos(f + ), C)T
satisfy the identity RP = const € R3, |[RP|2 = 1 +r2 + 2E =: M. Suppose

that M > 0. If RP = (0,0,v/M)T, then the rotation matrix has the factorization
R(t) = e (W4sepa(A20(03() =) 45 where the Euler angles @1, @2, @3 satisfy the
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equations

c . +VM —¢? (3.3)

COS g = ——, sin g = ————, .

TV ST TN
Fsinf ) +(r — cos®)

COS 3 = —, singz = ———=, 3.4
Vi G v (34)
. VM(1—rcos0) (3.5)

pr="—"r—m :

Equations (3.3)—(3.5) are well defined if M — ¢*> > 0. Using the equation
2 2 _of0
M—c¢"=(1—-r)"+4rsin 3 )

for r # 1 we have M — ¢ > 0. If r = 1, then by continuity equations (3.3)—(3.5)
turn into the following equations:

c +2sin §

. singpg=——_2
VM LG v
0 0
cos p3 = Icos(2), sin 3 = isin(2>, (3.7
vM
5

COS (g = (3.6)

$1 = (3.8)
If RP is an arbitrary vector in R? of length v/ M, then a suitable rotation takes

it to the vector (0,0,vM)?. Using the invariance of the problem under left trans-
lations on SO(3), we obtain the following expression for the rotation matrix:

R(t) = 6(04*903)143 efngz eP1(D) A3 go2(D) Az o (p3(H)—a) As , (3.9)

where the angles ¢; are determined from relations (3.3)—(3.5) for r # 1, and
(3.6)—(3.8) for r = 1, and the angle ¢, satisfies the initial condition ¢ = 0.

The matrix exponentials containing s, 3 that occur in the factorization (3.9)
are expressed in terms of the functions cos s, sins, coses and sin s, which
by relations (3.3), (3.4), (3.6) and (3.7) are expressed in terms of the variables ¢,
cos(0/2), sin(#/2), which are in turn represented in § 3.1 as functions of the elliptic
coordinates, or directly. For r = 1 we have ¢,(t) = vV/Mt/2. We put off dealing
with integrating equation (3.5) for r # 1 until §3.4.

In the case M =0 we have r =1, ¢ =0, § = 0, whence, u; = cosa, uy = sin a.
Therefore, Q = us Ay — u; Ay = const and R(t) = €%

3.4. Integrating the equation for ¢;. To integrate equation (3.5) with the
initial condition ¢4(0) = 0 we transform the right-hand side of this equation:

1—rcosf 1 1—72
ViYL v e
M- <2+2(Mc2)>
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1) Let A € Cy; then from §3.1 we obtain ¢; = 2k+/r en(y/r(¢ + s)), and from § 2
we obtain E = 2k?*r — r, whence M = (1 — r)? + 4k?r. We transform the integral:

K ds
/0 M= /0 (1 =r)? +4k2rsn?(y/r(p + 5))
1 Vriett) dp 4k>r
= =) a

S 1—1Isn2p’ (1—r)2
We introduce into consideration the elliptic integral of the third kind in the following

form:
v dt F(u,k) d
Mo, u k)= | S
0 (1fnsin2t) 1— k2sint 0 1 —nsn?v

Then

| 3 = S (i + 0),8) ~ M0 (V) ),
and so

VM, V(1)
2 e

where | = —4k?r /(1 — r)2. Henceforth we shall use the elliptic integral of the first
kind F and the Jacobi amplitude am (see [16]).
2) Let A\ € Cs; then ¢y = £2/7/kdn(y/r(p +t)/k), M = (1 — r)? + 4r/k?, and

a similar calculation gives

o1(6) = \/yt—&— VMK +7) (H(l,am(\/W)k)—H(Lam(\/ﬁp),k))

cpl(t) (H(laam(\/;(50+t))ak) - H(lvam(\/;(p)7k))a

2y/r(1 — 1) k 3

where | = —4r/(1 — )%
3) Let A € Cs; then ¢s = £2,/r/cosh(y/T(¢ + s)), M = (14 )2, and the angle

1 is expressed in terms of elementary functions:

W VME
prll) =5t 8;3/2 D (1o +0,0) - I(vip. ),
I(v,a) = /U dt _at — arctan a + arctan(e’(a® cosh t + sinh t) /a)
’ o a®+tanh®t a+ad ;

where a = (1 —r)/(2/7).

4) Let A € Cg; then 7 = 0, ¢ = const # 0, and M = 1+ ¢2, and so ¢ =vM =
V142 and ¢ (t) = V1 + 2t

5) When A € C4 U C5 U C; the expression for the rotation matrix is calculated
directly:

0; = const = 6, Q =sin(a + 0)A; — cos(a + 6) Ay = const, R(t) = et
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Thus, for the problem of optimal rolling for a sphere on a plane we have obtained
a parametrization of the normal extremals, that is, the trajectories of the Hamil-
tonian system (1.9)—(1.13). The equations for the conjugate variables 6, c are inte-
grated in § 3.1; the equations for the contact point between the sphere and the plane
(x,y) € R? are integrated in §3.2; finally, the equation for the rotation matrix of
the sphere R € SO(3) is integrated in §§ 3.3, 3.4. By contrast with related optimal
control problems in which the subsystem for the conjugate variables of the maxi-
mum principle is reduced to the pendulum equation — the sub-Riemannian problem
in the Martinet case (see [18]), the nilpotent sub-Riemannian problem with growth
vector (2,3,5) (see [17]), the Euler elastic problem (see [14]), the sub-Riemannian
problem on the group of motions of the plane (see [15]),—where the extremals are
parametrized by the Jacobi functions cn, sn, dn, E, in the problem of a sphere
rolling on a plane the elliptic integral of the third kind II appears as well. This
presents a substantial new difficulty in the analysis of the problem of the rolling
of a sphere on a plane and indicates that it has a more complicated nature by
comparison with the other problems mentioned above. Other characteristics of this
kind will be pointed out in §6 after our investigation of the limiting behaviour of
the Maxwell set and cut time.

§4. A control system in terms of quaternions

To describe the variation in the orientation of a rolling sphere it is convenient to
use quaternions along with the rotation matrix R. In [11] quaternions were used
to obtain the equations of the Maxwell sets. In this section we derive the equations
of the control system describing the rolling of a sphere on a plane in terms of
quaternions.

Let

H={q=q +iq +jg +ke|q,. . ,q3 €R}

be the quaternion algebra,
S ={geH||q’ =q) +ai +a5+a5=1}

the unit sphere, and
I'={qeH]|Req=q =0}

the subspace of purely imaginary quaternions. Every quaternion g € 52 defines
a rotation in Euclidean space I (see [19], [20]):

q€S® = Ryla)=qaq™ ', acl, R,cSO(3)=S0(I).

The map p: ¢ — R, is a double cover S3 over SO(3): R, = Rj if and only if
q = +q. Because the projection p: S3 — SO(3) is a local diffeomorphism, any
vector field V' on SO(3) has a unique lift to S3, that is, a vector field W on S3
such that p,W = V. Therefore the control system R = R(ug A1 — ujAsy) also has
a unique lift to S3. To calculate this lift we use the expression for the matrix
R, =p(q) € SO(3), ¢=qo+iq + jgz + kgs € S3, given in [21]:

B+a—-G—-63 20 @—2q0paea 290a@e+2aes
R=|2a@+20pe¢ @G-G+6B-0G —20a+2¢qs|- (4.1)
“2q @+2qa e 290a+2wa @-d-d+4a



Problem of a sphere rolling on a plane 11

Differentiating this matrix, in view of the system R = R(us A1 — u1As), we obtain
a system of equations with respect to ¢o, ¢1, G2, 3. By solving this system we
obtain the following control system on S3:

. 1
qo = §(Q2u1 - Q1U2),

. 1
Q= §(Q3u1 + qous), . , 5 )
q=qo+iq+jg2+kgs €S°, (ur,uz) € R%. (4.2)

. 1
q2 = 5(—%%1 + q3u2),

. 1
q3 = 5(—911“ - unz),

The matrix R(t) satisfying the system R = R(ugA; — uj As) and the initial condi-
tion R(0) = Id is uniquely associated with the quaternion ¢(t) satisfying the sys-
tem (4.2) and the initial condition ¢(0) = 1. Thus, the control system (1.1), (1.2)
on R? x SO(3) has a lift to R? x S of the form (1.1), (4.2) with the initial conditions

(z,9)(0) = (0,0), ¢(0) = 1.

§ 5. Asymptotics of extremal trajectories

The study of extremal trajectories in the problem under consideration is of great
interest. In view of the complexity of the parameter equations of these trajectories,
it is quite difficult to conduct this study in full. In this section and the next we
begin this study with the asymptotic case corresponding to small oscillations of the
pendulum (1.9); in these asymptotics, the elastics (x,y) along which the sphere is
rolling are represented by sinusoids of small amplitude.

In this section we derive the asymptotics of extremal trajectories mentioned
above. To represent the orientation of the sphere in space we do not use the
rotation matrix R € SO(3) but the quaternion ¢ € S3, since the Maxwell sets used
to determine the optimality of extremal trajectories were described in [11] in terms
of quaternions. Therefore we use the control system (4.2) introduced in §4. The
corresponding normal Hamiltonian system of the maximum principle has the form

6=c, ¢ = —rsin, a=7=0, (5.1)
T = Uy, y = Uz,
. 1
qo = 5(‘127“ — quu2), (5.3)
. 1
Q= 5(‘13%1 + qouz), (5.4)
. 1
q2 = 5(—%“1 + q3uz), (5.5)
. 1
q3 = 5(—611“1 — qau2), (5.6)
uy; = cos(f + a), us = sin(f + «), (5.7)

(x,y)(()) = (070)7 <QanlaQ27QS)(O) = (1707030)' (58)
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Suppose that A = (0, ¢, «, r) € C1, so that r > 0. We assume that
re [Tmin, Tmax]a Tmax > Tmin > 0, (59)

and derive the asymptotics of solutions of the system (5.1)—(5.8) as 63 + ¢ — 0.
In the system (5.1)—(5.8) we go over to new variables:

(t797caaaT7z7y7u17u25q07Q17q2aQ3) - (SaQadaaamaf7y7ﬂ17ﬂ27607617627q3)7

s =mt, d= i, m =/,
m
<u1> = A(a) <u1> ,  where A(a) = (CF)SQ s a> ,
Us Us sina  cosa
(;) = A(a) <9yc> ; (Zl) = A(a) ((h) : {qo i?m
2 q2 q3 = q3-

We denote differentiation with respect to the new time % by /. In the new
variables the system (5.1)—(5.8) takes the form

0 =d, d = —sin6, o =m' =0, (5.10)
T = E, Yy = %, U = cos 0, Uy = sin b, (5.11)
m m
_ T __ __ _ r __
116 = %(QQul - Q1'UJ2)7 qll = %(931!1 + qOU2)7 (5'12)
_ r __ _ r __ __
q/2 = %(*qoul + 43'&2), qé = %(*‘hul — Qalla), (5.13)
(T7y)(0) = (0’0)7 (6075136%63)(0) = (1707030)' (514)

By condition (5.9), O(62 + ¢2) is O(62 + d3), and conversely. We now calculate
the asymptotics of solutions of the system (5.10)—(5.14) with the initial condition
0(0) = 6y, d(0) = dy as 63 + d3 — 0 to within O(63 + d3). We set pg = /03 + d3.

The asymptotics of solutions of the pendulum equations (5.10) are well known —
these are small oscillations:

0(s) = 0y cos s + dg sin s + O(p3), d(s) = —fysin s 4 dg cos s + O(p3).

Hence,
Ty (s) = 1+ O(pd), Ta(s) = O cos s + dosins + O(p?). (5.15)

Integrating the ordinary differential equations (5.11) with the initial conditions
(5.14), we obtain

7(s) = — + 0(p}). (5.16)
y(s) = %(90 sins + do(1 — cos s)) + O(p3). (5.17)

Thus, to within O(p?), the curve (Z,%), and therefore also the original curve (z,y),
is sinusoidal, of small amplitude pg/m.
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We will now calculate the asymptotics for the components of the quaternion g,
T4, o, G3- From equations (5.12), (5.13) and the expansions (5.15) we obtain the

equations
By(s) = 5 (@ — (B cos s+ dosins)) + O(d),
B4(5) = 5 (@ + To(fo cos s + dosins)) + O(d),
Ty(s) = 5 (~o + 5 (f cos s + do sin ) + O(s3),
q5(s) = %(—61 — Gy(0g cos s + dosin s)) + O(p?).

(5.18)
(5.19)
(5.20)

(5.21)

Let @;(s) = ajo(s) + a;1(8)00 + ia(s)do + O(p3), i = 0,...,3. Then from the

expansions (5.18)—(5.21) we obtain

’ Q20 ’ @30 ’ e7sNs) ’ Q1o

Qoo = om’ Qo = om’ Qoo = Qgo =
and from the initial conditions (5.14) we obtain
CMOQ(O) = ]., alo(()) = 0[20(0) = ago(O) =0.

Therefore,

s .S
Qg = COS —, a9 =0, Qgy = —sin —, asgg = 0.
2m

2m
From (5.18)—(5.21) we obtain the differential equations

ol — Q21 al. — Q22
oL om’ 027 om’
r Qo1 ;) Qo2
2T T e

om’

, 1 n S , 1 n s .
o7 = — | 31 + cos — cos s oy = — | (30 + cos — sin s
1" 9m 2m ’ 127 om 2m ’

/ 1 +si S ’ 1 Lsi R
Qg = — | —ay1 +sin — cos s Qoyg = — | —j9 + sin — sin s
317 om 2 ’ 327 om 2

m m

for the coefficients a1, oo, with the initial conditions «;;(0) = 0, i = 0,...,3,

k = 1,2. The solution of these differential equations has the form

ap1(s) =0, apa(s) =0,

(5) = =— ®_ins — (1+ cos s)sin =
a11(s) = ——— [ mcos — sins — cos §) sin —
1 2(m2 — 1) 2m 2m )’
1
aiz(s) = 2(m? — 1) <m(1 — Cos §) cos % — sin s sin 2;),
0[21 S E s QQQ(S) 0,
s s
az1(s) = —1+4coss) COS%—FmSIHSSIH% ,
(s) " —m(1 + cos s)sin
032(8) = ————— | sinscos — —m cos s)sin — |.
32 2(m -1 2m 2m

)
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Thus, we obtain the following asymptotics for the components of the quaternion g;:

_ s 5
— % om 5.22
ols) = cos 5+ O(4f), (5.22)
7()*¥ COSiS' — (1 + cos s) si S 0
D= o m2 =y " e Y s)sing )t
1
+ AmE—1) (m(l — c0s §) cos % — sin ssin ;n)do +0(pd), (5.23)
s
Bo(s) = —sin 5+ O(pj 5.24
72 (s) sin o — + O(pp), (5.24)

1
gs(s) = = 1) ((—1 + cos s) cos % + msin ssin 2;)90

1
+ NmI—1) (sinscos % —m(1 4+ cos s)sin ;n) do +O(p3). (5.25)
Note that these expansions have a removable singularity for m = 1, since the
numerators of all fractions with the denominator m? — 1 vanish for m = 1:
1 s .
a11(s) = 7508 5(5 +sins) + O(m — 1),
1
a12(s) = 1 sin %(s +sins) + O(m — 1),
1
az(s) = 1 sin ;(—s +sins) 4+ O(m — 1),
1 s .
aga(s) = 7508 5(5 —sins) + O(m — 1),

q; = a110p + a12dp + O(,Og), G3 = az100 + azado + O(p(Z))

Thus, in (5.16), (5.17) and (5.22)—(5.25) we have obtained asymptotic expan-
sions for the variables Z, ¥ and g;, respectively. The expansions for the original
variables z, y, ¢; are expressed in terms of the expansions we have obtained using
formulae (5.10).

In the next section we use the asymptotics we have obtained to analyse the
Maxwell points and cut time as pg — O.

§ 6. The limiting behaviour of the Maxwell set and cut time

In [11], the equation g3(t) = 0 defining the Maxwell set MAX"* for nondegenerate
elastics not centred at a point of inflection was obtained (see Theorem 1.1 or [11],
Theorem 2). In this section we study the asymptotics of the roots of this equation
as pg — 0.

We use equation (5.25). We set p = /2 and return to the original equation
g3(t) = q5(t); then

docosp — Ogsinp

q3(p,m, 0o, dy) = (cos % sinp — m cos psin 7]7)1) +0(p2). (6.1)

m2 —1

The roots of the factor dycosp — 0y sinp have a simple geometric meaning for the
sinusoid (z°(s),7°(s)) = (s/m, (Bgsin s + do(1 — cos s))/m), which is the principal
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term of the asymptotics of the elastic (Z(s), 7(s)), and therefore also for the sinusoid
(2°(s),5°(s)) = (cosaz’(s) + sinay’(s), —sin az’(s) + cos ay’(s)), which is the
principal term of the asymptotics of the elastic (x(s), y(s)) as pp — 0. It is easy to
see that the sinusoid {(z°(c),y%(c)) | o € [0, 5]} is centred at a point of inflection
if and only if dy cosp — Oy sinp = 0.

By Theorem 1.1 if the function g3 vanishes, this means a Maxwell point exists
for an elastic not centred at a point of inflection. Therefore we analyse the roots
of the factor (cos £ sinp — mcospsin £))/(m? —1). For m = 0 this factor has
a non-removable singularity, and for m = 1 it does not vanish for p # 0. Therefore
in what follows we consider the function

gl(p,m):cosgsinp—mcospsing, m € (0,1) U (1, 4+00), p>0, (6.2)
m m
and analyse its first positive root
p1(m) = min{p >0 | g1(p,m) = 0}. (6.3)

We will show that as pg— 0 the trajectories Q; =Exp(\,t), A= (0o, do, m, ) € Cq,
contain a cut point on the intervals ¢ € [0,t1 +¢€], t1 = 2p1(m)/m, that is, they are
not optimal.

6.1. An analysis of the function p;(m). In Theorem 6.1 we prove that the
function p;(m) is finite for m > 0, m # 1, give two-sided estimates for it, and prove
the properties of monotonicity and regularity.

We define the following functions:

1
mp for m € <0, 2} ,

m 1
[] + 1) for m € <, 1), 3
1—m 2 where p =tanp, pe | m, — |,
1
7r<{ }Jrl) for m € (1,2],

p for m > 2,

) m”({lilm] +2> for m € (0,1),

Theorem 6.1. Letm € (0,1)U(1,+00). Then the function gi(p, m) has a minimal
positive root p1(m) satisfying the following properties:
8) Bm) < p1(m) < p(m); therefore, limy. p1(m) = +00;
b) p1(m) is increasing for m € (0,1) and decreasing for m € (1, +00);
¢) the function p1(m) is continuous for m € (0,1) U (1, +00);
d) the function pl( ) has the following particular values:
o ifm* =1+ 1, then py(m*) =n(n+1),

o ifm* = iy, then p1(m*) = mn,
e ifm*=1+ 721'124»17 then py(m*) =w(n+32),
o if m* = 35 then py(m*) = w(n + §);
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e) the function p1(m) is continuously differentiable for

me(O,l)U(l,—koo)\({nil‘nGN}U{l—kTIL’nEN});

for any n € N we have p'(;}7) = +00 andp’l(";rl) = —00;

f) the function p — g1(p,m) changes sign at the point p = p1(m).

The proof of this theorem is based on Lemmas 6.1-6.9, which we give below. The
graphs of the function p;(m) and its boundaries p(m), p(m) are shown in Fig. 1.

p

!

=
t
———

~
—
o
T

0.0 0.5 1.0 1.5 2.0 2.5 m

————— p(m) pi(m) e p(m)

Figure 1. The graphs of the functions p(m), pi(m), and p(m), where
p(m) < pi(m) < p(m).

Lemma 6.1. If m > 1 and p € (0,7), then g1(p,m) > 0 and therefore, p1(m) > .

Proof. Using the expression for the derivative
0 21
oL _ I sin p sin ﬂ’ (6.4)
Op m m

the function p — g1(p,m) is increasing for p € (0, 7). Since g1(0,m) = 0, we have
g1(p,m) > 0 for any p € (0, 7).

Lemma 6.2. If m > 1, then g1(p(m),m) < 0 and therefore p1(m) < p(m).

Proof. Suppose that m belongs to the interval (1,2]. This interval is covered by
the half-open intervals I(n) = (1+ %ﬂ, 1+ 1], wheren € N. If m € I(n), then
p=p(m) =n(n+2) and g1(p,m) = (—1)"Mmsin(ZE2x). Since n < ZE2 < n+1,
the following hold:

e if n = 2s, then Sin(“T"ﬁ) > 0 and therefore, g1 (p,m) < 0;

e if n =25 — 1, then sin(%#ﬂ') < 0 and therefore, g1 (p,m) < 0.

For the case m > 2 we have p(m) = 27. By a straightforward substitution we
verify that g;(2m, m) = —msin 2& < 0.

m
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Lemma 6.3. If m =1+ +, where n € N, then p1(m) = w(n + 1) = p(m).

Proof. We set m*=1+ % and p*=m(n+1), where n€N. Obviously, g;(p*, m*)=0.
We claim that g (p, m*) > 0 for all p € (0,p*). Consider the values of the function

g1(p, m*) at the critical points with respect to the variable p, where % = 0. The

function g; has two sets of such critical points: p'(k1) = 7k1 and p?(ke) = 7kom,
where k1,ks € N. By considering the critical points p*(k1),p?(k2) € (0,p*) we
conclude that gi(p,m*) > 0 at them. Therefore g;(p,m*) > 0 for all p € (0,p*).

*

Consequently, p; (m*) = p*.

Lemma 6.4. Let Q= (1,+00)\ {1+ 2 | n € N}. Then p; € C*(Q2) and pi(m) <0
form € Q.

Proof. Lemma 6.3 gives the support points m* =1 + l at which the value of the

L =0
(p*,m*)

and the graph of the function p;(m) has a vertical tangent. This lemma asserts
that the function p;(m) is smooth for m > 1, m # m*; we prove this inclusion

based on the inequation 22 ) = 0 and the implicit function theorem.

55 |p=p:(m

Let m € QN (1,2]; then m € I(n) = (1 + %_H, 1+ 1) for some n € N. Consider
the values g1 (p’(k;), m) at the critical points p'(k1),p?(k2), where —pl =0. It is
easy to verify that g; (p’(k;), m) # 0, that is, %g; |p:p1(m) = 0 holds for all m € I(n).
By the implicit function theorem, p;(m) is a continuously differentiable function
on I(n), and

function p;(m*) = p* = m(n+1) is known. At these pomts we have 6p

991 (p,m)
P (m) = _3 Zam) :7p+mcotp(—2m+pcot%) .
91 (p,m —
1017 p=p1(m) m(m 1 p=pi(m)
From the condition g1 (p, m)|,—p, (m) = 0 we obtain that
p
m cot p| _ = cot —
ppm) M lp=p1 (m)

Then sgu(p}(m)) = — sgn(f(ps(m), m)), where (p,m) = p —mcot £ + poot? 2.
Consider the function f as a polynomial of second degree with respect to cot 2.
Since m < 2 and pl( ) > 7 > 1 by Lemma 6.1, the discriminant of this polynomial
satisfies D(f) = m? — 4p? < 0; therefore, f(p1(m),m) > 0 and p}(m) < 0.
Suppose that m > 2. Then %—‘;}’p:pl(m) # 0. The function f(p,m) is positive
for p = p1(m), since either D(f) < 0 and therefore, f(p, m) > 0; or D(f) < 0, then
m > 2p, while cot Z > ¢y, where ¢ is the greater of the roots of the function f
as a quadratic polynomial with respect to cot 2. Thus, f(pi(m),m) > 0 and
therefore, p)(m) < 0.

Lemma 6.5. The function pi(m) is continuous for m > 1.
Proof. In view of Lemmas 6.3 and 6.4 it is required to prove that the limits

lim  pi(m) = p (1 + i) —n(n+1)

m—1+1/n+0
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exist. Since p1(m) is monotonic and bounded for m # 1 + L, the finite limits

pi(n) m—»l—ls—I{l/n:tOpl (m)
exist. The inequalities p1(n) < w(n + 1) and p_(n) < w(n + 1) contradict the
equation

p1(1+ i) = n(n+1).

And the inequalities pi(n) > m(n + 1) and p_(n) > w(n + 1) contradict the
continuity of the curve {(p,m) | gi1(p,m) = 0} in a neighbourhood of the point
(w(n +1),1+ %), which follows by the implicit function theorem from the inequa-

tion 5 ) )
‘(h(ﬁ(n+1),1+> m(1+> £0.
om n n

Lemma 6.6. Ifm > 1, then p1(m) = p(m) and therefore, lim,, 140 p1(m) = +00.

Proof. It follows from Lemmas 6.4, 6.5 that the function p;(m) is monotonically
decreasing for m € (1, +00).

Let m € (1,2] = U, ey I(n). Im € I(n), thenpy(m) > m(n+1) = n([-15]+1) =
p(m). Since lim,,—140p(m) = 400 and p1(m) > p(m) for any m € (1,2], we have
limy, 140 p1(m) = +oo.

For m > 2 counsider the limit lim,, 4 g1(p, m) = sinp — pcos p. Since p1(m) is

3

decreasing, we have p;(m) > p = p(m), where p € (7, =) is a root of the equation

p = tan p, which is equivalent to the equation sinp — pcosp = 0.
Lemma 6.7. Ifm =1 + %ﬂ’ then pl(m) = 7'((71 —|— %)

Proof. We set m, =1+ %—&-1 and p, = 7(n+ %) Obviously, g1 (p«, m«) = 0. Next,
we verify that on the segment p € [p(m.), p«], where p(m,) = w(n + 1), there are
no roots of the function g;(p, m.) other than p,. This follows from the fact that
01 (Fma),m) > 0 and 22 (p,m.) # 0 for p € [5(m.), p,).

Lemma 6.8. If m > 1, then the function p — g1(p, m) changes sign from plus to
minus when passing through the point p = p1(m).

Proof. Tt follows from Lemma 6.4 that %—gpl |p:p1(m) # 0 for m € Q; therefore g1 (p, m)
changes sign when passing through p = p;(m). It follows from Lemma 6.1 that
g1(p,m) > 0 for all p € (0,p1(m)). Therefore, when passing through p = p;(m),
the sign changes from plus to minus.

Let m = m* = 1+ % It follows from Lemmas 6.1, 6.3 that g1(p,m*) > 0
for p € (0,p1(m*)). Since g1(p,m) is an analytic function, p;(m*) is an isolated
root of the function gy (p, m*). By continuity, the preceding paragraph implies that
g1(p, m*) changes sign from plus to minus when passing through p; (m*).

Lemma 6.9. For any n € N we have p’l(l + %) = —o0.

Proof. By Lemma 6.3, for any m* = 1—&—% the explicit value p* = p1(m*) = 7(n+1)
is known. We have

Jg1(p*,m*) Jg1(p*,m*)

= = O'
om o Op ’
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therefore,
991
,m
lim pj(m)=— lim_ 72:; (p.m) = oo0.
m—m m—m Tp(p’ p=ps (m)

Since p;(m) is continuous, Lagrange’s finite increment theorem gives

/ ®\ _1: pl(m*+Am)fp1(m*) T (A~ R T / _
pi(m?) = lim Ao = [lim py(m) = lim py(m) = oo,

where m € (m*,m* + Am). Since the function p;(m) is decreasing for m > 1 we
conclude that pj (m*) = —oo.

Proof of Theorem 6.1. In the case m > 1, the theorem follows from Lemmas 6.2-6.9
above.

In the case m € (0, 1) we use the change of variables p = 2 m = %n > 1, in which
g1(p,m) = %gl (p,m). We conclude that ¢;(p,m) = 0 if and only if g1 (p, m) = 0.
Thus, pi(m) = mp1(L) and for m € (0,1) properties a)—f) of the function p;(m)
follow from the same properties for m > 1.

6.2. Maxwell time and cut time for a sphere rolling over sinusoids of
small amplitude. Let A = (,d,m,a) € C;. In this section we analyse the
behaviour of the Maxwell set MAX! and the cut time

teut(N) = sup{t > 0 | Qs = Exp(), s) is optimal for s € [0,¢]}

as (0,d) — (0,0), that is, near the stable equilibrium position of the mathematical
pendulum (1.9). In this case, the elastics (x4, y¢) in the principal term are sinusoids
of small amplitude £. In view of Lemma 3.1, Theorem 1.1 given in §1 asserts
the following. If ¢t > 0 is such that ¢3(t) = 0 and ecn7 = en(m(% + ¢), k) # 0,
then (\,t) € MAX' and the trajectory Q, = Exp()\,s), s € [0,1], is not optimal;
therefore, teys(A) < t.

We introduce the polar coordinates (p, x): d = pcosy, 8 = psin x; then equation
(6.1) can be rewritten in the form

cos(x + &%) (tm
— 0

2
= — <Ol .
qs(p, x,m,t) =p ] 5 ,m> + p°h, where |h| < C (6.5)

We fix ¥ € St and m > 0, m # 1. To study the behaviour of the Maxwell time as
p — 0, x — X, m — m we introduce the sets

Dzi:{)‘:(pa)Omaa)eCl|0<p<§a |X_Y|<67 ‘m_m|<5}

We set t1 = t1(m) = %17@ > 0, where pi(m) is the minimal positive root of the
function g1 (p, m) (see §6.1). We also set

L={t>0]t;—e<t<t;+e}, e>0.

The following theorem describes the behaviour of the Maxwell set in a neighbour-
hood of the stable equilibrium position of the pendulum (8, d) = (0, 0).
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Theorem 6.2. Suppose that Y € S', m > 0, m # 1, and cos(X + t;m/2) # 0.
Then
Ve>0 36=0(s) >0 YA€ Ds 3tel.: (\t)e MAX.

In the proof of this theorem we use the following lemma, which guarantees that
there are no elastics centred at a point of inflection for the values of the parameters
A, t under consideration.

Lemma 6.10. Suppose that T, t1, X satisfy the hypotheses of Theorem 6.2. Then
there exist € > 0 and § > 0 such that

cn<m<; +ga),k) #0

Proof. Suppose the opposite. Suppose that there exist sequences t" € Ry, A\, =
(Pns Xns Mn, ) € Cq such that p, — 0, m,, — m, xn — X, t" — t1, and
en(my, (t"/2 + ¢n), kn) = 0. From the definitions of the elliptic coordinates (¢, k)
(see §2) and the polar coordinates (x, p) we obtain

forany A € Ds and t € I.

d? 0 2 sin? ¢
k% = T + sin® 3= Z(cos2x+sin2x (3)22)
Gn 0P
sin2 2
cn(mep, k) = cos Xﬂ, sn(mep, k) = sin y——2 2.
2k gk

Consequently, k,, ~ p,/2 and my,p, — X as n — oco. Therefore,
t" t1m
cn(mn (2 + gon> , kn) — cos(x-i— 12m> #0,

Proof of Theorem 6.2. Since cos(X + t1m/2) # 0 and m # 1, there exists a neigh-
bourhood Ds, x I, in which cos(y+tm/2) # 0 and m? —1 # 0. Taking Lemma 6.10
into account and making &g, ¢ smaller if necessary, we obtain that the inequa-
tion ecn7 = cn(m(t/2 + @), k) # 0 holds for all (\,t) € Ds, x I.,. Therefore, if
the equation g3(A,t) = gs(p, x,m,t) = 0 holds for some (A, t) € Ds, x I, then
(\,t) € MAX" by Theorem 1.1 and Lemma 3.1.

For A € Ds, and t € I, we define the function

~ Q3(>\,t)
A’t =
&) peos(x + &)

a contradiction.

(m2 - 1)7

and by (6.5) we have the decomposition

t ~ ~
G\ t) =g (;n,m) + ph, where |h| < C.
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By Theorem 6.1 there exists €1 € (0,gp) such that for all € € (0,e1) we have
g1(m(ty —e)/2,m) > 0 and g1(M(t1 +¢€)/2,m) < 0 in the case ™ > 1 (in the
case m € (0,1) the function g; has the opposite signs but the arguments do not
change). As g1(p,m) is continuous there exist d;(¢) € (0,09) and v > 0 such that
gi(m(t1 —e)/2,m) >~ and g1 (m(t1 +¢€)/2,m) < — for all me (M — 61, M + d1).
Therefore there exists d2(g) € (0, J1 ()] such that

ag()\,tl - E) > % and (?3()\,151 +6) < —g
for A € Ds,. Consequently, there exists ¢ € I for which g3(A,¢t) = 0 and therefore,
qs3 ()\7 t) =0.

Thus, for all ¢ € (0,&1) there exists § = d2(¢) such that for any A € Ds there
exists t € I, for which gz(\,t) = 0, cn7 # 0, and therefore, (\,t) € MAX*. The
assertion of the theorem is proved for small €. By increasing ¢ and leaving ¢ fixed,
we obtain the assertion of the theorem for arbitrary € > 0.

Corollary 6.1. Suppose that a sequence N, = (ppn, Xn,Mn, ) € Cy satisfies the
conditions

mt
pn — 0, my, — m >0, m#l, Xn — X, COS<TT7/21+X)7£O-

Then o
lim tcut()\n) < tg, t1 = tl(m). (66)

Proof. We fix any € > 0. For sufficiently large n the element A, belongs to the
domain Dy indicated in Theorem 6.2. Then there exists t" € (t1 — &,t; + ¢) for
which (\,,t") € MAX! and therefore, teut(An) < " < t; + e. Since ¢ is arbitrary,
we conclude that lim,, oo teut(An) < t1.

We claim that in the statement of Corollary 6.1 we can get rid of the conditions
Xn — X and cos(mit; /2 +7Y) # 0.

Theorem 6.3. Suppose that a sequence Ay = (Pn, Xn, Mn, ) € Cy satisfies the
conditions p, — 0, m, — m > 0, m # 1. Then inequality (6.6) holds.

In other words, Theorem 6.3 asserts that

p_}(@_}mtcut()\) <ty (m) form >0, m#1.

Proof. We begin with several remarks about the problem (1.1), (1.2), (1.3), (1.5)
with general boundary conditions Q(0) = Qf, Q(t1) = Q) € R? x SO(3). Since
this problem is invariant under left translations on R? x SO(3), any solution with
the general boundary condition is obtained from some solution with the particular
boundary condition (1.4) by a left translation by the element Q) = (z, v}, Rp),
that is, by a translation parallel to the vector (x{,y() in the (z,y)-plane and mul-
tiplication of the matrix R(t) on the left by the matrix Ry.

From the Hamiltonian system (1.9)—(1.12) we obtain that the elastic (x(t), y(t))
and the matrix R{, determine the matrix R(¢) uniquely. We call the extremal curve
(x(t),y(t), R(t)) the rolling of the sphere over the elastic (x(t),y(¢)). If the rolling
(x(t),y(t), R(t)), t € [O,tA], is optimal, then due to the invariance of the problem
under left translations on SO(3), any other rolling over the same elastic (z(t), y(t),

RR(t)), t € [0, ] is also optimal. In this case we say that the elastic (z(t),y(t)),
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te [0,?], is optimal. Because of the invariance of the problem under translations
on R?, an elastic (z(t), y(t)), t € [0, ], is optimal if and only if any of its translates
(z(t) + T,y(t) + ), t € [0, ], is optimal.

The elliptic coordinate ¢ (see § 2) is the time on the trajectories of the pendulum.
Therefore, if we introduce the covectors A = (¢, k,m,a), A = (¢ + 0, k,m,a) € Cy,
o € R, use elliptic coordinates, and denote the corresponding elastics as (z(t), y(t)),

(2'(¢),y'(t)), then we obtain
(2(t + o), y(t + 0)) = (&'(1),5' (1)) + (2(0), y(0)).
We will now prove inequality (6.6). Arguing by contradiction, suppose that
Je>0 YN eN In>N: Qn(t) =Exp(An,t), t €[0,t; +¢], is optimal.

Choose any subsequence of the sequence A, on which the sequence x,, € S! con-
verges; let lim,, . xn = X. We keep the notation A, for this subsequence. In view
of Corollary 6.1, it is sufficient to consider the case cos(mit;/2 + %) = 0. We rep-
resent the covector A, using the elliptic coordinates: A\, = (@n, kn, Mp, ). In the
same fashion as in Lemma 6.10 we conclude that ¢,, — @ = Y/m. For a small ¢ > 0
(which is chosen later), we define the covector X, = (¢, + o/mp, kn, M, ) € Cy
and the corresponding extremal trajectory Q. (t)=Exp(X,,t) = (z,,(¢), y.,(t), R, (t)).
Since the parameters k and m coincide, the curves (x,(t), y,(t)) and (x,(¢),y.,(t))
belong to the same infinite elastic, up to motions of the plane, but they have dif-
ferent initial phases @, and ¢, + o/m,. We have m, (¢, + o/mm) =X+ 0 =X;
therefore cos(mti/2 +X') # 0 for sufficiently small o. By Corollary 6.1 there
exists N1 € N such that for n > N; the trajectory Q) (t), t € [0,t1 + &/2], is
not optimal, that is, the elastic v, = {(«},(¢),y,(t)) | t € [0,t1 + £/2]} is not
optimal. But the arc «/, coincides, up to translations of the plane, with the arc
Yo = {(2n(t), yn(t)) | t € [0/my, 0 /My +1t1+¢/2]}; therefore the arc ~, is not opti-
mal. We choose o > 0 so small that [o/my,,o/m, +t1 +¢/2]} C [0,t1]. Then the
non-optimal arc -, is contained in the optimal arc {(z,(¢),y.(t)) | t € [0,t1 + €]},
giving a contradiction.

We fix any compact set K C {m € R|m > 0, m # 1} and define a subset of the
cylinder C"
Ag:{/\:(p,x,m,a)EC’l |0 <p<éd, mEK}.
In the following theorem an estimate for the cut time teu(\) is obtained for cov-

ectors A € As for sufficiently small §, that is, for small oscillations of the pendu-
lum (1.9).

Theorem 6.4. For any € > 0 there exists 6 = () > 0 such that the inequality
teut(A) < maxei t1(m) + € holds for all X € As.

In other words, Theorem 6.4 asserts that %)iim Ktcut (A) €< maxpex t1(m).
p—0,me

Proof. Suppose the opposite. Suppose that there exists ¢ > 0 such that for all
6n = 1/n, n € N, there exists A, € Ay, for which tcyt(An) > maxper ti(m) + €.
Then for the sequence A\, = (P, Xn, M, ) We have p,, — 0. Since (Y, my) €St x K
and S! x K is a compact set, there exists a convergent subsequence

(Xnk7mnk)_)(Y’m)a fesly mEK
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We conclude from Theorem 6.3 that teut(An,, ) < t1() + € for sufficiently large k;
therefore, teut(An,,) < maxmer t1(m) + €. This contradicts the inequality

teut (An) > frlblea% ti(m) +e.

In §§5,6 we studied the optimality properties of the extremal trajectories
Q: = Exp(\t), A = (0,d,m,a), in a neighbourhood of the stable equilibrium
position (0,d) = (0,0) of the pendulum equation (5.10). In §5 we calculated the
principal terms of the asymptotics of the extremal trajectories as p = v6% + d? — 0.
In § 6 we studied the behaviour of the Maxwell set MAX! as p — 0. Based on this, as
p — 0, m — T, for the extremal trajectories Q; = Exp(\,t) we obtained an upper
estimate for the cut time of the form teu(A) < t1(T) + €, where € > 0 is arbitrarily
small. The function t1(m) = 2p;(m)/m defining this estimate is characterized by
a quite complicated behaviour: its graph has vertical tangents at m = (n + 1)/n
and m = n/(n+ 1), n € N; furthermore, lim,,_,; t;(m) = +o0.

The instant of time ¢ = ¢; () determines the asymptotics as p — 0, m — m
for the trajectories Q; of the Maxwell time corresponding to the reflection ! of
the phase portrait of the pendulum (1.9) in the coordinate axis 6. A similar time
instant ¢ = t2(m) can be defined for the reflection €2 of the phase portrait of
the pendulum (1.9) in the coordinate axis ¢ (that is, for the Maxwell stratum
MAX?). The behaviour of the function ty(m) is similar to the behaviour of the
function t1(m); one can show that the graphs of these functions have infinitely many
points of intersection. Approximate calculations also show that the functions t;(m)

and to(m) are boundaries of the first conjugate time t¢onj(m) along the extremal
trajectories (Fig. 2).
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Figure 2. Graphs of the functions ¢1(m), tconj(m), t2(m).

Note that in related optimal control problems — the sub-Riemannian problem in
the Martinet case (see [18]), the nilpotent sub-Riemannian problem with growth
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vector (2,3,5) (see [17]), the Euler elastic problem (see [14]), the sub-Riemannian
problem on the group of motions of the plane (see [15]) — the global behaviour of the
analogous Maxwell times t1()\), t2(A), A € C, is much simpler than the asymptotics
of t1(m), t2(m) in the problem of the rolling of a sphere on a plane. This reflects the
more complicated nature of this problem by comparison with the related problems
mentioned above. And in view of the complexity of the parametrization of the
extremal trajectories in this problem it seems it would be difficult to obtain its
exact solution. However, based on the results we have obtained it is possible to
develop an algorithm and a program for solving the problem of the rolling of a sphere
on a plane approximately. This will be the subject of a future paper.
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