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INTRODUCTION SuUB-RIEMANNIAN PROBLEM IN SE; SOLUTION IN OPERATOR FORM
We study a sub-Riemannian(SR) problem on the Lie group SE3| | eft-invariant distribution: A = span(As, A, As) C T SE; Theorem. Extremal controls in the sub-Riemannian problem
of rigid body motions in R°. Solution curves have applications Metr _ 3 3 4 4 s s on the group of motions of Euclidean 3D space have the form
in image processing (tracking of neural fibers and blood ves-| Vet tensor: g = fw” @ w” +w @ W' +w @ w” on A M) = Fy — A+ N2L2) "' [M[G) — NMLIF]]
sels in DW-MRI images of human brain); and in robotics (mo-| A constant ¢ > 0 balancing spatial and angular displacement Mo(t) = G — Ne(I + N2L2) "' [M[F] + A\eML|G]],
tion planing problem for an aircraft, moving forward/backward). SR-distance: Inf among Lipschitzian curves - : [0, 7] — SE; (1) = U1),
(T 0) — \ )\4(t) = (I + )\%L2> [G — )\6L[FH7
d(e,g) = inf{ [/Ge(3(1), (1)) dt|5(t) € Al ’V(T) Y As(8) = (I+ N2L2) ' [F + NL|G]]
0 ’Y( ) — 6 J where
SR-minimizers are solutions to the optimal control problem Fi = Fy(1) = M(O);Asm) o—U(0) _M(O);M(O) QU0
Pmec ;| Boundary conditions: v(0) =e, ~(T) =g, Gi = Gy(r) = 200 Ul _Ad0-200) -l
L3 A 5 F = F(p) = 20430 ~u@) 4 A5(0)-M(0) eU(t))
Control system: +(t) = u’(¢) A3 + u (t) Agly o) + u” (1) As| (1) HOEAO) 01 A0 2Az<0> v
T G = G( ) ¢ + e o\,
Cost functional: - / E2u3(1)? + ua(t)? + us(r)>d t— min . Llf| = fo U(T))dﬂ
L Mif] = fo = U(r))dr,
» Complete controllability | _ and the function U (t) satisfies the Cauchy problem
(Chow-Rashevski) Control system in coordinates: ] .
§ U(t) = M(t)As(t) — Xa(t)A4(2), U0) =0, U(0) = us3(0).

» Existence of minimizers % = 1’ sin B,

(Filippov theorem) L3 .
» No abnormal y = —wcosfsmd, ASYMPTOTICS NEAR )¢ = 0

_ z = u’ cos B cosb,
at two given points go = (xo,v0,20), g1 = (x1,y1,z1) in R, we extremals: ' ) .

It can be seen as a problem of optimal motion of a rigid
body with nonintegrable constraints. By given two orthonormal
frames Ny = {v},v3, i}, N1 = {v},v*,v;} attached respectively

aim to find an optimal motion that transfers ¢, to ¢, such that dim [A, A] = dim (SE3) 0= Sef? (u R sina), Theorem. Let )\, be close to zero. Extremal controls in sub-
the frame N, is transferred to the frame N,. The frame can » Minimizers are analytic b =u"sino + u’ cos «, Riemannian problem on the group of motlonszof Euclidean 3D
move forward or backward along one of the vector chosen in » Scaling homothety: Q= —(utcosa — u¥sina) tan B.| SPace are approximately expressed up to O()g) as As(1) = U(1),
the frame and rotate simultaneously via the remaining two (of E=1 Ai(t) = Fi(t) — AeM|G|(t), Aa(t) = Gi(t) — Ae6M|F|(2),
three) prescribed axes. The required motion should be optimal : () = G(t) — XML|F|(2), As(t) = F(t) + A6L|G|(2),
in the sense of minimal length in the space SE; ~ R? x SOs. PONTRYAGIN MAXIMUM PRINCIPLE where
Folf)— o o G(1) = a VW —g o7V,
Left Invariant Hamiltonians: \; = (p, A;) 1( )_ a&: 0 f ee G(l‘l)(:) N ZU(et) ; f _3@
_ﬂ PZpldX+pzdy+p3dz+p4d6’+p5d5+p6daET*SE3 ’
/| Control dependent Hamiltonian: _/f )eh(U(2) = Ulr))dr,
_ 3 4 5 1 3)\2 4\2 5)\2
| M= e 3 (WP W ) MIfI0) = [ £(r)sh(U() - U()dr
| Maximality Condition: u”> = A3, u” = X4, uw’ = X5 Ao (0 )+)\4< ) . 2a(0) — Xa(0)
| The (maximized) Hamiltonian: H =1 ()3 + A2 + A2) o= R P ,
' - A0 )+ As(0) As(0) — A1(0)
|'| The Hamiltonian system (via Poisson brackets A\, = {H, \;}): Q= 5 , B = 5 :
!
(}\1 = —A3)s, fx = A3 sin 3, and the function U(t) satisfies the Cauchy problem
Ay = A3 A4, y = —Azcos 3sin b, ( ) t
A= MAs — AAs, | 2= AzcosBeosb ) V) = folU0)us | #i(U()) +k [ ch2U(r) =2U(T))dr |,
Q R | ,
).\4 = A3 — s, (9 = gec (Mg cos a0 — Assin ), U(0) =0, U(O) — u5(0),
A5 = A — A\ A3, = \gsina + A , )
}\5_04 6 — A1A3 @_ 48;1104 SC)(\)SO.é t where k = aa — 88, folU) = (a®+ 82) ¢V —(82 + a?) 2,
\ 6 — Y, \Oz__( 4 COS Q¥ — 5Slﬂ()d) anﬁ, fl(U):k_CVﬁ er—Ckﬂ G_ZU.
Group element: First integrals the Hamiltonian system: \ \ \ i 2

» The Hamiltonian H = 1 (A3 + A\ + \3)

» Left-invariant basis Hamiltonian \q

» Casimirs W = — MM — A5 — A3, C = )\% + )\% + )\%

» Right-invariant Hamiltonians p; = (), Y;), Y; right invariant
v.f.

Complete system of first Integrals: (H, \¢, W, p1, p2, p3)

g = (X,R) € SE3 = R3 x SOs.

Group operations:

8182 — (X17R1>(X27R2)
— (X1 + R1X2,R1R2),

g_l — <_RTX7RT>7
Theorem. The Hamiltonian system is Liouville integrable.

where x = (x,y,z) € R’,

(1 0 0 ) ( cos3 0 sinﬁ) (cosoz — sin « O) EXTREMAL CONTROLS FOR )\6 =0
R

0 cosf —sinb O 1 O sina cosa O
0 sinf cosf —sin B 0 cos 3 0 0 1 Theorem. Suppose A\¢(0) = O then

- | ( L Be L hel | A4, As are expressed via U(t) = [ As(7) d 7 and initial values

wi eanglesa € (—m, 7, g€ |—3,5, 0€(—mm|
A2 (0) + Ag(0 A (0) — Ag(0
() = 20 >exp<U<r>> = ) 20 e (v ).
LEFT-INVARIANT VECTOR FIELDS A(0) + As5(0 A(0) — As5(0
aslt) = 220 o (g ) - A2 o 1 .

ie algebra: se; = T, SE; = span(A Ag) - SR -
_ie alg L 8e3 = L ok3 = sp Ly «e ey A6 A3 IS expressed via initial values depending on several cases. T

_eft shift on the group: L = gh, For A\1(0) = £X5(0), A2(0) = FA4(0), we have . Tl e al®) . () dal®) A ) )
| eft-i . fiel : il, = L *Al',

eft-invariant vector fields: A;|, = (L,) . b+ A3(0)) P — (b — A3(0)) &7 , z53)\2(0)

) i * l N o— .. 3 — : — :
Dual one forms: w' € T* SEs, (W', A;) = d;;. |+ >\3]£O)) obt (1 B >\3[§O) oFbr \ — -
1 A3(0) A3(0) e E————
U(t) - 1n (5 |:(1 —|_ b eibt_|_ (1 - b e:Fbt ) — us(t) - 5 (1)
Otherwise, we have \s(r) = —% s (% k), RESULTS
1. (A P?
U(t) = 5 In (B 75 ( * (¢r, k) + —Cn (%1, k) dn (¢, k))) , For the SR problem in SE; (Pmec) We derive the Hamiltonian

system of PMP, prove Liouville integrability and find explicit ex-
A=(A1(0)+A5(0)*HX2(0)=A4(0))* , B=(A1(0)=As(0))*HA2(0)+A4(0))*|  pression for extremal controls in the case As = 0. For general

: 2 PR -
() — angular velocity _ \/4)\% 0) + (\/Z B \/1—3) 0= \/4)\% 0) + (\/ZJr \/E) A € R we present the solution in operator form. We derive the
asymptotic formulas for the extremal controls in the case, when
Lo — arcsin (2A;)<0>) ifB> A, X¢| is small. The practical applicability of obtained formulas
U = F(po, k) +3t, k= Q, po = (a0 has been justified by the results of numerical simulations
7T+arcsm( > ) IfB<A.
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