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Statement  of the Problem 
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Motivation: Applications in Robotics and Image Processing 
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Group of Rigid Body Motions 
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Left-invariant Vector Fields on SE(3) 
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Sub-Riemannian Problem in SE(3) 

Sub-Riemannian problem in SE(3) 
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Optimal Control Formulation of SR-Problem in SE(3) 



Pontryagin Maximum Principle 
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Liouville Integrability of the Hamiltonian System 
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Vertical Part: System on Extremal Controls 
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Integration of the Vertical Part in Special Case 
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Integration of the Vertical Part in General Case: 
Spatial Component of Extremal Control 
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Integration of the Vertical Part in General Case: 
Angular Components of Extremal Control 
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Spatial projection of SR geodesics in SE(3) can have 
singularities (the cusp points) 



 

Back to applications. Pcurve(R3): Shortest Path on R3 x S2 

Given 

 Find a smooth curve  s.t. 

 and where 



SR problem Pmec(R3 x S2) in Quotient SE(3)/({0}xSO(2))  
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Relation  of Pcurve(R3), Pmec(R3 x S2) and PMEC(SE(3))  

17 



For details see 
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Conclusion 
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Thank you for your attention! 
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