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Ñîïðÿæåííûå òî÷êè â îáîáùåííîé çàäà÷å Äèäîíû

Þ.Ë. Ñà÷êîâ

Êëþ÷åâûå ñëîâà: Ñóáðèìàíîâà ãåîìåòðèÿ, îáîáùåííàÿ çàäà÷à Äèäîíû,

ãðóïïà Êàðòàíà, ñîïðÿæåííûå òî÷êè, ëîêàëüíàÿ îïòèìàëüíîñòü.

�àññìàòðèâàåòñÿ íèëüïîòåíòíàÿ ñóáðèìàíîâà çàäà÷à ñ âåêòîðîì ðîñòà (2, 3, 5) [1, 2℄.
Ýòà çàäà÷à âîçíèêàåò íà ãðóïïå Êàðòàíà � ñâÿçíîé îäíîñâÿçíîé ñâîáîäíîé íèëüïîòåíò-

íîé ãðóïïå Ëè ðàíãà 2 ãëóáèíû 3. Àëãåáðà Ëè ãðóïïû Êàðòàíà åñòü 5-ìåðíàÿ íèëüïî-

òåíòíàÿ àëãåáðà Ëè g = span(X1,X2,X3, X4, X5) ñ òàáëèöåé óìíîæåíèÿ

[X1, X2] = X3, [X1,X3] = X4, [X2, X3] = X5, adX4 = adX5 = 0.

Èññëåäóåòñÿ ñóáðèìàíîâà çàäà÷à íà ãðóïïå Êàðòàíà G äëÿ ëåâîèíâàðèàíòíîé ñóáðè-

ìàíîâîé ñòðóêòóðû, ïîðîæäåííîé îðòîíîðìèðîâàííûì ðåïåðîì X1, X2:

ġ = u1X1(g) + u2X2(g), g ∈ G, u = (u1, u2) ∈ R
2, (1)

g(0) = Id, g(t1) = g1, (2)

l =

∫

t1

0

√

u2
1 + u2

2 dt → min . (3)

Çàäà÷à (1)�(3) èìååò ñëåäóþùóþ ãåîìåòðè÷åñêóþ ìîäåëü, íàçûâàåìóþ îáîáùåííîé

çàäà÷åé Äèäîíû. Äàíû äâå òî÷êè (x0, y0), (x1, y1) ∈ R
2
, ñîåäèíåííûå êðèâîé γ0 ⊂ R

2
,

÷èñëî S ∈ R, è òî÷êà c ∈ R
2
. Òðåáóåòñÿ íàéòè êðàò÷àéøóþ êðèâóþ γ ⊂ R

2
, ñîåäèíÿþ-

ùóþ òî÷êè (x0, y0) è (x1, y1), òàêóþ, ÷òî îáëàñòü, îãðàíè÷åííàÿ êðèâûìè γ0 è γ, èìååò
àëãåáðàè÷åñêóþ ïëîùàäü S è öåíòð ìàññ c.

Äàííàÿ ðàáîòà ïðîäîëæàåò èññëåäîâàíèå çàäà÷è (1)�(3), íà÷àòîå â ðàáîòàõ [3�7℄. Îñ-
íîâíîé ðåçóëüòàò ýòèõ ðàáîò � òåîðåìà 1, äàþùàÿ âåðõíþþ îöåíêó âðåìåíè ðàçðåçà tcut,
ò.å. âðåìåíè ïîòåðè ãëîáàëüíîé îïòèìàëüíîñòè íà ãåîäåçè÷åñêèõ.

Îáîçíà÷èì hi(λ) = 〈λ,Xi〉, λ ∈ T ∗G. ÏóñòüH = (h2
1+h2

2)/2, C = {λ ∈ g
∗ | H(λ) = 1/2}.

Â ñèëó ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà [8, 9℄, íîðìàëüíûå ýêñòðåìàëè â çàäà÷å (1)�(3)
óäîâëåòâîðÿþò ãàìèëüòîíîâîé ñèñòåìå λ̇ = ~H(λ), λ ∈ T ∗G. Â ðàáîòàõ [3�7℄ áûëà îïèñà-

íà ãðóïïà ñèììåòðèé çàäà÷è (1)�(3), à òàêæå ñîîòâåòñòâóþùåå ïåðâîå âðåìÿ Ìàêñâåëëà

t1Max � ïåðâîå âðåìÿ, êîãäà ïåðåñåêàþòñÿ ñèììåòðè÷íûå ãåîäåçè÷åñêèå îäèíàêîâîé äëè-

íû. Áûëà òàêæå ïîñòðîåíà ñòðàòè�èêàöèÿ öèëèíäðà C = ⊔7
i=1Ci â çàâèñèìîñòè îò

ðàçíûõ êà÷åñòâåííûõ òèïîâ ïîâåäåíèÿ ãåîäåçè÷åñêèõ. Ïåðâîå âðåìÿ Ìàêñâåëëà t1Max,

ñîîòâåòñòâóþùåå ñèììåòðèÿì çàäà÷è (1)�(3), çàäàåòñÿ íà ðàçíûõ ñòðàòàõ Ci ñëåäóþùèì

îáðàçîì:

λ ∈ C1 ⇒ t1Max(λ) = min

(

2√
α
pz1(k),

2√
α
pV1 (k)

)

,

λ ∈ C2 ⇒ t1Max(λ) =
2k√
α
pV1 (k),

λ ∈ C6 ⇒ t1Max(λ) =
4

|c|p
V

1 (0),

λ ∈ Ci, i = 3, 4, 5, 7 ⇒ t1Max(λ) = +∞.
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Çäåñü k, α, c � êîîðäèíàòû íà öèëèíäðå C, pz1(k) åñòü ïåðâûé ïîëîæèòåëüíûé êîðåíü

óðàâíåíèÿ fz(p, k) = sn p dn p − (2 E(p) − p) cn p = 0, pV1 (k) åñòü ïåðâûé ïîëîæèòåëüíûé

êîðåíü óðàâíåíèÿ fV (p, k) = 0, ãäå

fV (p) =
4

3
sn p dn p (−p− 2(1− 2k2 + 6k2 cn p2)(2 E(p)− p) + (2E(p)− p)3

+ 8k2 cn p sn p dn p) + 4 cn p (1− 2k2 sn p2)(2E(p)− p)2 äëÿ λ ∈ C1,

fV (p) =
4

3
{3 dn p (2 E(p)− (2− k2)p)2 + cn p [8 E3(p)− 4E(p)(4 + k2)

− 12E2(p)(2− k2)p+ 6E(p)(2− k2)2p2

+ p(16− 4k2 − 3k4 − (2− k2)3p2)] sn p−
− 2 dn p (−4k2 + 3(2E(p)− (2− k2)p)2) sn p2+

+ 12k2 cn p(2 E(p)− (2− k2)p) sn p3 − 8k2 sn p4 dn p} äëÿ λ ∈ C2

è pV1 (0) åñòü ïåðâûé ïîëîæèòåëüíûé êîðåíü óðàâíåíèÿ f0
V (p) = (32p2−1) cos 2p−8p sin 2p+

cos 6p = 0. Çäåñü sn, cn, dn, E ñóòü ýëëèïòè÷åñêèå �óíêöèè ßêîáè [10℄.

Îñíîâíîé ðåçóëüòàò ðàáîò [3�7℄ � ñëåäóþùàÿ âåðõíÿÿ îöåíêà âðåìåíè ðàçðåçà íà ãåî-

äåçè÷åñêèõ.

Òåîðåìà 1 ([7℄, Òåîðåìà 6.1). Äëÿ ëþáîãî λ ∈ C

tcut(λ) 6 t1Max(λ).

Äîêàçàíà ñëåäóþùàÿ íèæíÿÿ îöåíêà ïåðâîãî ñîïðÿæåííîãî âðåìåíè âäîëü ãåîäåçè÷å-

ñêèõ.

Òåîðåìà 2. Äëÿ ëþáîãî λ ∈ C

t1conj(λ) > t1Max(λ). (4)

Òåîðåìà 2 èíòåðåñíà ñ äâóõ òî÷åê çðåíèÿ. Âî-ïåðâûõ, îíà õàðàêòåðèçóåò ëîêàëü-

íóþ îïòèìàëüíîñòü ãåîäåçè÷åñêèõ òî÷íûì îáðàçîì; èìååòñÿ ðÿä ñëó÷àåâ, êîãäà íåðàâåí-

ñòâî (4) ïðåâðàùàåòñÿ â ðàâåíñòâî. Âî-âòîðûõ, Òåîðåìà 2 ÿâëÿåòñÿ âàæíûì øàãîì ê

îïèñàíèþ ãëîáàëüíîé îïòèìàëüíîñòè ãåîäåçè÷åñêèõ, à èìåííî, ê äîêàçàòåëüñòâó âûñêà-

çàííîé â ðàáîòå [7℄ ãèïîòåçû:

�èïîòåçà 1. Äëÿ ëþáîãî λ ∈ C

tcut(λ) = t1Max(λ).
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