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Structure of the talk 

• Application of Sub-Riemannian geodesics in image 
processing 
 

  

• Sub-Riemannian problem on SE(3) 
 

• Brief tour in Sub-Riemannian geometry 
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Application of Sub-Riemannian geodesics:  
 

Detection of salient curves in medical images 
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4 SO(3) 

SE(2) 

SE(3) 

Restoration of corrupted contours 
based on model of human vision 

SR geodesics on Lie Groups in Image Analysis 

Crossing structures are 
disentangled 

Applications in medical 
image analysis 
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Diabetic retinopathy  ---  one of the main causes of blindness. 
Epidemic forms: 10% people in China suffer from DR. 

Patients are found early -->  treatment is well possible.  
Early warning  ---  leakage and malformation of blood vessels.  

The retina  --- excellent view on the microvasculature of the brain. 

Analysis of Images of the Retina  

Diabetes Retinopathy with 
 tortuous vessels 

Healthy retina 
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Detection of Vascular Tree in Images of the Retina 

 Application: Early diagnosis of diabetes  
 Problem:   Low contrast & crossings & bifurcations  
 Aim: Reliable tracking of all blood vessels in retina 
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Lie Group Analysis via Invertible Orientation Scores  
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R. Duits:  generic mathematical model for contextual 

 image analysis via scores on Lie groups with many applications. 

Image 
 
 

Score 
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Comparison with Classical Methods 
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SR-geodesics in Projective Line Bundle 
Importance stressed by  Petitot 1999 &  Boscain 2010  for cortical modeling  
We use it for vessel tracking & analysis: 
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Sub-Riemannian Geodesics on SO(3) 

Aim: data-driven SR geodesics 
on SO(3) for detection and 

analysis of vessel tree in 
spherical images of retina,       

to reduce distortion. 

Spherical extension of 
cortical based model of 

perceptual completion on 
retinal sphere 10 



Vessel Analysis via Riemannian and SR geometry on SO(3) 
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 Sub-Riemannian problem on SE(3)  

 
 

 



Sub-Riemannian Geodesics in SE(3)  
Data-driven sub-Riemannian geodesics on SE(3) are used 

for detection and analysis of neuron fibers in magnetic 
resonance images of a human brain. 
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Problem Pcurve(R3): Shortest Path on R3 x S2 

Given 

 Find a smooth curve  s.t. 

 and where 



Lie group SE(3) 
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Left-invariant Vector Fields on SE(3) 
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PMEC(SE(3)): Sub-Riemannian problem in SE(3) 

Sub-Riemannian problem in SE(3) 
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Optimal Control Formulation of SR-Problem in SE(3) 



Pontryagin Maximum Principle 
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Liouville Integrability of the Hamiltonian System 
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Integration of the Vertical Part 
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Geodesics in Pcurve(R3) as Projection of SR geodesics in SE(3) 

22 

Spatial projection of SR geodesics in SE(3) can have 
singularities (the cusp points) 



SR problem Pmec(R3 x S2) in Quotient SE(3)/({0}xSO(2))  
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Relation  of Pcurve(R3), Pmec(R3 x S2) and PMEC(SE(3))  
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Partial Cartan Connection 
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Explicit Expression for Geodesics 
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Geometric Properties of Geodesics 
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 Range of Exponential Map of Pcurve 
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SR-geodesics on SE(3) with cuspless spatial projections 
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Results: 

• Lift                            to sub-Riemannian problem on SE(3);  
• Hamiltonian system of PMP; 
• Liouville integrability of the Hamiltonian system; 
• Explicit expressions for SR-geodesics in spatial arclength parameterization; 
• Evaluation of first cusp time; 
• Admissible boundary conditions reachable by cuspless geodesics; 
• Geometrical properties: bounds on torsion, planarity conditions, symmetries; 
• Numerical investigation of absence of conjugate points; 
• Numerical solution to the boundary value problem. 
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Thank you for your attention! 
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