Math-Net.Ru

A. P. Mashtakov, On the step-2 nilpotent (n,n(n +
1)/2) sub-Riemannian structures, Program Systems:

Theory and Applications, 2018, Volume 9, Issue 4, 319—
360

DOL  https://doi.org/10.25209/2079-3316-2018-9-4-
319-360

Use of the all-Russian mathematical portal Math-Net.Ru implies that you
have read and agreed to these terms of use
http://www.mathnet.ru/eng/agreement

Download details:
IP: 95.129.140.55
February 1, 2020, 16:53:46




ISSN 2079-3316 IIPOTPAMMHBIE CUCTEMBI: TEOPUSA U IIPUJIOZKEHUSA 1. 9, Ne4(39), c. 319-360

VIK 517.977

A. TI. Mamrakos

O MHOX>KecTBe pa3pe3a Ha JABYXCTYIEHHBIX CBODOIHBIX
rpymmnax Kapro

AnHoranusi. PaccmarpuBaercst 3a/1a9a 0 CyOpUMaHOBBIX KpaTdalllinx Ha
OBYXCTYIIEHHBIX CBOOOMHBIX HUJIBIIOTEHTHBIX Ipynnax Jlu Gy. Takue rpymnmot
TakKe M3BECTHBHI KaK rpynnsl Kapmo. DTa 3amata sBISETCA MOJEILHON B
CcyOpUMaHOBO# reOMETPHUH U, B HEKOTOPOM CMBICJIE, IPOCTEHIIel U3 HEPEIIEHHBIX
Ha CErONHSINHUN geHb 3amad. HecMoTpst Ha OOMIBLHYIO IPYIILy CUMMETPHUH,
MHOKECTBO pa3pe3a U3BECTHO JIUIID B CIIyvasx MaJIod pa3MepHOCTH n = 2, 3.
B obmem caydae uzBectHna runoresa Pumum—Ceppeca 0 MHOXKeCcTBe pa3pesa.
B craTbe BhInnCcaHbI ypaBHEHUS I€OHE3UIECKNAX, UCCIIEIOBAHBI HEIPEPLIBHLIE
cuMMeTpun raMusibToHOBOM cuctembl [IMIT u npenyiozken meron peayKiuu
raMUJIBTOHOBOM CHCTEMBI IO cuMMeTpusM. [IpuBenena umes noka3aTeabCTBa
runoresnl Rizzi-Serres miis obuiero ciy4vas. Coyuan masioit pasmepaoctu n = 2, 3,4
u3y4ens! getaabHo. IIpuBenensr n300parkeHus BOJHOBBIX (PPOHTOB, HAIVIAIHO
IIOKa3bIBAIOIINE PACIOIOXKEHNE TOUEK pa3pe3a B pa3MePHOCTAX n = 2, 3.

Karuesvie crosa u Ppasvi: CybpumaHoBa reomeTpusi, reoaesnyeckmne, Kpatyaiilume, MHOXeCTBO
paspesa, rpynnel KapHo.

Beeperune

B manmnoi#t cTaThe paccMaTpUBaeTCs KIIACCHIECKA 3a/1a9a CyOPUMAaHOBO
(CP) reomerpun, KOTOpasi, HECMOTDsI Ha HAJUYIUE OOUJIBHON TPYIIIIbI
CUMMETpHil, OcTaeTcs He JI0 KOHIIA U3yUeHHO B obiem ciyt4ae. Bosee
TOYHO, PACCMATPUBAETCSI CEMEICTBO 33/1a4 0 CyOPUMAHOBBIX KPATUYANIINX HA
JIBYCTYIIEHHBIX CBOOOJHBIX HUJIBIIOTEHTHBIX rpymnax Jlu G, = R™ x so(n),
rapaMeTpusoBaHHoe napaMerpoMm n € N, n > 2. Takne rpynisl Takzxke
u3BecTHbI Kak rpyisl Kapho, em. [1]. M3BecTHO, 9T0 /151 KazK10ii 38 1aHHO

Pa3MEPHOCTHU 7 CYIIECTBYET eIUHCTBEHHAs CyOpMMAaHOBa CTPYKTypa Ha

1
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qro asrebpa JIu JIeBOMHBAPDUAHTHBIX BEKTOPHBIX mosel Ha G,, saBisercs
HUJIBIIOTEHTHO(! cTyneHu 2 (TO eCcTh BCe KOMMYTATOPbI BBIIIE BTOPOIO
MOPsI/IKa PABHBI HYJII0). Briepsble Takast 3a/1a49a OblLIa PACCMOTPEHA B
paborax [2,3]. OTMeTnM, 4TO TaKue CTPYKTYPHI 33/(QI0T HUJIBIIOTEHTHYO
anupokcumanuio [4] mia mmpokoro kiaacca CP 3ana4, BO3HUKAONNX B
MPUIOKEeHNUSTX. HUIbIIOTEHTHAST aNTPOKCUMAITNS SIBJISIETCS TPOCTeHIeit
CTPYKTYPOIii, JIOKAJIBLHO TIPHOJINAKAIOIIEH UCXOJHYIO CHCTEMY U COXPAHSIONIEH
CBOMCTBO ympaBjisieMOCTU. TOYHAasl TOCTAHOBKA 33[a9U IIPUBOINTCS B
Pasznese 2.

Cy6pumanoBa reomerpust [1] siBjisiercss GBICTPO PA3BUBAIONIEHCS
00JIACTHIO MAaTEMATHUKH, JIeXKaIneil Ha mepecederHnn auddepeHnnaabHoit
reoMeTpur, yPaBHEHUII B YACTHBIX ITPOU3BOJIHBIX, TEOPUU ONTHUMAJBHOIO
YIIPABJIEHUs] U BAPUALMOHHOIO UCYUCJIEHUsI, METPUIECKOrO aHam3a [5],
Teopun rpymn u aaredp JIu, m Apyrux BaXKHbBIX 00JaCTEil MATEMATUKH.
Ona nMmeer GoraTble MpUIIOXKeHNs! B MexaHuKe [6-8|, poGororexuuke [9],
MoJiesMpoBadun 3penusi [10,11], mammuuHoit rpaduke [12-15] u 1.

CP reomerpusi uccieyer reoMeTpruIecKre XapakKTepUCTUKU Cyopuma-
HOBBIX CTPYKTYP, 3ajaHubix Tpoiikoit (M, A, (), tue M — ruaakoe
muoroobpasue pasmeprocru dim(M) =k, A C T M — pacupejiesienue pam-
ram < k, (-,-) — CKaJIpHOE NPOU3Be/IeHNe, 3aJAHHOE HA pacipeneseHun A.
3ameruM, 4To CKaJisipHOE pou3BeeHue (-, -) 3a1aer MeTpuky G(-) = 1/ (-, )
Ha M, KOTOpasi O3BOJIsIeT U3MEPSITh JJINHY JOMYCTUMBIX (HHAUE TOBOPSI
“ropu3oHTAJIbHBIX”) KpUBBIX 7 : [0,T] — M, BEKTOp CKOPOCTH KOTOPBIX
mexxut B A: Y(t) € Ay amsa ms. t € [0,T7].

B curyanuu o6mero moJiozkenust (T.e. IIPU BBIIOJHEHHOM YCJIOBUU
Xepmanzepa [1]), Teopema Pamesckoro—9xoy [1] rapanrupyer, 4o jobbie
JIBe TOYKU ¢ U ¢’ MOTYT ObITb COeIMHEHbI JolycTuMoii Kpusoii y: ¥(0) = g,
~¥(T) = ¢'. TIpu sToM nymmHA KpuBoH () OnpeessieTcst CTaHIapTHBIM
criocoboM [(y) = fot VAA(7),4(7)) d 7. KpuBas MUHHMAJIBHOI JIMHBL Cpeiy
Bcex Takux -y HazbiBaeTcs CP kparaaiimeii.

OsiauM u3 neHTpaibHbX BorpocoB CP reomerpun siBjisiercst iocTpoeHue
MHOXKECTBA paspe3a (OTHOCHTENHHO 3aMaHHoN Toukn ¢ € M ). MuoxecTBO
paspesa COCTOUT U3 TOYEK paspesa ¢ — koHednbx Touek CP kparvaiiimmx
(BBIXOIAIMX U3 TOYKY ) MAKCUMAJIBHOMN JJIMHBI, TO €CTh TAKUX KpaTdailnmx,
KOTODBIE He SIBJISIOTCS KYCKOM Jipyroit Kpardaiimeit. CP reomesumaeckoit
Ha3bIBAETCsl JOIYCTUMasi KPUBAasl, JOCTATOTHO MaJible JyT'H KOTOPOit
apiisiiorcss CP kpargafiimmmu.

Ormerum, uro B EBkimgosom ciyuae (M = RF n= k) xparuaiimue
SIBJITIOTCSI TIPSIMBIMU JIMHUSIMU, OITUMAJILHBIMA JT0 OECKOHETHOCTH. B 3moM
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CJIydae Te0JIe3NIECKUE ABJISIOTCS KPATIANIIINMEI, 1 MHOYXKECTBO pa3pesa
SIBJISIETCsI IIyCTBIM MHOXKEeCTBOM. [Ipu 9TOM MakcuMaJibHasl IJIIMHA JTF00
Kpardajinreii paBHa 6€CKOHETHOCTH.

Curyaiust MeHsieTcst B cilydae puMaHoBoil reomerpuu (n = k). Haunpu-
Mep, Ha nByMepHoit cdepe (M = S?) reomesndeckne aBISIOTCA TyTaMT
OOJIBIIUX OKPYKHOCTEH, HO KPATIANIINMA SIBJISTFOTCS TOJBKO JIYTH JJTTHBI
He GoJiee UeM IIOJIOBHHA 3KBaTOpa, ¢M. Hanp. [16]. MaTynTHBHO 5TO
COOTBETCTBYET TOMY (PaKTy, YTO €CJIA IIPY JIBUKEHUU U3 TOYKU ¢ B TOUKY
¢’ BIONL ayru GOJILINONH OKPYXKHOCTH JJIMHA IIYTH OKA3aJaCh OOJIbIIIE
ITOJIOBUHBI 9KBATOPA, TO U3HAYMAILHO “BBITO/IHEE” NBUTATHCSA U3 TOUYKH ¢ B
[IPOTUBOIIOJIOKHOM HAIIPABJIEHUN. 3J1€Ch “BBINOIHEE” O3HAYAET, UYTO MPU
JIBUKEHUW U3 TOYKHU ¢ B MPOTHUBOIOJIOXKHOM HAIIPABJIEHUN BIIOJIb TOM YKe
JIyT'H OKPY?KHOCTH, TOUKa ¢ MEPEXOJUT B TOUKY ¢ ¢ JJTMHOMN ITyTH MEHDIIIE,
YeM MOJIOBUHA 9KBaTopa. Takum 06pa3oM, B CIydae pUMAHOBOU T€OMETPUN
Ha cdepe MHOXKECTBO pa3pe3a (OTHOCHTEIBHO TOUKU §) COCTOUT U3 OJHON
TOYKH (JMAMETPAJIBLHO IIPOTUBOIIOJIOKHOI ).

Cuty4ait cdepsl SBIISIeTCs TIPOCTERNTIM CJIyIaeM PUMAHOBON MeOMeTpUN
C HEIIYCTBIM MHOXKECTBOM pa3spesa. Ecyim BMecTo cdepbl paccCMOTPETh
SJUIUTICOU]T BPAIIEHNsI, TO CUTyaIust ycejaoxkHsiercs. Kapur ['ycras dkob Axobu
MIEPBBIM UCCJIEIOBA 33/1a4Uy O TeO/IE3NIECKUX HA SJIIUTICOUJIEC BPAIEHNUS,
eM. [17]. O nokasas, 9T0 MHOMKECTBO paspe3a Ha SJUIMICOM/IE BPAIIECHUS
roMmeoMopdHO 0Tpe3Ky. TakKe OH yCTAHOBUJI HAJIUYHNE CONPSAKEHHBIX
TOYEK, (DOPMUPYIONIUX KAYCTUKY.

ConpsizKeHHbIE TOUKHU XapaKTEPU3YeTCs T€M, YTO Yepe3 HUX IIPOXOJUT
orudaroIias K ceMelCTBY reoye3ndeckux. VI3BecTHO, YTO OTPE30K reojie-
3UYECKOU He dABJIAeTCA KpaTdalllleil, ecjd OH COJACPXKUT COIPAKECHHbIE
Touku. COIpsizKEHHBbIE TOYKU UT'PAIOT BAXKHYIO POJIb B UCCJIEIOBAHII
OIITUMAJIBHOCTHU Te0JIE3MIECKUX, IOCKOJbKY OHHU JIAI0OT BEPXHIOIO OIEHKY HAa
BpeMs pa3pe3a (BpeMs morepu onTuMasibHocTh). OJHAKO JJId OCTPOCHUS
MHOXKECTBA Pa3pe3a 3HAHUS OJHUX JIUIIb COIPSI)KEHHBIX TOYEK KaK IIPABMIIO
HEJI0CTATOYHO. B cuTyarum obIiero mojoKeHusl, TeoIe3nIecKasl TePIeT
OIITUMAJIBHOCTHL B TOUKe MakcBeslia, HaCTyIAIOIel paHbIlle IIePBOit
COIIpsI?KEeHHO TOYKM. Toukoit MakcBesia Ha3bIBAETCH TOYKA, B KOTOPYIO
upuxoauT e (uin Gojiee) pasnuHbIX e0e3MIecKUX OJMHAKOBOMN JJINHBIL,
cM. [18]. Bamerum, uro B ciydae cepbl MHOKECTBO Pa3pe3a COBIAJIALT C
[IEPBOI KAYCTUKOMN, OJJHAKO y2Ke Ha IJIIUIICOUJIE BPAIEHUSI COMPSKEHHBIE
TOYKH HACTYIIAIOT IIOCJI€ TOYEK pa3pesa.

Curyarus ete 6ojiee YCJIOKHSAETCS B CIydae CyOPUMAHOBOM TeoMeTpHn
(n < k). Yxe aaa CP crpyxTyp na R3 Touku paspesa BI0JIb T€0Ie3UIECKHX,
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BBIXOJIAIINX U3 Havdaaa KoopauHaT O, MOIYT ObITh PACIIOJIOXKEHBI B CKOJIb
yroaHOo MaJioii okpectHocT O, cM. [19,20]. OTMernM, YTO MHOXKECTBO
paspesa mwist CP crpykTyp Ha rpynnax Jlu u3BecTHO JIUIIb B HECKOJIBKIX
HPOCTHIX caydasix: rpymmna Leitsenbepra Go [3,21] (cayuaii (2,3)); rpymma
Gs [22] (cayuait (3,6)); rpynnst SO(3), SU(2), SL(2) ¢ merpuxoit Kui-
smara [23]; rpynna SE(2) [24], rpyuna SH(2) [25], rpynna Durena [26],
uuabnorentasle CP 3amaan crymenn 2 kopanra 2 [27].

B jaHHO# cTaThe paccMaTPUBAETCS 3a1a4a, SIBJISIFOIIASICS MOJIEIbHOM
U B HEKOTOPOM CMBICJIE IIPOCTEHIIECH U3 HEePEIIeHHbIX HA CerOAHANTHUN
JIeHb 3319 CyOpUMaHOBOI reoMeTpun. B Hell nMmeeTcs: 3HAYUTEIbHAS
rpyIa cuMMeTpuil (BpallleHus U PACTIXKEHUs ), KOTOPasl [O3BOJIAET
MOHU3UTH PA3MEPHOCTh CHCTEMbI. HecMOTpst Ha 9TO, MOMBITKA OIUCAHWS
MHOXKECTBa pa3pe3a B obmieM ciaydae G, moKa yBeHUATNCh JIAIIb THIIOTE30i
Rizzi-Serres [28], nokasanHoi npu n = 2, 3.

Cayuait Gy npezcraBiisier coboil XOpOIIO U3BECTHYIO 3389y JumoHbr —
KpaeyroJibHblil kKamerab CP reomerpun. Jra 3amada, Takke nMeHyeMast
cyOpuMmaHOBOI 3ajtadeit Ha rpymme [eitzenbepra, ObLIa MCCIEIOBAHA
B paborax [3,21]. B wacrHOCTH, GBIIO MOKA3aHO, YTO KpaTdaiIimii
JIOITYCTUMBIii IIyTh MEXKJIy KOHEYHbIME TOYKaMu B Go siBJIsSIeTCS CErMEHTOM
BUHTOBOW JINHWUY, & €r0 IIPOEKIHs Ha IIJIOCKOCTb — JIyT'Oil OKPY?KHOCTH.
Takoit cerMeHT BUHTOBOH JIMHUM MEPECTACT ObITH KPATIANIINM ITyTEM
[OCJIE TOTO, KaK €ro IUIOCKAas MPOEKIHs HAYMHAET IIPOOEraTh OKPY KHOCTh
Bropoii pa3. CyOpuMaHOBBI cephI C EHTPOM B Hadaje KOOPIAMHAT B STOU
MoJIeT UMerOT (hopMy sibsToKa ¢ ocoberHoCcTsiMU Ha mostocax. Coayqait Go
moapobHo pazobpan B Pazmene 3.1.

Cayuait G3 nccnenosan B pabore [22]. Vcmonbsys npeacTaBienne
JIeCTBUST KOCOCHMMETPUYIHON MATPUITHI HA BEKTOP B BHJIE BEKTOPHOI'O
[IPOU3BEJIEHNS, ABTOPY Y/AAJIOCHh OMUCATH 3aMBbIKAHHE MHOXKECTBA Pa3pesa
Ha G3 Kak peleHre HEKOTOPOro SBHO 3ajaHHOoro ypasHenus. Ciyuait Gg
moapobHo pazobpan B Pasznene 3.2.

CraTbst UMeeT CJIeAYIONyI0 CTPYKTYPY. BO BBeJIeHNH TPOUCXOIUT
3HAKOMCTBO C KJIIOUEBBIMU TOHATHSIMU CyOPUMAHOBOI reOMeTpun, MpuBo-
JINTCs OTIIMCAHNE 33/1a91, KPATKO PACCKA3BIBACTCS O €€ MCTOPUY, W3BECTHBIX
pe3yabTaTax U OTKPBITHIX Ipobjemax. Pazmen 1 comepKut onpesesenust
6a30BBIX MaTEeMATUIECKUX IIOHSTHIA, UCIIOJb3yeMbIX B cTarhe. B pasiese 2
OIIPEJIEIISIETCSI OHATHE JBYXCTYIIEHHOW CBODOJIHON HUJIBIIOTEHTHON TDYIIIIBI
JIu (Pazzmen 2.1); upuBoAUTCs IOCTAHOBKA 3aa9K U [IEPEUUCIIIOTCS ee
usBecTHble cBoiicrBa (Pazien 2.2); npuMensieTcsi IPUHIMIL MAKCUMYMa
[onrpsaruna (IIMII) (Pazmen 2.3); uccieyiorcst HepepbIBHbIE CUMMETPUY
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(Pazzaen 2.4) u BeinuceiBatorest pemennst (Pasmen 2.5) raMuibToHOBOI
cucrembl [IMII; npuBoauTcs runore3a Rizzi—Serres o mHOXKecTBe pas-
pesa g obuiero ciaydasa G, (Pasumen 2.6). Hanee B Paznene 3 uuer
JeTajJbHOe PACCMOTPEHHE CIyYaeB MaJioil pasmepHoctu n = 2,3,4. B
SakJII0YeHnN TPUBOJINTCS PE3IOME MIPOJIETIAHHON PabOThI, 0OCY XK TAI0TCS
IUIAHBI U TIEPCHEKTUBBI JAJIbHEHIX paboT.

1. MaremaTtunyeckas cnpaBka

B sToM pazzesie mpuBOASTCS OIpeIe/IeHNsT UCIIOTb3yEMbIX Oa30BbIX
MareMarudeckux nmouaTuii. [Ipeamonaraercsy, 9To YnTare/ib 3HAKOM C
TAaKUMU MMOHSITUSIMU KaK: CPYIIa, IJIaJKoe MHOroobpasue, KacaTeJbHoe
7 KOKacaTeJbHOe pacciioeHne, auddepeHuat riafKoro 0TOOpasKeHns.
Oupeesienns 9TUX HOHATUH MOXKHO IIOCMOTPETb, HalpuMep, B [29, 30].

Haunewm c O6HLI/IX OHpe,ZLeJIeHI/Iﬁ U3 MaTeMaTHUYIEeCKOIr'o aHaJInu3a.

OUPEAEJIEHUE 1. Ihadkum 6exmopHuim NOAEM HA 2AG0KOM MH02000pa-
auu M naswsaemes enadkoe omobpascerue X, cmasawee 8 cOOmeememeue
Kaotcdoli mouwku q ud M xacamesvroli 6eKmop 6 q:

X:M—-TM:q— X(q) € T,M.

B koop/uHaTax BeKTOpHOE 1oJie 3amucbBaorces X = Y | X;(2)0y,.
Takum ob6pazom, BeKTOpHOE 1016 X MOYXKHO IMTOHHUMATh KaK OIepaTop
muddepennupoBanus Gyakiuit Ha M. OHO SIBIISIETCS TVIAJIKUMU, €CIIN
BCe KOMIIOHeHTHI X; — rnaakue dynkiuu. lamee Mbl Bcerga Oyrem
HOPa3yMeBaTh IVIJIKOCTh MHOrOOOpA3HUil 1 BEKTOPHBIX II0JIell. SHadeHHe
BEKTOPHOI'O TI0JIsI B TOUKe ¢ obo3Havaercs X (q).

ONPEJAEJEHUE 2. [Tycmo 3adan dugppeomoppusm ¢ : M — N
Mmro02000pasut M u N. Obosnavum dupdepervyuan ¢ 6 mouke q € M
wepes Gu g TgM — Ty N Hycmo na M sadano sexmoprioe noae X.
Obosnavum weped ¢ X sexmoproe noae Ha N, nosyuaemoe deticmeuem
omobpasicenusn ¢ Ha sexmoproe noae X, 3adarnoe Hopmyasot

(0. X)(¢(q)) 7= ¢xq(X(q)), Vg€ M.
Teneps BcnOMHMM HEKOTOPBIE OIpezesenus u3 Teopun rpymm Jlu.

ONPEAEJEHUE 3. Mnoowcecmeo G nasvisaemes epynnot Ju, ecau G
ABAAENCA 2NGOKUM MHO2000DA3UEM, CHAOHCEHHDIM 2PYNNOBOT CPYKMYpPot,
U 2pYnnosvie onepayul (ymrodcenue u gaamue obpamnoezo ssemenma) ¢ G
ana0Kue.
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B nmamuoit crarbe paccmarpuBaroTcs JuHeHble rpynmsl JIu G, To ecTb
Takue TPynibl JIu, 37/eMeHThI KOTOPBIX MPEICTABIISIIOTCS 00PATUMBIMUT
MaTpuraMu. B TakoM mpejcraBiennn eauaAna rpymmnsl 1d cooTBeTCcTBYET
€IMHUYHON MaTpulle, IPYIIIOBasl OIepalis COOTBETCTBYET MATPUIYHOMY
[IPOM3BEIEHNIO, & OOPATHBII JIEMEHT COOTBETCTBYET OOPATHOM MaTpHUIIE.

ONPEJEJEHUE 4. Aneebpot Jlu nasvisaemces sunetdinoe npocmpai-
cmeo ¢ bunapnol onepayued [-,-], Komopas sasasemcs Gusunelino,
Kococummempuurot u ydossemeoparowet mootcdecmay Hxobu.

Kacarenbnoe npocrpatctBo T1qG K JsuHeitHoi rpymme Jlu G sBisiercst
JIMTHEHHBIM TTPOCTPAHCTBOM. Bostee Toro, oHO HajIeI€HO TOMOTHUTETLHON
oreparyeil, MATPUIHBIM KOMMYTaTOPOM

[A, B] = AB - BA ¢ TG, A, B € TG,

KOTOpasi yaoBjerBopsier yciaoBusiMm Onpesenenus 4. Takum obpazom,
npocTpaHcTBO T1qgG ¢ MaTpUYHBIM KOMMYTATOPOM eCTh ajredpa Jlu.

OMNPEJEJIEHUE 5. Kacameavroe npocmparcmeo x epynne Jlu G 6
eQUHUYHOM dnemenme Hasvsaemcs aszebpoti JIu epynno. JIu G:

g= TIdG.

Ob6o3HaurM yMHOMKEHHE cileBa Ha 1eMeHT ¢ B G uepe3 Ly : G — G-
/! /
q" — qq'. 3amerum, uro L, asiserca muddeomopduzmom G I KaxkKI0ro
q€G.

OTPEZEJIEHUE 6. Bexmopnoe noae X wa epynne Jlu G nazvieaemcs
AEBOUHBAPUAHMHILM, ecal 0ad kaotcdoeo ¢ € G svnoaneno (Lg). X = X.

JIroboe sreBomHBapmanTHOE BekTOpHOEe moje X Ha rpyume Jlu G
OJTHO3HAYHO OIPEJIEJISIeTCS CBOMM 3HAYEeHUEM B eauHure. A nmenno, X
yaoBaersopsier cootHomennio X (¢) = LgX(Id). C mpyroit croponst,
BEKTOpHOe mosIe 3amannoe Gopmynoit X (q) = Lg.v Iy HEKOTOPOro
v € 119G aBnsieTcs leBOMHBApUAHTHBIM. TakuMm obpaszom anrebpa Jlu g
nzoMopdua anrebpe Jlu JeBOMHBAPUAHTHBIX BEKTOPHBIX 10jIel Ha G.

Hakowerr niepeiijiemM K OpeJie/IeHUsIM, CBSI3AHHBIM ¢ CYOPUMAHOBOM
(CP) reomerpueii Ha rpymnnax Jlu.

ONPEAENEHUE 7. ITymv G — epynna Jlu, dim G = k. Jlesoun-
sapuarmmot CP cmpyxmypot na G nasvieaemcsa Ae60UHBAPUAHITIHOE
nodpaccaoenue xacameavnozo paccaoenus A C TG panea n < k, crnaborcen-
HOE AEGOUHBAPUAHIMHOIM CKAAAPHBIM Npoussederuem (-, ) na A.
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Cy6puMaHOBY CTPYKTYPY MOXKHO OIPEJIEJUTH ¢ HOMOMIBIO OPTOHOPMHU-
posannoro penepa Xi,..., X, € A Cg:

A(I :Spa‘n(Xl(Q)v"'Xn(Q))a <X1(Q)7X](q)> :5ij7 17] = 17-”77'7
rue q¢ € G, a d;; — cumsost Kponexkepa.

ONPEAENEHUE 8. Cybpumanosoli kpamuatiwet (CP xpamuatiwed)
nasvieaemcs sunwuuesa kpusas vy : [0, T] — G maxas, wmo Y(t) € Ay
das nowmu ecex t € [0,T], u dauna kpusot

- / VED A dt

MUHUMAALHG CPEJU BCET MAKUL KPUBHLT, COEOUHANULUT 08€ 3a0aHHbLE
mouxu y(0) = ¢° u y(T) = ¢*.

Bamaay mouncka CP kpaTdaiinreil Mexkay IByMs 3aJaHHBIMHA TOUKAMHE
nazpiBaior CP 3amadeit. Tpaaumumonnsrit moaxon K pemennio CP 3amag
OCHOBaH Ha TEOPUU ONTUMAJLHOIO yupasienud [31]. A umenno, cm. [29)],
CP xpargaiimast JaeTcs pelmenneM 3aa91 ONTAMAIBHOTO YIIPABJIEHUST

(1) () :ul( )Xl( ) + ...+ un () Xn(¥(1)),
(2) Y(T) = ¢,

—Q7
3) / \/u1 b2 () dt — min.

3AMEYAHUE 1. Kpumepua ONMUMGALHOCTIY — MUHUMYM PYHKUU-

onana cybpumarnosot daurovl I(y fo Vo uZ(t) dt moorcem Goimo
IKBUBANEHMHO 3GMEHEH HA MU'H,’LL.My./VL éymcu,uomma deticmeus J(v) =

5 fo v ui(t)dt . IHepexod om () % eaadkomy Pynxyuonary J(v)
ABAACTNCA cmaudapmm)tm npuemom 6 uccaedosanuu CP 3aday, cm. [29]. B
cuny nepaserncmsa Kowu-Bynakosckozo, munumudayus 1(y) pasnocusvha
munumudayu J(7y), 00HaKO 6OHUCAEHUA CINAHOBAMCA NPOWE NPU pabome

cJ(7).

ONPEAEJEHUE 9. CP 2eodesuneckots nazwsaemes kpusas na G,
docmamouno manvie dyeu komopot seasromes CP-xpamuatiuumu.

3amerum, uTo B caydae JesonnbapuanTHbIX CP cTpykTyp Ha rpymnmax
JIu BeaKas Teofe3ndecKas v, BBIXOASIMIAL I3 IPOU3BOIbHOMN Toukn ¢° €
G, nosrydaeTcst JeficTBUeM JIeBOTrO ¢iBura Lgo Ha COOTBETCTBYIOIILYIO
TeOJIE3MIECKYIO Y, BBIXOMANLYIO U3 eJIMHIIHOrO 3aeMenTa Id rpynmsr, T.e.
F(t) = Lyo~y(t), mo9TOMY JOCTATOMHO OrpaHTUTHCS Carydaem ¢° = Id.
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B tepmunax teopun yupasienusi, CP reomesmdeckue siBasiroTCs
9KCTPEMAJIbHBIMU TPAEKTOPUIME 339K ONTUMAIbHOrO yipasierus (1)-(3)
U HaXOJATCS KaK PeIleHre TOPU30HTAJIBHON OJICUCTEMbI TaMUJIBTOHOBOM
cucrembl IIMII [29]. B sroii cTaThe paccMaTpUBAIOTCST TOJIBKO HOPMAJIbHBIE
reojieamydeckue, T.e. yiopierBopsioniue [IMII B mopmasibHOM ciydae.
Bamernm, uaro yenosme Toxa [29] B CP 3amauax va G,, Beuer orcyrcrBue
CTPOT0 AHOPMAJILHBIX TE0JIE3NIECKNX. B crily TeopeMbl €/ IMHCTBEHHOCTH
pelleHrsi TaMIJIBTOHOBON CHCTEMBI ¢ 33JIJAHHBIM HadaJbHBIM yciaoBueM, CP
reosieanveckne Ha (G OJHO3HATHO OTPEJIETIAIOTCS HAYAIBHBIM 3HATEHUEM
COUPSIKEHHBIX IEPEMEHHBIX (HAYaIbHBIM KOBEKTOPOM ). Hecs10:KHO 1OKa3aTh,
4aTO JI00as reoie3ndecKasi JOMyCKAeT HATYPAJbHYIO TapaMeTPUBAIIIIO
(mmsoit myru) ||5(t)|| = 1. BeiGop HaTypasibHOI napaMeTpu3aIuy reoesu-
YEeCKUX 9KBUBAJIEHTEH CYKEHUIO IPOCTPAHCTBA BCEX BO3MOXKHBIX KOBEKTOPOB
&o € T1;G Ha noBepxHOCTH ypoBHs ramuibToHHaHa {y € H C T5G.

OrobpazkeHne, TEepeBOIAIIEe HAYATBHBIN KOBEKTOP £y U MOMEHT
BpeMeHN ¢ > (0 B KOHEUYHYIO TOYKY COOTBETCTBYIOMIENH HOPMaAAbHOU
reosie3udeckoil y(t), Ha3bIBAETCs YKCIOHEHIIUAILHBIM OTOOPAYKEHUEM B
3aJ1a49€ ONTUMAJIBHOTO YIIPABJICHUS:

EXp(&Ovt) = ’Y(t)7 50 € H, t>0.

OnPEAEJEHUE 10. Touka, 6 xomopoti CP 2eodesuueckas vy mepsem on-
MUMAABHOCTD HA3BBAEMCA MOKoT pazpeda 60oab . Coomeememesyrouyul
MOMEHM, BPEMEHU HASBIBAEMCS BPEMEHEM PA3PEA

tewt(77) == sup{t > 0| v onmumasvna na [0,t]}.

3amerum, uro 1ockojbky CP reomesmueckme Ha G OJHO3HATHO
OTIPEJIEIAIOTCS HAYMAJILHBIM 3HAUEHHEM KOBeKTOpa &) € H, BpeMs pa3pesa
MHOT/A y/I00HO 33/1aBaTh KaK (PYHKIIUIO OT HAYAJIHLHOIO KOBEKTOPA:

teut(&o) :=sup{t > 0| v(t) = Exp(&o, t) onrumasnbua Ha [0,]}.
ONPEAENEHUE 11. Mnoosicecmeom pasgpesa (0mmocumenvho mouxu

q° € G) nasvisaemes obsedunenue Movex paspesa 6004 6CET GO3MONCHVIT
CP z2eodesuneckur, evrodswur us mouku ¢° € G

Cutyo(G) == {Y(teur(7)) | v 2e0desuuecxasn, v(0) = ¢°}.

B cuiy sesonnBapuanTHOCTH, MHOXKecTBO paspesa Cut,o (G) umeer Bu
Cutgo(G) = Lgo Cuto(G), rae Cutg(G) obozHauaeT MHOXKECTBO pa3pesa
OTHOCHTEJILHO €IMHIIHOrO djieMenTa Id. AJbTepHATHBHOE Ope/IeIeHIe
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gepe3 IKCIIOHECHIIUAJIbHOE OTO6pa}K€HI/Ie nMeeT BHUJL

Cuto(G) = {EXp(fo7tcut(§0)) ‘ 50 € H}

OMNPEAEJEHUE 12. Muootcecmao KoHeuwnvlx moiek 6Cex 2€00e3UNECKUL,
svizodawur us sadarnot mouku ¢° € G, 3a epema T > 0 nasvieaemca
soamo06vim dpormom paduyca T (ommocumenvro mouxu q°):

WqTo = {(T) | v 2eodesunecran, ¥(0) = ¢"} .

B TrepMuHax SKCIOHEHIIMAILHOTO OTOOPAaYKEHUsI, BOJTHOBOU (DPOHT
pamguyca T' > 0 ornocurensHo Id onpenensiercst

Wi = {Exp(&,T) | & € H}.

ONPEAEJEHUE 13. Yacmo 6oan08020 dponma, cocmoswasn u3
KOHEUWHDLT MOueK (MOAbKO) ONMUMAABHOIT 2€00€3UMECKUT, HA3DIBAETCA
cybpumarHosoti chepoti.

ONPEJEJNEHUE 14. Kpumuueckue 3Hauerus IKCNOHEHUUAADHO20
omobpasicerua EXp Ha3ui6a10mea conpasicennvLmy mowkamy, (0mmocu-
meavro Id). Momenm (nepeozo) eviposicderus nasweaemes (nepevim)
conpasicennvim epemenem. Obsedurenue 6cex (Nepevixr) ConpANCEHHbLL
mouex Ha3ueaemca (nepsotl) kaycmukod:

& € TG, det (dExp) 0,

| (&U 7tconj ) =

K(G) = EXp(an tcon )
"] V€ (0,teong) : det (AExp)| g, ) # 0

T'eomerpudeckn, compsizKeHHBIE TOYKU XapPAKTEPUIYIOTCA TEM, UTO
Yepe3 HUX IIPOXOJUT OTMOAoINas K CEMEHCTBY Ie0Ie3MIECKUX.

2. CybpumaHoBa 3agaya Ha ABYXCTYNEHHbIX CBOOOAHbIX
HUNBNOTEHTHBIX rpynnax Jin
2.1. AsyxcTyneHHble cBOOOAHbIE HUABLNOTEHTHbIE rpynnbl Jln

I'pymma JIu G ma mpocrpanctse RF HaspiBaeTcst 1ByXCTyIIEeHHOI
HUJIBIIOTeHTHOMN Tpymmoit JIlu pamra n, eciau ee anrebpa JIu paznaraercs B
HPSMYIO CyMMY HOJITPOCTPAHCTB, TAKUX ITO

(4) g=01Dg2, [g1,01] =02, [91,02] =[92,02] =0,

rae dimgy; = n, dimgy, =k — n.



328 A. II. MAIITAKOB

T'pymna JIu G cuabxkena sesonnaBapuantaoit CP crpykrypoit, uamynm-
POBaHHOI BBIGOPOM CKAJISIPHOTO [IPOM3BEJEHUs (-, ) Ha IIOANPOCTPAHCTBE
g1. Pacemorpum 6asuc jieBonHBapHAHTHBIX BEKTOPHBIX ITOJIEH ¢, T.9.

(5) g1 =span(Xy,...,X,), g2 =span(Y1,...,Yi_n),

rae {X1,... X, } 3aaer opTOHOPMUPOBAHHBIN perep s (-, -) Ha IOJIPO-

crpaHcTBe g1. B aT0M 6azuce coornomenus (4) NPUHUMAIOT BUL
_xken g 1l C o

[Xs, X;] = =1 Cinu Cij = —Cji» HJ = L...,n,

(6) - PR A
(X:.Y;]=[Y;,Y;]=0, i=1,....n, jl=1,....k—n.

Paccmorpum cemeiictBo Kococummerpuanabix marput, {Ch, ..., Cr_pn},

COCTaBJICHHBIX U3 CTPYKTYPHBIX KOHCTAHT (cl» \) asrebper JIu o upasuity

ij
C = (céj)7 [l =1,...,k —n, 1 COOTBETCTBYIOIIEE MOAIPOCTPAHCTBO
KOCOCUMMETPUYECKUX OIIEPATOPOB Ha 1, IIPEJICTABJICHHOC JIMHECHHON

KOMOWHAIMEH 9TOr0 ceMeicTBa MaTPHI]
C :=span(Cy,...,Cix_pn) C s0(g1).

B janmHoil cTaThe paccMaTpUBAIOTCA JBYXCTYTIEHHBIE C60600HbLE
HUJIBIIOTeHTHEIE rpynbl JIu G, panra n, To €CTh TakWe TPYIIILI, 9TO UX
asre6pa JIu He MMeeT ApyTuX cooTHOmeHu kKpome (6). JIjs HuX BHIOHEHO
C = s0(gy1) u marpuunt C; = (céj), l=1,...,k—mn, obpasyior 6asnuc C.

Anrebpa Jln g mpencTaBaseTcst ceMeiicTBOM BEKTOPHBIX TOJIeH Ha
R* = R" @ R¥~" (ucnombsyst koopymnats (r,z) € R™ @ RF—")

n k—n
(7) Xizaxi—ZZcﬁjxjaz“ i=1,...,n,
j=1 =1
}/l:az” lZl,,kZ—n

Hnsa ceoboguoit rpynnst JIu G, BeImoaHEHO kK = w B sroit
curyanun mpocrpanctBo RF = R™ @ RF~" yno6HO mpecTaBuTh B BUIE
R* = R" @ (R™ A R"). Jlasee MBI Beeryia GyjieM HCHOIB30BATL 3TO
npejcTasienue u obosnadarsh G, := R™ & A2R". [IpoctpancTso A?R"™

OTOXKIECTBJISIETCS C IIPOCTPAHCTBOM so(n) KOCOCHUMMETPUYIHBIX MaTPHI]
v/\w:v®wT—w®vT,

rae v,w € R", a oneparua ® o3nadaer mpousBeienne Kponekepa.

O6oznaunm q = (z,y) € G, © € R", y € so(n). Ucnonb3ys kaHonude-
ckuit 6a3uc {Epm F<icm<n 4718 50(n), KOCOCHMMETPHIHAS MATPHIIA Y
pasyaraeTcsa Y = » ;. Yim Eim.-
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Bazucunie JIECBOMHBaApPpUAHTHbIC BEKTOPHBIC ITOJIA Xz' IIPUHUMAaIOT BUI

X; =0y, — Z (ei NZ)imOy,,., t=1,...,n,
(8) 1<i<m<n
Xijizayij7 1<i< g <n,
rue {e1,...,e,} — crangaprublii 6asuc R™.
st Beex i < j Bemonneno [X;, X;] = 0,,.. B wactrocTn, BekTopHbIe
nosist (8) obpasyror anrebpy

g=01Dg2, g1 =span(Xy,...,X,), @2 =span(dy,)i<j-

CyImiecTByeT eMHCTBEHHAs CTPYKTypa rpynmns! Jlu na R™ @ AZR™
TaKasi, 9TO BEKTOPHbIe IoJist X; SABJISIOTCS JleBOnHBapuaHTHeIMU. ['pynioBast
omepays s Hee UMeeT BHT,

Ly (@, y) =@ +2y+y +a ).
2.2. 3apgava onTUMasnbLHOro ynpasneHus

3aJiaua orcKa cyOpuMaHOBOM KpaTdaifiieil MeXTy ABYMs 33 JaHHBIMI
toukamu Ha G,, dbopmynupyercs B Bujie 3a/1a41 OITUMAILHOIO YIIPABJIEHUS
(1)-(3)-

3aMeTuM, 9TO B CHJLY JIEBOMHBAPHUAHTHOCTH, PEIIEHUE JIJIsl IIPOU3-
sosbubIX ¢, ¢' € G,, moy9aercs neficTBEeM JIeBOTO CIBHUTa Ha PelleHwe,
BBIXOJIsAIEee n3 equanlbl Tpynmnbl O = {z = 0,y = 0}, mosromy Ge3
OrpaHmYeHns OBITHOCTH JOCTATOYHO paccMoTperh caydait ¢° = O.

DTta 3amaua HOPMYIUPYETC Kak 3aa9a ONTHMAJIBHOTO YIPABICHIA

T =u, r,u € R™,
) { y=xAu, yE€so(n),
(10) z(0) = y(0) =0, I( ) at, y(T) =y,

(11) / ) dt — min,

IJle rpaHIYHble 3HAUeHns o', y! 3a/aHbl, & HCKOMBIE YIIPABJICHHUS U1, . . . , Uy,
— BemecTBeHHO3HAUHbIe GyHKIMU u3 Kiacca L>(0,T).

Tpaguuuonssiii noaxon K 3agade (9)—(11) cocrour us sranos:
(1) Hoxazarenncrso cymecrBoBanust CP kparaaiinunx;
(2) mapamerpuzaiuss CP reojesndeckux ¢ momorpio [IMIT;

(3) Beibop CP xparuaiimux cpeu CP reope3anveckux ¢ MOMOIIBIO yCIOBU
ONITUMAJILHOCTH BTOPOTO TOPSIIKA U JETAJTBHOIO M3YUeHUs] CTPYKTYPBI
cemeiictBa CP reomesmdeckux.
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B 3anade (9)—(11) mepBblii IyHKT SIBASETCS CTAHIAPTHBIM CJIEJCTBHEM
teopembl Pamesckoro-Yxoy n Teopembr @unmmosa [29]. Bropoii myHkT
ABJIAETCA U3BECTHBIM PE3YJIbTaTOM. BIIepBbIe KOPPEKTHOE MHTEIrpupoBaHNe
ramusibToHOBOM cucrembl IIMIT 6b110 BhiOsIHEHO B padore [32]. Samernm,
910 ycsaoBue [0xa BJI€9eT OTCYTCTBHAE CTPOrO AaHOPMAJIBHBIX MEO/I€3NIECKUX,
IIOTOMY JIOCTATOYHO MCCJIET0BATH TOJIBKO HOpMaabHbIH coaydait [TMII.
Jlastee B 3TOM pa3sjiesie MbI [IPOJIETIAEM STOT MyHKT B HAHOOJIee IIPOCTOM
Bujie. TpeTuil MyHKT SIBJISETCS BayKHON OTKDPBITOH 3aJ1aveil, TPUBJIEKAIONIEH
WHTEpeC MHOTUX ydeHbIX. [Ipobiaema cocTouT B TOM, 9TO, HECMOTPS
Ha HaJMYINEe OOMJILHOIO HAOOP CUMMETPHUl U OTHOCUTEJIHHYIO IIPOCTOTY
BBIPAXKEHUIT JIJIsI Te0/Ie3MIECKUX, BPEMs pa3pe3a B ODOIIEM CJIydae OCTAeTCs
Hem3BeCTHBIM. [loJTHOE perlieHre 3a/1a4un MOJIYYEHO JIUITh B CJIydasixX
MaJIoii pasmepuoctu n = 2,3 [3,21,22,33]. Iig npousBoJIbLHOIO N B
pabore [28] chopmymmpoBaHa TUOTE3a O CTPYKTYPE MHOXKECTBA Pa3pesa.
Wnest mokasaresibCTBa MUIOTE3bI IPUBOJIUTCS B JIAHHOI CTaThe, OJHAKO
dbopmabHOE I0KA3aTEILCTBO (UM ONPOBEPXKEHUE) JIJId PA3IMIHBIX 1 > 4
TpedyeT aKKypaTHOIO aHAJINA3a U MOKA OCTAETCH OTKPBITHIM.

2.3. Npumenenne npuHuymna makcumyma MoHTpsaruna
VYupasnsiemas cucteMa (9) 3anuceiBaercst depe3 X; B Buje

IIMII [29| stBaisteTcst HEOOXOMMBIM YCJIOBHEM ONTHMAJBHOCTH B
3a/1auax ONTUMAaJIbHOro yrupasienus. [puvenny IIMIT nuist cucremsr (12) ¢
kpureprem onrumasnbHocTu (11). Yesosue Toxa [29] Bieder orcyrcTBre
CTPOTO aHOPMAJIBHBIX IKCTPEMaJIel, TO9TOMY JOCTATOYHO OTPAHUINTHCS
paccMoTpenneM HOpMaJbHOTO ciaydas [TMII.

Bsenmem sreBoHMBapuaHTHBIE TAMUILTOHUAHDBI h;, TUHEHHBIE HA CIIOAX
KOKacaTeJIbHOTO PACCIOEHUST

hi = (N X5), pij = (N Xig), AeT*Gy,.
3aech (-, +) o3HAUAET CTAHIAPTHOE JeficTBUE KOBEKTOPA HA BEKTOP.

(DyHKI_II/IH HOHTpHI‘I/IHa Hu B HOpMaJIBHOM CJIyda€e UMeeT BUJL

1
Hu:u1h1+...+unhn—§(u§+...+ui).

VeiioBrEe MaKCUMyMa, JIaeT BhIpaykKeHue JIJIsl SKCTPEMAJIbHBIX yIIPABJIECHNI
u; = h; n ramuiprornana H = max, cgn Hy

1
(13) Hzi(hf—k...—i—hi).
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Tl'opuzonTanbuas vacTh raMmibTOHOBOI cuctembl IIMII momygaeTcs
HOJICTAHOBKOI 9KCTPEMAaJIbHBIX yIpaBjeHuil B cucremy (12):

(14) =X+ ...+ h, X,

Terepb BbIBEJIEM YpaBHEHUS JIJIsT BEPTUKAJIBLHONW YACTU TaMIJIBTOHOBOM
cucrembl IIMII, ucnions3syst hopmanusm ckobok Ilyaccona, em. [1].

Hanomunwm, aro mo onpenenennto G, ckobku Jlu mexay jeBonHBapu-
AHTHBIMU BEKTOPHBIMH HOJISIMH YJIOBJIETBOPSIOT COOTHOIIEHUSM

[(Xi, X;] = X5, [ X, X5kl =0, [Xij, Xw] =0.

B sieBomaBapmanTHBIX 3a7a9ax, CTPYKTypa ckobok JIu coBmagaer co
cTpyKTypoit ckobok Ilyaccona jisi IeBOMHBAPUAHTHBIX TAMUIHLTOHUAHOB:

{hishi} = piz,  Apjrshi} =0, {pij, pr} = 0.
Huddepernupys h;, i = 1,...,n, BIOJb 3KCTpeMaJeil, moIydaemMm

hy = {h1, H} = hapia + hapiz + ... + hppin,

ha = {ha, H} = h1pa1 + hapas + ... + hppon,

hy, = {hn, HY = hippy + hapn2 + -+ By 105 (n—1)-
Hunddepentupys p;;, 1 <i < j < n, B0 SKCTpeMasIeil, IOIydaeM
1 n n
pij = pij, H} = 5{pis, Sohiy = h{pij i} = 0.
k=1 k=1
Bgouga obo3nauenus
hi=(hi,...,h,)T €R™,  p:=(p;;) € s0(n),
IPUXOIUM K CJIEAYIOIIEMY YTBEPXKIEHUIO.

YTBEPXKAEHUE 1. Hopmaavhas eamusvmonosa cucmema IIMII dan
deyrcmyneHHuT c80600HbIT HUALNOMEHMHLLT 2pynn Jlu umeem eud

i=h, h = ph,
(15) y=xAh, p=0.

(20pusonmanvras wacmov) (sepmukanvoras wacmy)

2.4. HenpepbiBHble CUMMETPUN FaMUIbTOHOBOWK cuctembl MM

CP cTpyKTyphl HA JBYXCTYIIEHHBIX CBOOOHBIX HIIBIIOTEHTHBIX IPYIIIAX
JIu obiazaror GosbIInM HAOOPOM CHMMETPHIl, & IMEHHO OHU WHBAPUAHTHBI
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OTHOCHUTEJIbHO BPAIEHUN U HEOTHOPOIHBIX PACTSKEHUI. DTO BarKHOE
CBOICTBO (hopMAaIN3yeTcs B BUJE CJIEIYIONINX yTBEPKICHUIA.

VTBEPXKAEHUE 2. [amusvmonosa cucmema (15) uneapuarmma
ommocumenvho deticmeus epynnv SO(n) > R :

(z,y,h,p) — (Rz, R"yR, Rh, RTpR).

Zokxazamenvcmeo. Tpebyerca nposeputsb, uro auHamuka (15) coxpams-
eTCs TIPYU 3aMeHe TIePEMEHHBIX

=Rz, §=RyR", h=Rh, p=RpRT.

§ = RyRT = R(z Ah)RT = (Rx) A (Rh) = E A b,

h = Rh = R(ph) = R(RTpR)h = pRh = ph,
p=Rp=0.
B 9TOM BBIBOAEC MBI HCIIOJIB30BaJII aCCONUATUBHOCTHL MAaTPUIHOTO yMHO}Ke—

HUs, CBOHCTBO BHemHero npomusseaennsa R(v A w)RT = (Rv) A (Rw) n
oprorouasibrocTs Marpunsl R: RT = R~1. 0O

VTBEPXKAEHUE 3. [amusvmonosa cucmema (15) uneapuarmma
ommuocumenvro deticmeus epynnot pacmasceruts D = { Dy, | k> 0}, 20e
Dk N

(z,y, h, p) — (kx, K>y, kh,p), k>0.

Jloxasameavcmeo. Tpebyercst npoBeputh, 4To AuHaMuka (15) coxpams-
eTCsT TIPHU 3aMeHe TIePEMEHHBIX

T=kx, g=k%%, h=kh, p=p.

HeticTBUTETHHO,
& =ki=kh=nh,
y = k% =k*x Ah) = (kz) A (kh) = Z A h,
h = kh = k(ph) = p(kh) = kh,
p=p=0.

Nrak, Ml mokazamn 1to (15) ocraercss HemamenHoit mpnu jgeiictsuun Dy,. O
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2.5. NuTterpupoBaHne ramunbToHoBoii cucremst MMM

Beimummem sisabie popmyist 1ist CP reojesnaeckux Ha JBYXCTYHEHHBIX
CBODOJIHBIX HIJIBIIOTeHTHBIX rpynnax JIln. CP reomesnueckue sBistroTcst
pelIeHreM TOPU30HTAIBHON 4aCTH TaMUJIBTOHOBOM cucreMbr (15).

Brauasie npouHTErpupyeM BEPTUKAJIBHYIO mojcucTeMy. O6o3HAINM
(ho, po) € R™ x so(n) nauansHble 3Hauenust Kosekropa (h(0), p(0)). Ypas-
nenue p = 0 o3HavaeT, YTO MaTpuna p nocroguua: p(t) = pg. YpasHeHnue
h = ph 3amaer cucremy JiuHENHBIX HudPEPEHITNAIBHBIX YPABHEHUI C
MOCTOSTHHBIMA KO3 DUIMEeHTaMK Ha KOMIIOHEHTHI /. Pelenne HaxXoauTces B
BUJIe MATPUIHOIT SKCoHenTHI A(t) = €P°'hy. 3amernm, aro KommonenTs h(t)
B sIBHOM BHUJIE 3aIIUCBIBAETCS KaK JMHelHass KoMOuHanus QyHKimil sin(\;t),
cos(At)m 1, tme A\;, i =1,...,|[n/2] — cobeTBeHHBIE 3HAUEHWST MATPHITHI
po, ¢M. [32]. MbI He GysieM uX 3/1eCh IPUBOJAUTH BBHUJLY IPOMO3IKOCTH
GOpMyIT B OrpaHMINMCS KOMIIAKTHBIM MPECTABICHUEM B BHJIE MATPATHON
9KCIIOHEHTHI.

HamoMHuM, 9TO MBI pacCMaTpUBaeM I'eOJIe3MUeCKUe, BLIXOISAININE 13
nagasa xkoopauuar z(0) = y(0) = 0. Tenepn, 3Hasi pelneHre BePTUKAIBHOI
MOJICHCTEMBI, PENIEHNE TOPU3OHTANBHON TACTH CBOJMUTCH K JIEMEHTAPHOMY
UHTErPUPOBAHUIO

¢
x(t):/ ePThod,

0
t T
y(t) :/ (/ eposhods> A <e”07h0> dr.
0 \Jo

SAMEYAHUE 2. B cuay uneapuanmmuocmu omuocumeavro SO(n), em.
VYmeeporcdenue 2, evibopom nodrodausezo epauserus R moorcro sagur-
cuposamsb nanaavhwd xosexmop h(0) = (1,0,...,0). Taxoe ynpowerue
u3basaaem om HEobLOOUMOCTNU BHINUCAATNG MAMPuYy e yeaurom,
NOCKOABKY CMAHOBUMCA JOCTAMOUHO BLIYUCAUMS €€ NEPELIT CMOoAbEl,

(16)

2.6. 'vnoTte3a o mHOXecTBe pa3pe3a

Hecmorpst Ha mammane obmibHOrO HAOOPA CHMMETPUI U OTHOCUTEIHHY O
npoctoty Beipaxkenwuii jiiist CP reofiesmdeckux Ha JBYXCTYIIEHHBIX CBOOOIHBIX
HUJIBIIOTEHTHBIX Irpymnax JIu, Bpemst pa3pesa B 00IIEM CJIydae OCTAETCs
HeM3BeCTHBIM. Tak ke HEM3BECTHBIM OCTAeTCst MHOXKeCTBO paspesa Cuto (G, )—
MHO2KeCTBO To4eK B (5, Tl reome3ndeckue TepsiioT ONTUMAIBHOCTD.
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I'mnoTe3A 1 (Rizzi-Serres, [28]). Mnoowcecmeo paspesa Cuto(G,)
cocmoum u3 nenodsusicnuz movek (z,y) € R™ & A2R"™ =2 G,, nempusu-
AAVHUT 0PMOOHANLHUT Npeobpasosarull R € O(n), moocdecmeermo
deticmesyrowur Ha nodnpocmparcmee ker y:

R#1, R, =1,
Cp = {(x,y) €G,|y#0,IR € O(n): 7 hery }

Rr=2z, RyRT =y

3decwv 1 oboznarnaem mooicdecmseennoe npeodpasosarue

Haee OymeT mpeyIozKeH METO/T CBOJISIINI JTOKA3ATEIbCTBO THIIOTE3BI K
BOIIPOCY CYIIIECTBOBaHMS KOPHEH 3aJIaHHO# cucTeMbl ypasHeHwuit. [lepes
3TUM CcHOPMYJIAPYEM CIIEIYIOMIee BCIOMOraTeIbHOE YTBEPXK ICHNTE.

JIEMMA 1. IIpocmpancmeo so(n) 3 y npedcmagasemes Kococummem-
puteckumMy mMampuyamu. Bobopom nodrodawezo epawenus R € SO(n)
mobas mampuya (Yi;) € s0(n) moocem Gomv npusedena x 6.a0uHo-duaeo-
HAADHOMY 6UdY

Jo... 0
0
\pT _ 0 JIm
(sz) =R (yZ])R = 0, 0 )
0 ST
0 ... On-om
ede O;={0}, le{l,...,(n—2m)}, (n —2m)=dimker(y;;) > 0; mampuyw.

Ji, le{l,m}, umerom eud J; = ( zol _Ozl ), 2de z; € R — modyaw l-20

COBCMBEHHO20 BHAMEHUA MAMPUUDL (Yij).

Jokasamenvcmeo. Tlockonbky Marpuna (y;;) mogo6Ha CBOEil TpaHCIIo-
sunun (y;;)7 = —(yij), TO OHU JOJLKHBI UMETH OJIMHAKOBbIE COOCTBEHHbIE
suadenus. OTciona ciefyer, 9T0 coOCTBeHHbIE 3HAYeHNsT (Y;;) BCETIa
HONAJAIT B Iapbl +2z (3a UCKIIOYEHHEM HEYeTHOMEPHOIO CJIydasi, KOIJIa
UMeeTcs JIONOJIHUTEJIbHOE HellapHOe HyJleBoe COOCTBEHHOe 3HAUEHUE).
VTBepKIAEHUE SIBJISIETCST CTAHJIAPTHBIM (DAKTOM U3 TEOPUU MATPHI], CM.
narpumep [34, yp. 2|, u cieiyer u3 CHEKTPAJIbHOI T€OPEeMbl JIjisl Be-
IMECTBEHHBIX KOCOCUMMETPUIECKUX MaTPHUIL, KOTOPas YTBEPXKIAET ITO
OTJIMYHBIE OT HYJIsI COOCTBEHHbIE 3HAUEHUSI 2 SIBJISIIOTCS IMCTO MHUMBIMU H,
CJIEZIOBATENIBHO, UMEIOT BUJL 121, —121, - - - , 42m, —12m, TOe 2z; € R. O
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Uoes doxazamenvcmea 'unomeswv 1.
Iycrs G, = R™ x so(n). Hanmomaum, cm. Oup. 11, 910 MHOXKECTBOM
paspesa Ha3BIBAETCS OOLEJIMHEHNE TOYEK Pa3pe3a BIOJb BCEX BO3MOXKHBIX
CP reonmesnueckux y(t), Beixopsanmx u3 O = {x =0,y = 0} € Gy;:

Cuto(Gyp) := {y(teut (7)) | v onrimanbras reogesudeckas, y(0) = O}.

B cuny IIMII, cm. Pasupen 2.3, mobas CP reonesunueckas y(t) na
rpynne G,, sBigeTcs peleHneM TOPH30HTAIBHON JacTH MaMIIBTOHOBON
cucrems! (15) ¢ 3aJaHHBIM HAYaIbHBIM KOBEKTOPOM &y = (ho, po) € Hn:

7(t) = Exp(&o, 1),
rie Exp(&p, t) — 9KCIOHEHIMAILHOE 0TOOPAYKEHNE, IEPEBOJLIIEE KOBEKTOD
& €My C T5 Gy, u MoMenT Bpemenn ¢ > (0 B KOHEYHYIO TOUKY I'e0/Ie3MIeCcKOi
~v(t) = (x(t),y(t)), a MmHONKECTBO H,, OIpPEIEIEHO HaJee.
3ameTumM, 94TO B CUILy TaMUJIBTOHOBON cucreMbl (15) HAYAIbHBIE KOBEK-
Top & € TO G,, DOMKeH JIexKaTh Ha MOBEPXHOCTH yPOBHA [ 'aMIILTOHAAHA

H(g0) = 5 2211 h7(0) = 5, em. (13):

§o € Hn C T(S)Gm {&) € T@

H(&) = } ~ S"1 x s0(n).

0603HAINM t eyt (§9) MOMEHT TIOTEPH ONTUMAJIBHOCTH (BpeMs pa3pesa)
Jutst reogesndeckoit y(t) = (x(t), y(t)) ¢ HauaIbHBIM KOBEKTOPOM &y € Hp:

tewt(§0) == sup{t > 0| v(t) = Exp(&o, t) onrumansua ua [0,t]}.

O6o3naunm W, BosHOBOI bpont Ha G, paguyca t > 0, cm. Omp. 12,
Wt = {EXp(go,t) | {0 S Hn,t > O} C Gn

0O6osnaunm Cutg G,, MHOXKecTBO paspesa Ha (G, OTHOCUTEIHHO TOYKH
O ={z =0,y =0}, cm. Omp. 11, Cuty G,, = {Exp(&o, teut (£0))-

BBuy oTCcyTCTBUSI CTPOro aHOPMAJIbHBLIX I'€0e3NYeCKUX MOYKHO
HOKa3aTh, YTO MHOYKECTBO Pa3pe3a sABJIAeTCs MHOYKECTBOM TOYEK HepBOTro
caMolIlepecede s BOJHOBOro (ppoHTa IIpH Beex t > 0. DTo yTBepxKIeHue
XapakTepusyeT Touku paspesa B G, Tem, 4ro oHu coequnensl ¢ Q npyMs
(nmu 6osee) pasmumunbivu CP kpargaiimumm:

(17)
3 Exp(&o,t1) = Exp(§o, 1) = g,
q € Cutg G #350#5067‘[ : { _
" "Vt € (0,t1) : Exp(&o,t) # Exp(&o, t)
Temeps, KorIa BCe OIPEIEIEHNUST JAHBI, BBITIOJTHIM HECKOJIBKO YIIPOIIE-
HUI, ONUPAasICh Ha 3HaHue cuMmMeTpuil cucrempr (15), cm. Paznen 2.4.
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I) Paccmorpum oTobpazkeHne, NepeBoIsIIee MHOKECTBO HAYAIbHBIX

KOBEKTOPOB &y B KoHeuHbIe TOYKM CP reomesnyecknx eIuHNYHON IJINHBL:
1 1
EXpl Hn — Gy 50 = ($ Y ) = EXp(an 1) C G,.

MuoxkecrBo Wi = {Exp,(&) | & € Hn} C G, 3amaer BoIHOBOI
dpouT enuHIUHOrO pagmryca. Vcxons U3 CKa3aHHOIO BbIIIe, 3aKJII0YaeM,

9TO MHOXKECTBO pa3pe3a Ha BOJHOBOM ¢ponte Wi nmeeT BUJ,

Exp, (o) = EXPl(f_O)a

Cutd(G,) =< E 3 Hy 3
u 0( ) Xp1(§0) 60 7é 60 S tcut(fo) _ tcut<§0) =1

B cuny Yreepxkuenus 3, Cuto(G,,) aBigercs obbeaunenuemM opouT
touek paspesa Cutf(G,,) MO AEHCTBHEM IPYIITBI CHMMETPHE DACTSKCHAST

D:
(18) Cuto(G,,) = D Cuty(G,,).

TaxuM 06pa30M, UCHOIL3Ysl CHMMETPUIO PACTAKEeHH, MBI [IOKa3aJIu,
qro 3asa4da uccaenoBanus Cuty(G,,) cBomures K Cut(l)(Gn), TO €CTb K
HCCJICIOBAHUIO TOYEK PA3Pe3a BIOJDb I'eONe3uIeCKIX eIUHUIHON IJINHEI.

II) Bocnonbssyemcsi BpamaresasHoii cummerpueit B € SO(n), cm.
Yreepxkaenue 2, u npusejgem cucremy (15) K mpocrefimemy Buy.

B cuy Jlemmbr 1, Bbi6opoM mojxossmero spamenust R € SO(3)
MaTpuia p € §0(n) UPUBOAUTCH K OJIOYHO-IUATOHAILHOMY BHLY

0 -\
A0

A = RpRT = 0

0 ... 0
rae m — YHUCJIO HEHYJIEBbIX CODCTBEHHBIX BEKTOPOB MaTpulbl p, a )\l —

MOJIYJIb [-TO COOCTBEHHOTO 3HAYECHUS.
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Taxum 06pa3oM, raMWILTOHOBa cucTeMa (15) npuHuMaeT BUJ,

:1;71 = hl, }:Ll = _)‘1h27

Zo = ho, ho = Aihq,

9?sz1 = hom—1, }:’mel = —Amham,
(19) -%Qm = h2m; h2m = )\thmfly

Zom+1 = hom+1, homy1 =0,

-%n = hn; hn = 0;

Yij = Tih; — i, i =0.

B cuity Teopemsl eguncTBennocru pemtenue y(t) = (Z(t), §(t)) cucremsr
(19) oanosHAYHO oupemesseTcs N + M HAYaJbHBIMU 3HadeHuaMu hq(0),

vy hn(0), A1, ooy Apy. Takum o6paszom, dbaxTopusaiysi BEPTUKAILHOI
nojcucTeMbl cucteMsbl (15) 1o BpamaresabHON cuMMerpun R 1103BoJIsIET
CYIECTBEHHO TOHU3UTh Pa3MEPHOCTb HAYAIbHOro Kosekropa &y = (hg, p) €
H, c (@ — 1) mo (n—14m) < (n— 1+ L%J) 31ech MBI Tak Ke
ucnosbzosamm h(0) € S7L.

HanomunM, uro reogesudeckue (1) = (x(t),y(t)) B obimem ciydae
naxonsrest x(t) = RTZ(t), y(t) = RT§(t)R. Bamerum Taxske, 410 coGCTBEH-
HBbIE 3HAMEHUs] MATPUIBI §(f) OCTAIOTCST HEM3MEHHBIMHA TP JeHCTBUSIX
R € SO(n) u moryT GbITH HCIIOJIHL30BAHbI, B KAYeCTBE HHBAPUAHTHBIX
KoopmHaT z B 0bpaze Exp Ha daxropupocrpancrse s0(n)/SO(n).

IIT) Teueps BepHEMCs K UCCIIEIOBAHUIO CTPYKTYDPBI MHOXKECTBA PA3pesa
Cut(l)(Gn). Ipennonoxum, aro h;(0) # 0. 3amernm, uro B ciaydae A; = 0
[POEKIUs Teoje3nIecKoi ¥(t) Ha MIOCKOCTb (T, T;y1) SABJISIETCS IPSIMON
JIMHUEH, ONTUMAJILHON 70 GECKOHEYHOCTH. B CH/ly HENpPephIBHOCTH CyOpuMa-
HOBA PACCTOAHUS U IVIAIKOCTH EXp 3aK/odaeM, 4To reojge3ndeckas (),
COOTBETCTBYIOMIAs 3HAMCHUSAM \; U3 JOCTATOYHO MAJIONH OKPECTHOCTH HyJIsI,
ONITUMaJIbHA NIpHA ¢ € [O,tl], t' > 1, o ecTn

Al < €= teur() > 1.

TaxkuM 06pa3oM, Mbl IPUXOIUM K HEOOXOJMMOMY YCJIOBHIO TOro, uTo (1)
He dBJIeTCd KOHEYHONU TOYKOU 0onmumasbroti Teoae3ndecKoit:

(20) tewt(7) < 1= ||A| > e
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DTO paccMOTpeHHE 03HAYAET, YTO A, COOTBETCTBYIONIHE TeOIC3UUECKIM
() ontnmanbabM ipu t € [0, 1], Ha/I0 BRIOUPATD U3 HEKOTOPOH OKPECTHOCTH
HavYaIa KOOPAHAT.

Bosspamascs k obmemy cayuaio z(t) = RTE(t), y(t) = RTG(t)R
3aMeTHM, 9TO TOYKa Pa3pe3a MOKeT NOSBHTLCH KaK HEellOIBIDKHAS TOUKA
BPAIATEILHOMN cuMMerpun R. OTMETHM, 4T TaKHe TOUKH yI0BICTBOPSIOT
YCJIOBHIO TUHOTE3EI. JIJIs OKOHYATeIbHOTO J0KA3aTeIbCTBa THIOTE3hI
TpebyeTcs TIPOBEPUTD, UTO SKCIOHEHIUATBLHOEe 0TOGPaXKeH!e NHHLEKTHBHO JI0
MOMEHTa, BPEMEHH, KOT[a KOHEYHas TOYKa COOTBETCTBYIOMIEH Ire0Ie3mIecKoi
CTaHOBHUTCsI HEIOJBHKHOI TOYKOH BpamaTelbHOfl CUMMeTpHI. JTO TpeGyeT
AKKypPaTHOIO aHAJIM3a YPABHEHHI 711 KOHKPETHOro n. [

B zakrouennn pasesia nmpuBeeM eIre OHO BayKHOe HAOJIIOeHIe.

VTBEPXKJIEHUE 4. T'eodesuueckasn y(t) = Exp(ho, A\, t) asasemes
ONMUMANLHOT 00 beckonedHnocmu teyt(y) = 00 < ||A|| = 0.

JIOKA3ATEJILCTBO. MHTerpupysi ramuiabroHoBy cucremy [IMIT (19)
upu ||A|| = 0, Haxoaum YTO pereHne JAHO IPSIMOii JIMHUEH ¢ HAIIPABJIAIOIIIM
BeKTOpoM hy € S"1. Bamernm, 4TO UpAMbIE JIMHUM ONTHMAJBHBI 0
HeckoHeIHOCTH. DTO cieayeT u3 coorHommenus d(a,b) > drn(a,b) MexILy
CyOPUMAHOBBIM U €BKJIMJOBBIM DACCTOSHUSIMI. O

3. YacrtHble cnyyan manbix pa3mepHocTeii

B srom pazmesie mmer merasibHOE PACCMOTPEHHUE CIIYIAE€B MAJION
pa3mepnoctu n = 2, 3, 4.

3.1. Cnyyan (2,3). pynna lensenGepra

Cuayaaii (2,3) npeicrasisier coboii CcyOpUMaHOBY 3a/1a49a HA TPYIIIE
leiizentepra G, Tak:kKe U3BECTHYIO Kak 3ajada JuIoHbI, 1 uMeeT 6oraTyro
ucroputo. Coy4vaii (2,3) gBJgeTCs HOJIHOCTHIO UCCIIEIOBAHHBIM: JIJIs HEIO
MIOJIyIEeHO SIBHOE BBIpasKeHUe JIJIsi BDEMEHU pa3pesa, U3y<IeHO MHOXKECTBO
paspesa u NOCTPOEH ONTUMAJBHBIN cuHTe3. B manroM naparpade coOpaHbt
OCHOBHBIE Pe3yJIbTATHI 110 ITOW 3ajade.

TFeomerpudeckn 3ajiada CTABATCS CJIEAYIONTMM 00Pa30M: JIJIs 33 JAHHBIX
ToueKk A u B Ha mjaockocTu Tpebyercss HaliTh KPUBYIO Y MUHUMAJIBHOMN
JITMHBI TAKYI0, 9TO (purypa, orpaHmdeHHast Kpupoii v u orpeskom AB
MMeeT 33JIaHHYI0 aJreGpandecKyro mwiona/ap S (Ipu 06xome Mo 3aMKHYTOMY
KOHTYDY ¥ U AB B II0JIOKUTEJIbHOM HAIIPABJIEHUHU, CM. puUC. 1).
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B Hano
A,Be R?
SeR

Tpebyercs

HaiiTn
~

() — min

A

Puc. 1. Teomerprieckas naTepnperanus ciaydas (2,3)

Pemenuenm 3agaun JIu0Hb SBIAIOTCS YT OKPYKHOCTEH, & UX MOHEM
B R3, re TpeThs KoopaumHATA IIpEICTABIIACT COOON ILIOMALEL (DUIYPEL,
OIPaHUYEHHOM JIyroi 1 OMOPHON XOP/IOH, ABJISIETCS BUHTOBBIMU JIMHUSAMHU.

Cdopmysmupyem 3Ty 3a7ady B BHJIE 33JIa91 ONTUMAJIBHOIO yIIPABJICHUS
ua rpymue leitzenbepra Go. O6o3naunm (21, x9,y) € Go. Tpebyerca naiitu
sumunesy kpusyio v : [0, T] — Ga, Takyto uro

F(t)=u1 () X1 (v(t))+uz(t) Xa2(v(t)), (yupasasiemasi cucrema)
(21) 7(0)=¢° ~A(T)=q", (rpaHWYHBIE yCIIOBUS)

/ \Ju2(t) + ud(t) dt — min, (kpurepuit KauecTBa)

e ¢°, ¢* € Gy sanansy; X1 = 0, —x20y u X9 = Oy, +x10, — IeBoUHBAPU-
aHTHBIE BEKTOPHBIE 110Jis1 Ha (Go; yIpaBjieHus U1, Uy — BEIECTBEHHO3HAYHbIE
dbyuxmn u3 kracca L>(0,7T).

B cuiy nepagencrsa Komu-BynskoBckoro, Munnmuzanust QyHKIHOHATA
CP pymab! | paBHOCHIBHA MUHUMA3AINKA (DYHKIINOHAJIA TE€HCTBUS

T
(22) J(q) = /0 % (ui(t) + u3(t)) dt — min.

Iepexox or | K ragroMy (yHKIuoHALY .J SBIsSETCS CTAHIAPTHBIM IPHEMOM
B HCCJIe/IOBaHUH CyOPUMaHOBBIX 3a1ad, cM. [29]. IIpu rakom nepexose
BBIUHCJICHHs] CTAaHOBSATC 1pole. [Jasee Mbl Beerja GyeM paccMaTpUBAT
sazady J(g) — min.

3AMEYAHME 3. Komnonenma y(T') asasemcs ydsoewnols naowadvro
nA0ckol Puypol, 02PAHUMEHHOT 3AMKEHYMBLM KOHMYPOM

(v ={(z(t),y®)) [t € [0,T]}) U (AB = {7(=(T).y(T)) |7 € [0,1]}) -
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Taxoti 6b160p Yy 06YCAO6AEH TEM, HIMO GEKMOPHDIE noxm X1 u X5 umerom
naubosee npocmoti 6ud (He COIEPAHCAT MHOHCUMEAS = nepec? Oy)-

[Tpumenenune TIMII, cm. Paznen 2, maer ciemyonyo raMuibTOHOBY
CUCTEMY JIJIsI SKCTPEMAJIBHBIX TPAEKTOPHIA:

iy = ha, h1 = hahs,
(23) Zo = ho, hy = —h1hs,
Y = x1ho — 22h1. hs = 0.
(ropu3oHTaBHAS YACTD) (BepTHKAJIBbHAS ACTb)

Jlerko npoBepuTh, 9To UpH hy = ( peleHreM sBJISIOTCS OTPE3KI
upsiMbix JuHUR (21 (¢), 22(t), y(t)) = (h1(0)t, he(0)t,0). Ipu hy # O,
HCIIONB3ys HATypasbHyto mapamerpusammio t = [(y(t)) < h? + h3 =

hi =cosa, hg=sina, a € R/27Z
JUIS SKCTPEMAJIBHBIX TPAEKTOPHIA, OIyIaeM CJIEIYIOee PeleHne:

1 (t) = % (sin() —sin(a = hat)),  (hy(t) = cos (o — ths),
T

(24) zo(t) = 5= (cos (aw — hat) —cos(a)), < ho(t) = sin (a — ths),
y(t) = gz (sin (hst) — hst). hs = h3(0).

BamernM, uro B obimeM ciaydae (1(t), z2(t) sBisiercs Kyroit OKpy>KHOCTH,

IPOXONAIIEH Iepe3 HavaI0 KOOPAUHAT, C IEHTPOM B TOUKE (%, —%(30‘)) u

paguycoM h%,’ a y(t) BBIPAYKAETCs XOPOIIIO U3BECTHOH (hOPMYIIOH yIBOEHHO
IJIOIIA/M KPYTOBOI'O CETMEHTA.

Ha puc. 2 nzobparkeH BOJTHOBOI (DPOHT — MHOXKECTBO KOHEUHBIX
TOYEK BCET Te0/Ie3NIECKUX 3aJIaHHON JJIMHBI. BHeIHsisi 9acTh BOJIHOBOIO
bponTa 10 TOUEK camonepecedenust (Touexk paspesa) obpasyer CP cdepy —
MHOKECTBO KOHEUHBIX TOYEK ONMUMAALHHLL TEOJE3UIECKUX. 3aMeTuM, ITO
B TOYKAX CAMOIIEPECEeUYEeHUsI BOJHOBOM (PPOHT He siBjsiercst riagkum, u CP
cdepa sIBJISIeTCsl TOBEPXHOCTHIO BPAIIEHUsI, HAIIOMUHAIOIIEH 110 (bopMe
s16s10K0. HecstokHO 1IpOBEpUTH, YTO MHOXKECTBO Pa3pe3a COBIIAIAET C
IEePBOI KAYCTUKOM U siBjIsteTcs 0cbio Oy C BBIKOJIOTON TOYKOM — HAYAJIOM
koopuHar. Leonesnyeckne B ciaydae hy = 0 (npsiMble Ha iockoctu Oz xs)
ONITUMAJIBHBI /10 HeckoHeuHnocTu. Leosre3naeckue B obiieM caydae hs # 0
(BUTKHU crupadsieil) TepsAioT ONTUMAJBLHOCTD [OCJIE IIEPBOrO II0JHOIO BUTKA.
Takum obpa3oM, BpeMsi pa3pes3a HACTYIAET, KOTJIA Te0Ie3MIecKast IIPUXOIUT
Ha ocb Oy. Ucnonssys (24), Haxomum

teut = mln{t >0 | xl(t) = xz(t) = 0} -
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(21(t), x2(t)) — myru okpyzHOCTE]
(z1(t), x2(t), y(t)) — BuTKN cumpadeit
xy = 0,29 = 0,y # 0 — MHOXKECTBO pa3pesa

Puc. 2. BosHoBoii hpoHT 1 reonesuueckue B 3anaue (2,3)

Terepb TIOKa>KeM, Kak 3a cueT BpamareabHoil cuvmmerpun SO(2)
MOXKHO CBECTH 38134y (2,3) K IOYTH PUMAHOBOI 3aatie Ha [IJIOCKOCTH
['pymmHa, 1 TeM CaMbIM MOHU3ATH PA3MEPHOCTD C TPeX 10 AByX. s
HAJISHOCTH TIOBTOPUM Y TBep:KeHue 2 B caydae Go u ybeaumcst, 9To
cucreMa (23) JefiCTBUTEIBHO COXPAHSETCSI TIPU BPAIIEHNH B IIJIOCKOCTH
0.’1711‘2.

cos¢ —sing 0
O6Gosznaunm Ry = sing cos¢ 0 | € SO(2),
0 0 1

~ - ~ T
(j = (51752’g)T = R(ﬁ(xlaany)Ty h = (h17h27h3) = R¢(h17h27h3)T

Muddepenmupyst G(t) u h(t) B cuty cucremsr (23), Haxomum

~1 = iLl, }}1 = iLQiLE}a
9?2 = hg’ B BQ = _illilS,
Zj = 9~31h2 — :Z‘th. ilg =0.

TakuM 06pasoM, raMHJIBTOHOBA CHCTEMa HE MEHSIeTCs [PH ILIePeXoJie
K HOBBIM KOOPJAMHATaM §, h, cle/j0BaTeIbHO BpalleHne Ry sIBIIsSETCS
cumMeTpueil cucremst (23).

Tenepnb, 9TOOBI TOHU3UTH PA3ZMEPHOCTH, BHIOEPEM IIPEICTABATEIS



342 A. II. MAIITAKOB

Ha KaXKJI0#l opOuTe Bpalmarej bHol cumMerpun. s mpocTtorsl Oymem
BBIOMPATH TAKOTO TIPEICTABUTEIS 13 TIOCKOCTH (JX1Y, TO €CTh st KOTOPOTO

xo = 0. Uz ycmosust Ry (21, x2, y)T = (24,0, Q)T

3HAYEHNE YIJIa BPAIECHUS (:

Ty . Z2
cosp="—,singp=—" rmer =442+ 22
r r

O6o3HaunM nosyuennoe orobpazkenne uepes F : R? — R2:

~ 1 S
F N ( $~1 ) = ( xlo/r .’1,‘20/7“ (1) ) X9 = F : {ifl =7 5
) Yy y=y

u mozeiicTByeM F' Ha BeKTOpHBIE MO X1, Xo:

1
F*Xlz(xlo/r mafr (1)) 0 =<“””_13{;’>

—I9

0
F*XQ:(”})/’" 9”20/’“ ?) 1 :(%{7“).

T

HalIeM COOTBETCTBYIOIIECE

Bribupas mpeacraBuTessMu Ha opoOUTE BpallleHUs BEKTOPHbBIE OIS B
wiockoctu Ox1y (TO ecThb T2 = 0 U CJIEIOBATENBHO T1 = 1), IIOJLyYaeM
CJIeJIyIOIIe BEKTOPHBIE TIOJIST PEJIYIIUPOBAHHON CHCTEMBI:

Yl = F*X1|12:0 = (1,O)T, Y2 = F*X2|$2:0 = (O,T’)T.
Takum 06pa30M, (21) CBO/IUTCHA K 3a/iade Ha IIJIOCKOCTU (’I“, y)

{ 7(t) = ua(t), r(0) =0, 7(T) = 7’1,

(ui(t) + u3(t)) dt — min.

S)
N |

Bazaua (25) gBJsieTcsl KJIACCHIECKUM [IPUMEPOM II0YTH PUMAHOBOMN 3a-
naun [4]. Ilnockocts R?, cnabrkennas merpukoit di? = dr? + %2 dy?,
ITOPOXKIAEMOIT TTOJIIMU Y], Yo, HA3bIBAETCs IIOCKOCTHIO ' pymuHa. 3aia-
ga (25) Ha3bIBAETCH NOYTH PUMAHOBOH 3a1adeil Ha mockoctu ['pyinuna B
vecTh B.B. ['pymuna, nepBbIM HUCCIETOBABIINM aHATUTAIECKIAE CBOMCTBA
oneparopa L = Y? 4+ Y5 = 07 +r29; [35]. Tepmun “nouru pumanosa”
HCIIOJIB3YETCS B CJIY4dasiX, KOTa PUMAHOBA METPUKA, SBJISIETCS BBIPOXKICHHOI
B HEKOTOPBIX Toukax. Ha mrockoctu ['pymmmHa BRIpOXKIEHNE TIPOUCXOIUT HA
npsamoit 7 = 0.
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BOJIHOBOI (ppoHT chepa

Y Y

TOYKa pa3pesa

Puc. 3. T'eonesnyeckne, BOIHOBOM DpoHT 1 cdepa Ha mIocKocTH ['pymmaa

IMpumvenenne TIMIIT [31] k 3amaue (25) B KAHOHMYIECKUX KOODJMHATAX
(r,y,p1,p2) € T*R? (HaspIBAEMBIX TaK:Ke Koop/mHaTamu Jlapby) maer
CJIEJTYIONTY IO FAMIJIBTOHOBY CHCTEMY, OIIPEJIETAIONTYI0 OYTH PUMAHOBDI
reoJIe3nIecKue Ha IIOCKoCTH ['pymmHa:

{T = P1, {pl = _p%ra
(26) y = par?, p2 =0,
(ropusoHTaBbHAS YACTD) (BepTUKAJIBbHAS TACTD)

¢ ravussTonnanoM H(r,y,p1,p2) = 5 (pr? +p?) .

HopmaJibHble Teojie3uuecKue, MapaMeTpu3oBaHHble JJIMHOM JIyTH,
SIBJISIFOTCSI TIPOEKIUSIMEU HA ILIOCKOCTH (7,y) pernenuii cucremsr (26),
JIeKAIIMX Ha IoBepXHOcTH ypobHst H = 3. B cuury HauasbHOrO yesoBus
r(0) = y(0) = 0 cymecTByIOT JiBa ceMeHCTBA TAKUX TPAEKTOPHUil, 38 JaHHBIX
HauabubMu 3HauenusMu p1(0) = +1, po(0) = p§ € R

27) r(t) = +t, y(t) =0, upu pj = 0,
sin(p9 0t —sin 0
r() = £, y(r) = AR, npu pf 0.

Ilouru puMaHOBBI reojie3ndecKre Ha MJIOCKOCTH | PYIINHA TOTYYar0TCs
n3 CP reonesmueckux na rpymue [eitzendepra Go pemykimeii mo Bparia-
TeabHON cummerpun. [eofe3andeckue u BoJHOBOM (hpoHT B 3a1ade (25)
n3obpazkens!l Ha Puc. 3. MuoxkecTBOM paspesa siBiisiercs npsimas 7 = 0 ¢
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BBIKOJIOTOH TOYKOIl — HavaJoM KOOpAWHAT. Bpemst paspe3a paBHO

; T
cut = T o7°
P3|

Taxum 06pa3oM, MbI TOKa3aIM Kak 3a1ada (21) ceoxures K 3azade (25)
MeHbIIeli pasMeprocTr. Jlanee moKaxKeM, KaK MOYKHO €I¢ YMEHBITUTD
Pa3sMEpPHOCTD 33 CYET CHMMETPHU PACTAKEHUS.

Hecnozkao mpoBeputsh, uro cucrema (21), a smaunt u (25), cwm.
Yreepxenue 3, 06a1a6T CHMMETPHEH — HEOHOPOHBIM PACTAKEHUEM

Dk : (T7y7p17p2) — (k?", kaa kp17p2)7 k > 0.

TJIMYIUE OT B TeJIbHON cuMMeTpun, Dy He COXpaHsieT mapaMer-
B o €0 aIaTeIbHON C e , Dy, 1e coxpamsieT mmapame
PHU3AIHIO Te0/IE3NIEeCKUX — CKOPOCTD JBUXKEHUS BJIOJb T'€0e3MIECKIX
n3MeHsiercst B k pas

1
Dy(H) = 3 (p3k*r® + k?p}) = K*H.

DT1oT paKT 03HAYAET, UTO [OJHOE HCCJIEIOBAHNE 33191 HE MOXKET
OBITH CBEJIEHO K OJHOMEPHOMY CJIydalo, KaK 3TO ObLIO CJIeJIaHO IIPHU
HICIIOJIL30BAHMY BpaIaTeIbHoi cumMerpun Ry, Oamaxo Bee sKe HEKOTOPBIE
BaXKHbIe XapaKTEPUCTUKU sl MCXOIHOM 3aJa4 MOI'YT OBITH TOJIydeHbl. B
YACTHOCTHU, HAJIMINE CUMMETPHU PACTSIXKEHUsT 03HAYAET, 9TO chepbl Pa3HBIX
PaJIyCOB UMEIOT OJIMHAKOBYIO (DOPMY U IIEPEXOIST JPYT B JAPYTra MOJL
neiicreueM Dy, a 3HAYUT MHOXKECTBO Pa3pe3a siBJISIeTCsi 00beIMHEHNEM
opbUT BCeX TOYEK pa3pe3a Ha cdepe PUKCHPOBAHHOTO PaINyca.

Samerum, 9to jeiicteue Dy oCTaBJIseT HHBAPUAHTHBIMU MOIIPOCTPAH-
crBa y >0, y < 0 u y = 0, ciieoBaTeIbHO, YTOOBI BBIIOJHUTD PEIYKIINIO
zamaqn (21), Tpebyercs BHIOPATD [0 OJHOMY IIPEJICTABUTENIO U3 KAZKIOIO
MHBAPUAHTHOTO mogMHOKecTBa. [Ipsamas y = 0 He mpeJicTaB/IsgeT HHTEpeCa,
MOCKOJIBKY T€0JIe3MIECKUE SIBIAIOTCS NMPSMBIMUA JIMHUSIMHU, ONITUMAJIBLHBIMI
1o 6eckoneunoctu. Cayuait y < 0 cummMerpuden ciaydaio y > 0, oHn
TIepexoAT JPYT B APYTa IPH CMeHe 3Haka py. TakuM ob6pasoM, TOCTATOTHO
[IPOBECTU PEJLyKIMIO JJIs TOJIyILuIockocTn y > 0.

ITokazkem KaK MOXKHO IIOCTPOUTH MHOYKECTBO Pa3pe3a B HMOJIYILIOCKOCTH
y > 0. Kak 6b1710 cKa3aHO BBIIIE, MOXKHO 0€3 OrpaHmIeHus OOIHOCTH
3adukcupoBaTh pajuyc chepnol 1. Beibepem B KatdecTBe MpeICTABUTENST
upsimyto y = 1. Koneunsre Toukn reozpesuueckux {(r(T),y(T))|y(T) > 0}

1

MIPOENMPYIOTCs ¢ TOMOIIbIo Dy, Ha mpamyio y = 1 mpu Buibope k = 7T
Y
r(T)

IIpu sTtom r(T') epexoaut B =: z(T). Ilonoxum T = 1, Torna us
p (T') nepexon NG (T) pi
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TOYKa paspesa

TOYKU CAMOIIEPECEICHUST
BOJIHOBOTO (DbpOHTA
BHYTpU cdepbl

Puc. 4. Ilpoekius BoaHOBOrO (bpoHTa HA MIPAMYIO Yy = 1

SIBHBIX (DOPMyJI JJTst reosiesntdeckux (27) mosydaem

4p3 sin(p3)

sin(2p9) — 2pY°

Touka paspes3a XapaKTepHa TeM, YTO B HEl OKAHIUBAIOTCA HECKOJIHLKO
PA3IUIHBIX T'€0Ie3NIECKIX OJIMHAKOBOM JIMHBI. M3BeCcTHO, UTO t0yr = 0O
npu p§ = 0. B custy HenpepbIBHOCTH CyOPUMAHOBA PACCTOSHUS 3aK/TIOUACM,
9TO B JIOCTATOYHO MaJIoit okpectHocTH pJ € (0, €) reo/ie3ndecKue eMHITHORM
JUTMHBI ONITUMAJIBHBI, 8 3HAYUT OHU HE UMEIOT TOYEK Pa3pes3a, M 0TOOparKeHne
pY — 2 unbektusHO. TouKa paspesa HACTYIAeT MPH HAUMEHbIIEM p3, KOTJIa
CBOIWCTBO MHBHEKTUBHOCTHU Tepsercs. HeTpymaHo yBUIETh, YTO TAKOH MOMEHT
HACTyIaeT Ipu pJ = 7, U TOUYKOM paspesa spiderca z = 0, cM. Puc. 4.

3.2. Cayuai (3,6)

Cuayuait (3,6) 66171 BuepBble HccieoBal B padore [22]. B gactHOCTH,
HCIIOJIB3Ysl MHBAPUAHTHOCTH CUCTEMbI OTHOCUTEILHO TPYIIIBI BPAIEHUH
SO(3), aBropy yJIaa0ch HOCTPOUTH KayCTUKY (MHOXKECTBO TOYEK, Yepe3
KOTODBIE IIPOXOIUT Orubaromas Jyis ceMeficTBa reojle3uIecKuX) U J0Ka3aTh,
9TO MHOYKECTBO pa3pe3a COBIAJAET ¢ KaycTukoi. Takum obpasom, Touka
paspe3a Ha JOO0H TEO/IE3WTECKONl B ITON 3a/atve SBIASETCH MEPBOIt
COmps2KeHHOH Toukoil. B manHoM maparpade coOpaHbl OCHOBHBIE PE3YIbTATHI
0 3TO 3aj1a4e.
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O6oznaunm g = (z,y) € G3 = R3 x50(3). Tpebyerca HANTH JUTTIATIEBY
kpusyio v : [0,T] = G3, Takyio 4ro
V() = ur () X1 (7(1)) + w2 () X2(v(2)) + us(t) Xs(v(1)),
(28) 7(0) = (070)a q(T) = ql = (m17y1)5

T
1) = [ 5 (60 + (0 +3(0) dt — min,

rie ¢' € G3 3a1aH0; yIpaBIeHns 1; — BeMeCTBeHHOZHAMHBIE (DYHKINN 13
kiacca L*°(0,T); X; — Ga3ucHble JIeBOMHBAPUAHTHBIE BEKTOPHBIE [OJIS HA
Gs. B xoopmunarax (x1, Za,23,Y1, Y2, y3) Ha Gg:

X = (r“)gc1 =+ $36y2 — :L‘Qay37

Xg = 8z2 — zgﬁyl + 1’1(9y3,

X3 = 6353 =+ Ql‘gayl — xl(')yz.

3AMEYAHUE 4. Koopdunamol y; NOAYHAGIOMCA U3 PAAOHCEHUA MATM-
puYLL Y No basucrovim ssemenmam anszebpve Ju s0(3):

0 0 0 00 -1 0 1 0
s0(3)3y=m | 0 0 1 |+p.|[ 0 0 0 |J+ys[ -1 0 0 ].
0 -1 0 10 0 0 0 0

IIpumenenune I[IMII, cm. Paznen 2, naeT ciaeayionyo raMuIbTOHOBY
CUCTEeMY JJI SKCTPEMAJIbHBIX TPAE€KTOPHIL:

&1 = ha, h1 = hahy + hshs,
Bo = ha, hy = —hihy + hshs,
&3 = hs, hs = —hihs — hahg,
(29) Y1 = x2hg — x3ho, hy =0,
Y2 = x3h1 — x1hs, hs =0,
Ys = x1hy — x2hy, he = 0.
(ropusoHTAJBHAST YACTD ) (BepTHKAJBbHAS TACTb)

Ncnonbsyst cummerpuio orHocuTessbHo SO(3), eM. YTeepxKaeHue 2,
BepTHUKAJbHAS YAaCTh TaMUJIBTOHOBOM crucTeMbl (29) IPUBOAUTCS K BULY

]:Ll = _)\hQa
(30) h2 = )\h17
hs =0,

rie A = \/h3 + hZ + h% — coberBennoe 3HaUeHne MATPHIBL p € 50(3).
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Ucnonbsys napamerpusamuio t = [(y(t)) & h3 + h3 + hi =1,
hi =acosa, hy =asina, h3=+1-—a2, a€l0,1], a € R/27Z,
IIoJIyvdaeM CJIeAyIoInee pEeIleHue:

) = acos(a + At),
) = asin(a + At),
) =V1-a?

r1(t) = $(sin(a + At) — sin(a)), 1(t
xa(t) = $(cos(a) — cos(a+ At)), { ha(t
l’g(t):t 1—a2, hg(t

yi(t) = a\/;ziaz(Q( sin(a) — sin(a 4+ At)) + At(cos(a) + cos(a + At))),
ya(t) = A2 (2(cos(a + At) — cos(a)) + A(sin(a) + sin(a + At))),

ys3(t) = i—z(/\t — sin(At)).

VpaBHeHUs i IEPEMEHHBIX Z; U Y; cucreMbl (31) 3a1a10T 9KCIOHEH-
IHAJIBHOE OTOOpaskeHne, MEePEBOAIIee HATAIbHbIH KOBEKTOD ¥ MOMEHT
BPEMEHU B KOHEUHYIO TOUKY reojesndeckoit Exp : (a, a, A, t) — (x(t),y(t)).
PakTopusdys 06pa3 IKCIIOHEHITNATILHOTO OTOOPAXKEHNUST IO BPAIATE b
HOW CHMMETPHH, CM. ¥ TBEPXKIEHUE 2, MOJIyIUM TPEXMEPHOE TPOCTPAH-
crBo R% ) x R unsapuanros (z,z), (y,y), (z,y) (6osee Touno, obaactb
(r,9)? < 22y?), tie (-, ) 0603HAMACT CTAHJAPTHOE CKAJIAPHOE IPOU3Be/IeHIe
B R3. ITpu 310M IIP0OGPA3 SKCIOHEHIUAIBHOIO OTOOPAKEHIs (PAKTOPH3YeTCs
10 BparmeHusM B 1wiockocTu (hy, ha). Ilocse Takoii daxTopusanuy 3ammuchl-
BaeM JKCIIOHEHIMaIbHoe orobpazkerne exp : (a, A, t) — ((z, x), (z,v), (¥,y))
Ha (HaAKTOP-TIPOCTPAHCTBAX

(z,2) = 32 (2@2 — (a® = 1) X%t — 24? cos(/\t)),
z,y) = VI (A2t2 + AEsin() + 4 cos(M) — 4),

—~

Yy)="x
(y,y) = T( (3a% — 4) Atsin(At) — 4 (a? — 1) (A2t — 4) cos(At))—f—
: (az(— cos(2)t)) — 1502 + 16 — 2 (a? — 2) )\2t2>.

D N

20%

B paGore [22] nokazaHo, 4TO MHOXKECTBO pPa3pe3a COBIAIAET C

KAyCTUKO, COCTOSINEN N3 TOYEK IIEPBOTO BBIPOXKAEHUs exp. Hecmoxmo

NOKA3aTh, 9YTO KayCTHKA COCTOUT U3 HETPUBUAJBHBIX HEMOIBUKHBIX TOUEK

Bpamares pHoit cumMerpun ¥ = Rx # 0, y = RyRT # 0, T € SO(3). Takue
TOYKH 0OPaA3yIOT MHOYKECTBO

(31) Py ={(z,y) eR*xR3 |y #0,3Is € R: x = sy}.

3ameTnm, 9TO IJisi UCCIAETOBAHUST MHOXKECTBA Pa3pe3a JOCTATOTHO
HAWTH TOYKHA pa3pe3a HA BOJHOBOM (DpPOHTE NpU (PUKCAPOBAHHOM t.
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COlIpPsIZKEeHHbIe TOYKHW
ImocJsie mnmorepu
OIITUMAJIBHOCTHU

MHOZKeCTBO
paspesa

(z,y) (z,9)

KayCcTHukKa

BOJIHOBOM (DpOHT

Puc. 5. BosHoBoii HpOHT 1 MHOXKeCTBO paspesa B 3agade (3,6)

MuoxkecTBO pa3pesa Ipu Ipou3BoIbHOM t > 0 cocTouT U3 OpoéUT TaKUX
TOYEK HpH JeHCTBHE CHMMETPHHI PACTSXKeHHs T — kx, y — k2y, k > 0, e
Vreepxkaenne 3. Ha Puc. b npusesieno coBmecTHOE M300parkeH BOJIHOBOTO
dponTa py t = 1, KAYCTUKU 1 MHOXKECTBa, pa3pesa.

3.3. Cnyuair (4,10)

O6ozraumM g = (7,9) € G4 = R* x50(4). Tpebyercs HaiiTu JTUNIHTICBY
kpusyio v : [0,T] — Gy, Takyio 9ro

F(t) = () X1 (7()) + u2(t) Xo((1)) + us(H) X3(v(2)),

(32) 7(0)=(0,0), o(T)=¢q" = (z"y"),
T
I(v) = /0 % (u%(t) +u3(t) +u3(t) + ui(t)) dt — min,

e ¢! € G4 3a/aH0; YIPABIEHNS U; — BEMECTBEHHOZHAMHEIE (BYHKITIN 13
kiacca L™°(0,T); X; — GasucHble JIeBOMHBAPUAHTHBIE BEKTOPHBIE MOJIST HA
G4. B koopupunarax (z1,...,24,Y1,.-.,Ys) Ha Gy:

X1 = (93;1 — :Egayl — .%‘36y2 — £E4ay3,

Xo = 8902 =+ xlayl — J}36y4 — x48y57

X3 = 8303 + x18y2 + $28y4 - .’1346y6,

X, = 8934 + x18y3 + x28y5 + $38y6.

IIpumenenune IIMII, cMm. Pazzern 2, jgaer ciie/1yiomnyo raMuIbTOHOBY
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CACTEMY JJis SKCTPEMAaJIbHBIX TPAeKTOPHUA:

&1 = hy, hi = hahy + hshs — hahe,
&g = ho, ha = —hihy — hshg — hahs,
a3 = hs, hy = —hihs + hahg — hahio,
Ty = hy, 7:14 = hihe + hahg — hzhio,
Y1 = x1hs — x3hy, hs =0,

(33) Y2 = wah1 — x1hy, }:16 =0,
Y3 = w1ha — 22k, h7:07
Y4 = Taha — 2Ny, hg =0,
Us = w3ha — wah3, hg = 0,
Y6 = x3h4 — xT4h3, hio = 0.

(ropusoHTAJIBHAS YACTB ) (BepTHKAIBHAS YACTh )

SAMEYAHUE 5. Koopdunamol Y; NOAYHAGIOMCA U3 PA3AOHCERUA MO~
puYybL Y no basucrovim saemenmam anrzeopvr Ju so0(4):

0 y3 w1 —¥
— O _ —
SOEE Dl I

Y2 ya —Y O

Ucnonb3ys cummverpuio orHocuTesibao rpyumbl SO(4), em. Jlemmy 1,
BePTUKAJIbHAS 9aCTh TaMUJIBTOHOBOI cucTeMbl (33) HIPUBOIUTCS K BHUILY

hy = —A1hg,
ha = A1hy,
34 .
(34) hs = —Aghy,
ha = Aahs.

SBmecb \1 = VI —D >0, A\a =T+ D >0 — Moaynu cOOCTBEHHBIX
sHaveHuit MaTpunpl p € 50(4), rne T = —1 Tr (p?), D = |/ 5 det (p) + T2.

Hanomuaum, uro npu nepexoje ot (33) k (34) 6b110 UCIOIBL30BAHO
npeoGpazosamme p — RpRT, R € SO(4):

0 hr  hs —hg 0 -\ 0 0
“hy 0 —hy —hs A0 00

(35) “hs he 0 hyw |7l 0 0 0 —x
he hg —hig O 0 0 X O
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Ucnonbzyem napamerpusanmio t = [(y(t)) < h? + h3 + h3 + h3 =1,

hi = acos o, hs =1 — a?cos as, a € [0,1],
hgzasinal, h4:\/1—a,25ina2) OZiER/Qﬂ'Z.

SAMEYAHUE 6. Cayuati AAe = 0 paccmampusaemes omoesvHo.
(1) IIpu |N]|? = A2 + A% = 0 pewenue x(t) acasemes npamoti sunueli 6
npocmparcmeo RY. Taxue pewenus onmumaivio, 00 6eCKOHEWHOCIU U
HE 6HOCAM 6KAG0G 6 MHOJICECTNBO Pa3pesa, cm. Ymeepocdenue 4.
(2) IIyemo ||| > 0, Ao = 0. Bes oeparunenus 06UHOCU NOAOIHCUM
A1 >0, A2 = 0. Toeda pewenue x;(t), hi(t) umeem sud

hi(t) = acos(ar + Ait), z1(t) = - (sin(ar + Ait) — sin(ar)),
hg(t) = asin(oq + >\1t), Z'Q(t) = %(COS(OQ) — COS(Otl -+ Alt)),
hs(t) = V1 — a® cos(az), x3(t) = V1 — a? cos(an)t,

ha(t) = V1 — a®sin(az), x4(t) = V1 — a? sin(aa)t.

Hecaosicno nokazams, 4mo 6 amom CAYHaE 2€00€3UNECKUE TEPAIOM,
ONMUMAALHOCTG 8 MOMEHM, Ko2da mouka (x1(t), z2(t)) npobezaem
NOAHYIO OKPYIHCHOCTD. 3aAKAI0UGEM, YMO toy = i—’: U MHOHCECTNEO
paspesa Cuty ydosaemsopsem unomese 1.

ITpu A1 Ay # 0 mosyuaem ciemyroniee pemenue fst x;(t) u hi(t):
hi(t) = acos(ay + A\it),

ho(t) = asin(ag + A1t),
hs(t) = V1 — a? cos(az + Aat),
ha(t) = V1 — a? sin(as + Aat),

(36) 21(t) = £ (sin(as + Ait) —sin(ay)),
z2(t) = -(cos(ar) — cos(ar + Ait)),
x3(t) = 1)\_2‘12 (sin(ag 4+ Aot) — sin(az)),
z4(t) = \/?(COS(OQ) — cos(ag + Aqt)),

Hanomunm, 4ro B cuiny (18), [uist ncciae0BaHns MHOXKECTBA Pa3pesa
JIOCTATOUHO HAHTH TOUKH pa3pesa Ha BostHoBoM dbponte Wi (Gy4) equmminoro
pajuyca t = 1. Takue TOYKHU yJIOBJIETBOPAIOT YCJIOBUIO: CYIECTBYET JIBE
pazsmanbie reosesudeckue (xl(t), yt(t)) £ (2%(t),y*(t)), npuxongamme 3a
euumaHOe Bpems B oany Touky (z1(1),y1(1)) = (2%(1),y%(1)):

3ot a3, M1 A3) # (0F, 03,23, A3) -

EXpl(O‘L O‘%’ )‘%’ A%) = Exp, (a%a O‘§7 )‘%7 )‘g)



CP-cTPYKTYPBI HA CBOBOJHBIX I'PYIIAX KAPHO 351

é, siny :=a, cosy:=+1—a2 9 e€0,—-

u npuBejieM cucreMy (36) K CieyromeMy BHUILY:

Ob6o3naunM p; =

z1(1) 512% sin ¢ cos(an + p11), hq(1) = sinv cos(ay + 2p1),
x2(1) = “Z% sin ¢ sin(ay + p1), ha(1) = sineysin(ay + 2p1),
z3(1) = ME% cos 1 cos(ag + u2), hs3(1) = cos cos(ag + 2u2),
x4(1) = 512% cos P sin(ag + p2), hg(1) = cossin(aa + 2u9).

Bamernm, aro yriabl (1, oy + 2p1, g + 2p2) ABISIOTCS KOOPAMHATAME
Xonda [36] na Tpexmepnoit chepe S2 > h. IIpu sTom yron B := ag + 21
3asaer BpaineHue B mwiockoctu (R, ha), a yrou B := ag + 2ug 3a1aer
Bparenue B I0cKocTH (h3, hy). Ot Bpamenns Ry, = Ry, hy)s Rihg,ha)
SIBJISIOTCS. YACTbIo cuMMeTpun R € SO(4), cm. YTBep:K/eHue 2, NHBAPHAHT-
HO} OTHOCUTE/IBHO BpalleHnil BOKPYT COGCTBEHHBIX BEKTOPOB A MaTpPUIIbL
p € so(4). Ilpu stom R, = R, 'R — ocrasmasicss gactb cummerpun R,
UCTIOJIb30BAHHAs JJIs IPUBEIEHNUs MATPUIBI p K Buy (35), 3aaerca qByMs
yTJIaMU, KOTOPBIE BMECTE C YIVIAMHA /31 U o TTAPAMETPU3YIOT BCIO I'PYIIILY
SO(4).

VYenosue (17) o3Hadaer, YTO IMOTEHIUAIBHBIME KaHUAATAMA Ha TOYKU
paspesa ABJISIOTCS HEeMOABUKHbBIE TOYKH BPAIlaTeJbHON CUMMETpUH

Exp, (ho, M) = Exp; (ho, M), ho = Ryho.
Bamernm, uto R, ocrasisier Touky (2(1),y(1)) HemomBuKHOI TOrIA 1

TOJIBKO TOIJIa, KOIJIa OJIHO U3 CJIEYIONINX YCJIOBUN BBIIIOJIHEHO:

o Bpainenue R, BOKPYr cOGCTBEHHBIX BEKTODPOB z; Marpuibl y(1) co-
OTBETCTBYyeT MOBOPOTY HA YTOJ ¢;, KPATHBIN nepuoay ¢; = 2k;m,

k; € 7.
oo Touka (2(1),y(1)) siBisieTcst HEIOABUKHON TOYKON BpaIaTeIbHOI

cummerpun R, (@) = zl,zz)(¢1) 13@4)(@).
(37)

Vo = (61,00) € (R/202) x (R/282) : {201 = el

riie Ry, +,)(¢x) obo3HATACT TIOBOPOT B MIOCKOCTH (T, Tj) HA YTOT P

Pacemompum cayuati o.
Yenosue ¢; = 2km st cucremsl (3.3) o3HaUaeT

(38) dkq, ke € Z : (Oq + u = 2]@’177) && (042 + Ug = 2]{?271').



352 A. II. MAIITAKOB

DTO yCJIOBHE 33/1aeT TOYKY pa3pe3a TOJBKO TOIJa, KOTla BparieHue Ry, e
ABJISIETCS TPUBUAJIBHBIM. TakuM 00pa3oM MPUXOUM K YCIOBUIO

(a1 + 1) /2mZ # (o + 2um1) /27,
(OQ + Mg)/27TZ 75 (042 + 2#2)/271’2

B cuy (38) sro o3nagaer

(nm)

w1 = 2wk wim ps = 2wk, k € Z.

Octasoch Jmib 3aMeTuTh, 910 B cuity (20) 3nadenue k € Z, onpesessioniee

TOYKY pa3pesa, JIOJ2KHO ObITH IMOJIOYKUTEIbHBIM U MUHUMAJIBHBIM.
Pacemompum cayuati oo.

Hecnioxxuo nokazarh, 9ro yeaosue (37) BBIIOJHEHO TOT/IA U TOJLKO TOLJA,

KOI'J[a COOCTBEHHbIE BEKTOPA 21, Z2 MATPHIIbI i OPTOrOHAJIBHBI IIJIOCKOCTSIM

(z1,22) u (x3,x4), TO ecThb, B cuiy Jlemmbl 1, umeromeii Bu

0 ys(1) 0 0
| —ys(1) 0 0 0
vW=1 707 0 0 )
0 0 -ye(l) 0
Jlajtee 3aMeTHM, YTO T1, T2, Y3 U T3, T4, Y CBAZAHBI
&1 = hy, hy = —haA,
Zo = ho, ha = hi),
Y3 = x1hy — 220y, A1 =0,
i3 = hs, hy = —ha)s,
T4 = ha, ha = ha)a,
Y6 = x3ha — 243, A2 =0,

YDaBHEHUSIMU OJMHAKOBOI'O BHJIA, AHAJOIUIHBIM cucreMe (23).

Takum 006pa30oM, 3HaUEHUE Y3(t) ABISETCS yIBOCHHOMN ILIOMAIBIO
cermenTa okpykuoctu (21(7),22(7)), 7 € [0,t]. Anasoruuno s ys u
(z3,4):

sin”(1))

C082
wlt) = T Ot —sin(u)). an(0) = @)

—32 ()\Qt — SiH(AQt)).
/\2

Oriame o1 cucteMsl (23) 3aKII0YAETCS B TOM, YTO JIBIZKEHUE BJIOJb
OKPY2KHOCTeIl IPOUCXOJUT € PA3IUIHON CKOPOCTBIO

i? + 2 = a? = sin®(¢) = const, i3+ i3 =1—a® = cos?(¢y) = const.
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Heobxoaumoe ycaoeue toro, uro (z(1),y(1)) siasiercst Toukoit paspesa
Ha BOJHOBOM (DPOHTE €JIMHUIHOrO PAJMYCa, IMEET BUJL

smd)sm“1 cos(ag + 1) = smwsm“1 cos(ay + fi1),
SlnwSln ELgin(ag + p1) = Sm@bsuﬁfl sin(dq + f11),

2 2 —sin(2u1) 2 2f11 —sin(2fi1)
sin? () i)  gin? () B —pinCin),

smd)sm 22 cos(ag 4 pig) = smi/)sm fi cos(éa + fi2),
Squm o sin(ag + p2) = smz/ngE“z sin(é&g + fi2),

310 —sin (2 2f15—sin(2
Sm2(¢) L2 25:%( p2) :st(qp) Q2 ;Ln%( uz)7

(7?,9417#17042,#2) 7é (12)76‘1;,["17(5423/12);
ql)ﬂl) € [07 %]» Mwﬂl S R+7 aiadi S R/27TZ

Bamerum™, uro (39) BbImOJHSETCS OO KOTJa BhIOJIHEHO (38), TO eCcTh
BKJIAJBIBACTCS B CiIydaii o, 6o xorzga (1 = 0)|[(¢ = ).

B zakiroueHnn 3TOro pasjesa 3aMeTHM, YTO €CJU OKPYKHOCTH
cJles1azia, HOJIHbIE 000POT B IJIOCKOCTH (21,%2), TO Bpamenne R, ,,) 9Toii
IUIOCKOCTH, OCTaBJIsIeT KoHeuHyto Touky (x1(1), 22(1),y(1)) = (0,0,y(1))
HenoBIzKHOI. B cuity Toro uto Ry, ,) He BIMSAET Ha IJIOCKOCTH (T3, 74),
Bee Touku ¢¢ = (2(1),y(1)) coequuenst ¢ O omHOIAPAMETPUIECKIM
ceMmeiicTBoM reozesudeckux Y(t) = (z(t),y(t)) = Exp(¢, a1, g, u1, po, t).
Crenoarensro ¢! sBsercs Toukoit Maxcsesna. [loygaem BepXHIOO
OIIEHKY Ha BpeMsl paspesa teut(7) < 1. B ciyuae paBeHeTBa toyt(7) = 1
mveem ¢! € Cuto(Gy). YTobsl mokazarh, uTo te(y) = 1 ocraercs
yOeINTHCs, ITO HE CYIIECTBYeT JIpYroit 0osiee KOPOTKOI reoe3ndecKoit,
coetuHsATONIEH TouKy ¢! ¢ HagamoM koopauHaT O, TO ecTh JAEHCTBUTETHHO
Boinoseno d(Exp, (v, a1, ag, p1, p2), Q) = 1.

Takue TOIKH MOTYT MOSIBUTHCSI €CJTM CYIIECTBYIOT CUMMETPUH Ta-
MUJIBTOHOBOM CHUCTEMBbI, OTJIMYHbIE OT PACCMOTPEHHDBIX Bpa.III‘aTeﬂbHOﬁ
CUMMETPUHU ¥ CUMMETPHUU PACTSIXKeHUsl. Pe3ysIbTaThl YNCIIEHHOIO MO-
JIeJIMPOBAaHUS [TOKA3BIBAIOT, YTO TaKOH CUMMETPHH He CyIIECTBYeT U
9KCIIOHEHIInAIBHOE oToOparkenne Exp(&y,t) nelicTBATENLHO ABIAETCS
MHbEKTUBHBIM JI0 MOMEHTA, KOTJIa KOHETHAs! TOUKa COOTBETCTBYIONIEH Teojie-
suueckoit () = Exp(&p,t) ABIseTCs HEMOJABUKHON TOUKON BPAINATEIBHON
CUMMETPHUHI Re SO(4). Dro moxreepxkaaer T'unoresy 1 B caydae n = 4.

4. 3aknio4eHue

B crarbe paccmorpena 3aada 0 CyOpUMAaHOBBIX KpATJIaNIImX Ha
JIBYXCTYIIEHHBIX CBODOOIHBIX HUJIBIIOTEHTHHIX rpymmnax Jlu G,. Dra 3amaa
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SBJISIETCS. MOJIEJIHHON B CyOPMMAHOBOI I€OMETPHUH U, B HEKOTOPOM CMBICIIE,
mpocTefineit 13 HePeNeHHbIX Ha CEeTOIHATITHII JeHb. HecMoTpst Ha 00MIBHYIO
IPYIILY CUMMETPHii, MHOXKECTBO pa3pe3a U3BECTHO JIMIIb B CIyYasix MaJIoi
pasmeprocTu n = 2, 3. B obmem ciayuae G,, chopmyaupoBana rumore3a o
CTPYKTYyPE MHOYXKECTBA Pa3pe3a.

B craTphe mpoussegen 00630p KIIOUEBLIX MOHATHIT CyOPpUMAHOBOM
reoMeTpHuH, IIPOUJLIFOCTPUPOBAHHBIX B ciy4ae G,. B obmewm ciyuae 2 <
n € N BbIucanbl ypaBHEHUs MeOJIE3NIECKNX, UCCAEI0BAHBI HEIIPEPHIBHBIE
CUMMETPHUHU TaMUJIbTOHOBO# cuctembl [IMII n mpemtozken MeTom peayKItun
raMUJIBTOHOBOI CHCTEMBI 110 cUMMeTpusiM. IpuBejieHa mjest J10Ka3aTeIbCTBa
runore3bl Rizzi-Serres o MHOXKecTBe paspesa jis obrero ciaydas. Cirydan
MaJIoil pa3MepHOCTH N = 2, 3,4 ObLIN JeTaJIbHO n3ydensl. lIpuBeseHnbl
U300pazkKeHusT BOJIHOBBIX (DPOHTOB, HATJISAIHO IOKA3BIBAIOIINE PACIIOJIOYKEHIE
TOYEK pa3pe3a B Pa3MEpPHOCTIX N = 2, 3.

[TonBosst mror, cKaXKkKeM, 9TO PELYKIUs CUCTEMbI 110 HEIIPEPBIBHBIM
CUMMETPUAM SBJISETCS MOIIHBIM METOIOM, JAIONIUM BO3MOXKHOCTD CY-
IIIECTBEHHO IIOHU3UTHh Pa3MEPHOCTH 3a1a49u. V300paskeHusi BOJTHOBBIX
GPOHTOB cHAOKAIOT Nr€OMETPUIECKON MHTYUIEl 0 MHOYXKECTBE pa3pesa,
mojITBeprK ratoreit ruroresy Rizzi—Serres. B masbHeiiem mianupyercs
IIPOJIOJIKUTH JIeTaJIbHOE HccyeoBanue ciaydasi (G4 m npuBecTu sIBHOE
BbIpaskeHHe JJIsi MHOYKeCTBa paspesa. Jlajiee miaHupyeTcs IPOU3BECTH
moJiHOEe (POPMAJIBHOE JTOKA3aTEIbCTBO ruore3nl Rizzi—Serres.
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Alexey Mashtakov. On the step-2 nilpotent (n, n(n + 1)/2) sub-Riemannian

structures.

ABsTrACT. We consider the Sub-Riemannian (SR) problem on the step-2 free
nilpotent Lie groups G,,. This problem is classical in SR geometry and in some
sense the simplest open problem nowadays. Although the problem satisfies to a
wide group of symmetries, the cut locus is known only in the cases of small
dimensions n = 2,3. In the general case there exists a conjecture by Rizzi-Serres
claiming that the cut locus consists on stable points of the specific symmetry. In
this paper, we derive the geodesic equations via PMP and study the symmetries
of the corresponding Hamiltonian system. Then, using method of reduction over
the symmetries, we propose an idea to prove the conjecture for the general n > 2.
We study the cases n = 2, 3,4 in details and show pictures (for n = 2, 3) of the

SR wave front with indicated the cut locus on it. (In Russian).

Key words and phrases: Sub-Riemannian geometry, geodesic, shortest, cut set, Carnot group.
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