| Sub-Finsler Problems

on the Cartan and Engel Groups

Yu. Sachkov
joint work with A.Ardentov and E. Le Donne

Control Processes Research Centre
Program Systems Institute
Pereslavl-Zalessky, Russia

Conference "Subriemannian Geometry and Beyond, 11"

18—-22 February 2019, Jyvaskyla, Finland

Yu. Sachkov Sub-Finsler Problems Jyvaskyl3-2019 1/46



Sub-Riemannian Geometry

(M, A, g)

smooth manifold M,

vector distribution A = {A, C T4M | g € M},

inner product g = {gg — inner product in A, | g € M}.

sub-Riemannian (Carnot-Caratheodory) distance

-
dSR(q07 ql) = inf {/ \% g(qa q)dt ‘ q(t) a.e. tangent to A,
0
q(0) = qo, q(T) = ql} :

sub-Riemannian sphere

Sa(R) = {q € M| dsr(qo, q) = R}.
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Left-invariant SR problem on the Heisenberg group

o M= Ri,y’z, A = span(Xy, X2), g(X;, Xj) = 6j;,

OX]_:aX_%a,X2:ay+§az

@ SR sphere is not smooth but sub-analytic:
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SR problem in the flat Martinet case

o M=R3 A = span(X1, X2), g(Xi, Xj) = ;.

X7.y7z,
o X1 =08y, Xo =08y +%50,.
@ SR sphere is neither smooth nor sub-analytic:

10 T ——

Yu. Sachkov Sub-Finsler Problems Jyvaskyl3-2019 4/46



Sub-Finsler geometry

as a generalization of sub-Riemannian one

@ Sub-Riemannian geometry (M, A, g):
o g4(v,v) — quadratic form in Ag,

o \/gq(v,v) — norm in A,

o {velAy|gqv,v) =1} — ellipsoid.

@ Sub-Finsler geometry (M, A, || - ||):
o[-l ={ll"llg —normin Aq | g € M},
o {velAy|| " llg =1} — convex centrally symmetric surface with origin
inside.
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Left-invariant /5, sub-Finsler structures

on nilpotent Lie groups

/

M — nilpotent Lie group, Lg: M — M, Lq(¢') =q- ¢,
A=LgA |- =Ly

Xl, ... ,Xk € Vec M, Lq*X,' = X,',

A :span(Xl,...,Xk),

k
[vilg = [lulloc = max{|uil}, v =31 uiXi(q).
Motivations:

e geometric group theory (asymptotic cones of nilpotent finitely
generated groups),

e homogeneous manifolds with intrinsic metrics,

e control theory (quantum systems).
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Sub-Finsler minimizers of (M, A, - )

as solutions to time-optimal problem

@ Sub-Finsler minimizer g € Lip([0, T], M):
q(t) € Aq(t) a.e te [0, T],
la(Dl <1,
q(0)=q0, q(T)=q1, T — min.

@ the case of Iy, sub-Finsler structures:
k

a(t) = S uXia(t)),  Julle < 1,

i=1
q(0) =qo, q(T)=q1, T — min.
@ sub-Finsler distance:
dsF(qo, q1) = inf{T >0 g(t) tangent to A, ||q]| <1,
q(0) = qo, q(T) = a1}
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Left-invariant /I, sub-Finsler problem

on the Heisenberg group

o M=R}, , X; =0, %0, Xo =0y, + %0,

vaaz

Theorem (Busemann 1947, Barilari, Boscain, Le Donne, Sigalotti

2017)

Sub-Finsler minimizers are curves of two types:

(1) one component of controls is constantly equal to 1 or —1,
(2) controls are bang-bang (piecewise constant with values +1).
All curves of type (1) are optimal.

Optimal curves of type (2) have < 4 switchings.

Sub-Finsler sphere is semi-analytic and homeomorphic to the Euclidean
sphere.
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lso sub-Finsler sphere on the Heisenberg group
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o Cartan algebra: X X>
o L =span(Xy,...,Xs),
o [X1,Xo] = X3, [X1, X3] = Xy, [Xo, X3] = X5,
e growth vector (2,3,5). X3
Xa Xs

o Cartan group:
e connected simply connected Lie group M with Lie algebra L,

e Xi, ..., X5 — basis left-invariant vector fields on M.
@ Model of the Cartan group:
o M=Ryzuw

o X1 =0, — 40, — 0, X, = 0, + 50, + 0,
X3 = Bz —i—x@v +y8w, X4 = 8v, X5 = aw.
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lso sub-Finsler problem on the Cartan group

@ Problem statement:

Gg=wmXi+wXs, geM=R ulloo <1,

X3y7Z7V7W7

q(0)=qo=id, q(T)=aq, T — min.

@ Existence of sub-Finsler minimizers:

o Rashevsky-Chow theorem: Complete controllability,
o Filippov theorem: Existence of optimal controls.
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Pontryagin Maximum Principle

o UgemTiM=T*M 3 ),
o hi(\)=(\X), i=1,...,5.

Theorem (PMP)
If q(t), u(t) are optimal, then there exists A\y € T ayM: Ae # 0:

(1) Ar = ur(t)hy + ux(t)ha,
(2) ur(E)m(re) + ua(t)ha(Ae) = max (vi(Ae) +vaha(Ae)) =

Viloo<
H(\¢) = const > 0,
= || + |ho.

e Extremal trajectory q(t),
e extremal control u(t),

o extremal \;.
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Abnormal trajectories

o H(\:)=0

Optimal abnormal controls are

u(t) = const, |u]|oo = 1.
These controls determine optimal synthesis on the abnormal manifold

A= {exp(u1X1 TF U2X2) | up, Up € R}
={geM|z=0, v=y(*+y*)/[6, w=—x(x*+y?)/6}.
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Types of normal extremals

H()\¢) > 0.

Singular extremals:

hi(At) =0 or ha(A¢) = 0.

Bang-bang extremals:
card{t | hiha(A\¢) = 0} < 0.

@ Mixed extremals: ones consisting of finite number of singular and
bang-bang arcs.
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Singular extremals

hi-singular extremal:

hy-singular controls have the form:

Vlu(t)] <1, up(t) = const = sgn ha(A¢) € {£1}.

All such controls are optimal.

ho-singular extremals are considered similarly:

hg()\t) = 0, hl()\t) 7& 0.
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Attainable set via singular trajectories

Denote by Ai,iong(T) the attainable set of ¢ = i1 X1 + up Xo for time T >0
along singular trajectories starting from the point qg.

Definition

We call a control u(t) and the corresponding trajectory g(t) geometrically
optimal for t € [0, T], if ¢(T) € 0.A%5(T).
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Geometrically optimal singular conrols

h1-singular geometrically optimal trajectories with uy = 1 have one of the
following types of piecewise constant control us:
© with values +1,hs,+1 or 41, h5,F1 and no restrictions on time
periods, where b5 € [—1,1] (up to 2 switchings);
@ with values £1,F1,+1,F1 and time periods Ty, T1, To, Te, s.t.

0<Tp< Tz 0< Te < Pt Ty (3 switchings).
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Projection of attainable set to (x1, z1, wp)

X1




Projection of attainable set to (x1, z1, wp)

X1



Projections of sections of attainable set to (z;, wy) with

fixed values of x;

W1

18

-1/4 -110 11a 21
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Description of attainable set

Vmin(x1, 21, w1) < vi < Vmax(x1, 21, w1).

1 422
2 21
Wmm(x1, 21) =5 <*X1(1+X1) +(3+sgnz)z — T ) ,
1

L 2
Vmax (X1, 21, wy) :E (1 +3x) —6(1 — xl)zl)

2
+ 4—\/;\/9(1 —x% +4z1)% +8(12wy + 3x +xF — 6(1 — x1)z1)?,

1 2 3
Vmint (X1, 21, wy) :E (3 + 12wy +3x7 +2x; — 6(1 — xl)zl)

1
- 50 SV = xa)(+ 24wy +3xq + 4xF) — 12(1 — xp)z; — 1222,
1 2 2 3 2
Vmin— (x1, 21, wi) =% 1+3x] + 621 +6x121 + ( (1 — 12wy — 2x3 — x; — 2x] 4+ 2(1 + x1)z1)

+ 4(1 — X12 - 411) ((1 + x1)(6wy + x1 + x13) — 41+ x1)z1 + 4212))1/2) s

Vinin+(—x1, =21, —w1) W1 > Wmm(x1, 21);
Vmin(X1, 21, w1) = Vmint(x1, 21, w1) wi < —wmm(—x1, —21);
Vmin— (x1sgn z1, |z1], wisgnz1)  —Wmm(—x1, —z1) < w1 < Wmm(x1, 21)-

Yu. Sachkov Sub-Finsler Problems



Description of A3"(

Symmetries: dilations and reflections

Theorem

The attainable set AS'S(T) is described as follows:

( an| < T,
|Zl| < T ZmaX(X1y1)
lya| =
-73 Wmax(_xly_zl) <w < T3Wmax(Xlazl)a
T3Vmin(x1, 21, 1) < y1vi < T3Vimax(x1, 21, wr);
x| =T,
_T3Wmax(y1a —21) <wn < T3Wmax(_ylazl)a
—T3Vmax(y1, —21,—v1) < xamp < = T3Vmin(y1, —21, —v1).

\

Thus ASP8(T) is semi-algebraic.
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Bang-bang trajectories

card{t | hiha(\t) = 0} < o0,
h1h2(>\t) #0= U,'(t) = sgn h,‘()\t) =5,
u;(t) piecewise constant, u;(t) € {£1}.

hy = —sihs, hy = sihs, hy = sihs + sphs, hy = hs = 0,
q = s51X1 + $X2.

hi(At), q(t) are piecewise polynomial.
o Factorization by homotheties A — kA = H(\:) = 1.
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Reduced Hamiltonian system of PMP

for bang-bang trajectories
and Casimir functions

o H:|h1|+|h2|:1
o hy = sgn(cosh)cos? 6, hy = sgn(sinf)sin 6, 6 € R/277Z

. h3
0= ———

|sin 26|’
i73 = s1hy + sphs.

@ Casimir functions = integrals:
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Full and potential energy

e Factorization modulo group of symmetries of the square {H =1} =
hy > hs > 0.

o full energy E = %% + U(0),

o plot of potential energy U(#) = syhs cos?  — syhy sin? 9
in the case 1) hy > hs > 0:

U
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Phase portrait for bang-bang trajectories

Case 1) hs > hs >0

>
w

A

/
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Potential energy for bang-bang trajectories
Case 2) hy > hs =0

hy

L]

—hy
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Phase portrait for bang-bang trajectories
Case 2) hy > hs =0
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Potential energy for bang-bang trajectories

Case 3) hy = hs > 0

L]

—hy b
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Phase portrait for bang-bang trajectories

Case 3) hy = hs > 0
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Potential energy for bang-bang trajectories

Case 4) hy = hs =0

N
~lg

NIE]
=k
Bl
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Phase portrait for bang-bang trajectories
Case 4) hy = hs =0

a5
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Stratification of phase portrait

for bang-bang trajectories in case 1) hy > hs > 0

@ Critical level lines of energy E:
Ci=EY—hy), G=E*=hs), G=E(hs), Co=Eh).
@ Domains of regular values of energy E:

h=E"Y(—hs,—hs), h=E(—hs hs), l3=E""(hs,hs),
N = E~(hg, +00).

C=T;N{H=1}= (UL, G) U (UL}}) UN.
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Bang-bang flow and its cut time

@ Bang-bang flow:
Ae C\G=Vt>03 A, q(t) =: Exp(\, t).
@ Splitting of bang-bang flow:
Ae G=vVe>03 AL AN {gY(b),. .., q"V (1)} = Exp(\, t).
o Cut time along bang-bang extremals:

teut(A) :=sup{t > 0| at least one trajectory Exp(], t) is optimal},
teut : C — (0, +00] =7
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Optimality of low-energy bang-bang trajectories
| = (—h4,—h5] S AehuG

If E € (—hg, —hs], then the trajectory q(t) = Exp(\, t) is singular, thus
optimal for t € (0,400), i.e., teyt(A\) = +oo.

Yu. Sachkov Sub-Finsler Problems Jyvaskyla-2019 35 /46



Second order optimality condition

Theorem (A.A.Agrachev, R.V.Gamkrelidze)

Let (q(t), u(t)) be an extremal pair and let \¢ be the corresponding
extremal, of corank one. Assume that there exist

O=tg<ty <--- <tk <tkpr=T and u° ..., uK € R? such that u(t)
is constantly equal to &/ on (tj,tj+1) forj=0,...,K.

Fixj=1,...,K. Fori=0,...,K let Y; = u{ X1 + usXo € Vec M and
define recursively the operators P; = P;_1 = idvec m,

P; = P;_j o eltimti-)ad(¥i1) I=j+1...K,

P = Piygoe (i—tm)ad(Vi) - j—o . j_2

Define the vector fields

Zi=P(Y), i=0,... K.
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Second order optimality condition (continuation)

Theorem (A.A.Agrachev, R.V.Gamkrelidze)
Let Q be the quadratic form

Q)= > aiaslhg,[Zi, Zl(a(t)),
0<i<I<K
defined on the space

i=0 i=0

K K
W = {a = (a0, ..., ak) ERFM Y "0; =0, Y 0iZi(q(t)) = 0}-

If Q is not negative semi-definite, then q(t) is not optimal.
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Optimality of high-energy bang-bang trajectories

If E > —hs, then:
@ optimal trajectories contain not more than 11 switchings,
0 teut(N) < 0.
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Mixed trajectories in case 1) hy > hs > 0

Yu. Sachkov Sub-Finsler Problems Jyvaskyla-2019 39 /46



Mixed trajectories in case 2) hy > hs =0
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Mixed trajectories in case 3) hy = hs > 0

hs

)

=
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General description of optimal trajectories
in the sub-Finsler problem on the Cartan group

Theorem
Sub-Finsler minimizers are curves of two types:
(1) one component of controls is constantly equal to 1 or —1,

(2) controls are bang-bang (piecewise constant with values +1).
All curves of type (1) are optimal.
Optimal curves of type (2) have < 13 switchings.

Any two points in the Cartan group can be connected by a piecewise
smooth minimizer with up to 14 smooth pieces.
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Engel group

o Engel algebra: Xq X5
o L =span(Xy,..., Xs),
o [X1,X3] = X5, [X1, X3] = Xy,
o growth vector (2,3,4). X3
Xa

o Engel group:
e connected simply connected Lie group M with Lie algebra L,

e Xi, ..., X4 — basis left-invariant vector fields on M.
@ Model of the Engel group:
o M= Ri’y’z’v,

o Xy =0y — %0, Xo = 0, + 50, + 320, X3 = 0, + x0,, Xa = 0.
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lso sub-Finsler problem on the Engel group

@ Problem statement:

§=wuX1+wX, qg€M=R; lullo <1,

X,Y,Z,V?

q(0) = qo = id, q(T):xqu’ T — min.
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I, sub-Finsler problem on the Engel group

@ Problem statement:

g=wmX1+uwXs, geM= R4 ||u||1 <1,

X:yyzy‘/’

q(0) =qo=id, q(T) = qu, T — min.

05 0

@ Similar results for the square rotated by arbitrary angle.
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Questions and plans

o Cut time, sub-Finsler sphere and distance,

@ More general sub-Finsler problems (polygon or convex set instead of
square [[u||1,00 < 1).

@ Other Lie groups and homogeneous spaces.
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