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Ïóñòü E ÿâëÿåòñÿ ãðóïïîé Ýíãåëÿ è D � ëåâîèíâàðèàíòíîå ðàñïðåäå-
ëåíèå ðàíãà 2 íà E ñ ëîðåíöåâîé ìåòðèêîé. Ñóáëîðåíöåâà çàäà÷à ôîðìó-
ëèðóåòñÿ êàê çàäà÷à ìàêñèìèçàöèè ñóáëîðåíöåâîé äëèíû. Â ðàáîòå ïîëó-
÷åíà ïàðàìåòðèçàöèÿ âðåìåíèïîäîáíûõ è ïðîñòðàíñòâåííîïîäîáíûõ íîð-
ìàëüíûõ ýêñòðåìàëüíûõ òðàåêòîðèé ñ ïîìîùüþ ýëëèïòè÷åñêèõ ôóíêöèé
ßêîáè. Äàëåå, îïèñàíà äèñêðåòíàÿ ãðóïïà ñèììåòðèé äëÿ ñëó÷àåâ âðå-
ìåíèïîäîáíûõ è ïðîñòðàíñòâåííîïîäîáíûõ òðàåêòîðèé, â îáîèõ ñëó÷àÿõ
äëÿ êàæäîé ñèììåòðèè âû÷èñëåíû íåïîäâèæíûå òî÷êè è ñîîòâåòñòâóþ-
ùèå òî÷êè Ìàêñâåëëà. Íà îñíîâå ýòèõ âû÷èñëåíèé âäîëü êàæäîé ýêñ-
òðåìàëüíîé òðàåêòîðèè âûâåäåíà îöåíêà íà âðåìÿ ðàçðåçà (âðåìÿ ïîòåðè
ãëîáàëüíîé îïòèìàëüíîñòè).

Áèáëèîãðàôèÿ: 31 íàçâàíèé.

Êëþ÷åâûå ñëîâà: ãðóïïà Ýíãåëÿ, ýêñòðåìàëüíûå òðàåêòîðèè, ñóáëî-
ðåíöåâà ìåòðèêà, ýëëèïòè÷åñêèå ôóíêöèè ßêîáè.

� 1. Ââåäåíèå

Ñóáðèìàíîâà ñòðóêòóðà íà ìíîãîîáðàçèè M çàäàåòñÿ ãëàäêèì ðàñïðåäåëå-

íèåì D íà M è ãëàäêîé ïîëîæèòåëüíî îïðåäåëåííîé ìåòðèêîé g íà ðàñïðå-

äåëåíèè. Òðîéêà (M,D, g) íàçûâàåòñÿ ñóáðèìàíîâûì ìíîãîîáðàçèåì, êîòî-

ðîå èñïîëüçóåòñÿ â ðàçëè÷íûõ îáëàñòÿõ, â òîì ÷èñëå â òåîðèè óïðàâëåíèÿ,

êâàíòîâîé ôèçèêå, ñóáðèìàíîâîé ãåîìåòðèè, à òàêæå â îáðàáîòêå èçîáðàæåíèé

è êîìïüþòåðíîì çðåíèè. Çàíèìàÿñü îáîáùåíèåì ñóáðèìàíîâà ìíîãîîáðàçèÿ,

ìîæíî çàäàòüñÿ âîïðîñîì: êàêèå ãåîìåòðè÷åñêèå îñîáåííîñòè áóäåò èìåòü âû-

øåóïîìÿíóòàÿ òðîéêà, åñëè èçìåíèòü ïîëîæèòåëüíî îïðåäåëåííóþ ìåòðèêó íà

íåâûðîæäåííóþ çíàêîïåðåìåííóþ ôîðìó? Åñòåñòâåííî íà÷àòü ñ ñóáëîðåíöå-

âîé ìåòðèêè èíäåêñà 1. Â ýòîì ñëó÷àå òðîéêà (ìíîãîîáðàçèå, ðàñïðåäåëåíèå

è ëîðåíöåâà ìåòðèêà íà ðàñïðåäåëåíèè) íàçûâàåòñÿ ñóáëîðåíöåâûì ìíîãîîá-

ðàçèåì ïî àíàëîãèè ñ ëîðåíöåâûì ìíîãîîáðàçèåì. Äåòàëè êàñàòåëüíî ñóáëî-

ðåíöåâîé ãåîìåòðèè ÷èòàòåëü ìîæåò íàéòè â ðàáîòå [1]. Íàñêîëüêî èçâåñòíî,

ñóùåñòâóåò ëèøü íåñêîëüêî ðàáîò, ïîñâÿùåííûõ ýòîé òåìå (ñì. [1, 2, 3, 4, 5, 6]).

Â ñòàòüå [2] Ä. ×àíã, È. Ìàðêèíà è À. Âàñèëüåâ èçó÷èëè ãåîäåçè÷åñêèå â ïðî-

ñòðàíñòâå àíòè-äå Ñèòòåðà ñ ñóáëîðåíöåâîé ìåòðèêîé è ñ ñóáðèìàíîâîé ìåòðè-

êîé ñîîòâåòñòâåííî. Â ðàáîòå [4] Ãðîõîâñêè âû÷èñëèë ìíîæåñòâî äîñòèæè-

ìîñòè â ïðîñòðàíñòâå R3 èç òî÷êè ñóáëîðåíöåâà ìíîãîîáðàçèÿ Ãåéçåíáåðãà.

1Ðàçäåëû 2 è 3 ñòàòüè âûïîëíåíû Ò. Õóàíãîì è Ê. ßíãîì, à ðàçäåëû 4, 5 è 6 �
À.À. Àðäåíòîâûì è Þ.Ë.Ñà÷êîâûì. Èññëåäîâàíèå À.À. Àðäåíòîâà è Þ.Ë.Ñà÷êîâà
âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò � 17-11-01387) â
Èíñòèòóòå ïðîãðàììíûõ ñèñòåì èì. À.Ê. Àéëàìàçÿíà Ðîññèéñêîé àêàäåìèè íàóê.
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Â ðàáîòå [6] ïîêàçàíî, ÷òî ãðóïïà Ãåéçåíáåðãà H ñ ëîðåíöåâîé ìåòðèêîé íà

R3 îïðåäåëÿåò åäèíñòâåííûå ãàìèëüòîíîâû ãåîäåçè÷åñêèå âðåìåíèïîäîáíîãî è

ïðîñòðàíñòâåííîïîäîáíîãî òèïà.

Ãðóïïà Ýíãåëÿ, âïåðâûå óïîìèíàåìàÿ Êàðòàíîì â ðàáîòå [7] 1901 ãîäà, ÿâ-

ëÿåòñÿ ïðîäîëæåíèåì òðåõìåðíîãî êîíòàêòíîãî ìíîãîîáðàçèÿ è ìíîãîîáðàçèåì

Ãóðñà. Â ðàáîòàõ [8, 9, 10] À.À. Àðäåíòîâ è Þ.Ë. Ñà÷êîâ âû÷èñëèëè ñóáðèìà-

íîâû êðàò÷àéøèå íà ãðóïïå Ýíãåëÿ. Â äàííîé ñòàòüå èçó÷àåòñÿ ãðóïïà Ýíãåëÿ,

ñíàáæåííàÿ ñóáëîðåíöåâîé ìåòðèêîé. Äàííûé ïðèìåð ñóáëîðåíöåâà ìíîãîîá-

ðàçèÿ èíòåðåñåí òåì, ÷òî ãðóïïà Ýíãåëÿ ÿâëÿåòñÿ ïðîñòåéøèì ñóáëîðåíöåâûì

ìíîãîîáðàçèåì ñ íåòðèâèàëüíûìè àíîðìàëüíûìè ýêñòðåìàëüíûìè òðàåêòîðèÿ-

ìè, ðàñïðåäåëåíèå ãðóïïû Ýíãåëÿ íå ÿâëÿåòñÿ 2-ïîðîæäàþùèì, òàê êàê âåêòîð

ðîñòà ýòîé çàäà÷è èìååò äëèíó 3.

Àíîðìàëüíûå òðàåêòîðèè íå çàâèñÿò îò ìåòðèêè, è äëÿ ðàññìàòðèâàåìîãî

â äàííîé ðàáîòå ëåâîèíâàðèàíòíîãî ðàñïðåäåëåíèÿ íà ãðóïïå Ýíãåëÿ îíè áû-

ëè âû÷èñëåíû âïåðâûå â ðàáîòå [8]; äëÿ ïîëíîòû èçëîæåíèÿ ïàðàìåòðèçàöèÿ

àíîðìàëüíûõ òðàåêòîðèé ïðèâåäåíà äàëåå â ôîðìóëàõ (3.1).

Ëåâîèíâàðèàíòíàÿ ñóáëîðåíöåâà ñòðóêòóðà íà ãðóïïå Ýíãåëÿ ðàññìàòðèâà-

ëàñü âïåðâûå â ðàáîòå [11]. Â ýòîé ðàáîòå îïèñàíû íåêîòîðûå ñâîéñòâà ãîðè-

çîíòàëüíûõ êðèâûõ, à òàêæå ïîëó÷åíà ïàðàìåòðèçàöèÿ íåïðîñòðàíñòâåííîïî-

äîáíûõ ýêñòðåìàëüíûõ òðàåêòîðèé.

Äàííàÿ ðàáîòà ïðîäîëæàåò èññëåäîâàíèÿ, íà÷àòûå â ðàáîòå [11]. Ïîëó÷åíû

ñëåäóþùèå ðåçóëüòàòû. Ãàìèëüòîíîâà ñèñòåìà ñ ñóáëîðåíöåâûì ãàìèëüòîíèà-

íîì çàïèñàíà â ñëîå êîêàñàòåëüíîãî ðàññëîåíèÿ â åñòåñòâåííûõ êîîðäèíàòàõ,

ñîîòâåòñòâóþùèõ ëåâîèíâàðèàíòíîìó ðåïåðó íà ãðóïïå Ýíãåëÿ. Áëàãîäàðÿ ýòî-

ìó ñîïðÿæåííàÿ ïîäñèñòåìà ãàìèëüòîíîâîé ñèñòåìû ñòàíîâèòñÿ íåçàâèñèìîé è

ïðèîáðåòàåò ôîðìó, ïîäîáíóþ óïðàâëåíèþ ìàÿòíèêà. Äëÿ ñîïðÿæåííîé ïîä-

ñèñòåìû ââîäÿòñÿ âûïðÿìëÿþùèå êîîðäèíàòû, ñ ïîìîùüþ êîòîðûõ ãàìèëüòî-

íîâà ñèñòåìà äëÿ âðåìåíèïîäîáíûõ è ïðîñòðàíñòâåííîïîäîáíûõ ýêñòðåìàëåé

ÿâíî èíòåãðèðóåòñÿ â ôóíêöèÿõ ßêîáè. Ïîëó÷åííàÿ ïàðàìåòðèçàöèÿ ýêñïî-

íåíöèàëüíîãî îòîáðàæåíèÿ äîñòàòî÷íî êîìïàêòíà, ÷òî ïîçâîëèëî ïðîâåñòè åãî

èññëåäîâàíèå.

Ïîñòðîåíà äèñêðåòíàÿ ãðóïïà ñèììåòðèé ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ

è îïèñàíû íåïîäâèæíûå òî÷êè ñèììåòðèé, êîòîðûå çàäàþò ñîîòâåòñòâóþùèå

òî÷êè Ìàêñâåëëà. Îòñþäà ïîëó÷åíà âåðõíÿÿ îöåíêà íà âðåìÿ ðàçðåçà (âðåìÿ

ïîòåðè ìàêñèìàëüíîñòè) âäîëü ýêñòðåìàëüíûõ òðàåêòîðèé.

Ñòàòüÿ èìååò ñëåäóþùóþ ñòðóêòóðó. Ðàçäåë 2 íàïîìèíàåò îñíîâíûå ïîíÿ-

òèÿ ñóáëîðåíöåâîé ãåîìåòðèè, à òàêæå îïðåäåëÿåò ñòðóêòóðó ãðóïïû Ýíãåëÿ.

Â ðàçäåëå 3 âûïèñàíà ãàìèëüòîíîâà ñèñòåìà ñ ñóáëîðåíöåâûì ãàìèëüòîíèà-

íîì. Â ðàçäåëå 4 íàéäåíà ïàðàìåòðèçàöèÿ âðåìåíèïîäîáíûõ íîðìàëüíûõ òðà-

åêòîðèé è ñîîòâåòñòâåííî îïèñàíî ýêñïîíåíöèàëüíîå îòîáðàæåíèå, çàäàþùåå

ïàðàìåòðèçàöèþ âñåõ âðåìåíèïîäîáíûõ íîðìàëüíûõ ýêñòðåìàëüíûõ òðàåêòî-

ðèé, çàòåì îïèñàíû ñèììåòðèè ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ è èññëåäîâà-

íû ñîîòâåòñòâóþùèå òî÷êè Ìàêñâåëëà, êîòîðûå îïðåäåëÿþòñÿ íåïîäâèæíû-

ìè òî÷êàìè ñèììåòðèé. Â ðàçäåëå 5 ïîëó÷åíî îïèñàíèå ýêñïîíåíöèàëüíîãî

îòîáðàæåíèÿ, äîñòàâëÿþùåãî ïàðàìåòðèçàöèþ âñåõ ïðîñòðàíñòâåííîïîäîáíûõ

íîðìàëüíûõ ýêñòðåìàëüíûõ òðàåêòîðèé, çàòåì èçó÷àþòñÿ ñèììåòðèè ýêñïî-
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íåíöèàëüíîãî îòîáðàæåíèÿ è èññëåäóþòñÿ ñîîòâåòñòâóþùèå òî÷êè Ìàêñâåëëà,

êîòîðûå îïðåäåëÿþòñÿ íåïîäâèæíûìè òî÷êàìè ýòèõ ñèììåòðèé. Íà îñíîâå

ýòîãî èññëåäîâàíèÿ ïîëó÷åíà âåðõíÿÿ îöåíêà äëÿ âðåìåíè ðàçðåçà.

� 2. Íà÷àëüíûå ñâåäåíèÿ

Ñóáëîðåíöåâî ìíîãîîáðàçèå îïðåäåëÿåòñÿ òðîéêîé (M,D, g), ãäå M ÿâëÿ-

åòñÿ ãëàäêèì n−ìåðíûì ìíîãîîáðàçèåì, D � ðàñïðåäåëåíèåì íà M , à g �

ãëàäêîé ëîðåíöåâîé ìåòðèêîé íà D. Äëÿ êàæäîé òî÷êè p ∈ M , âåêòîð v ∈ Dp

íàçûâàþò ãîðèçîíòàëüíûì. Àáñîëþòíî íåïðåðûâíàÿ êðèâàÿ γ(t) íàçûâàåòñÿ

ãîðèçîíòàëüíîé, åñëè å¼ ïðîèçâîäíàÿ γ′(t) ïî÷òè âñþäó ëåæèò â Dγ(t).

Âåêòîð v ∈ Dp íàçûâàþò âðåìåíèïîäîáíûì, åñëè g(v, v) < 0; ïðîñòðàíñòâåí-

íîïîäîáíûì, åñëè g(v, v) > 0 èëè v = 0; ñâåòîïîäîáíûì, åñëè g(v, v) = 0 è

v ̸= 0; è íåïðîñòðàíñòâåííîïîäîáíûì, åñëè g(v, v) 6 0. Êðèâàÿ íàçûâàåòñÿ

âðåìåíèïîäîáíîé, åñëè å¼ êàñàòåëüíûé âåêòîð âðåìåíèïîäîáåí ïî÷òè âñþäó;

àíàëîãè÷íî îïðåäåëÿþòñÿ ïðîñòðàíñòâåííîïîäîáíûå, ñâåòîïîäîáíûå è íåïðî-

ñòðàíñòâåííîïîäîáíûå êðèâûå.

Ïîä îðèåíòàöèåé òðîéêè (M,D, g) âî âðåìåíè ïîíèìàåòñÿ íåïðåðûâíîå âðå-

ìåíèïîäîáíîå âåêòîðíîå ïîëå íà M . Äàëåå ïîäðàçóìåâàåòñÿ, ÷òî (M,D, g)

îðèåíòèðîâàíà âî âðåìåíè. Ïóñòü X ÿâëÿåòñÿ îðèåíòàöèåé âî âðåìåíè äëÿ

(M,D, g), òîãäà íåïðîñòðàíñòâåííîïîäîáíûé âåêòîð v ∈ Dp íàçûâàþò íàïðàâ-

ëåííûì â áóäóùåå, åñëè g
(
v,X(p)

)
< 0, è íàïðàâëåííûì â ïðîøëîå, åñëè

g
(
v,X(p)

)
> 0.

Âñþäó â ýòîé ñòàòüå áóäåì èñïîëüçîâàòü ñëåäóþùèå ñîêðàùåíèÿ:

• ¾á.í.¿ � ¾íàïðàâëåííûé â áóäóùåå¿,

• ¾ï.í.¿ � ¾íàïðàâëåííûé â ïðîøëîå¿,

• ¾âï.¿ � ¾âðåìåíèïîäîáíûé¿,

• ¾ïï.¿ � ¾ïðîñòðàíñòâåííîïîäîáíûé¿,

• ¾íïï.¿ � ¾íåïðîñòðàíñòâåííîïîäîáíûé¿.

Ââåäåì ïðîñòðàíñòâî Ω ãîðèçîíòàëüíûõ íïï. êðèâûõ:

Ω = {γ : [0, T ] →M | g
(
γ′(t), γ′(t)

)
6 0, γ′(t) ∈ Dγ(t) äëÿ ïî÷òè âñåõ t ∈ [0, T ]}.

Ñóáëîðåíöåâà äëèíà ãîðèçîíòàëüíîé íïï. êðèâîé γ(t) îïðåäåëÿåòñÿ ñëåäóþ-

ùèì îáðàçîì:

l(γ) =

∫ T

0

∥γ′(t)∥dt,

ãäå ∥γ′(t)∥ =
√
|g(γ′(t), γ′(t))| âû÷èñëåíà ñ èñïîëüçîâàíèåì ëîðåíöåâîé ìåòðèêè

íà ãîðèçîíòàëüíûõ ïîäïðîñòðàíñòâàõ Dγ(t). Äëèíà èñïîëüçóåòñÿ äëÿ îïðåäåëå-

íèÿ ñóáëîðåíöåâà ðàññòîÿíèÿ dU (q1, q2) îòíîñèòåëüíî ìíîæåñòâà U ⊂M ìåæäó

äâóìÿ òî÷êàìè q1, q2,∈ U :

dU (q1, q2) =

{
sup{l(γ), γ ∈ ΩU (q1, q2)}, åñëè ΩU (q1, q2) ̸= ∅,
0, åñëè ΩU (q1, q2) = ∅,

ãäå ΩU (q1, q2) ÿâëÿåòñÿ ìíîæåñòâîì âñåõ íïï. á.í. êðèâûõ, ñîäåðæàùèõñÿ â U

è ñîåäèíÿþùèõ q1 ñ q2. Â ñëó÷àå U =M ñóáëîðåíöåâî ðàññòîÿíèå îáîçíà÷àåòñÿ

dM (q1, q2) = d(q1, q2).
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D ⊂ TM íàçûâàåòñÿ ðàñïðåäåëåíèåì ïîëíîãî ðàíãà, åñëè ëþáîé ëîêàëüíûé

áàçèñ {Xi}16i6r ïîäïðîñòðàíñòâà D âìåñòå ñî âñåâîçìîæíûìè ñêîáêàìè Ëè

[Xi, Xj ],
[
Xi, [Xj , Xk]

]
, · · · ïîðîæäàåò êàñàòåëüíîå ðàññëîåíèå TM . Ðàñïðåäåëå-

íèå ïîëíîãî ðàíãà òàêæå íàçûâàþò âïîëíå íåãîëîíîìíûì èëè ðàñïðåäåëåíèåì,

óäîâëåòâîðÿþùèì óñëîâèþ Õ¼ðìàíäåðà.

Òåîðåìà 1 (Ðàøåâñêèé-×æîó). Çàôèêñèðóåì òî÷êó q ∈ M . Åñëè ðàñ-

ïðåäåëåíèå D ⊂ TM ïîëíîãî ðàíãà, òî ìíîæåñòâî òî÷åê, êîòîðûå ìîæíî

ñîåäèíèòü ãîðèçîíòàëüíîé êðèâîé ñ òî÷êîé q, ÿâëÿåòñÿ êîìïîíåíòîé ñâÿç-

íîñòè ìíîæåñòâà M , ñîäåðæàùåé q.

Èç òåîðåìû 1 ñëåäóåò, ÷òî åñëè D ÿâëÿåòñÿ ðàñïðåäåëåíèåì ïîëíîãî ðàíãà è

M ñâÿçíî, òî ëþáûå äâå òî÷êè èç M ìîæíî ñîåäèíèòü ãîðèçîíòàëüíîé êðèâîé.

Â ëîðåíöåâîé ãåîìåòðèè çàäà÷à ìèíèìèçàöèè äëèíû òðèâèàëüíà, òàê êàê

ëþáûå äâå òî÷êè ìîæíî ñîåäèíèòü êóñî÷íîé ñâåòîïîäîáíîé òðàåêòîðèåé íó-

ëåâîé äëèíû. Îäíàêî, ñóùåñòâóþò âï. òðàåêòîðèè ñ ìàêñèìàëüíîé äëèíîé,

ÿâëÿþùèåñÿ âï. ãåîäåçè÷åñêèìè [12]. Òàêèì îáðàçîì, åñòåñòâåííî èçó÷èòü ñóá-

ëîðåíöåâû òðàåêòîðèè ìàêñèìàëüíîé äëèíû.

Íåïðîñòðàíñòâåííîïîäîáíóþ êðèâóþ íàçûâàþò ìàêñèìàëüíîé, åñëè îíà ðå-

àëèçóåò ðàññòîÿíèå ìåæäó ñâîèìè êîíå÷íûìè òî÷êàìè.

Ïóñòü ñóáëîðåíöåâà ñòðóêòóðà D, g èìååò ãëîáàëüíûé áàçèñ èç âåêòîðíûõ

ïîëåé X1, . . . , Xr íà M òàêèõ, ÷òî äëÿ âñåõ q ∈M

Dq = span
(
X1(q), . . . , Xr(q)

)
,

g(X1, X1) = −1, g(X2, X2) = · · · = g(Xr, Xr) = 1,

g(Xi, Xj) = 0, i ̸= j.

Òîãäà ñóáëîðåíöåâ ãàìèëüòîíèàí H : T ∗M → M îïðåäåëÿåòñÿ ñëåäóþùèì

îáðàçîì

H(q, λ) = −1

2

〈
λ,X1(q)

〉2
+

1

2

r∑
i=2

〈
λ,Xi(q)

〉2
, (q, λ) ∈ T ∗M. (2.1)

Îïðåäåëåíèå 1. Íîðìàëüíîé ýêñòðåìàëüíîé òðàåêòîðèåé â ñóáëîðåíöåâîì

ìíîãîîáðàçèè (M,D, g) íàçûâàåòñÿ êðèâàÿ γ(t) : [a, b] →M , äîïóñêàþùàÿ ëèôò

Γ : [a, b] → T ∗M , êîòîðûé ÿâëÿåòñÿ ðåøåíèåì ãàìèëüòîíîâîé ñèñòåìû ñ ñóáëî-

ðåíöåâûì ãàìèëüòîíèàíîì H(q, λ). Â ýòîì ñëó÷àå ãîâîðÿò, ÷òî Γ(t) ÿâëÿåòñÿ

íîðìàëüíûì ëèôòîì γ(t).

Ëþáàÿ ìàêñèìàëüíàÿ êðèâàÿ ÿâëÿåòñÿ íîðìàëüíîé ýêñòðåìàëüíîé òðàåêòî-

ðèåé èëè àíîðìàëüíîé òðàåêòîðèåé (ñì. [1; ïðåäëîæåíèå 3.2]). Áîëåå òîãî, ëþ-

áàÿ äîñòàòî÷íî êîðîòêàÿ äóãà á.í. âï. íîðìàëüíîé ýêñòðåìàëüíîé òðàåêòîðèè

ÿâëÿåòñÿ åäèíñòâåííîé ìàêñèìàëüíîé êðèâîé ìåæäó åå êîíöàìè îòíîñèòåëüíî

íåêîòîðîãî îòêðûòîãî ìíîæåñòâà (ñì. [1; ïðåäëîæåíèå 4.1]).
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Òåïåðü ââåäåì ãðóïïó Ýíãåëÿ E ñ êîîðäèíàòàìè q = (x1, x2, y, z) ∈ R4. Ãðóï-

ïîâîé çàêîí îáîçíà÷èì ÷åðåç ⊙ è îïðåäåëèì ñëåäóþùèì îáðàçîì:

(x1, x2, y, z)⊙ (x′1, x
′
2, y

′, z′) =

(
x1 + x′1, x2 + x′2, y + y′ +

x1x
′
2 − x′1x2
2

,

z + z′ + x1y
′ +

x2x
′
2(x2 + x′2) + x1x

′
2(x1 + x′1)

2

)
.

Âåêòîðíîå ïîëå X íà E íàçûâàþò ëåâîèíâàðèàíòíûì, åñëè îíî óäîâëåòâîðÿ-

åò ðàâåíñòâó dLqX(e) = X(q), ãäå Lq îáîçíà÷àåò ëåâûé ñäâèã p→ Lq(p) = q⊙p,
à e � åäèíè÷íûé ýëåìåíò ãðóïïû E. Èç äàííîãî îïðåäåëåíèÿ ñëåäóåò, ÷òî ëþ-
áîå ëåâîèíâàðèàíòíîå âåêòîðíîå ïîëå íà E ÿâëÿåòñÿ ëèíåéíîé êîìáèíàöèåé ñ

ïîñòîÿííûìè êîýôôèöèåíòàìè ñëåäóþùèõ âåêòîðíûõ ïîëåé:

X1 =
∂

∂x1
− x2

2

∂

∂y
, X2 =

∂

∂x2
+
x1
2

∂

∂y
+
x21 + x22

2

∂

∂z
,

X3 =
∂

∂y
+ x1

∂

∂z
, X4 =

∂

∂z
. (2.2)

Ðàñïðåäåëåíèå D = span{X1, X2} íà E óäîâëåòâîðÿåò óñëîâèþ ïîëíîãî ðàíãà,

òàê êàê X3 = [X1, X2], X4 = [X1, X3]. Ãðóïïà Ýíãåëÿ ÿâëÿåòñÿ íèëüïîòåíòíîé

ãðóïïîé Ëè, òàê êàê [X1, X4] = [X2, X3] = [X2, X4] = 0. Îïðåäåëèì ãëàäêóþ

ëîðåíöåâó ìåòðèêó g íà D:

g(X1, X1) = −1, g(X2, X2) = 1, g(X1, X2) = 0. (2.3)

Äàëåå ðàññìàòðèâàåòñÿ ëåâîèíâàðèàíòíàÿ ñóáëîðåíöåâà ñòðóêòóðà (D, g) íà

ãðóïïå Ýíãåëÿ E.
Íåêîòîðûå ïðîñòûå ñâîéñòâà ñóáëîðåíöåâà ïðîñòðàíñòâà (E, D, g) ëåãêî óñòà-

íàâëèâàþòñÿ. Òàê, âäîëü ëþáîé áí. íïï. ãîðèçîíòàëüíîé êðèâîé q(t) =

(x1(t), x2(t), y(t), z(t)) ïåðâàÿ êîîðäèíàòà x1(t) ñòðîãî ìîíîòîííà, ïîýòîìó íå

ñóùåñòâóåò çàìêíóòûõ áí. íïï. ãîðèçîíòàëüíûõ êðèâûõ; ýòî îçíà÷àåò, ÷òî ïðî-

ñòðàíñòâî (E, D, g) õðîíîëîãè÷åñêîå [13]. Òåì áîëåå íå ñóùåñòâóåò çàìêíóòûõ

áí. âï. ãîðèçîíòàëüíûõ êðèâûõ, ò.å. ïðîñòðàíñòâî (E, D, g) êàóçàëüíîå [13].

� 3. Ñóáëîðåíöåâû ýêñòðåìàëüíûå òðàåêòîðèè

Â äàííîì ðàçäåëå íà÷àòî èññëåäîâàíèå ñóáëîðåíöåâûõ íîðìàëüíûõ ýêñòðå-

ìàëüíûõ òðàåêòîðèé. Â ñèëó èíâàðèàíòíîñòè îòíîñèòåëüíî ëåâûõ ñäâèãîâ íà

ãðóïïå Ýíãåëÿ ìîæíî ïðåäïîëàãàòü, ÷òî íà÷àëüíàÿ òî÷êà íàõîäèòñÿ â íà÷àëå

êîîðäèíàò, ò.å. x1(0) = x2(0) = y(0) = z(0) = 0.

Âûïèøåì ãàìèëüòîíîâó ñèñòåìó ñ ñóáëîðåíöåâûì ãàìèëüòîíèàíîì H. Äëÿ

ýòîãî ââåäåì êàíîíè÷åñêèå êîîðäèíàòû (ξ1, . . . , ξ4) íà ñëîÿõ êîêàñàòåëüíîãî ðàñ-

ñëîåíèÿ T ∗
q E, à òàêæå ëèíåéíûå íà ñëîÿõ T ∗

q E ãàìèëüòîíèàíû

hi = ⟨ξ,Xi⟩, i = 1, . . . , 4,

ñîîòâåòñòâóþùèå áàçèñíûì â êàñàòåëüíîì ïðîñòðàíñòâå TqE âåêòîðíûì ïîëÿì

X1, X2, X3, X4:

h1 = ξ1 −
x2
2
ξ3, h2 = ξ2 +

x1
2
ξ3 +

x21 + x22
2

ξ4, h3 = ξ3 + x1ξ4, h4 = ξ4.
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Â àíîðìàëüíîì ñëó÷àå èìåì h1 = h2 = h3 = 0, h4 ̸= 0. Àíîðìàëüíûå

òðàåêòîðèè ÿâëÿþòñÿ ïðîñòðàíñòâåííîïîäîáíûìè è èìåþò âèä

(x1, x2, y, z) =

(
0,±t, 0,± t

3

6

)
. (3.1)

Â ïîäðàçäåëå 5.1 áóäåò ïîêàçàíî, ÷òî àíîðìàëüíûå òðàåêòîðèè òàêæå ÿâëÿþòñÿ

íîðìàëüíûìè.

Íîðìàëüíàÿ ãàìèëüòîíîâà ñèñòåìà â êîîðäèíàòàõ (x1, x2, y, z, h1, h2, h3, h4) ñ

ñóáëîðåíöåâûì ãàìèëüòîíèàíîì H çàïèñûâàåòñÿ ñëåäóþùèì îáðàçîì:

ẋ1 =
∂H

∂ξ1
= −(ξ1 −

x2
2
ξ3) = −h1, (3.2)

ẋ2 =
∂H

∂ξ2
= ξ2 +

x1
2
ξ3 +

x21 + x22
2

ξ4 = h2, (3.3)

ẏ =
∂H

∂ξ3
= h1

x2
2

+ h2
x1
2

=
1

2
(x1h2 + x2h1), (3.4)

ż =
∂H

∂ξ4
=
x21 + x22

2
h2, (3.5)

ḣ1 = ξ̇1 −
ẋ2
2
ξ3 = −h2h3, (3.6)

ḣ2 = ξ̇2 +
ẋ2
2
ξ3 + ξ4(x1ẋ1 + x2ẋ2) = −h1h3, (3.7)

ḣ3 = ẋ1ξ4 = −h1h4, (3.8)

ḣ4 = 0. (3.9)

Çàìåòèì, ÷òî ñóáëîðåíöåâû ýêñòðåìàëüíûå òðàåêòîðèè ÿâëÿþòñÿ âðåìåíè-

ïîäîáíûìè, åñëè H < 0; ïðîñòðàíñòâåííîïîäîáíûìè, åñëè H > 0; ñâåòîïîäîá-

íûìè, åñëè H = 0.

Äëÿ ñëó÷àÿ ñâåòîïîäîáíûõ ýêñòðåìàëüíûõ òðàåêòîðèé èìååì H = (−h21 +

h22)/2 = 0, òàêèì îáðàçîì h2 = ±h1. Òîãäà òðàåêòîðèè óäîâëåòâîðÿþò ÎÄÓ:

q̇ = h1(−X1 ±X2).

Âäîëü ñâåòîïîäîáíûõ ýêñòðåìàëüíûõ òðàåêòîðèé ãàìèëüòîíèàí h1 ñîõðàíÿåò

çíàê, ïîýòîìó ýòè òðàåêòîðèè ÿâëÿþòñÿ ïåðåïàðàìåòðèçàöèÿìè òðàåêòîðèé ïî-

ëåé −X1 ±X2:

x1(t) = −t, x2(t) = ±t, y(t) = 0, z(t) = ± t
3

3
, (3.10)

è X1 ∓X2:

x1(t) = t, x2(t) = ∓t, y(t) = 0, z(t) = ∓ t
3

3
. (3.11)

Â ñëåäóþùèõ äâóõ ðàçäåëàõ èññëåäóþòñÿ âï. è ïï. ýêñòðåìàëüíûå òðàåê-

òîðèè. Çàìåòèì, ÷òî îáû÷íî â ëîðåíöåâîé è ñóáëîðåíöåâîé ãåîìåòðèè ìàêñè-

ìàëüíûå êðèâûå îòûñêèâàþòñÿ ñðåäè íïï. (ò.å. âðåìåíèïîäîáíûõ è ñâåòîïî-

äîáíûõ) êðèâûõ, à ïï. êðèâûå íå ðàññìàòðèâàþòñÿ. Îäíàêî åñëè ñóáëîðåíöåâà
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ñòðóêòóðà (D, g) èìååò ðàíã äâà (ò.å. dimDq = 2), òî (D,−g) òàêæå ÿâëÿåò-
ñÿ ñóáëîðåíöåâîé ñòðóêòóðîé, è ïï. êðèâûå äëÿ ñòðóêòóðû (D, g) ÿâëÿþòñÿ

âï. êðèâûìè äëÿ ñòðóêòóðû (D,−g). Ïîýòîìó èññëåäîâàíèå ïï. êðèâûõ äëÿ

ñóáëîðåíöåâûõ ñòðóêòóð ðàíãà äâà åñòåñòâåííî è íåîáõîäèìî.

� 4. Âðåìåíèïîäîáíûå ýêñòðåìàëüíûå òðàåêòîðèè

Â ñëó÷àå âï. òðàåêòîðèé H = 1
2

(
− h21 + h22

)
< 0, îãðàíè÷èìñÿ ïîâåðõíî-

ñòüþ óðîâíÿ {H = −1/2} è ââåäåì íà ýòîé ïîâåðõíîñòè êîîðäèíàòû (θ, c, α)

ñëåäóþùèì îáðàçîì:

h1 = ± ch θ, h2 = sh θ, h3 = c, h4 = α.

Çàìåòèì, ÷òî ìû èìååì ñèììåòðèþ ãàìèëüòîíîâîé ñèñòåìû (3.2)�(3.9):

ε0 : (h1, h2, h3, h4, x1, x2, y, z) 7→ (−h1, h2,−h3, h4,−x1, x2,−y, z). (4.1)

Ïîýòîìó äàëåå áåç îãðàíè÷åíèÿ îáùíîñòè ðàññìîòðèì ñëó÷àé h1 = ch θ > 0.

Â êîîðäèíàòàõ (θ, c, α, x1, x2, y, z) íà ïîâåðõíîñòè óðîâíÿ {H = −1/2} ãà-

ìèëüòîíîâà ñèñòåìà (3.2)�(3.9) ïðèíèìàåò ôîðìó:

ẋ1 = − ch θ, (4.2)

ẋ2 = sh θ, (4.3)

ẏ =
x2 ch θ + x1 sh θ

2
, (4.4)

ż =
x21 + x22

2
sh θ, (4.5)

θ̇ = −c, (4.6)

ċ = −α ch θ, (4.7)

α̇ = 0. (4.8)

Çàìåòèì, ÷òî ïîäñèñòåìà äëÿ ñîïðÿæåííûõ ïåðåìåííûõ ñâîäèòñÿ ê óðàâíå-

íèÿì

θ̈ = α ch θ, α̇ = 0, (4.9)

ôàçîâûé ïîðòðåò êîòîðûõ ïðè α = 1 è α = −1 èçîáðàæåí íà Ðèñ. 1.

Ââåäåì èíòåãðàë ýíåðãèè:

E =
h23
2

− h2h4 =
c2

2
− α sh θ, Ė = h3ḣ3 − h4ḣ2 = 0.

Ñåìåéñòâî âï. íîðìàëüíûõ ýêñòðåìàëüíûõ òðàåêòîðèé ïàðàìåòðèçóåòñÿ òî÷-

êàìè ìíîæåñòâà

C = T ∗
q0E ∩ {H = −1/2, h1 > 0} =

{
(h1, h2, h3, h4) ∈ R4 | h21 − h22 = 1, h1 > 0

}
=
{
(θ, c, α) ∈ R3

}
.
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Ðèñ. 1. Ôàçîâûé ïîðòðåò âåðòèêàëüíîé ïîäñèñòåìû (4.9) äëÿ ìíî-
æåñòâ C− è C+ (âðåìåíèïîäîáíûé ñëó÷àé)

Ìíîæåñòâî C èìååò ñëåäóþùåå ðàçáèåíèå íà ïîäìíîæåñòâà:

C = C0
0 ∪ C0 ∪ C+ ∪ C−, λ = (θ, c, α),

C0
0 = {λ ∈ C | c = 0, α = 0},

C0 = {λ ∈ C | c ̸= 0, α = 0},
C+ = {λ ∈ C | α > 0},
C− = {λ ∈ C | α < 0}.

Ðàññìîòðèì îáùèé ñëó÷àé α ̸= 0. Òðàåêòîðèè ïîäñèñòåìû (4.6)�(4.8) äëÿ

C+ è C− ñèììåòðè÷íû (ñì. Ðèñ. 1). Ýòà ñèììåòðèÿ (ñì. ðàçäåë 4.2) èìååò

ñëåäóþùèé âèä:

ε1 : (α, c, θ, x1, x2, y, z) 7→ (−α,−c,−θ, x1,−x2,−y,−z). (4.10)

Òàêèì îáðàçîì, ââèäó ñèììåòðèè ε1 äîñòàòî÷íî ïðîèíòåãðèðîâàòü ãàìèëü-

òîíîâó ñèñòåìó â ñëó÷àå C+. Íà ìíîæåñòâå C+ ââåäåì íîâûå êîîðäèíàòû

(ϕ,E, α), âûïðÿìëÿþùèå âåðòèêàëüíóþ ïîäñèñòåìó (4.6)�(4.8):

æ =

√√
E2 + α2

2
, k2 =

1

2
+

E

4æ2
∈ (0, 1),

c = −2æ sc(æϕ) dn(æϕ), ϕ ∈
(
− K

æ
,
K

æ

)
,

sh θ =
2æ2

(
1− k2

(
1 + cn4(æϕ)

))
α cn2(æϕ)

, ch θ =
2æ2

(
1− k2

(
1− cn4(æϕ)

))
α cn2(æϕ)

,

ãäå snψ, cnψ,dnψ � ýëëèïòè÷åñêèå ôóíêöèè ßêîáè ñ ýëëèïòè÷åñêèì ìîäóëåì

k; scψ =
snψ

cnψ
; K(k) =

∫ π
2

0

dt√
1− k2 sin2 t

� ïîëíûé ýëëèïòè÷åñêèé èíòåãðàë

ïåðâîãî ðîäà.
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Íåïîñðåäñòâåííîå äèôôåðåíöèðîâàíèå ïîêàçûâàåò, ÷òî â ýòèõ êîîðäèíàòàõ

ïîäñèñòåìà äëÿ ñîïðÿæåííûõ ïåðåìåííûõ (4.6)�(4.8) ïðèíèìàåò ñëåäóþùóþ

ôîðìó:

ϕ̇ = 1, Ė = 0, α̇ = 0,

ïîýòîìó åå ðåøåíèÿ èìåþò âèä

ϕ(t) = ϕt = ϕ0 + t, E = const, α = const.

4.1. Ýêñïîíåíöèàëüíîå îòîáðàæåíèå äëÿ âï. íîðìàëüíûõ ýêñòðå-

ìàëåé. Îáîçíà÷èì ïàðàìåòðû ôóíêöèé ßêîáè

ψ0 = æϕ0, ψt = æϕt ∈ (−K,K)

äëÿ îïèñàíèÿ ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ â îáùåì ñëó÷àå α ̸= 0:

x1(t) =
2æ

|α|
(scψ0 dnψ0 − scψt dnψt), (4.11)

x2(t) =
4æ
(
æ(1− k2)t−

(
E(ψt)− E(ψ0)

))
− |α|x1(t)

α
, (4.12)

y(t) = − 2æ2

α|α|

(
k2(cn2 ψt − cn2 ψ0) + (1− k2)(nc2 ψt − nc2 ψ0)

)
+

æ

|α|

(
dnψ0 scψ0 + dnψt scψt

)
x2(t), (4.13)

z(t) =

(
x2(t)

)3
6

+
4æ3

3α3

(
2æ(k2 − 1)t+ (1− k2)

(dnψt snψt
cn3 ψt

− dnψ0 snψ0

cn3 ψ0

)
+ k2(cnψt dnψt snψt − cnψ0 dnψ0 snψ0)−

− 2
(
E(ψt)− E(ψ0)

)
(2k2 − 1)

)
− 2æ2(2k2 − 1)x1(t)

3α|α|

−
2ædnψ0 snψ0

(
ædnψ0 scψ0

|α| x2(t)− 1
2x1(t)x2(t)− y(t)

)
cnψ0|α|

, (4.14)

ãäå E(ψ) =

∫ ψ

0

dn2 t dt.

Ïðîåêöèè ýêñòðåìàëåé íà ïëîñêîñòü (x1, x2) ïðè |α| = 1 è ψ0 = 0 ïðèâåäåíû

ñëåâà íà Ðèñ. 2. Çàìåòèì, ÷òî, òàê êàê ψt ∈ (−K,K), òî èìååòñÿ âåðõíÿÿ îöåíêà

íà ïàðàìåòð âðåìåíè

t < tsupr(λ) =
K(k)− ψ0

æ
. (4.15)

Êîãäà t → tsupr(λ), ðåøåíèÿ (4.11)�(4.14) âçðûâàþòñÿ, ò.å. ñòðåìÿòñÿ ê áåñêî-

íå÷íîñòè.
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-2.0 -1.5 -1.0 -0.5 x1

-1.5

-1.0

-0.5

0.5

1.0

1.5

x2

-2.0 -1.5 -1.0 -0.5 x1

-1.5

-1.0

-0.5

0.5

1.0

1.5

x2

-2.0 -1.5 -1.0 -0.5 x1

-1.5

-1.0

-0.5

0.5

1.0

1.5

x2

Ðèñ. 2. Ïðîåêöèè ýêñòðåìàëüíûõ òðàåêòîðèé íà ïëîñêîñòü (x1, x2) äëÿ
C±, C0 è C0

0 (âðåìåíèïîäîáíûé ñëó÷àé)

Äëÿ ïîäìíîæåñòâà C0 èìååì

α = 0, E =
c2

2
=⇒ c ≡ const, θ = θ0 − c t,

x1(t) =
sh(θ0 − c t)− sh θ0

c
, (4.16)

x2(t) =
ch θ0 − ch(θ0 − c t)

c
, (4.17)

y(t) =
sh(c t)− c t

2c2
, (4.18)

z(t) =
4 sh3

(
c t
2

)
sh
(
3θ0 − 3c t

2

)
− 3
(
sh(c t)− c t

)
sh θ0

6c3
. (4.19)

Ïðîåêöèè ýêñòðåìàëåé íà ïëîñêîñòü (x1, x2) ïðè |c| = 1 (ãèïåðáîëû) ïðèâåäåíû

â ñåðåäèíå Ðèñ. 2.

Åñëè λ ∈ C0
0 ,

α = c = E = 0, θ ≡ const, sh θ = s0, ch θ = c0,

x1(t) = −c0 t, (4.20)

x2(t) = s0 t, (4.21)

y(t) ≡ 0, (4.22)

z(t) =
(2s20 + 1)s0

6
t3. (4.23)

Ïðîåêöèè ýêñòðåìàëåé íà ïëîñêîñòü (x1, x2) ÿâëÿþòñÿ ïðÿìûìè ëèíèÿìè (ñì.

ñïðàâà íà Ðèñ. 2). Ïðè λ ∈ C0 ∪ C0
0 âåðõíåé îöåíêè íà ïàðàìåòð âðåìåíè íåò:

tsupr(λ) = +∞.

Òàêèì îáðàçîì ïîëó÷åíà ïàðàìåòðèçàöèÿ ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ

Exp : N → E = R4, Exp(λ, t) = q(t),

N = {(λ, t) ∈ C × R+ | t ∈
(
0, tsupr(λ)

)
},
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â ñëó÷àå âðåìåíèïîäîáíûõ òðàåêòîðèé. Îíî ïåðåâîäèò ïàðó (λ, t) â òî÷êó ñî-

îòâåòñòâóþùåé ýêñòðåìàëüíîé òðàåêòîðèè q(t).

Äàëåå èññëåäóåì äèñêðåòíûå ñèììåòðèè ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ è

íàéäåì îöåíêó âðåìåíè ðàçðåçà íà ýêñòðåìàëÿõ.

4.2. Äèñêðåòíûå ñèììåòðèè ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ(âï.).

Ïîäñèñòåìà (4.6)�(4.8) äëÿ ñîïðÿæåííûõ ïåðåìåííûõ íîðìàëüíîé ãàìèëüòîíî-

âîé ñèñòåìû èìååò ñèììåòðèè, ñîõðàíÿþùèå ïîëå íàïðàâëåíèé ýòîé ñèñòåìû.

Ìû óæå îïèñàëè îäíó èç íèõ (4.10).

Îïðåäåëèì äåéñòâèå ñèììåòðèé εi íà ìíîæåñòâå òðàåêòîðèé âåðòèêàëüíîé

ïîäñèñòåìû ñ ñîõðàíåíèåì íàïðàâëåíèÿ âðåìåíè. Îáîçíà÷èì ãëàäêóþ êðèâóþ

γ =
{(
θ(t), c(t), α

)
| t ∈ [0, T ]

}
⊂ C.

Çàäàäèì äåéñòâèå ñèììåòðèé íà ýòè êðèâûå (ñì. Ðèñ. 3):

ε1 : γ 7→ γ1 =
{(
θ1(t), c1(t), α1

)
| t ∈ [0, T ]

}
=
{(

− θ(t),−c(t),−α
)}
,

ε2 : γ 7→ γ2 =
{(
θ2(t), c2(t), α2

)
| t ∈ [0, T ]

}
=
{(
θ(T − t),−c(T − t), α

)}
,

ε3 : γ 7→ γ3 =
{(
θ3(t), c3(t), α3

)
| t ∈ [0, T ]

}
=
{(

− θ(T − t), c(T − t),−α
)}
.

Î÷åâèäíî, ÷òî åñëè γ ÿâëÿåòñÿ ðåøåíèåì âåðòèêàëüíîé ïîäñèñòåìû (4.6)�(4.8),

γi, i = 1, 2, 3, òàêæå ÿâëÿåòñÿ ðåøåíèåì.

Òåïåðü ðàññìîòðèì ãðóïïó ñèììåòðèé

G = {Id, ε1, ε2, ε3 = ε1 ◦ ε2} ∼= Z2 × Z2.

Ñèììåòðèÿ ε1 ñîõðàíÿåò íàïðàâëåíèå âðåìåíè íà òðàåêòîðèÿõ, à ε2 è ε3 îáðà-

ùàþò åãî.

γ1

γ3

-10 -5 5 10θ

-10

-5

5

10
c

γ

γ2

-10 -5 5 10θ

-10

-5

5

10
c

Ðèñ. 3. Äåéñòâèå ñèììåòðèé íà òðàåêòîðèè âåðòèêàëüíîé ïîäñèñòåìû
ïðè α = −1, 1 (ñëó÷àé âðåìåíèïîäîáíûõ òðàåêòîðèé)
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Ïðîäîëæèì äåéñòâèå ñèììåòðèé ñ âåðòèêàëüíîé ïîäñèñòåìû íà ðåøåíèÿ ãà-

ìèëüòîíîâîé ñèñòåìû (4.2)�(4.8)

θ̇(t) = −c(t), ċ(t) = −α ch θ(t), α̇ = 0, (4.24)

q̇(t) = − ch θ(t)X1

(
q(t)

)
+ sh θ(t)X2

(
q(t)

)
, (4.25)

ñëåäóþùèì îáðàçîì:

εi :
{(
θ(t), c(t), α, q(t)

)
| t ∈ [0, T ]

}
7→
{(
θi(t), ci(t), αi, qi(t)

)
| t ∈ [0, T ]

}
, (4.26)

ãäå q(t) =
(
x1(t), x2(t), y(t), z(t)

)
, t ∈ [0, T ], åñòü ýêñòðåìàëüíàÿ òðàåêòîðèÿ, à

qi(t) =
(
xi1(t), x

i
2(t), y

i(t), zi(t)
)
, t ∈ [0, T ], i = 1, 2, 3,

ñóòü å¼ îáðàçû ïîä äåéñòâèåì ñèììåòðèé εi.

Ëåììà 4.1. Ñèììåòðèè εi ïðåîáðàçóþò òðàåêòîðèè íà ïëîñêîñòè (x1, x2)

ñëåäóþùèì îáðàçîì:

x11(t) = x1(t), x12(t) = −x2(t),
x21(t) = x1(T )− x1(T − t), x22(t) = x2(T )− x2(T − t),

x31(t) = x1(T )− x1(T − t), x32(t) = x2(T − t)− x2(T ).

Äîêàçàòåëüñòâî. Ïðîâåðÿåòñÿ íåïîñðåäñòâåííî èíòåãðèðîâàíèåì.

Íàïðèìåð, äëÿ ε2 ïîëó÷àåì

x21(t) =

∫ t

0

(
− ch θ(T − s)

)
ds =

∫ T

T−t

(
− ch θ(r)

)
dr = x1(T )− x1(T − t),

x22(t) =

∫ t

0

sh θ(T − s)ds =

∫ T

T−t
sh θ(r)dr = x2(T )− x2(T − t).

Ëåììà 4.2. Ñèììåòðèè εi ïðåîáðàçóþò êîíöû ýêñòðåìàëüíîé òðàåêòî-

ðèè q = (x1, x2, y, z) â êîíöû ýêñòðåìàëüíîé òðàåêòîðèè qi = (xi1, x
i
2, y

i, zi
)

ñëåäóþùèì îáðàçîì:

x11(T ) = x1(T ), x12(T ) = −x2(T ), y1(T ) = −y(T ), z1(T ) = −z(T ),
x21(T ) = x1(T ), x22(T ) = x2(T ), y2(T ) = −y(T ), z2(T ) = z(T )− x1(T )y(T ),

x31(T ) = x1(T ), x32(T ) = −x2(T ), y3(T ) = y(T ), z3(T ) = x1(T )y(T )− z(T ).

Äîêàçàòåëüñòâî. Èç ëåììû 4.1 ïîëó÷àåì âûðàæåíèÿ äëÿ xi1(T ) è x
i
2(T ).

Âûðàæåíèÿ äëÿ îñòàëüíûõ êîîðäèíàò ïîëó÷àþòñÿ èíòåãðèðîâàíèåì.

Îïðåäåëèì äåéñòâèå εi â ïðîîáðàçå ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ N êàê

ñóæåíèå äåéñòâèÿ íà íà÷àëüíóþ òî÷êó òðàåêòîðèè âåðòèêàëüíîé ïîäñèñòåìû:

εi : C → C, εi(θ, c, α) = (θi, ci, αi), (4.27)

(θ1, c1, α1) = (−θ,−c,−α), (4.28)

(θ2, c2, α2) = (θ,−c, α), (4.29)

(θ3, c3, α3) = (−θ, c,−α), (4.30)
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ñëåäóþùèì îáðàçîì:

ε1(λ, t) =
(
ε1(λ), t

)
,

εi(λ, t) =
(
εi ◦ etH⃗v (λ), t

)
, i = 2, 3,

ãäå H⃗v = −c ∂∂θ − α ch θ ∂∂c ∈ Vec(C) åñòü âåðòèêàëüíàÿ ÷àñòü ãàìèëüòîíîâà

âåêòîðíîãî ïîëÿ.

Îïðåäåëèì äåéñòâèå εi â îáðàçå ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ E êàê ñóæå-

íèå äåéñòâèÿ íà êîíöû ýêñòðåìàëåé (ñì. ëåììó 4.2):

εi :M → E, εi(q) = εi(x1, x2, y, z) = qi = (xi1, x
i
2, y

i, zi), (4.31)

(x11, x
1
2, y

1, z1) = (x1, −x2, −y, −z), (4.32)

(x21, x
2
2, y

2, z2) = (x1, x2, −y, z − x1y), (4.33)

(x31, x
3
2, y

3, z3) = (x1, −x2, y, x1y − z). (4.34)

Òàê êàê äåéñòâèå εi â ïðîîáðàçå N è îáðàçå E ýêñïîíåíöèàëüíîãî îòîáðà-

æåíèÿ ïîðîæäàåòñÿ äåéñòâèåì ñèììåòðèé (4.26) íà òðàåêòîðèè ãàìèëüòîíîâîé

ñèñòåìû (4.24)�(4.25), ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Ïðåäëîæåíèå 1. Ñèììåòðèè εi, i = 1, 2, 3, ÿâëÿþòñÿ ñèììåòðèÿìè ýêñ-

ïîíåíöèàëüíîãî îòîáðàæåíèÿ, ò.å.

(εi ◦ Exp)(θ, c, α, t) = (Exp ◦ εi)(θ, c, α, t), (θ, c, α, t) ∈ N.

4.3. Òî÷êè Ìàêñâåëëà âðåìåíèïîäîáíûõ íîðìàëüíûõ ýêñòðåìàëåé.

Òî÷êà q(t) íà ýêñòðåìàëüíîé òðàåêòîðèè íàçûâàåòñÿ òî÷êîé Ìàêñâåëëà, åñ-

ëè ñóùåñòâóåò äðóãàÿ ýêñòðåìàëüíàÿ òðàåêòîðèÿ q̃(s) ̸≡ q(s), äëÿ êîòîðîé

q̃(t) = q(t), t > 0. Èçâåñòíî, ÷òî ïîñëå òî÷êè Ìàêñâåëëà òðàåêòîðèÿ íå ìî-

æåò áûòü îïòèìàëüíà. Â ýòîì ðàçäåëå áóäóò âû÷èñëåíû òî÷êè Ìàêñâåëëà,

ñîîòâåòñòâóþùèå íåêîòîðûì ñèììåòðèÿì εi. Íà ýòîé îñíîâå áóäóò ïîëó÷åíû

âåðõíèå îöåíêè âðåìåíè ðàçðåçà âäîëü ýêñòðåìàëüíûõ òðàåêòîðèé

tcut(λ) = sup{t > 0 | Exp(λ, s) ìàêñèìàëüíà ïðè s ∈ [0, t]}.

Îïðåäåëèì ìíîæåñòâà Ìàêñâåëëà â ïðîîáðàçå Exp, ñîîòâåòñòâóþùèå ñèì-

ìåòðèÿì εi:

MAXi =
{
(λ, t) ∈ N | λi ̸= λ, Exp(λi, t) = Exp(λ, t)

}
, (4.35)

λ = (θ, c, α), (λi, t) = εi(λ, t).

Èç ïðåäëîæåíèÿ 1 ñëåäóåò, ÷òî ðàâåíñòâî Exp(λi, t) = Exp(λ, t) ýêâèâàëåíòíî

εi
(
q(t)

)
= q(t). Òàêèì îáðàçîì, ïîëó÷àåì îïèñàíèå íåïîäâèæíûõ òî÷åê ñèì-

ìåòðèé εi â îáðàçå ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ.

Ëåììà 4.3.

1. ε1(q) = q ⇐⇒ x2 = 0, y = 0, z = 0.

2. ε2(q) = q ⇐⇒ y = 0.

3. ε3(q) = q ⇐⇒ x2 = 0, z =
x1y

2
.
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Äîêàçàòåëüñòâî. Ñëåäóåò èç îïðåäåëåíèé (4.31)�(4.34) äåéñòâèÿ ñèììåò-

ðèé â E.

Âû÷èñëèì íåïîäâèæíûå òî÷êè ñèììåòðèé â ïðîîáðàçå ýêñïîíåíöèàëüíîãî

îòîáðàæåíèÿ, íåîáõîäèìûå äëÿ îïèñàíèÿ ìíîæåñòâ Ìàêñâåëëà. Äëÿ ýòîãî íà

ìíîæåñòâàõ

N± =
{
(λ, t) ∈ C± × R+ | t ∈

(
0, tsupr(λ)

)}
ââåäåì ñëåäóþùèå êîîðäèíàòû:

τ =
ψt + ψ0

2
, p =

ψt − ψ0

2
=

æt

2
. (4.36)

Ïàðàìåòð τ ñîîòâåòñòâóåò ñðåäíåé òî÷êå òðàåêòîðèè.

Ëåììà 4.4.

1. λ1 = λ ⇐⇒ λ ∈ C0
0 , θ = 0.

2. λ2 = λ ⇐⇒ λ ∈ C±, τ = 0 èëè λ ∈ C0
0 .

3. λ3 = λ ⇐⇒ λ ∈ C0 ∪ C0
0 , θ +

ct

2
= 0

Äîêàçàòåëüñòâî. Ñëåäóåò èç îïðåäåëåíèÿ äåéñòâèÿ ñèììåòðèé â ïðîîáðà-

çå ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ (4.27)�(4.30).

Òåîðåìà 2. Ïóñòü (λ, T ) ∈ N è q(T ) = Exp(λ, T ). Òîãäà

1. (λ, T ) ∈ MAX1 ⇐⇒ x2(T ) = y(T ) = z(T ) = 0 è åñëè λ ∈ C0
0 , òî θ ̸= 0.

2. (λ, T ) ∈ MAX2 ⇐⇒ λ ∈ C±, y(T ) = 0, τ ̸= 0 èëè λ ∈ C0, y(T ) = 0.

3. (λ, T ) ∈ MAX3 ⇐⇒ x2 = 0, z =
x1y

2
è åñëè λ ∈ C0 ∪ C0

0 , òî θ ̸= −ct
2
.

Äîêàçàòåëüñòâî. Ñëåäóåò èç îïðåäåëåíèÿ ìíîæåñòâà Ìàêñâåëëà (4.35),

ëåìì 4.3 è 4.4.

Óðàâíåíèÿ εi(q) = q îïðåäåëÿþò ïîäìíîãîîáðàçèÿ â R4 ðàçìåðíîñòè îò 1

äî 3, ýêñïîíåíöèàëüíîå îòîáðàæåíèå ïåðåâîäèò ñîîòâåòñòâóþùèå ìíîæåñòâà

Ìàêñâåëëà â ýòè ïîäìíîãîîáðàçèÿ:

Exp(MAXi) ⊂ {q ∈M | εi(q) = q}, i = 1, 2, 3.

Äàëåå äåòàëüíî îïèøåì ìíîæåñòâî MAX2, òàê êàê îíî îïðåäåëÿåò â M ïîä-

ìíîãîîáðàçèå ìàêñèìàëüíîé ðàçìåðíîñòè 3, òîãäà êàê MAX1 è MAX3 îïðåäå-

ëÿþò ïîäìíîãîîáðàçèÿ ðàçìåðíîñòè 1 è 2. Èñïîëüçóÿ íîâûå êîîðäèíàòû (4.36)

â ñëó÷àå α ̸= 0 ïîëó÷àåì

y = − sn τ cn τ dn τfy(p)

α|α|æ2k2(cn2 τ − dn2 τ sn2 p)(1− k2 sn2 p sn2 τ)
,

fy(p) = −16æ4k4 cn3 p dn p sn p+ (16æ4k2 E(p)− α2p)(dn2 p− k2 cn2 p sn2 p).

Ýòî äàåò íàì îïèñàíèå ìíîæåñòâà Ìàêñâåëëà:

MAX2 ∩N± = {ν ∈ N± | y(ν) = 0, τ ̸= 0, τ ∈ (−K,K), p ∈ (0,K)}
= {ν ∈ N± | fy(p) = 0, p ∈ (0,K)}, (4.37)

ãäå ν = (τ, p, E, α).

Ñëåäóþùàÿ î÷åâèäíàÿ ëåììà áóäåò ïîëåçíà äëÿ ëîêàëèçàöèè êîðíåé ôóíê-

öèé.
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Ëåììà 4.5. Ïóñòü ãëàäêèå ôóíêöèè f(u), g(u) íà èíòåðâàëå (0, u0) ⊂ R
óäîâëåòâîðÿþò óñëîâèÿì

f(u) ̸≡ 0, g(u) > 0,

(
f(u)

g(u)

)′

> 0, (4.38)

lim
u→0

f(u)

g(u)
= 0. (4.39)

Òîãäà f(u) > 0 äëÿ u ∈ (0, u0).

Åñëè ôóíêöèè f è g óäîâëåòâîðÿþò óñëîâèÿì (4.38), (4.39), òî áóäåì íàçû-

âàòü g ôóíêöèåé ñðàâíåíèÿ äëÿ f íà èíòåðâàëå (0, u0).

Ëåììà 4.6. Ôóíêöèÿ fy(p) > 0 ïðè p ∈
(
0,K(k)

)
, k ∈ (0, 1).

Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî g(p) = k2
(
1−k2(1−cn4 p)

)
ÿâëÿåòñÿ ôóíê-

öèåé ñðàâíåíèÿ äëÿ fy(p) ïðè p ∈ (0,K).

Íåðàâåíñòâî fy(p) ̸≡ 0 ñëåäóåò èç ðàçëîæåíèÿ fy(p) =
4
3α

2k2p3 + o(p3). Çà-

ìåòèì, ÷òî g(p) > 0 ïðè p ∈ (0,K). Íàêîíåö ïîëó÷àåì ðàâåíñòâà(
fy(p)

g(p)

)′

=
4α2 sn2 p cn2 p dn p

1− k2(1− cn4 p)
> 0,

fy(p)

g(p)
=

4

3
α2p3 + o(p3).

Ïîýòîìó g(p) ÿâëÿåòñÿ ôóíêöèåé ñðàâíåíèÿ äëÿ fy(p); òàêèì îáðàçîì, èç ëåì-

ìû 4.5 ñëåäóåò, ÷òî fy(p) > 0 ïðè p ∈ (0,K).

Òåîðåìà 3. MAX2 ∩N± = ∅.

Äîêàçàòåëüñòâî. Ñëåäóåò íåïîñðåäñòâåííî èç îïèñàíèÿ ìíîæåñòâà Ìàêñ-

âåëëà (4.37) è ëåììû 4.6.

Äîêàçàíî, ÷òî ýêñòðåìàëüíàÿ òðàåêòîðèÿ îáùåãî ïîëîæåíèÿ ñ λ ∈ C± íå

èìååò âðåìåí Ìàêñâåëëà tMAX(λ) ∈
(
0, tsupr(λ)

)
, ñîîòâåòñòâóþùèõ ñèììåòðèè

ε2. Îòêóäà ïðåäïîëàãàåì, ÷òî ýêñòðåìàëüíàÿ òðàåêòîðèÿ q(t) = Exp(λ, t) äëÿ

λ ∈ C± ìàêñèìàëüíà ïðè t ∈
(
0, tsupr(λ)

)
.

� 5. Ïðîñòðàíñòâåííîïîäîáíûå ýêñòðåìàëüíûå òðàåêòîðèè

Â ñëó÷àå ïï. òðàåêòîðèé H = 1
2

(
− h21 + h22

)
> 0, îãðàíè÷èìñÿ ïîâåðõíîñòüþ

óðîâíÿ H = 1/2 è ââåäåì íà ýòîé ïîâåðõíîñòè íîâûå êîîðäèíàòû:

h1 = sh θ, h2 = ± ch θ, h3 = c, h4 = α.

Çàìåòèì, ÷òî èìååòñÿ ñëåäóþùàÿ ñèììåòðèÿ ãàìèëüòîíîâîé ñèñòåìû:

ε0 : (h1, h2, h3, h4, x1, x2, y, z) 7→ (h1,−h2,−h3,−h4, x1,−x2,−y,−z).

Ïîýòîìó äàëåå áåç îãðàíè÷åíèÿ îáùíîñòè áóäåì ïîëàãàòü, ÷òî h2 = ch θ > 0.

Â êîîðäèíàòàõ (θ, c, α, x1, x2, y, z) íà ïîâåðõíîñòè óðîâíÿ {H = 1/2} ãàìèëü-
òîíîâà ñèñòåìà (4.2)�(4.8) èìååò ñëåäóþùèé âèä äëÿ ïðîñòðàíñòâåííîïîäîáíûõ
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òðàåêòîðèé:

ẋ1 = − sh θ, (5.1)

ẋ2 = ch θ, (5.2)

ẏ =
x2 sh θ + x1 ch θ

2
, (5.3)

ż =
x21 + x22

2
ch θ, (5.4)

θ̇ = −c, (5.5)

ċ = −α sh θ, (5.6)

α̇ = 0. (5.7)

-4 -2 0 2 4

-4

-2

0

2

4

θ

c

-4 -2 0 2 4

-4

-2

0

2

4

θ

c

Ðèñ. 4. Ôàçîâûé ïîðòðåò âåðòèêàëüíîé ïîäñèñòåìû ïðè α = −1, 1

(ñëó÷àé ïðîñòðàíñòâåííîïîäîáíûõ òðàåêòîðèé)

Âåðòèêàëüíàÿ ïîäñèñòåìà (5.5)�(5.7) èìååò èíòåãðàë ýíåðãèè:

E =
h23
2

− h2h4 =
c2

2
− α ch θ.

Ñåìåéñòâî ïï. íîðìàëüíûõ ýêñòðåìàëüíûõ òðàåêòîðèé ïàðàìåòðèçóåòñÿ òî÷-

êàìè ìíîæåñòâà

C = T ∗
q0E ∩ {H = 1/2, h2 > 0} =

{
(h1, h2, h3, h4) ∈ R4 | h22 − h21 = 1, h2 > 0

}
=
{
(θ, c, α) ∈ R3

}
.
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Ìíîæåñòâî C èìååò ñëåäóþùåå ðàçáèåíèå íà ïîäìíîæåñòâà:

C = ∪7
i=1Ci, Ci ∩ Cj = ∅, i ̸= j, λ = (θ, c, α),

C1 = {λ ∈ C | α < 0, E > −α},
C2 = {λ ∈ C | α > 0, E < −α},
C3 = {λ ∈ C | α > 0, E > −α},
C4 = {λ ∈ C | α > 0, E = −α, c ̸= 0, θ ̸= 0},
C5 = {λ ∈ C | α ̸= 0, E = −α, c = 0, θ = 0},
C6 = {λ ∈ C | α = 0, E > 0, c ̸= 0},
C7 = {λ ∈ C | α = 0, E = 0, c = 0}.

Äëÿ ïàðàìåòðèçàöèè ýêñòðåìàëüíûõ òðàåêòîðèé íà ìíîæåñòâå
⋃3
i=1 Ci ââå-

äåì êîîðäèíàòû (ϕ,E, α) ñëåäóþùèì îáðàçîì.

-4 -2 2 4θ

-4

-2

2

4
c

-4 -2 2 4 θ

-4

-2

2

4

c

Ðèñ. 5. Òðàåêòîðèè âåðòèêàëüíîé ïîäñèñòåìû ïðè α = −1, 1 (ñëó÷àé
ïðîñòðàíñòâåííîïîäîáíûõ òðàåêòîðèé)

Â îáëàñòè C1:

k =

√
E + α

E − α
∈ (0, 1), æ =

√
E − α

2
,

c =
√
2(E + α) sn(æϕ), ϕ ∈ R,

sh θ =

√
E − α

√
E + α cn(æϕ) dn(æϕ)

α
, ch θ = 1− (E + α) cn2(æϕ)

α
.
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Â îáëàñòè C2:

k =

√
2α

α− E
∈ (0, 1), æ =

√
α− E

2
,

c = sgn θ

√
2(−α− E) sn(æϕ)

cn(æϕ)
, ϕ ∈

(
− K

æ
,
K

æ

)
,

sh θ = sgn θ

√
−α− E

√
α− E dn(æϕ)

α cn2(æϕ)
, ch θ = 1− α+ E

α cn(æϕ)
.

Â îáëàñòè C3:

k =

√
E − α

E + α
k2 = k2 ∈ (−∞, 1), æ =

√
E + α

2
,

c = sgn c
2ædn(æϕ)

cn(æϕ)
, ϕ ∈

(
− K

æ
,
K

æ

)
,

sh θ = sgn c
2 sn(æϕ)

cn2(æϕ)
, ch θ =

1 + sn2(æϕ)

cn2(æϕ)
.

Çàìå÷àíèå 1. Åñëè k2 < 0, òî k = i
k̃√

1− k̃2
, k̃ =

√
−k2
1− k2

∈ (0, 1). Èñïîëü-

çóÿ ôîðìóëû èç ðàáîòû [14] èìååì

k̃ =

√
α− E

2α
,

√
1− k̃2 =

√
α+ E

2α
; dn(æϕ, k) =

1

dn(
√
αϕ, k̃)

,

sn(æϕ, k) =

√
1− k̃2 sn(

√
αϕ, k̃)

dn(
√
αϕ, k̃)

, cn(æϕ, k) =
cn(

√
αϕ, k̃)

dn(
√
αϕ, k̃)

.

Â îáëàñòè C4:

c = sgn θ
4αeæϕ

αe2æϕ − 1
, æ =

√
α, ϕ ∈ R, αe2æϕ ̸= 1,

sh θ = sgn θ
4æeæϕ(αe2æϕ + 1)

(αe2æϕ − 1)2
, cos θ =

αe2æϕ(αe2æϕ + 6) + 1

αe2æϕ − 1
.

Íåïîñðåäñòâåííîå äèôôåðåíöèðîâàíèå ïîêàçûâàåò, ÷òî ïîäñèñòåìà äëÿ ñî-

ïðÿæåííûõ ïåðåìåííûõ (5.5)�(5.7) â êîîðäèíàòàõ (ϕ,E, α) ïðèíèìàåò ñëåäóþ-

ùóþ ôîðìó:

ϕ̇ = 1, Ė = 0, α̇ = 0,

ïîýòîìó åå ðåøåíèÿ èìåþò âèä

ϕ(t) = ϕt = ϕ0 + t, E = const, α = const.

5.1. Ýêñïîíåíöèàëüíîå îòîáðàæåíèå äëÿ ïï. íîðìàëüíûõ ýêñòðå-

ìàëåé. Îáîçíà÷èì ψ0 = æϕ0, ψt = æϕt. Èç îïðåäåëåíèÿ ïåðåìåííûõ c è θ
ïîëó÷àåì ñëåäóþùóþ ïàðàìåòðèçàöèþ ýêñòðåìàëüíûõ òðàåêòîðèé.
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Åñëè λ ∈ C1, òî

x1(t) =

√
2
√
α+ E

α

(
snψt − snψ0

)
, (5.8)

x2(t) = −2æ

α

(
E(ψt)− E(ψ0)

)
− t, (5.9)

y(t) =

√
α+ E√
2α2

(
2æ
(
cnψt dnψt − cnψ0 dnψ0

+
(
E(ψt)− E(ψ0)

)(
snψt + snψ0

))
+ α

(
snψt + snψ0

)
t

)
, (5.10)

z(t) =

(
x2(t)

)3
6

+
1

3α3

(
2æ
(
−
(
E + 3(α+ E) sn2 ψ0

)(
E(ψt)− E(ψ0)

)
+
(
α

+ E
)(

cnψt dnψt(snψt − snψ0)− 2(cnψt dnψt − cnψ0 dnψ0) snψ0

))
+ α

(
α− E − 3

(
α+ E

)
sn2 ψ0

)
t

)
. (5.11)

Ïðîåêöèè ýêñòðåìàëåé íà ïëîñêîñòü (x1, x2) ïðè |α| = 1 è ψ0 = 0 èçîáðàæåíû

ñëåâà íà Ðèñ. 6. Â ýòîì ñëó÷àå îòñóòñòâóåò âåðõíÿÿ ãðàíèöà íà âðåìÿ:

tsupr(λ) = +∞.
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Ðèñ. 6. Ïðîåêöèè ýêñòðåìàëåé íà ïëîñêîñòü (x1, x2) ïðè λ ∈ C1, λ ∈ C2

è λ ∈ C3 (ïðîñòðàíñòâåííîïîäîáíûé ñëó÷àé)
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Åñëè λ ∈ C2, òî

x1(t) = −
√
2
√
−α− E sgn θ

α

(
scψt − scψ0

)
, (5.12)

x2(t) = −
2æ
(
E(ψt)− E(ψ0) + dnψ0 scψ0 − dnψt scψt

)
+ Et

α
, (5.13)

y(t) = −
√
−α− E sgn θ√

2α2

(
2æ
((

scψ0 + scψt
)(

E(ψt)− E(ψ0)
)

+
(
dnψt − dnψ0

)(
1− scψ0 scψt

))
+ E

(
scψ0 + scψt

)
t

)
, (5.14)

z(t) =
2æ

3α3æcn3 ψt cn3 ψ0

((
α
(
cn2 ψt dnψ0(1− 3 cn2 ψ0) + 3 cn2 ψ0 dnψt

)
+
(
cn2 ψt dnψ0(1− 4 cn2 ψ0) + 3 cn2 ψ0 dnψt

)
E
)
snψ0 cnψt

− cnψ0 dnψt snψt

(
α cn2 ψ0 + 3α sn2 ψ0 cn

2 ψt +
(
3 cn2 ψt

+ cn2 ψ0(1− 4 cn2 ψt)
)
E
))

+

(
α+ E

)(
cn2 ψ0(α− 4E) + 3E

)
3α3 cn2 ψ0

t

+

(
x2(t)

)3
6

+
2æ
(
3(α+ E) sn2 ψ0 − E cn2 ψ0

)
3α3 cn2 ψ0

(
E(ψt)− E(ψ0)

)
. (5.15)

Ïðîåêöèè ýêñòðåìàëåé íà ïëîñêîñòü (x1, x2) ïðè |α| = 1 è ψ0 = 0 ïîêàçàíû â

öåíòðå Ðèñ. 6. Çàìåòèì, ÷òî, òàê êàê ψt ∈ (−K,K), òî èìååòñÿ âåðõíÿÿ ãðàíèöà

íà ïàðàìåòð âðåìåíè:

t < tsupr(λ) =
K(k)− ψ0

æ
. (5.16)

Åñëè λ ∈ C3, òî

x1(t) =
2 sgn c(cnψ0 dnψt − cnψt dnψ0)

æ cnψt cnψ0(1− k2)
, (5.17)

x2(t) =
2

æ(1− k2)

(
dnψt scψt − dnψ0 scψ0 − E(ψt) + E(ψ0)

)
+ t, (5.18)

y(t) =
sgn c

æ(1− k2)

(
2

æ(1− k2)

((
dcψt + dcψ0

)(
E(ψt)− E(ψ0)

)
+
(
dcψ0 dcψt + k2

)(
snψ0 − snψt

))
−
(
dcψ0 + dcψt

)
t

)
, (5.19)

z(t) =
2
(
E(ψt)− E(ψ0)

)(
6− 6k2 + cn2 ψ0(1 + 7k2)

)
3æ3 cn2 ψ0(−1 + k2)3

+
2(3 dn2 ψ0 + cn2 ψ0)

3æ2 cn2 ψ0(−1 + k2)2
t

+

(
x2(t)

)3
6

+
2

3æ3 cn3 ψt cn3 ψ0(−1 + k2)3

(
2 cn3 ψ0 snψt dnψt

(
k2 − 1

)
− cnψ0 cn

2 ψt snψt dnψt
(
6− 6k2 + cn2 ψ0(1 + 7k2)

)
+ snψ0 dnψ0 cn

3 ψt
(
2 + cn2 ψ0 − 2k2 + 7k2 cn

2 ψ0

)
− 6 cn2 ψ0 dnψ0 snψt cnψt

(
k2 − 1

))
. (5.20)
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Ïðîåêöèè ýêñòðåìàëåé íà ïëîñêîñòü (x1, x2) ïðè |α| = 1 è ψ0 = 0 èçîáðàæåíû

ñïðàâà íà Ðèñ. 6. Çàìåòèì, ÷òî, òàê êàê ψt ∈ (−K,K) èìååòñÿ âåðõíÿÿ ãðàíèöà

äëÿ ïàðàìåòðà âðåìåíè: tsupr(λ) =
K(k)− ψ0

æ
.

Åñëè λ ∈ C4, òî

x1(t) = 4 sgn θ

(
eψt

−1 + αe2ψt
− eψ0

−1 + αe2ψ0

)
, (5.21)

x2(t) =
4

æ

(
1

−1 + αe2ψ
− 1

−1 + αe2ψ

)
+ t, (5.22)

y(t) = − sgn θ
2eψ0(−1 + αeψt+ψ0)(2 + æt+ eψt−ψ0(æt− 2))

æ(−1 + αe2ψ0)(−1 + αe2ψt)
, (5.23)

z(t) =
x32(t)

6
+

4

3

(
6e2ψ0t

(−1 + αe2ψ0)2
+

−1− 9αe2ψ0(−2 + αe2ψ0)

αæ(−1 + αe2ψ0)3

+
12
(
1 + αe2ψ0(−1 + 2eψt−ψ0)

)
αæ(−1 + αe2ψ0)(−1 + αe2ψt)2

− 8

αæ(−1 + αe2ψt)3

−
3
(
1 + αe2ψ0

(
6 + 4eψt−ψ0 − αe2ψ0(−1 + 4eψt−ψ0)

))
αæ(−1 + αe2ψ0)2(−1 + αe2ψt)

)
. (5.24)

Ïðîåêöèè ýêñòðåìàëåé íà ïëîñêîñòü (x1, x2) ïðè |α| = 1 èçîáðàæåíû ñëåâà (ïðè

ψ0<0) è â öåíòðå (ïðè ψ0<0) íà Ðèñ. 7.

Çàìåòèì, ÷òî èìååòñÿ óñëîâèå αe2
√
αϕt ̸= 1. Îáîçíà÷èì t0 = − lnα

2
√
α− ϕ0

.

Åñëè t0 < 0, òî tsupr(λ) = +∞ (âåðõíÿÿ ãðàíèöà íà ïàðàìåòð âðåìåíè îòñóò-

ñòâóåò, ñì. ñëåâà íà Ðèñ. 7). Åñëè t0 > 0, òî tsupr(λ) = t0 (òðàåêòîðèÿ óõîäèò â

áåñêîíå÷íîñòü çà êîíå÷íîå âðåìÿ, ñì. â öåíòðå íà Ðèñ. 7).
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Ðèñ. 7. Ïðîåêöèè ýêñòðåìàëåé íà ïëîñêîñòü (x1, x2) ïðè λ ∈ C4 (2
òèïà) è λ ∈ C6 (ïðîñòðàíñòâåííîïîäîáíûé ñëó÷àé)

Â îñòàëüíûõ ñëó÷àÿõ ãàìèëüòîíîâà ñèñòåìà ëåãêî èíòåãðèðóåòñÿ.

Åñëè λ ∈ C5, òî

x1(t) ≡ 0, x2(t) = t, y ≡ 0, z =
t3

6
. (5.25)

Ïðîåêöèè ýêñòðåìàëåé íà ïëîñêîñòü (x1, x2) ÿâëÿþòñÿ ïðÿìûìè ëèíèÿìè. Â

ýòîì ñëó÷àå îòñóòñòâóåò âåðõíåå îãðàíè÷åíèå íà ïàðàìåòð âðåìåíè:

tsupr = +∞.
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Åñëè λ ∈ C6, òî

α = 0, c ≡ const ̸= 0, θ = θ0 − ct,

x1(t) =
ch(ct− θ0)− ch θ0

c
, (5.26)

x2(t) =
sh(ct− θ0) + sh θ0

c
, (5.27)

y(t) =
ct− sh(ct)

2c2
, (5.28)

z(t) =
4 ch

(
3ct
2 − 3θ0

)
sh3 ct2 − 3 ch θ0

(
ct− sh(ct)

)
6c3

. (5.29)

Ïðîåêöèè ýêñòðåìàëåé íà ïëîñêîñòü (x1, x2) ïðè |α| = 1 è ψ0 = 0 (ãèïåðáî-

ëû) èçîáðàæåíû ñïðàâà íà Ðèñ. 7. Ïðè ýòîì îòñóòñòâóåò âåðõíÿÿ ãðàíèöà íà

ïàðàìåòð âðåìåíè: tsupr = +∞.

Åñëè λ ∈ C7, òî

α = 0, c ≡ 0, θ ≡ const, sh θ = s0, ch θ = c0,

x1(t) = −s0t, (5.30)

x2(t) = c0t, (5.31)

y(t) ≡ 0, (5.32)

z(t) =
c0(1 + 2s20)

6
t (5.33)

Ïðîåêöèè ýêñòðåìàëåé íà ïëîñêîñòü (x1, x2) ñóòü ïðÿìûå ëèíèè. Â ýòîì ñëó÷àå

òàêæå îòñóòñòâóåò âåðõíÿÿ ãðàíèöà íà ïàðàìåòð âðåìåíè: tsupr = +∞.

Òàêèì îáðàçîì ïîëó÷åíî îïèñàíèå ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ

Exp : N → E = R4, Exp(λ, t) = q(t),

N = {(λ, t) ∈ C × R+ | t ∈
(
0, tsupr(λ)

)
},

â ïðîñòðàíñòâåííîïîäîáíîì ñëó÷àå.

Äàëåå èçó÷èì äèñêðåòíûå ñèììåòðèè ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ è íà

ýòîé îñíîâå ïîëó÷èì îöåíêè íà âðåìÿ ðàçðåçà âäîëü ýêñòðåìàëåé.

5.2. Äèñêðåòíûå ñèììåòðèè ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ(ïï.).

Ïîäñèñòåìà äëÿ ñîïðÿæåííûõ ïåðåìåííûõ (5.5)-(5.7) íîðìàëüíîé ãàìèëüòîíî-

âîé ñèñòåìû èìååò ñèììåòðèè, ñîõðàíÿþùèå ïîëå íàïðàâëåíèé ýòîé ñèñòåìû.

Îïèøåì äåéñòâèå ñèììåòðèé εi íà ìíîæåñòâî òðàåêòîðèé âåðòèêàëüíîé ïîä-

ñèñòåìû ñ ñîõðàíåíèåì íàïðàâëåíèÿ âðåìåíè. Îáîçíà÷èì ãëàäêóþ êðèâóþ

γ =
{(
θ(t), c(t), α

)
| t ∈ [0, T ]

}
⊂ C.

Îïðåäåëèì äåéñòâèå ñèììåòðèé íà ýòó êðèâóþ (ñì. Ðèñ. 8):

ε1 : γ 7→ γ1 =
{(
θ1(t), c1(t), α1

)
| t ∈ [0, T ]

}
=
{(
θ(T − t),−c(T − t), α

)}
,

ε2 : γ 7→ γ2 =
{(
θ2(t), c2(t), α2

)
| t ∈ [0, T ]

}
=
{(

− θ(T − t), c(T − t), α
)}
,

ε3 : γ 7→ γ3 =
{(
θ3(t), c3(t), α3

)
| t ∈ [0, T ]

}
=
{(

− θ(t),−c(t), α
)}
.
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Ðèñ. 8. Äåéñòâèå ñèììåòðèé íà òðàåêòîðèè âåðòèêàëüíîé ïîäñèñòåìû
ïðè α = −1, 1 (ïðîñòðàíñòâåííîïîäîáíûé ñëó÷àé)

Î÷åâèäíî, ÷òî, åñëè γ ÿâëÿåòñÿ ðåøåíèåì âåðòèêàëüíîé ïîäñèñòåìû (5.5)-(5.7),

γi, i = 1, 2, 3, òàêæå ÿâëÿåòñÿ ðåøåíèåì.

Ðàññìîòðèì ãðóïïó ñèììåòðèé G = {Id, ε1, ε2, ε3 = ε1 ◦ ε2} ∼= Z2 × Z2. Ñèì-

ìåòðèÿ ε3 ñîõðàíÿåò íàïðàâëåíèå âðåìåíè, à ε1 è ε2 îáðàùàþò åãî.

Àíàëîãè÷íî ñëó÷àþ âðåìåíèïîäîáíûõ ýêñòðåìàëåé (ñì. ïðåäûäóùèé ðàç-

äåë), äåéñòâèå ãðóïïû G ìîæíî ïðîäîëæèòü íà ïðîîáðàç N è îáðàç E ýêñïî-

íåíöèàëüíîãî îòîáðàæåíèÿ òàê, ÷òîáû εi, i = 1, 2, 3, ñòàëè ñèììåòðèÿìè ýòîãî

îòîáðàæåíèÿ.

À èìåííî, îïðåäåëèì ñíà÷àëà äåéñòâèå εi íà ìíîæåñòâå C:

εi : C → C, εi(θ, c, α) = (θi, ci, αi), (5.34)

(θ1, c1, α1) = (θ,−c,−α), (5.35)

(θ2, c2, α2) = (−θ, c, α), (5.36)

(θ3, c3, α3) = (−θ,−c,−α), (5.37)

à çàòåì â ïðîîáðàçå ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ N :

εi(λ, t) =
(
εi ◦ etH⃗v (λ), t

)
, i = 1, 2,

ε3(λ, t) =
(
ε3(λ), t

)
,

ãäå H⃗v = −c ∂∂θ − α sh θ ∂∂c ∈ Vec(C) åñòü âåðòèêàëüíàÿ ÷àñòü ãàìèëüòîíîâà âåê-

òîðíîãî ïîëÿ.

Äàëåå, îïðåäåëèì äåéñòâèå εi â îáðàçå E ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ

Exp ñëåäóþùèì îáðàçîì:

εi : E → E, εi(q) = εi(x1, x2, y, z) = qi = (xi1, x
i
2, y

i, zi), (5.38)

(x11, x
1
2, y

1, z1) = (x1, x2, −y, z − x1y), (5.39)

(x21, x
2
2, y

2, z2) = (−x1, x2, y, z − x1y), (5.40)

(x31, x
3
2, y

3, z3) = (−x1, x2, −y, z). (5.41)
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Ïîñëå ýòîãî ñëåäóþùåå óòâåðæäåíèå äîêàçûâàåòñÿ òàê æå, êàê ïðåäëîæå-

íèå 1.

Ïðåäëîæåíèå 2. Ñèììåòðèè εi, i = 1, 2, 3, ÿâëÿþòñÿ ñèììåòðèÿìè ýêñ-

ïîíåíöèàëüíîãî îòîáðàæåíèÿ, ò.å.

(εi ◦ Exp)(θ, c, α, t) = (Exp ◦εi)(θ, c, α, t), (θ, c, α, t) ∈ N.

5.3. Òî÷êè Ìàêñâåëëà ïï. íîðìàëüíûõ ýêñòðåìàëåé. Â ýòîì ðàçäå-

ëå ìû âû÷èñëèì òî÷êè Ìàêñâåëëà, ñîîòâåòñòâóþùèå ñèììåòðèÿì εi. Äàëåå íà

îñíîâå ýòèõ ðåçóëüòàòîâ ïîëó÷èì îöåíêè äëÿ âðåìåíè ðàçðåçà âäîëü ýêñòðåìà-

ëåé.

Îïðåäåëèì ìíîæåñòâà Ìàêñâåëëà â ïðîîáðàçå Exp, ñîîòâåòñòâóþùèå ñèì-

ìåòðèÿì εi:

MAXi =
{
(λ, t) ∈ N | λi ̸= λ, Exp(λi, t) = Exp(λ, t)

}
,

λ = (θ, c, α), (λi, t) = εi(λ, t).

Èç ïðåäëîæåíèÿ 2 ñëåäóåò, ÷òî ðàâåíñòâî Exp(λi, t) = Exp(λ, t) ðàâíîñèëüíî

εi
(
q(t)

)
= q(t). Îòñþäà ïîëó÷àåì îïèñàíèå íåïîäâèæíûõ òî÷åê ñèììåòðèé εi â

ïðîîáðàçå Exp.

Ëåììà 5.1.

1. ε1(q) = q ⇐⇒ y = 0.

2. ε2(q) = q ⇐⇒ x1 = 0.

3. ε3(q) = q ⇐⇒ x21 + y2 = 0.

Äîêàçàòåëüñòâî.

Ñëåäóåò èç îïðåäåëåíèÿ äåéñòâèÿ ñèììåòðèé (5.38)�(5.41) â E.

Âû÷èñëèì íåïîäâèæíûå òî÷êè ñèììåòðèé â ïðîîáðàçå ýêñïîíåíöèàëüíîãî

îòîáðàæåíèÿ. Â ìíîæåñòâå ∪3
i=1Ni, Ni =

{
(λ, t) ∈ Ci × R+ | t ∈

(
0, tsupr(λ)

)}
ââåäåì ñëåäóþùèå êîîðäèíàòû:

τ =
ψt + ψ0

2
, p =

ψt − ψ0

2
=

æt

2
. (5.42)

Ïàðàìåòð τ ñîîòâåòñòâóåò ñðåäíåé òî÷êå òðàåêòîðèè.

Ëåììà 5.2.

1. λ1 = λ ⇐⇒


sn τ = 0, åñëè λ ∈ C1 ∪ C2,

íåâîçìîæíî, åñëè λ ∈ C3 ∪ C4 ∪ C6,

c = 0, åñëè λ ∈ C5 ∪ C7.

2. λ2 = λ ⇐⇒


cn τ = 0, åñëè λ ∈ C1,

íåâîçìîæíî, åñëè λ ∈ C2 ∪ C4,

sn τ = 0, åñëè λ ∈ C3,

θ = 0, åñëè λ ∈
⋃7
i=5 Ci.

3. λ3 = λ ⇐⇒
{

íåâîçìîæíî, åñëè λ ∈ (
⋃4
i=1 Ci) ∪ C6,

θ = c = 0, åñëè λ ∈ C5 ∪ C7.

Äîêàçàòåëüñòâî. Ñëåäóåò èç îïðåäåëåíèÿ äåéñòâèÿ ñèììåòðèé â ïðîîá-

ðàçå ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ (5.34)�(5.37) è îïðåäåëåíèÿ êîîðäèíà-

òû τ (5.42).
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Óðàâíåíèÿ εi(q) = q îïðåäåëÿþò â R4 ïîäìíîãîîáðàçèÿ ðàçìåðíîñòè 2 è 3:

Exp(MAXi) ⊂ {q ∈ R4 | εi(q) = q}, i = 1, 2, 3.

Äàëåå îïèøåì äåòàëüíî ìíîæåñòâà MAX1,MAX2, òàê êàê îíè îïðåäåëÿþò

â E ïîäìíîãîîáðàçèÿ ìàêñèìàëüíîé ðàçìåðíîñòè 3, MAX3 îïðåäåëÿåò ïîäìíî-

ãîîáðàçèå ðàçìåðíîñòè 2. Èçó÷èì êîðíè óðàâíåíèé x1 = 0, y = 0. Èñïîëüçóÿ

êîîðäèíàòû (5.42) â ñëó÷àå λ ∈ C1 ïîëó÷àåì

x1 =
2
√
2(α+ E) cn τ dn τ sn p

α(1− k2 sn2 p sn2 τ)
,

y =
2
√
2(α+ E) sn τf1(p)

α2æ(1− k2 sn2 p sn2 τ)
,

f1(p) = αp cn p dn p+æ2
(
2 cn p dn pE(p)− (1 + k2) sn p+ 2k2 sn3 p

)
.

Îòñþäà ïîëó÷àåì îïèñàíèå ìíîæåñòâ Ìàêñâåëëà â N1:

MAX1 ∩N1 = {ν ∈ N1 | y = 0, sn τ ̸= 0} = {ν ∈ N1 | f1(p) = 0},
MAX2 ∩N1 = {ν ∈ N1 | x1 = 0, cn τ ̸= 0} = {ν ∈ N1 | sn p = 0},

ãäå ν = (τ, p, E, α).

×åðåç pi1, i ∈ N, îáîçíà÷èì ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ f1(p) = 0, òàê

÷òî p11 < p21 < · · · < pi1 < · · · . Èìååì tMAX1(λ) = p11, tMAX2(λ) = 2K.

Ñóùåñòâóåò ãèïîòåçà, ïîäòâåðæäåííàÿ ÷èñëåííûìè âû÷èñëåíèÿìè, ÷òî âû-

ïîëíåíî tMAX2(λ) < tMAX1(λ) ïðè λ ∈ C1. Ýòî îçíà÷àåò, ÷òî êàæäàÿ ýêñòðåìàëü

èç C1 ñíà÷àëà ïåðåñåêàåò ìíîæåñòâî MAX2.

Åñëè λ ∈ C2, òî

x1 = −2 sgn θ
√
2
√
−α− E dn τ cn p sn p

α(cn2 τ − sn2 p dn2 τ)
,

y =
2 sgn θ

√
2
√
−α− E cn τ sn τf2(p)

α2æ(cn2 τ − sn2 pdn2 τ)
,

f2(p) = −E(p) dn p− æ2
(
2 dn pE(p)− k2 cn p sn p

)
. (5.43)

Èìååì

MAX1 ∩N2 = {ν ∈ N2 | y = 0, sn τ ̸= 0, τ ∈ (−K,K), p ∈ (0,K)}
⊂ {ν ∈ N2 | f2(p) = 0, p ∈ (0,K)}, (5.44)

MAX2 ∩N2 = {ν ∈ N2 | x1 = 0, τ ∈ (−K,K), p ∈ (0,K)} = ∅, (5.45)

ãäå ν = (τ, p, E, α).

Ëåììà 5.3. Ôóíêöèÿ f2(p) > 0 ïðè p ∈
(
0,K(k)

)
, k ∈ (0, 1).

Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî g(p) = dn p ÿâëÿåòñÿ ôóíêöèåé ñðàâíåíèÿ

äëÿ f2(p) ïðè p ∈ (0,K).
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Íåðàâåíñòâî f2(p) ̸≡ 0 ñëåäóåò èç ðàçëîæåíèÿ f2(p) =
1
3αk

2p3 + o(p3). Çàìå-

òèì, ÷òî g(p) > 0 ïðè p ∈ (0,K). Íàêîíåö ïîëó÷àåì ðàâåíñòâà(
f2(p)

g(p)

)′

=
α2 sn2 p cn2 p

æ2 dn2 p
,

f2(p)

g(p)
=

1

3
αk2p3 + o(p3).

Òàêèì îáðàçîì, g(p) ÿâëÿåòñÿ ôóíêöèåé ñðàâíåíèÿ äëÿ f2(p); îòñþäà èç ëåì-

ìû 4.5 ñëåäóåò, ÷òî f2(p) > 0 ïðè p ∈ (0,K).

Ïðåäëîæåíèå 3. MAX1 ∩N2 = ∅.

Äîêàçàòåëüñòâî. Ñëåäóåò íåïîñðåäñòâåííî èç ëåììû 5.3 è (5.44).

Åñëè λ ∈ C3, òî

x1 =
4 sgn c sn p sn τ

æ(cn2 τ − dn2 τ sn2 p)
,

y = − 4 sgn c cn τ dn τf3(p)

æ2(1− k2)2(cn2 τ − dn2 τ sn2 p)
,

f3(p) = cn p dn p
(
(1− k2)p− 2E(p)

)
+ (1 + k2) sn p− 2k2 sn

3 p. (5.46)

Ïîëó÷àåì

MAX1 ∩N3 = {ν ∈ N3 | y = 0, τ ∈ (−K,K), p ∈ (0,K)}
= {ν ∈ N3 | f3(p) = 0, p ∈ (0,K)}, (5.47)

MAX2 ∩N3 = {ν ∈ N3 | x1 = 0, sn τ ̸= 0, τ ∈ (−K,K), p ∈ (0,K)} = ∅,

ãäå ν = (τ, p, E, α).

Ëåììà 5.4. Ôóíêöèÿ f3(p) > 0 ïðè p ∈ (0,K).

Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî g(p) = cn p dn p ÿâëÿåòñÿ ôóíêöèåé ñðàâ-

íåíèÿ äëÿ f3(p) ïðè p ∈ (0,K).

Íåðàâåíñòâî f3(p) ̸≡ 0 ñëåäóåò èç ðàçëîæåíèÿ f3(p) =
α2

3æ4
p3 + o(p3). Çàìå-

òèì, ÷òî g(p) > 0 ïðè p ∈ (0,K). Íàêîíåö ïîëó÷àåì ðàâåíñòâà(
f3(p)

g(p)

)′

=
(1− k2)

2 sn2 p

cn2 p dn2 p
,

f2(p)

g(p)
=

α2

3æ4
p3 + o(p3).

Òàêèì îáðàçîì g(p) ÿâëÿåòñÿ ôóíêöèåé ñðàâíåíèÿ äëÿ f3(p); îòñþäà èç ëåì-

ìû 4.5 ñëåäóåò, ÷òî f3(p) > 0 ïðè p ∈ (0,K).

Çàìå÷àíèå 2. Çàìåòèì, ÷òî, åñëè k2 = k2 < 0, òî ëåììà 5.4 òàêæå âåðíà.

Ñïðàâåäëèâû ñëåäóþùèå ôîðìóëû:

x1 =
2
√
2
√
α+ E sgn cdn τ sn τ dn p sn p

α(cn2 τ − dn2 τ sn2 p)
,

y =
2
√
2 cn τ

√
α+ E sgn cf4(p)

αæ(cn2 τ − dn2 τ sn2 p)
, æ =

√
α,

f4(p) = 2 cn pE(p)− p cn p− dn p sn p, k =

√
α− E

2α
.
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Íåòðóäíî äîêàçàòü, ÷òî g(p) = cn p ÿâëÿåòñÿ ôóíêöèåé ñðàâíåíèÿ äëÿ f4(p) ïðè

p ∈ (0,K).

Ïðåäëîæåíèå 4. MAX1 ∩N3 = ∅.

Äîêàçàòåëüñòâî. Ñëåäóåò íåïîñðåäñòâåííî èç ëåììû 5.4 è (5.47).

Íàéäåíà ñëåäóþùàÿ âåðõíÿÿ îöåíêà âðåìåíè ðàçðåçà âäîëü ýêñòðåìàëüíîé òðà-

åêòîðèè îáùåãî ïîëîæåíèÿ ïðè óñëîâèè λ ∈
⋃3
i=1 Ci:

Òåîðåìà 4.

Åñëè λ ∈ C1, òî tcut(λ) 6 2K(k). (5.48)

Åñëè λ ∈ C2 ∪ C3, òî tcut(λ) 6
K(k)− ψ0

æ
. (5.49)

Ìû ïðåäïîëàãàåì, ÷òî ýòà îöåíêà òî÷íà.

� 6. Çàêëþ÷åíèå

Â äàííîé ñòàòüå ðàññìîòðåíû ýêñòðåìàëè íà ãðóïïå Ýíãåëÿ ñ ñóáëîðåíöåâîé

ìåòðèêîé. Äëÿ ýòîé çàäà÷è ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû:

• âû÷èñëåíà ïàðàìåòðèçàöèÿ âðåìåíèïîäîáíûõ è ïðîñòðàíñòâåííîïîäîá-

íûõ íîðìàëüíûõ ýêñòðåìàëüíûõ òðàåêòîðèé, êîòîðàÿ çàäàåò ýêñïîíåí-

öèàëüíîå îòîáðàæåíèå;

• îïèñàíû ñèììåòðèè ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ è ñîîòâåòñòâóþ-

ùèå òî÷êè Ìàêñâåëëà äëÿ âðåìåíèïîäîáíûõ è ïðîñòðàíñòâåííîïîäîáíûõ

íîðìàëüíûõ ýêñòðåìàëüíûõ òðàåêòîðèé;

• ïîëó÷åíà âåðõíÿÿ îöåíêà âðåìåíè ðàçðåçà âäîëü ýêñòðåìàëüíûõ òðàåê-

òîðèé.

Äëÿ ãðóïïû Ýíãåëÿ, âïåðâûå â ñóáëîðåíöåâîé ãåîìåòðèè, ïîêàçàíà âîçìîæ-

íîñòü óõîäà ýêñòðåìàëüíûõ òðàåêòîðèé íà áåñêîíå÷íîñòü çà êîíå÷íîå âðåìÿ.

Òàêæå âïåðâûå â ñóáëîðåíöåâîé ãåîìåòðèè ïðîäåìîíñòðèðîâàíà ýôôåêòèâ-

íîñòü ìåòîäà ñèììåòðèé äëÿ ïîëó÷åíèÿ âåðõíèõ îöåíîê âðåìåíè ðàçðåçà. Äëÿ

íàõîæäåíèÿ òî÷íîãî çíà÷åíèÿ ýòîãî âðåìåíè ïîòðåáóåòñÿ áîëåå äåòàëüíîå èçó-

÷åíèå ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ. Ýôôåêòèâíîñòü ìåòîäà ñèììåòðèé, êî-

òîðûé âïåðâûå áûë ïðèìåíåí ê çàäà÷å Ýéëåðà îá ýëàñòèêàõ [15], à çàòåì ðàç-

âèò äëÿ ðåøåíèÿ íåñêîëüêèõ ñóáðèìàíîâûõ çàäà÷ (ñì., íàïðèìåð, [8, 16, 17]),

ïîäòâåðæäàåò ðîäñòâî êëàññîâ çàäà÷ � àôôèííûõ ïî óïðàâëåíèþ ñ êâàäðà-

òè÷íûì ôóíêöèîíàëîì, ñóáðèìàíîâûõ è ñóáëîðåíöåâûõ çàäà÷. Çàìåòèì, ÷òî

â ñóáðèìàíîâîé è ñóáëîðåíöåâîé çàäà÷àõ íà ãðóïïå Ýíãåëÿ îáùèìè ÿâëÿþòñÿ

íå òîëüêî àíîðìàëüíûå òðàåêòîðèè, íî è âñå òðàåêòîðèè, ïðîåöèðóþùèåñÿ íà

ïëîñêîñòü ïåðâûõ äâóõ êîîðäèíàò â ïðÿìûå ëèíèè (âêëþ÷àÿ ñâåòîïîäîáíûå

òðàåêòîðèè).
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