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Abstract

We consider the Lie group PSLy(R) (the group of orientation preserving isome-
tries of the hyperbolic plane) and a left-invariant Riemannian metric on this group
with two equal eigenvalues that correspond to space-like eigenvectors (with respect
to the Killing form). For such metrics we find a parametrization of geodesics, the
conjugate time, the cut time and the cut locus. The injectivity radius is computed.
We show that the cut time and the cut locus in such Riemannian problem converge
to the cut time and the cut locus in the corresponding sub-Riemannian problem
when the third eigenvalue of the metric tends to infinity. Also similar results are
obtained for SLa(R).
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1 Introduction

Let X be a two-dimensional Riemannian manifold of a constant curvature —1,0,1: so, X
is the hyperbolic (Lobachevsky) plane A% the Euclidean plane E? or the sphere S?. Let
G be the group of isometries preserving the orientation of X, i.e., G is PSLy(R), SE; or
SO3 respectively.

Consider G as the bundle of unit tangent vectors to X. This bundle is a weakly
symmetric space (G x SO3)/SO,y. The second multiplier SO, acts on the bundle of unit
tangent vectors to X by rotations by the same angle in all tangent spaces. The stabilizer
SO, is embedded into the direct product in the anti-diagonal way. The weakly symmetric
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spaces were introduced by A. Selberg [1] and (PSLy(R) x SO5)/SO; is Selberg’s first
original example. We consider a (G x SOs)-invariant Riemannian metric on G. In other
words it is a left-invariant Riemannian metric on G which is a lift of a Riemannian metric
on X. Such a metric is determined by three eigenvalues [; = I, I3 of the restriction of
the metric to the tangent space at the identity.

Now fix the distribution of 2-dimensional planes in GG that are orthogonal to fibres of
the projection to X. Consider the Riemannian and sub-Riemannian problems on G, i.e.,
the problems of finding shortest arcs connecting two arbitrary points (a shortest arc in
the sub-Riemannian problem must be tangent to the distribution at almost any point).
Due to the left-invariance of the metric it is enough to consider geodesics starting at the
identity and find a parametrization of such geodesics, the cut time (the time of loss of
optimality of geodesics) and the cut locus (the union of cut points of all geodesics starting
at the identity).

The group G (as the bundle of unit tangent vectors to X) is the configuration space
of a mobile robot on X. (A unit tangent vector defines an orientation of a mobile robot.)
The sub-Riemannian problem models energy-optimal motions of a mobile robot with two
engines that correspond to motions in two different directions. Obviously such a system
is not completely controllable on E? (it is impossible to change orientation of a robot
via translations). But on A% and S? such systems are completely controllable due to the
curvature of the manifold. The corresponding sub-Riemannian problems were considered
by V. N. Berestovskii and I. A. Zubareva [4], [3], [2] and by U. Boscain and F. Rossi [5].

A more traditional way of modeling a mobile robot is to consider a vehicle that can
go forward and can rotate. Such a model corresponds to the sub-Riemannian problem on
G with the distribution of 2-dimensional planes tangent to the fibres of projection to X.
In the Euclidean case such non-trivial sub-Riemannian problem was solved by the second
co-author in the series of papers [6] (in collaboration with I. Moiseev), [7], [§].

In this paper we consider a Riemannian problem on the group of isometries of the
hyperbolic plane with I; = I,. The cut locus and the equations for the cut time are
found. It turns out that the Riemannian problem approximates the sub-Riemannian one
when I3 — oo. It means that the parametrization of geodesics, the conjugate time, the
conjugate locus, the cut time, the cut locus of the Riemannian problem converge to the
same objects in the sub-Riemannian one. We have achieved similar results for SO3 (the
group of isometries of a sphere) in [9].

Table [1l presents a summary of known results.

Our plan of investigation of the cut locus is as follows:

1. parametrization of geodesics via Pontryagin maximum principle [10], [11];
2. description of the group of symmetries of the exponential map;

3. description of the Maxwell strata and the Maxwell time that correspond to the
symmetry group of the exponential map;
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4. finding the first conjugate time;

5. it turns out that the first conjugate time is greater than (or equal to) the Maxwell
time (corresponding to the symmetries), and the exponential map is a diffeomor-
phism of the set bounded by the first Maxwell time in the pre-image of the exponen-
tial map to the open dense subset of G. That is why the first Maxwell time turns
out to be the cut time. Then we describe the global structure of the cut locus.

This scheme of investigation of the global optimality of extremals first appears in
works of the second co-author on the generalized Dido problem [12], [13].

The structure of this paper corresponds to the above items (Sections 2HG]).

In Section [T the injectivity radius of the considered metric is computed (depending on




the parameters I; and I3).

Section [§ contains results on the similar Riemannian problem on the group SLy(R)
(an answer in the corresponding sub-Riemannian problem was achieved by U. Boscain
and F. Rossi [5], a complete proof was given by V. N. Berestovskii and I. A. Zubareva [4],
besides such sub-Riemannian problem was considered by E. Grong and A. Vassil'ev [14]).
Note that we got the result in the similar Riemannian problem on SU, [9], while the cor-
responding sub-Riemannian problem on SU,; was considered by D.-Ch. Chang, I. Markina
and A. Vassil'ev [15].

Section [9] deals with the Riemannian approximation of the sub-Riemannian problem
when I3 — oo.

2 Parametrization of geodesics

2.1 Definitions and notation

Let G = PSLy(R) and let g be the corresponding Lie algebra. Consider a basis of the
Lie algebra ey, es,e3 € g in which the Killing form and the Riemannian metric have
the matrices diag(1,1, —1) and diag([, I», I3) respectively. Next we consider the case of
Iy = I, 13> 0. Let
= —é -1< -1
n= A
be the parameter of the Riemannian metric (which measures prolateness of small spheres).
All properties of the Riemannian metric considered below depend on this parameter. We
identify g with g* via the Killing form. Consider the basis €1,e9,e3 € g* that maps to
e1, €2, e3 € g via such identification. Let p = p1e1 + poea + p3es € g*.
Denote by Kil(p) the value of the quadratic Killing form on a covector p:

Kil(p) =p}+p5 — 3. |p| = VIKil(p)|.

Let type(p) = sgn(—Kil(p)) be the type of a covector p. Recall that p is called time-like,
light-like or space-like if type(p) is equal to 1, 0 or —1 respectively.

We assume that all geodesics have an arclength parametrization by the parameter ¢
(called the time). If |p| # 0 define

p=in )= .
Ip|’ 26

By R, we denote the rotation of a 3-dimensional oriented Euclidean space around
the axis span{v} by the angle ¢ in the positive direction.



2.2 Optimal control problem

Using the above notation consider the problem of finding shortest arcs of the Riemannian
metric as an optimal control problem [11]:

Q= Q, Q) = ureq + uges + uges € g,
Qea, (u1,ug, uz) € R3,
Q(0) = id, Q) = Q1, (1)
1

t1
3 / (I3 + Tyuy + Izu3) dt — min,
0

where u = (uy, us, u3) is a control.
Minimization of the Riemannian length is equivalent to minimization of this energy
functional due to the Cauchy-Schwartz inequality (with a fixed terminal time ¢;).

2.3 Equations of geodesics

The following theorem gives a parametrization of geodesics.

Theorem 1. The geodesic Q(t) starting at the identity and having an initial momentum
2 2 2
P = P11 + paga + p3es (where 117_11 + % + I;—; = 1) is the product of two one-parameter

subgroups:
t t
Q) =exp (= ) exp | 22 2)
L L

Proof. Geodesics are extremals of the optimal control problem (II). Apply the Pon-
tryagin maximum principle [I0]. Consider the trivialization of the cotangent bundle
7 : G X g° — T*G via the G-action: 7(g,a) = dLja, where L, : G — G is the left
product by g € G and o € g*.

The Hamiltonian of the Pontryagin maximum principle reads as

v
H!(p) = uip1 + usps — ugps + 5([116% + [27«63 + [3U§)7

where v < 0. For an extremal control u(t) for almost any time Hy ) (p(t)) = max, Hy (p(t)).
As usual in Riemannian problems v = 0 implies p = 0 in contradiction with the condition
of Pontryagin maximum principle of non-triviality of the pair (v, p). This pair is defined

up to a positive multiplier. So we can set v = —1. Then
t t t
aw =20 =l g = 20
I I I3

The maximized Hamiltonian is



The corresponding Hamiltonian system reads as

{ Q) = Q) (),
p(t) = (ad” Q(t))p(?),

where Q(t) = @y (t)e; +Ua(t)es + us(t)es € g. We call the first equation the horizontal part
and the second one the vertical part of the Hamiltonian system.

It is easy to see that in the coordinates py, ps, ps the equations of the vertical part are
as follows:

pi(t) = —pa2(t)ps(t) I?}f’ ;
pa(1) (

ps(t) = m (t)pz(t)l}l;[g-
When I; = I the solution is

I
=
=
s

In invariant notation

t
p(t) = Adexp (— mj_?’€3) D

Note that

t t t 1 tnpse
Q(t) = pl[( )61 "—pQI( )62 - p?’[( )63 7 ( (t)+7}p3€3) = [—Ad exXp (—7,01;3 3) (p+7]p3€3).
1 2 3 1 1 1

Compute derivative of Q(t) (2):

Q(t) = dL tp dR t’r];7363 (%) + dLeXp;—Z;dLexptnl;if)e?) (771)[3163>

exp -
g dL tnp363 (IildL (7 “”;:1363 )dRe xp (t’r]p363 ) (p + T]pg@g)) 3

ep?’l’ep exp

where L, and R, are the left and right products by g € G respectively. Using the formula
for () it is easy to see that the last expression is equal to Q(t)€2(t). So, Q(t) satisfies
the horizontal part of the Hamiltonian system. U

Remark 1. If |p| # 0, the solution of the vertical part of the Hamiltonian system takes
the form p(7) = Rey —2rnpsD-

Remark 2. The Killing form is a Casimir function on g*. Thus type(p) = const, i.e.,
type of a covector is an integral of the Hamiltonian system.



2.4 Model of PSLy(R)

Here we describe the model of PSLy(R) in which we produce computations and draw
figures. Consider the group SU;; that can be realized as the group of unit norm split-
quaternions

SULL = {ao + @i+ a2j + a5k | 45 — ¢i — a5 + a3 = 1. qo,q1, 2.3 € R}
The product rule of split-quaternions is distributive and satisfies the following conditions:
it =j%=1, k= —1, ij = —k, gk =1, ki=j.

It is well known (see for example [16]) that there is an isomorphism

a b)_a+d a—d. b4c. C_bk

: SLo(R SU
Y : SLy(R) — l’l’w(cd 2+21+23+2

where ad — bc =1, a,b,c,d € R.
Consider projection of elements of SU; ; to a 3-dimensional real space with coordinates

q1,q2, q3. The condition
2

G-d—a=1-¢<1

implies that these projections lie between two cups of the hyperboloid defined by the
equation ¢z — ¢ — ¢3 = 1. For fixed qi, g2, g3 (such that ¢3 — ¢ — ¢ # 1) there are two
possibilities for the value of go. Hence the group SU; ; is the union of two such domains
between the cups of the hyperboloid with identified boundary points (which correspond
to go = 0). The group SU; ; is homeomorphic to an open solid torus.

The group PSLy(R) « SU; ;1 /{£1} can be seen as the domain between the cups of the
hyperboloid with identified opposite points on the cups of the hyperboloid: (g1, g2, q3) ~
(—q1, —q2, —@3)-

As we will see below, the Maxwell strata and the cut locus are invariant under rotations
around axis g3 because of the symmetry of the Riemannian metric (I; = I). So we will
draw all the required sets in the plane ¢y, g3 (see Figure [I).

The group SU; ;/{£E} is the group of Mobius transformations of complex numbers
which preserve the unit disk. In other words, it is the group of orientation preserving
isometries of the Poincaré disk model of the hyperbolic geometry. The split-quaternion
Go + q11 + q2J + g3k corresponds to the Mobius transformation

. (qo + q3i)z + (@1 + @) L eC. (4)

(1 — q2i)z + (qo — q31)’

It is well known (see Appendix) that an orientation preserving isometry of the hyper-
bolic plane is the product of two reflections with respect to lines. There are three types
of orientation preserving isometries: elliptic, parabolic and hyperbolic ones. These types
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Figure 1: Model of SUj ;.
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correspond to pairs of lines that are intersecting, parallel one to another (the intersection
point is on the absolute) or ultra parallel one to another (not intersecting) respectively.
The following proposition provides a geometric interpretation of some subsets of SU ;.

Proposition 1. Consider the projection I1 : SU; ;1 — SU; 1 /{£E} = PSLy(R), then:

(1) II{qg € SU11 | ¢1 = g2 = 0} is the set of rotations around the center of the Poincaré
disk model;

(2) II{q € SUy1 | qo = 0} is the set of central symmetries (reflections in points);

(3) II{q € SUy; | g3 = 0} is the set of hyperbolic isometries that is defined by a sheaf

of ultra parallel lines which is symmetric with respect to a diameter of the Poincaré disk
model.

Proof. (1) Obviously the corresponding Mdbius transformation is the multiplication
by (go + q3i)%. That is rotation around zero by the angle 2 arg (qo + g31).
(2) If z is a fixed point of the M&bius transformation (), then

(1 — qoi)2* — 2q3iz — (qu + qui) = 0. (5)

One of the two solutions % is inside of the unit disk. Hence we have an elliptic



isometry (rotation). Compute derivative of transformation () at the fixed point:

& — (G +3d) 1

(1 — 20)222 — 2q3i(q1 — @2i)z — @& (@1 — q21) ((q1 — qoi) 2% — 2q3iz) — g3’

But z satisfies equation ([{]), then

1
(1 — @20)(q1 + q2t) — C]?? B

—1.

This implies that the transformation is the reflection in the point z (the central symmetry).
(3) Fixed points of the Mébius transformation can be found from the equation

(g1 — @20)2* — (q1 + 1) = 0.

There are two opposite solutions with the same absolute value that is equal to 1. That
means it is a hyperbolic isometry. The corresponding sheaf of ultra parallel lines is
symmetric with respect to the diameter connecting the two fixed points. O

2.5 Exponential map

Corollary 1. The geodesic starting at the identity of SUy 1 with an initial momentum p
has the following arclength parametrization:
(1) for a time-like covector p (p3 — p? — p3 > 0)

q5(T) = cosTcos (Tnps) — pssin T sin (Tnp3),
qi(7) . D1
= sinTRe, 115 I 6
(40 o (51 0
q5(7) = cosTsin (Tnps) + P3sin T cos (Tnps3),

(2) for a light-like covector p (p% — p? — p3 =0)

qggt; = oS thpf - QtTlpg sin ?Tpf,

¢ (¢ .t b1

(i) = #hs (1) v
g5(t) = sinGP + 5rpycos G,

(3) for a space-like covector p (p3 — p? — p3 < 0)

qi () = cosh 7 cos (Tnp3) — p3 sinh 7 sin (77p3),
h —
¢ (1) : P
(A a2
q:’;(T) = cosh7sin (Tnps) + ps sinh 7 cos (Tnps3).

9



Proof. Consider the exponentlal map from the Lie algebra to the Lie group exp :
suyp — SUp ;. Let p = P13 + p22 + p32 € suy; be the orthonormal (with respect to the
Kllhng form) decomposition of the vector p. Then

no_ Kﬂ(p)[%}p(n mod 2).

n

p

It follows that

Cos (‘ b+ sm( D) (pri + Paj + Psk), for Kil(p) <0,
exp(p) = 1 + %(plz + paj + p3k), for Kil(p) =0,
cosh ( ‘p‘) + sinh ( D) (pri + Paj + Psk), for Kil(p) > 0.

It remains to calculate the product of the expressions of the two one-parametric subgroups
from Theorem [l O

We will skip the upper index of the functions qo, q1, ¢2, g3 when we formulate a general
statement for them.

Remark 3. The image of a geodesic under the projection II : SU;; — PSLy(R) is a
geodesic. Inversely any geodesic in PSLy(R) lifts to a geodesic in SUy ;.

Definition 1. Let C' = {p € g* | H(p) = 1/2} be the level surface of the Hamiltonian (it
is an ellipsoid). Initial momenta from C' correspond to unit initial velocities of geodesics
(i.e., the arclength parametrization of geodesics).

Definition 2. The exponential map (for the Riemannian problem) is the map
Exp:C xR, — G, Exp(p,t) =mo etﬁ(id,p),

where p € (', t € Ry and el is the flow of the Hamiltonian vector field H € Vec(T*G),
and 7 : T*G — G is the projection of the cotangent bundle to the base.

The exponential map defines the arclength parametrization of geodesics.

Remark 4. The exponential map is real analytic, since the Hamiltonian H and the
Hamiltonian vector field H are real analytic.

3 Symmetries of exponential map

In this section symmetries of the problem are described. These symmetries help us to
find some Maxwell points.

10



Definition 3. A symmetry of the exponential map is a pair of diffeomorphisms

s:COxRy —CxRy and s:G—>G such that Exp o s = 50 Exp.

Next we consider only symmetries that correspond to isometries of C' (in the sense of
the Killing form) that conserve or invert the vertical part of the Hamiltonian vector field
7 nps
Hvert(p) = —[—(—p2€1 +p1€2) - VQC(C)
1
It is clear that the group of such isometries is generated by rotations around the axis
span{es} and the reflections o and o9 in the planes span{e;, ez} and span{e;, ez} respec-
tively. Denote this group by S. It is isomorphic to O X Zs.
Let us introduce the following notation:

Q;p = cost +sint(pyi + pej + psk),
tp = 1+ 5(pait paj + psk),
Q" = cosht +sinht(pii + paj + psk).

t,p

Note that any element of SU;; has one of the following forms: Qf ,, +Q¥,, in’},p, where

t > 0. The parameter ¢ is unique up to addition of 27 in the case of Qf .

Proposition 2. The group S is embedded into the group of symmetries of the exponential
map. An element o € S corresponds to the pair of diffeomorphisms

S : O xRy = C xRy and S :G—=G

that are equal to

S (p t) = (O(?)’t)’ fO’f’ do-(]—:livert) = ﬁvirta
o\V> (etHvert0-<p)’ t>7 fOT da(Hvert) = _Hvert7

‘/S\U(HQZI)) = HQ;U(P)’ §U<HQ§Z)> - HQ?U(P)’ gg(HQ?’p) - HQZU(Z’)'

Proof. Note that the action of 5, does not depend on the choice of pre-image of
s € PSLy(R) under the covering II.

It is enough to check that for generators o € S the pair of diffeomorphisms (s,,S,) is
the symmetry of the exponential map. The generators of S are rotations around the line
span{es} and reflections in the planes span{e;, e3} and span{e;,es}.

Such rotations and the first reflection do not change ps, therefore they do not change
the components ¢g and g3 of a corresponding split-quaternion. The second reflection

11



changes the sign of p3, so the component ¢y does not change, but the component g3
changes the sign.

Thus we need to know how the components ¢; and ¢» of the endpoint of the geodesic
change when the generators of S act on the initial momentum of the geodesic. It is enough

to show that
( 0t o(p)) ) . ( (t.p) )
¢(t, o(p)) ¢(t, p)
From (€ [8, [7) one can see that this is true for rotations around the axis span{es}, since

the transformation R63 mps 1S such a rotation and it commutes with o.
20

If o is one of reflections then it reverses the vertical part of the Hamiltonian vector
field. Hence

Exp o 54(p,t) = Exp(erto(p),t) = EXp(R63 _ oo o(p),t).
’ 1
If o is reflection in the plane span{e;, es} then R, ,0 = 0 R, _, and o(p)3 = ps, thus

q(t,o(p)) p1 p1 q.(t,p)
== R tnp. R tnp, — R tnp e .
( @ (t,o(p)) es, G e~ | ) OMes, 52\ py 7\ a(t,p)

If o is reflection in the plane span{e;, ez} then o commutes with rotations around the
axis span{es}, but o(p)s = —ps3, whence

@(t,o(p)) ) (p1 ) (p1 ) < @ (t,p) )
- R tn(—p R tn(—p == R tnp3 — .
( q(t,o(p)) €3 (2113) €3,~ (11 07 D2 e, 2\ P2 7 ¢(t,p)

Hereby we have shown that Expo s, (p,t) = s, o Exp(p, t) for generators o € S. O

4 Maxwell strata

Definition 4. A Maxwell point is a point () € G such that there are two distinct geodesics
with arclength parametrization @1, Qs : [0, 7] — SOz, coming to the point @) at the same
time @ = Q1(tmaz) = Q2(tmaz)- This time is called a Mazwell time.

It is known (see for example [12]) that after a Maxwell point an extremal trajectory
can not be optimal.

Definition 5. The first Mazwell set in the pre-image of the exponential map is the set

M ={(ptma) € C xRy | I € C\{p} : Exp(p, tinaa) = EXP(P', tinaz ),
but Vt € (0, tmaa) Vp1 € C\ {p} Exp(p,t) # Exp(p1,1)}.

The time t,,,, is called the first Mazwell time for p € C.
Obviously Exp(M) consists of Maxwell points.

12



Definition 6. Let A be a subset of the group S. The first Maxwell set that corresponds
to A in the pre-image of the exponential map is the set

M(A) ={(p,timae) EC xRy | o€ A Exp(p, tinae) = EXp 0 54(P, tmaz),
but Vt € (0, tpmas) Yo € A\ {id} Exp(p,t) # Exp o s,(p,t)}.

The time t,,,, is called the first Maxwell time corresponding to A for p € C.

This time is not less than the first Maxwell time.

The aim of this section is the description of the first Maxwell strata in the image
and pre-image of the exponential map. First we describe the sets M(o) for each o € S.
Second we explore the relative location of the sets M (o) and then find

M(S) c | M(o).

oeSs

Next we will show that the exponential map is a diffeomorphism from the domain of
C x Ry bounded by M(S) to G \ (ExpM(S) U {id}). This will imply that M(S) and
ExpM(S) are the cut loci in the pre-image and image of the exponential map respectively.
It means that M(S) = {(p, teu(p)) € C xR}, where t.,(p) is such time that the geodesic
{Exp(p,t) | t € Ry} is a shortest arc for ¢ € [0,%..(p)] but it is not a shortest arc for

t > tcut (p) .

4.1 Maxwell strata corresponding to symmetries

Definition 7. Denote by C¢, CP, C" the subsets of C consisting of time-, light- or space-
like covectors respectively. Introduce the following notation:

75(p3) = min{r € Ry | ¢5(7, p3) = 0}, m5(p3) = min{r € Ry | ¢5(7, p3) = 0},
to(p) = min{t € Ry | g5(t,p) = 0}, ts(p) = min{t € Ry | ¢5(t,p) = 0},
(ps) = min{r € Ry | ¢&(r,p3) = 0}, ™(ps) = min{r € Ry | ¢¥(r,p3) = 0}.

We consider the values of 7§, 75, 78, 72 as functions of the variable p3 and the parameter

n. For time- and space-like covectors p the functions ¢o(7) and ¢3(7) are even and odd
respectively. Thus all of the functions 7¢, 75, 7, 74 are even. For p3 = 0 the equations
qi(7,p3) = 0 and ¢ (7,p3) = 0 read as cosh 7 = 0 and identity respectively. That is why
the values 72(0) and 7(0) are undefined. Thus we can consider the following domains of
the functions:

76 [1,+00) = Ry, (0, +00) — Ry,

75 [1,+00) = Ry, (0, +00) = R,

Proposition 3. The set
U M(O’) = Mo UM12 UM3

c€eS
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is the union of the three strata

Mo = M5UMEUMg,
Mz = {(p,t) € C®x Ry | ps # £1, t = %1},
Mz = MSUMEUME

where
= {(p.0) € O xRy | =280} s = {(p.t) € O x Ry | ¢ = 2Dy,
o =A{(p,t) e C" xRy | t =15(p)}, 3 ={(p1) e CP xRy [t = t”(p)}
MG ={(p.t) € C" xRy | p3 # 0, My ={(p.t) € C" xRy | p3 # 0,
t = 270(\173\)11} +— 273(\173\)11}
Ipl Ip

Proof. 1t is clear that M(0) C G7 = {g € G | 5,(9) = ¢g}. For any o € S consider the
set of its fixed points G?. For which of them are there two symmetric geodesics coming
there at the same time?

Evidently the sets of fixed points in G for different elements of S lie in the union of
the sets

II{q € SUy 1 | g0 = 0}, {q € SU11 | ¢1 = ¢2 =0}, II{q € SUy; | g3 = 0}.

For any covector in C' there is a symmetric (via some element of S) covector such that
the two geodesics with these initial momenta come to one of these sets at the same
time. This time is equal to the first positive root of the corresponding equation. The
covectors with p3 = 0 are exceptions: a geodesic with such initial momentum always lies
in II{g € SU;1 | ¢ = 0} and never reaches II{q € SU;; | ¢o = 0}. Note that only
geodesics with initial momenta from C° reach the set II{q € SU;; | ¢1 = g2 = 0}, and the
geodesics with p3 = +1 always lie in this set. For details see the similar Proposition 2 in
paper [9] about the Riemannian problem on SOj3. O

4.2 The functions 7§, 75, 7!, 7 are continuous

To investigate the relative location of the Maxwell strata Mg, M5 and M3 we need to
compare the corresponding Maxwell times: for time-like initial momenta 276 I(ﬁ |3)Il , 2‘7;1‘1 and

%; for light-like initial momenta t5(p), t5(p); and for space-like ones QTALS f’)h , 2 ‘(5 ‘3)[1

Since |p| depends only on ps, it is enough to compare the functions 7§(ps), 75(p3) and
the number 7 for different values of p3 € [1,+00), and compare 7{(p3) and 74 (p3) for
p3 € (0,4+00). For this purpose let us examine some properties of these functions.

Proposition 4. The functions 75,75, 70, T8 are continuous on their domains.
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Proof. The implicit function theorem implies that it is enough to verify that the
functions ¢y and g3 have no multiple roots. (We consider gy and g3 as functions of the
variable 7 and parameter p3.) Let us check this for time- and space-like parameters p
together. Introduce some notation to make computations more easy:

[ cosT, for type(p) =1, [ sinT, for type(p) =1,
A= { coshr, for type(p) = —1, TP = s, for type(p) = —1.

(9)

Then the following equations hold:

(7, p) + type(p)s*(r,p) = 1,

O ) = —ype)s(r), o (rp) = elr.),

where type(p) = sgn(—Kil(p)).
Calculate derivatives of the functions ¢y and ¢3 of the variable 7:

) . B
% = —type(p)(1 + type(p)np3)s(7, p) cos (Tnps) — P3(1 + n)c(t, p) sin (7np3),

0 . _ _ _
S = —type(p) (1 + type(p)np3)s(r, p) sin (70 + Pa(L +n)e(, p) cos (nps).

1. Assume that go(7) has a multiple root. This means that there is ps € [0, +00) such

that
q(](T) = 07
) 10
By =0, (10)
or
Let us divide the both equations by ¢(7, p) cos(Tnps) and denote t(7, p) = Zgi ; The case
when the denominator equals zero will be considered below. We have
1 — pst(7, p) tan(7nps) = 0,
—type(p) (1 + type(p)np3)t(1, p) — p3(1 + n) tan(rnps) = 0.

Note that t(7,p) # 0 and ps # 0. Expressing tan(rnps) from the first equation and
substituting it to the second one we get

1+n
type(p)(1 + type(p)np3)’

tQ(Tv p) ==
Let us show that type(p)(1 + type(p)nps) < 0. Indeed, if type(p) > 0 then p3 > 1, and
n < —1 implies np? < —1. When type(p) < 0 we have p3 > 0 and —np3 > 0, thus
(1 + type(p)np3) > 0. Besides 1 +n < 0. Hence t*(7,p) < 0. We get a contradiction.
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Now consider the case when the denominator c¢(7,p)cos(tnps) equals zero. When
c(t,p) = 0, from system (0] we have

—pssin (Tnps) = 0,
—type(p)(1 + type(p)nps) cos (T1p3) = 0,
then (since cosine and sine can not be zero simultaneously and type(p)(1+type(p)np2) < 0)

we have p3 = 0, thus cos (7np3) = 1, and we get a contradiction.
When cos (7nps) = 0 from system (I0) we get

—p3s(T,p) =0,
—p3(1 +n)e(r,p) =0,

thus p3 = 0. Then cos (Tnp3) = 1, we get a contradiction.
2. Assume that g3 has a multiple root. Thus for some p3 € (0, 4+00) we have

pir =0 ()
Jgs 11
E(T) = 0.

If ¢(7, p) cos(Tnps) is non zero then divide both equations by this expression. We get

{ tan(7ps) + pat(r.p) =0,
—type(p)(1 + type(p)np3)t(r, p) tan(nps) + ps(1 +n) = 0.
Since p3 # 0 we have

1+
type(p)(1 + type(p)np3)’
this fraction is less than zero (see item 1), we get a contradiction.

Consider now the case when the denominator ¢(7, p) cos(Tnps) is equal to zero.
When ¢(7,p) = 0, from system (1)) we get

{ —p3cos (tnp3) =0,

t2<7-7 p) = -

—type(p)(1 + type(p)np3) sin (Tnps) = 0,

hence (since cosine and sine can not be equal to zero simultaneously and type(p)(1 +
type(p)np3) < 0) we have p3 = 0, a contradiction.
When cos (7np3) = 0 from system (III) we have

( D) = 07
—type(p)(1 + type(p)np3)s(t,p) = 0,

we get a contradiction. 0
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4.3 Relative location of Maxwell strata

Now we compare 7§(p3), m and 75(ps) for different values of p3 € [1,+00) and compare
78(p3) and 72 (p3) for ps € (0, +0oc). Thereby we will explore the relative location of the
Maxwell strata.

Proposition 5. For all p3 € [1,+00) the inequality 7§ (ps) < 75(ps) is satisfied.

Proof. Notice that for p3 = 1 the statement of the proposition is true. Indeed,

qo(7) = cos(T(1+mn)),  g5(7) = sin(7(1 +n)).

Then 75(1) =~ <~y = (1)

Assume (by contradiction) that for some p3 there holds the inequality 7§ (ps) = 75(p3).
Because of continuity of the functions 7§ and 75 (Proposition H]) there is p3 such that
75(p3) = 75(p3). This means that for some p; and 7 we have ¢o(7,p) = ¢3(7,p) = 0 in
contradiction with ¢2 — ¢ — ¢3 + ¢5 = 1. H

The above proposition shows that geodesics with time-like initial momenta reach the
stratum Exp(M§) earlier than the stratum Exp(MS).
Consider now the strata M§ and M§,.

Proposition 6. (1) If n < =3, then for all p3 € [1,+00) the inequality 7§(ps) < 7 is
satisfied.

(2) If n > =32, then 75(p3) = 7 for ps € [0, —%] and 7§(ps) < for p3 € (—%,+oo).

See Figure 2]

Figure 2: The function 7§(ps) and =.

_T gl -

n<—3 n=-

Proof. (1) Note that ¢§(0) = 1. Hence it is enough to find 6 € (0, 7] such that
¢5(f) < 0, since in this case the continuous function g§ of the variable 7 has zero at the
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interval (0, 0], i.e., a zero that is less than or equal to 7. Take

—717;73, for — nps > 2.

9_{ m, for —np; < 2,

When 7 < —%, for p3 > 1 we have —np3 > % Then _7777;3 < %’T < m. Thus

e(e) _ - COS(7”7]53)> for — nps < 2,
D\V) = —cos(—==), for —nps = 2.
3m

In the first case —27 < mnps < —=5 then cos(wnps) > 0. In the second case 0 < — = < §

then cos(—) 2 0. So we get ¢5(¢) < 0.

(2) Firstly obtain the second part of the statement. For ps >
Choose now the same 6 as in the proof of statement (1).

Obtain now the first part of statement (2). When p3 = 1 we get ¢§(7) = cos(7(1+1n)).
The first positive root of this function is —ﬁ > 7. Assume (by contradiction) that
%) such that 7§(p5) < m. Because of continuity of the function 7§

there is p3 € (1, p4) such that ¢§(m, p3) = — cos(mnps) = 0. Whence p3 = %;;1, keZ. It
is easy to see that for all k € Z the point p3 is outside of the interval (1, —%) We get a

contradiction. O

3

_ 3
—35, we have —nps > or

there exists p; € (1, —

Proposition 7. For all ps € (0,+00) the inequality 7(p3) < T4(p3) is satisfied.

Proof. Actually we need to find at least one p3 such that 70(p3) < 74(p3). Indeed, if
there is a point such that this inequality is violated then there exists a point at which the
continuous functions 7§ and 74 have the same value. This means that gy and g3 vanish
simultaneously in contradiction with ¢ — ¢ — ¢35 + ¢5 = 1.

Let us verify that the required inequality holds for p; = 1. We have

qr(1(1),1) = cosh 7(1) cos(7(1)n) — sinh 72(1) sin(75(1)n) = 0,

¢ (70 (1),1) = cosh 7 (1) sin(74(1)n) + sinh 77(1) cos(72(1)n) = 0.
Note that sin(7y(1)n) # 0, since otherwise from the first equation we have cos(7y(1)n) = 0,

a contradiction. Furthermore cos(74(1)n) # 0, since otherwise from the second equation
we have sin(72(1)n) = 0, a contradiction. The hyperbolic cosine never vanishes, so the

expressions cosh 70(1) sin(7%(1)n) and cosh 72 (1) cos(7(1)n) never vanish as well. Divide

the first and the second equations by these expressions respectively. Now we need to
compare the first positive roots of the equations

cot(rn) = tanh T,

—tan(7n) = tanh 7.
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The first positive root of the first equation lies inside of the interval (—% —+). The first

positive root of the second one lies in the interval (=7, ——) (We use the fact that the
derivative of the function —tan(7n) at zero is equal to —n > 1, i.e., it is greater than
the derivative of the function tanh 7 at zero. Therefore the graph of the function tanh 7
intersects the first branch of the graph of the function — tan(7n) only at zero.) So we

have 70(1) < 71(1). O

The above proposition implies that geodesics with space-like initial momenta reach
the stratum Exp(M}) earlier than the stratum Exp(M£%). The proposition below states
that the same is true for light-like initial momenta.

Proposition 8. For p € C? the inequality t)(p) < t5(p) holds.
Proof. The equation ¢f(t) = 0 reads as

G bps _ tps . tps

o1, a1, Mo — O

It is easy to see that sm(t””?’) # 0. Divide the equation by this expression. Denote

Tp = tp 2. We get an equivalent equation
cot(1,m) = 7.
Its first positive root lies in the interval (—2-, —T).

277 n
Similarly, the equation ¢§ = 0 is equivalent to the equation

tan(r,n) = —7,.
Its first positive root lies in (—27”, —g—’;) (Since derivative of the function tan(r,n) at zero

is equal to —n > 1, hence the graph of the function —7, intersects the first branch of the
graph of the function tan(7,n) at zero only.)

The last interval is located to the right of the first one, so we get the statement of the
proposition. O]

Denote by tma:(p), p € C, the first Maxwell time corresponding to the symmetry
group S of the exponential map. Propositions [l [6] [7, ] imply that

20

o min (7, 75(|ps)), for pe C,

" (p) _ t0<p3) for peCP,
e 2|II;|1 7o (‘p?)‘) or p S Ch7 ﬁ?) # 07
+00, for peCh, p3=0.

(12)

Lemma 1. The function t,., : C — (0, 400] is continuous.

Proof. Proposition Ml implies that it is enough to proof that:
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1. the first Maxwell time is continuous at points p € C' with |p| = 0;

27 (Ips)) 1a

E

2. there holds the equality: limg,_o

1. The map Exp : C' x Ry — SUj; is smooth (Remark @), hence its component g
(in the coordinates qo, q1,¢2,q3 on SU; ;) is smooth as well. To prove that the function

tmaz(p) 18 continuous at a point p € C, |p| = 0, we need to verify that aaq (tmaz(p),p) # 0
(by the implicit function theorem).
p
Assume (by contradiction) that aaif(tmax(p), p) = 0, then by definition of ¢,,,.(p) we
have ¢ (tmaz(p), p) = 0. So we get the following system of equations:

t
{ nps (1 + 77) sin tnpa o nps COoS tnpa _ O

tnpa _ tps tnps — O

COS 5 ~ 25 26

sin

Express cos "pg from the second equation and substitute it to the first one. From

32 sin t’”’?’ # O we get (tp3) = 1’;" < 0, a contradiction.

27 (|ps) 11
Ip
equation ¢l (p3, 7) = 0. Note that sin(rnp3) # 0, since otherwise cos(tnps) = 0. Dividing

the equation by cosh 7sin(7nps) we get the equation

2. Let us prove that limg, o = +o00. Actually 7'(p3) is the root of the

cot(Tnps) = ps tanh 7.

Its first positive root lies in the interval (—z2— —i,g) Thus this root tends to infinity

when p3 — 0. It is easy to see that

LT

Ip| =
p377

and the statement follows. OJ
We get the following description of the first Maxwell strata corresponding to the

symmetry group S in the pre-image and in the image of the exponential map.

Corollary 2. (1) When n < —3 we have

M(S) = {(p, )eCwRHt_%}U

t
{(p,t) € C" xRy | t =t5(p)} U
t

{(p,t) € C" xR, | py # 0, Zellsbiy

Exp(M(S)) = Z :=T1{q € SU;; | ¢o = 0} = R?
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is the plane of all central symmetries of the hyperbolic plane.
(2) When —3 < n < —1 we have

M(S) {(p.t)
{(p,t) € C® xR, | |p3] < 2,p37£:|:1 t_2“1}u
{(p.t)
{(p.t)

p,t) € CP xRy |t =1t5(p)} U

p,t) € CT xRy | ps #£0, 20 (‘|§‘3|)zl}’

Exp(M(S)) = ZU R,

where the interval
Rn = {Ro,icp € PSL?(R) | (S (_QW(I + n)’ﬂ]}

consists of the rotations around the center of the Poincaré disk model. (The rotation
around the center of the Poincaré disk model by the angle ¢ is denoted by Ry,.)

Proof. The statements about M(.S) follow from Propositions[fl [l [7, 8 For description
of Exp(M(S)) recall that geodesics reach the set II{g € SUy; | o = 0} at the time
corresponding to the values 75(p3), t5(p), 7ot(p3). This set consists of central symmetries
(see Section 24]). It remains to show that we can get any central symmetry at the image
of the first Maxwell stratum. Use continuity of the exponential map and continuity of
the first Maxwell time Corresponding to symmetries of the exponential map (Lemma [I]).
Actually for |ps| = 1 whenn < —3 or Ips| = % when 1 > —% a corresponding geodesic at

the first Maxwell time reaches a pomt with q; = ¢ = 0. Because of 7{!(p3) € (=357 —755)
we have 70(p3) — oo when py — 0, it follows (q1(78(p3)))? + (q2(70(p3)))* — +o00. A
continuous function (q;(78(p3)))? + (q2(79(p3)))? takes all values of the interval [0, +00).
We can achieve any direction of the vector (q; (78(p3)), ¢2(78:(p3))) by an appropriate choice
of p1, pa.

For description of the stratum R, notice that the function go(7) = —cos (mnps) is
continuous at the interval (1, —23—17] Thus this function takes all values in the interval
from its minimum to its maximum [0, cos (w(1 + 7))). It corresponds to rotations around
the center of the Poincaré disk model by angles (—27(1 4 n), w]. Another interval (corre-
sponding to the rotations in the opposite direction) is obtained by opposite values of ps.
U

5 Conjugate time

Definition 8. A conjugate point is a critical value of the exponential map. A conjugate
time is a time when a geodesic with arclength parametrization reaches the conjugate
point.
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Proposition 9. Consider a geodesic with an initial momentum p € C'. For a time-like
initial momentum and p3 # +1 there are two series of conjugate times:

20k 211 (p)
I

, keN,
p|

tog—1 =

where T (p) is the k-th positive root of the equation

1 — p?
1+np3’

tanT = —7n

For ps = £1 these two series merge to one series:

. 2[171']{?

k= ) k € N.
|p|

For light- or space-like initial momenta the corresponding geodesics have no conjugate
points.

Proof. Calculate Jacobian of the exponential map. To make calculations more easy
and independent of the type of an initial covector use notation ().
For time- and space-like covectors p the Jacobian is equal to

J0qp O Jqs O
) = (rp) (GRG0 - S0 G0,

The partial derivatives are equal to

g—gg = —7nc(T,p)sin (tnps) — s(7,p) sin (Tnps) — TnPss(T, p) cos (TNPs),

98— rye(r, p) cos (rps) + s(7.p) cos (Tnps) — TPss(r, p) sin (71173). 13)
Z;—Zg = —type(p)(L + type(p)nps)s(r, p) cos (TnPs) — P3(1 +n)e(r, p) sin (Tnpy),

7= = —type(p)(1 + type(p)np3)s(r, p) sin (11p3) + Ps(1 + n)e(7, p) cos (Tnps).

Substituting these expressions to the formula of Jacobian we get

J(7,p) = type(p)s*(r,p) [Tn(1 — type(p)p3)c(r, p) + (1 + type(p)nps)s(r,p)] . (14)

Now we find positive roots of the function J(7,p). For a time-like covector p the first
multiplier s3(7,p) equals sin® 7 and vanishes at the points 7k, k& € N. For a space-like
covector p this multiplier is equal to sinh® 7, and it has no positive roots.

Consider roots of the second multiplier of the Jacobian (the expression in the square
brackets).

Note that < —1 implies np3 < —p3. Thus 1+ npz < 1 — p3 < 0 for a time-
like covector p (p3 > 1). But 1 —np2 > 1+ p5 > 1 for all p3 > 0. It follows that
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1 + type(p)np2 # 0. So, if 7 is a zero of the second multiplier of the Jacobian, then
c(1,p) # 0, since otherwise s(7,p) = 0 and these functions can not vanish simultaneously.
Hence we need to investigate roots of the equation

s(rop) _ 1= type(p)ps
o(7,p) 1+ type(p)np;’
It is easy to see that the coefficient of 7 in the right-hand side is non-negative.

For a time-like covector p this coefficient is less than 1, since n < —1 and —n + np3 >
1+mnp2. This means that the line with such slope does not intersect the branch of the plot
of the function tan 7 passing through the origin. For p3 # £1 we get 7(p) € (7k, Tk + 7).
For p3 = £1 we have 7,(p) = 7k, k € N,

For a space-like covector p we have —n —np3 > 1 — np3. This means that the slope of
the line is greater than 1. Thus this line intersects the plot of the function tanh 7 at the
origin only. It follows that for a space-like initial covector the corresponding geodesics
have no conjugate points.

Consider now geodesics with light-like initial momenta. We will show that there are
no conjugate points. Apply the argument from [I7]. By contradiction assume that for
a light-like covector p° there is a finite conjugate time . (p°). The conjugate points
on the geodesic are isolated ([18]). So there exists t; > teonj(p®) such that ¢; is not a
conjugate time for p°. Consider the continuous curve p® : [0, 1] — C such that covectors
p® are space-like for s € (0,1] and lim,_, o p* = p". In paper [18] it was shown that the
number of conjugate points (taking into account multiplicity) on the geodesic arc ¢*(t) =
o etﬁ(ps, id), t € [0,t4], is equal to the Maslov index [19] of the path I*(t) = e*’tﬁTq*s(t)G
in the Grassmaian of Lagrange subspaces of T(;q0)7*G. Due to the homotopic invariance
of the Maslov index, the number of conjugate points on the geodesic arcs ¢°(t), t € [0, 4]
and ¢'(t), t € [0,t,] are equal. There are no conjugate points on the arc ¢'(t), t € [0, ],
thus there are no conjugate points on the geodesic arc with the light-like initial momentum
p° for t € [0,¢;]. We get a contradiction. O

Definition 9. The first conjugate time t.,,;(p) is the time when the arclength parametrized
geodesic with the initial momentum p reaches the first conjugate point. We set it equal
to infinity for geodesics that have no conjugate points.

Corollary 3.

2th - for type(p) = 1,
tamj(p) = { i ( )

1
+o00, for type(p) < 0.

Proof. Follows from Proposition O

Remark 5. The function t..,; : C' — (0,400] is continuous. Actually when a time-like

initial covector tends to a light-like one, the corresponding conjugate time ¢..,;(p) = 2":‘1

tends to infinity, since |p| — 0.
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6 Cut locus

Consider the Maxwell strata in the pre-image of the exponential map which correspond
to the symmetry group S. Denote the domain bounded by the closure of these Maxwell
strata by

U={(p,t) eC xRy |0<t<tma(p)},

where t,,q.(p) is the first Maxwell time ([2)) for the symmetry group S.
Note that U is an open subset of C' x R, , since it is the domain under the graph of a
continuous function (see Lemma [T]).

Proposition 10. The map Exp : U — G\ (Exp(M(S)) U {id}) is a diffeomorphism.

Proof. We use the Hadamard global diffeomorphism theorem [20]: a proper non-
degenerate smooth map of smooth connected and simply connected manifolds of same
dimension is a diffeomorphism.

The manifolds U and G\ (Exp(M(S)) U {id}) both are 3-dimensional and connected,
since both of them are homeomorphic to the punctured ball. Indeed, the first one is the
domain under the graph of a continuous function on C' = S2. The second one is the open
punctured solid torus G\ {id} without closure of the Maxwell set, that is the union of the
open meridional disk Z of the torus and the interval R, (for n € (=32, —1)). The result
of the subtraction is homeomorphic to the punctured open ball. Consequently the both
manifolds are simply connected.

The exponential map is non-degenerate on U (there are no critical points in U). Indeed,
U is the domain under the graph of the first Maxwell time ([2)). The first Maxwell time

for time-like initial covectors is 2L min (7, 75(|ps|)) and it is less than or equal to the first

Ip
conjugate time 2‘7;[‘1 . For initial covectors of other types the first conjugate time is infinite

(Corollary B]).

Now we prove that the map Exp : U — G\ (Exp(M(S)) U {id}) is proper, i.e., pre-
image of a compact set K € G \ (Exp(M(S)) U {id}) is compact (closed and bounded).

Assume that Exp~!(K) is unbounded. Then there exists a sequence (p”, ") € Exp™*(K)
such that t" — +o00. Since p™ belongs to a compact set C, there is a converging sub-
sequence. So we can assume p" — p’ € C. Clearly p} = 0, since otherwise t,,q,(p°) is
bounded and ¢" can not tend to infinity. Because of p} = 0 the covectors p™ are space-like
for numbers n big enough and their lengths [p™| are separated from zero.

For the images Exp(p™,t") € K in the coordinates qf, 7, ¢5, g5 we have

21

@0, g0, <q?>2+<q9>2=sinh2( )<<p;:>2+1>%+oo,

but K is bounded. We get a contradiction.
Assume now that Exp '(K) is not closed. Since it is bounded, there is a sequence

(p™,t") € Exp '(K) converging to (p,t) € U \ Exp '(K).
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Then the sequence Exp(p",t") € K converges to Exp(p,t) € K, since the map Exp is
continuous and the set K is compact.

Hence, if (p,t) € U then (p,t) € Exp '(K). We get a contradiction.

For (p,t) ¢ U (i.e., located at the boundary of U) we have (p,t) € M(S) or (p,t) € C
(i.e., t = 0), since the sets M(S) and C are closed. Then Exp(p, t) belongs to Exp(M(S))
or is equal to id. We get a contradiction with compactness of K.

So the set Exp_l(K ) is compact, thus the map Exp is proper. Thereby hypotheses of
the Hadamard theorem are satisfied and the statement of the proposition is true. 0

Theorem 2. (1) When n < —32 the cut time is

20175 (P3) for peCe

p P

tcut(p) = 2[11&7(—)}?(1;7?3)))’ for P © Ch’
2 ) fO’f’ p € C ) p?) 7& 07

+oo, for p3=0.

(2) Whenn > —32 the cut time is

217 e
/ 1|;£p3) for peCe, ‘ps‘ S 277’
‘I;‘ﬂ7 fOT D S Ce’ ‘p?)‘ A ,77
teut(p) = to(p3) for peCP,
B for pe O py A0,
L +o00, for p3=0.

Theorem 3. (1) When n < —% the cut locus is the plane Z consisting of central symme-
tries. o
(2) Whenn > —2 the cut locus is a stratified manifold Z U R,,, where

Ry ={Roz, € PSLa(R) | ¢ € [-27(1 + n), 7]}

is the interval consisting of some rotations around the center of the Poincaré disk model.

Proofs of Theorems Pl and Bl immediately follow from Proposition [10. O

The cut locus is the surface of revolution of the contours presented in Figure 3] (in the
model of PSLy(R) which is an open solid torus considered as the domain between two
cups of a hyperboloid with the boundary identification).

Propagation of the equidistant wave front is represented at Figure @l for n > —%.

Remark 6. When n < —% the cut locus coincides with the set of the first Maxwell points.
When n > —% in the cut locus there are two conjugate points Ry tor(14y) in addition to
the set of the first Maxwell points.
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Figure 3: Cut locus in PSLy(R).

7 Injectivity radius

In this section we compute injectivity radius of the symmetric left-invariant Riemannian
metric on PSLy(R). Recall that the injectivity radius is the supremum of the set of T
such that the restriction of the exponential map to the set

{(p,t) [ peC, 0<t<T}

is injective. It is clear that injectivity radius is equal to inf {t...(p) | p € C}.

Below we investigate the function t.,(p) defined on the sets C¢, C? and C*, find and
compare its local minima. The cut time is not a smooth function on C| but it is defined
by the Maxwell times corresponding to the strata M, and M,, these times are smooth
functions of the variable ps.

Denote the first Maxwell times corresponding to the strata My and M5 by

— N 2117—0(153) — 0\ 7_06(]53)7 JAS Cea ﬁfﬂ € [1,+OO),
W)= P T ), pe e (04o0)

tin(ps) = %t p€C Ps € [1,+00).

Also introduce the functions:
r(p,n) = 1+ type(p)nps,
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j(r,p,m) = r(p.n)s(r,p) + (1 — type(p)p3)c(T, p).

Proposition 11. The next formulas are satisfied:

ol = L Ipl _ _ npslp|
—type(p)r(p,n)’ O3 type(p)r(p,n)’
Oty _ 2L (7. p,m)e(r,p)
Op3 1ol 7(p. n)ps[type(p)r(p, n)s2(r. p) + (1 +n)c2(r,p)]’

Proof. From I}—? + ’I)—% + % = 1 it follows p? + p3 = I, + (n + 1)p3. Thus Kil(p) =
pi+ps —p3 =L +np; = L + np3fKil(p)| = —type(p)[Kil(p)|. Expressing [Kil(p)| and
substituting it to |p| = \/|Kil(p)| we get the first formula, the second one can be produced
just by computing derivative of the first one.

Next ) a\ ‘ ) )
T P T np
Mo _ ops lpl — T0%ps _ s T 0 type(p)?"(pm)
—— =2L————F———— =21 :
Ops | |
By the implicit function theorem we have
07y . dq0 ,9q0

ops  9ps’ O
using expressions (I3)) of the partial derivatives of the function gy we get

Ory _ 7ne(,p) sin (tnps) + s(7, p) sin (Tmps) + Tnpss(7, p) cos (Tps)
Ips type(p)r(p,n)s(t, p) cos (Tnps) + p3(1 + n)e(r, p) sin (Tnps3)

Consider the case s(,p)sin (mnps) # 0. Dividing numerator and denominator of the
expression 3 aTO by s(7,p) sin (Tnp3) we get
oo TT}SET pg + 1+ mnps3 cot (Tnps)

s type(p)r(p,n) cot (Tnps) + pa(1 +1)¢

e(rp)

s(T,p)

Because of qo(7, p) = c(7, p) cos (Tnp3) —p3s(T, p) sin (Tnp3) we obtain CET’p ; cot (Tnps3) = Ps3.

Next ¢(7,p) # 0, since for p € C" we have ¢(7, p) = cosh 7 # 0, and forp E Ceife(r,p) =0
then p3 = 0, in a contradiction with p € C¢. Thus cot (Tnp3) = . Substituting it

to the expression of g—g we obtain

Ony _ ™3 (1, p) + c(T,p)s(7, p) + Tnpas*(T, p)
dps  pstype(p)r(p,n)s?(,p) + (L +n)c2(1,p)]
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Substituting this expression to the formula of g—;g, transforming to a common denominator
and using the equation c¢*(7,p) + type(p)s?(7,p) = 1, we get the third formula of the
proposition.

It remains to consider the case s(7,p)sin (71ps) = 0. Because of

qo(7,p) = c(7,p) cos (Tnps) — p3s(7,p) sin (Tnps) = 0

there are two cases.
The case s(7,p) = 0 and cos (7np3) = 0. Then

O w Oty 2L (1 — type(p)p3)

aps  ps(l+n)  9ps  Ipl rem)ps(l+1n)

it coincides with the general formula.
The case sin (tnp3) = 0 and ¢(7,p) = 0. Then

o TNP3 Oty 0
Ops  type(p)r(p,m)”  Ops
it coincides with the general formula as well. 0
Proposition 12. The following equation is satisfied:
aty _ ‘
el g5 ) = —sgn(ps)sgn(j (7, p,n))sgn(c(7, p)).

Proof. In fact r(1,n) = 1 + type(p)nps. For p € C° we have p3 > 1. From n < —1 it
follows np2 < —1, i.e., r(p,n) < 0. For p € C" we get —np3 > 0 then r(p,n) > 0. Hence
sgu(r(p,n)) = —type(p).

Therefore the expression in the square brackets in denominator of the expression of
g—g is negative. The statement of the proposition follows. O
Proposition 13. The function to(ps) satisfies the properties:

(1) it is increasing at the interval [1,4+00) for p € C¢ when n < —2;

(2) it is decreasing at the interval [1, —%] and it is increasing at the interval [—%, +00) for
p € C° when —2 < n < —%;

(3) it is decreasing at the interval |
for p € C° when n > —%;

(4) it is decreasing at the interval (0,+o0c) for p € C™.

—%, —%] and it is increasing at the interval [—%, +00)

Proof. Notice that the expression j(7,p,n) appears as a multiplier in expression (I4))
of the Jacobian J of the exponential map. It was shown in the proof of Proposition
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that for p € C° the first positive zero of the function j(7,p,n) (of variable 7) is greater
than , and for p € C" this function has no positive zeros.

(1-3) Computing j(m, p,n) we have —mn(1 — p2) < 0. Thus a continuous function
J(7,p,m) is negative for 7 € (0, 7]. From Proposition [l it follows that the function 7¢(ps)
is less than or equal to 7 on the intervals [1, +00) and [—%, +00) when n < —% and n > —%
respectively. That is why j(7,p,n) is negative under the hypotheses of the proposition.
This means that on the considered intervals the sign of 3—;2 is equal to the sign of cost
due to Proposition

It remains to determine when the sign of cos 7§(ps) changes, i.e., 75(ps) = 5. Let us
prove that this happens at the point p3 = —% for n > —2.

Consider p3 > —%, then ¢§(0,p3) = 1 > 0 and on the other hand qg(—n%,ﬁg) =
— cos (—%) < 0, since for ps > —% the inequality 0 < — %= < 7 holds. Hence the
function ¢§(7, p3) (of variable 7, for p; > —%) at the endpoints of the interval [0, — =]
have values of different signs. So this continuous function has zero inside this interval.
Consequently, 75(ps) < 5 for p3 > —%.

Consider now the case p3 < —%. Our aim is to prove the inequality 75(ps) > 5. Notice

that this inequality is satisfied for p3 = 1 (indeed, 75(1) = —¢; > 3). Assume that
the inequality breaks at some point of the interval [1, —%) Since the function 7§(ps) is
continuous, there exists p3 € [1, —%) such that ¢G(%,ps) = —pssin (§1ps) = 0. Solving
this equation in the variable ps we get ps € {% | k € Z}. But this set does not intersect
the interval [1, —%), so we get a contradiction.

(4) The expression j(7,p,n) is non-vanishing for 7 > 0 and p € C*. Substituting
T = % to this expression we get r(p,n) > 0 (see the proof of Proposition [[2)). Thus the
sign of g—;g is opposite to the sign of cosh 7, which is always positive. Consequently, the

function to(p) is decreasing for p € C" and p3 € (0, +00). O
Proposition 14. The function t15(ps3) = 2|7;I|1 is increasing at the interval [1,+00) for
peCe.

Proof. Use the formula of |p| from Proposition [Il The function r(p,n) = 1 +
type(p)nps is decreasing at the interval [1,400), because of n < 0. Thus the function
—type(p)r(p,n) increases. Hence |p| decreases, the statement of the proposition follows.
O]

Figure [{ presents plots of the cut time as the function of variable p3 € [1,+00) for
time-like initial momenta and different values of the parameter 7.

Corollary 4. The injectivity radius of the symmetric left-invariant Riemannian metric
on the group PSLs(R) is equal to

(1) 71, _Fln when n < —2;
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Figure 5: Cut time for p € C°.
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Proof. The injectivity radius is equal to the minimal value of the cut time t.,(p) for
p € C. From Theorem [2 it follows that the cut time is equal to the minimum of the
Maxwell times corresponding to the strata Mg and M,.

From Propositions [3HI4] and continuity of the cut time (Lemma [Il) we obtain the
following facts about the local minima of the cut time.

(e) There are two local minima of the cut time in the set C°. They are the north n and
the south s poles of the ellipsoid C' (the points where p3 = 4+1). The cut time has the same
values at those points. Besides, there are two circles of local minima {p € C*¢ | p3 = :i:%}
The cut time is constant on these circles. Denote by m an arbitrary point of the circle in
the north hemisphere, i.e., mg = —%.

(p) The cut time has no local minima in the set C? (for any point of C? there are an
arbitrarily close point of C'* with a lower value of the cut time and an arbitrarily close
point of C" with a greater value of the cut time).

(h) In the set C" there are no local minima of the cut time (on the equator of the
ellipsoid C' the cut time is infinite and it decreases along meridians from the equator to
the poles).

The values of the cut time at the points of local minima are

2Tg(ﬁ3)11 3 e/ =

——, when 7 < -3, 278 (ms) 14

tcut(”) = { 27r[|1 | > _g tcut<m> = O|m| .
In] > 29

It is easy to see that for ng = 1 the equation ¢§(7,7n3) = cos7(1+n) = 0 has the first
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Thus

positive root Next |n| =

T 2(14) (1+n)

fon(n) 7T/~ 1+n’ when 7 <
cut =
2/ Tin/—(1+1n), when n

Calculate now the value of the cut time at the point m. Note that 75(m3) = 7 and

|m| = ,/—ﬁ. Hence tou(m) = /114 /— ’7+4

Consider now different cases of the parameter n.

When 7 < —2 the cut time has no local minima (Proposition [[3]) and the injectivity
radius is equal to t.,.(n). We get case (1), see Figure [H(a).

When -2 < n < —% the cut time has a local minimum at the point m which is the
global minimum (Proposition [[3)). We get case (2), Figure BI(b).

When n > —% we need to compare

cut —271-\/7\/ 1+77 and cut —7T L n+4

After elementary transformations it is easy to see that t..(n) < tcut(m) if and only if

OJ l\DIO.‘J

41 + 3n — 4 < 0. This inequality is equivalent to n € (=3 ‘/ﬁ _3+‘/_) It remains to use
the inequalities:
3 —3-V73 -3+ V73
—§<T<—1<T, 77<—1

Thus when n € (=3, =3-V73] we have case (2) presented in Figure Blc), and when 7 €

(37*/_, —1) we have case (3), see Figure Bld). O

Remark 7. The injectivity radius is a continuous function of the variable 7.

8 Left-invariant Riemannian problem on SL;(R)

We use the same method of finding the cut locus as in the case of PSLy(R). Firstly notice
that the exponential map is described by formulas (@ [7, [). Secondly the symmetry group
of the exponential map is the same that in the case of PSLy(R). The difference is that
the set Exp(M,) is not a Maxwell stratum on SLy(R). In the case of PSLy(R) there
are two geodesics that come to some point of this set at the same time, but in the lift
to SLy(R) these geodesics at that time are located in the different leaves of the covering
SLy(R) — PSLy(R).

The set of the first conjugate points and the first conjugate time are described in
the same way as in the case of PSLy(R). Thus for application of the Hadamard global
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diffeomorphism theorem we need to compare the Maxwell time corresponding to the
Maxwell strata Exp(M2) and Exp(M3) and the first conjugate time. The proposition
below gives an answer for this question.

Proposition 15. (1) If n < —3, then for all ps € [1,+00] there holds the inequality
5(ps) < .

(2) If n > =3, then 75(p3) > m for ps € [1, —%) and 75(p3) < 7 for ps € [—%,+oo).

See Figure [0

Figure 6: Function 75 and .
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Proof. (1) Note that ¢5(0) = 0 and

0qs PN . _ _ _
8: = —(1 + np3) sinTsin(rnps) + p3(1 + n) cos T cos(Tnps)

for 7 = 0 is equal to p3(1 +7n) < 0. The function ¢§ of variable 7 is differentiable. Thus
for all p3 > 1 there exists an arbitrarily small 7 > 0 such that ¢§(7, ps) < 0. Hence it is
enough to find 6 € (0, 7] such that ¢5(f#) > 0. Then due to continuity of the function ¢§
of variable 7 there exists a root of ¢§ at the interval (0, 6], i.e., a root that is less than or
equal to 7. Let us take
9:{ z for—n]?3<2,
—=L for —np3 = 2.

a3 pgsin(—=L),  for — nps > 2.
In the first case —m < Znps < —%’T, thus cos(gn;ﬁg) > 0. In the second case 0 < —n%’; <,
it follows sin(—%) > 0. Consequently ¢5(6) > 0.
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(2) First we prove the second part of the statement. For ps > —% we have —np3 > 2.
We can take the same 6 as in the proof of statement (1).

To prove the first part of statement (2) notice that for p; = 1 we have ¢5(7) =
sin(7(1 + n)). The first positive root of this function is equal to ——~ > 7. Assume (by

1+n
contradiction) that there exists pj € [1, —%) such that 75(p5) < m. The function 75 is
continuous, thus there exists p3 € (0,p5) such that ¢5(m,p3) = —sin(mnps) = 0. Hence

D3 = %, k € Z. Tt is clear that for all k € Z the point p3 lies outside of the interval [1, —%)
We get a contradiction. O

For the symmetric left-invariant Riemannian problem on the group SLy(R) we describe
below the cut locus and the geometric interpretation of its image under the projection II
to the group of proper isometries of the hyperbolic plane.

Theorem 4. (1) When n < —32, the cut locus is the plane
H :={q€SUw1 | g5 =0},

that maps to the plane of hyperbolic isometries corresponding to the sheafs of ultra-parallel
lines that are symmetric in the diameters of the Poincaré disk model.
(2) When n > —%, the cut locus is a stratified manifold

HUT,,

where T,, = {q = %(cos(2mps) + sin(27p3)k) | ps € [1, —%]} is the interval that maps to
the interval consisting of some rotations around the center of the Poincaré disk model.
Proof. The proof is similar to the proof of Theorem[3l This follows from Proposition I3l

and the geometric interpretation of the subsets of the group of proper isometries of the
hyperbolic plane described in Section 2.4] O

9 Connection with left-invariant sub-Riemannian
problem

Identifying the Lie algebra g with the space of pure imaginary split-quaternions, consider
a decomposition
g=top, (15)

where £ = Rk and p = Ri & Rj.

Let A be the distribution of 2-dimensional planes in T'G that is produced by the left
shifts of the subspace p of the Lie algebra. Endow the distribution A with the positive
definite quadratic form r,(v) = (¢ v, g7 'v), where g € G, v € A, = gp and (-,-) is the
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Killing form. Let X7, X5 be vector fields that form an orthonormal basis (with respect to
the form ;) in the distribution A at every point.
Consider the following left-invariant sub-Riemannian problem:

) ) 1M )
g =u1 Xy + u Xo, g(0) =1id, g(t1) = g1, 5/ (u% + ug) dt — min. (16)
0

Theorem 5. For the left-invariant sub-Riemannian problem (I8) on PSLy(R) (or SLy(R))
defined by decomposition (I5) and the Killing form
(1) the parametrization of geodesics,
(2) the conjugate time,
(3) the conjugate locus,
(4) the cut time,
(5) the cut locus
are produced from the same objects of the left-invariant Riemannian problem on PSLsy(R)
(or SLa(R) respectively) with I} = I by passing to the limit I3 — oco.
Figure [7 presents the cut loci for the sub-Riemannian and the Riemannian metrics for
n > —% (the surfaces of revolution of the plotted contours).

Figure 7: Cut loci in sub-Riemannian and Riemannian cases.
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Proof. (1) Theorem [ implies that the parametrization of geodesics on the considered

groups have the form
t t
g(t) = exp (I—lp) exp (—ng k‘) ,

where p € g and p = p1t + poJ + psk is its split-quaternion representation. When n — —1
(it is equivalent to I3 — 0o) we get

t i ) t t
g(t) = exp | —(p1i + p2j) + —psk | exp | ——psk | .
I, I, I,

This coincides with the known parametrization of sub-Riemannian geodesics (the proof
could be found in V. Jurdjevic’s book [21]):

9(t) = exp(t(Ay + Ax)) exp(—tAg),
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where Ay, € ¢, A, € p, 11a(A4,) = 1. In V. N. Berestovskii’s paper [2] a similar parametriza-
tion was got in Theorem 3:

A(t) = exp (t(cos poa + sin pob — fe)) exp (£50),

where v is a geodesic, a, b, ¢ is a basis of the Lie algebra, the distribution is generated by
the vectors a and b, the parameters g and S define the initial covector.

For the sub-Riemannian problem on SLy(R) the same formula of parametrization of
geodesics holds (V. N. Berestovskii, I. A. Zubareva [4], Theorem 2).

The formulas relating the coordinates of initial covector in this paper and in papers [2],
[4] are

2_ 82 _ 1 .= B
|p| 6 » D3 m

(2) The conjugate time for the sub-Riemannian problems on PSLy(R) and SLy(R) is
finite for § > 1 and is equal to \/% ([2], [4]). In the Riemannian problem the conjugate
time is finite only for time-like initial covectors and it is equal to
I; =1 it coincides with the sub-Riemannian conjugate time.

(3) The set of the first conjugate points is the circle S = exp(Rk) both for the
sub-Riemannian and the Riemannian cases.

(4) The cut time in the sub-Riemannian problem on PSLy(R) was computed in [2]
(Proposition 5). Below we give references (in brackets) for the corresponding formulas
from that paper. For time-like initial covectors (]3| > 1) the cut time is equal to —>=

VBT

for |5] > % (52). For 1 < |B| < % the cut time is the first positive root of the equation
(formulas (54), (55)):

2nly
Ip|

(Proposition [), for

SN 11 I I A/
2 B2 —1 2

For light-like initial covectors (|5| = 1) the cut time is the first positive root of the equation

(formulas (50), (51)):
t t
—cot - = —.
2 2
For space-like initial covectors (|| < 1) the cut time is the first positive root of the

equation (formulas (48), (49)):

8]t 5] ty/1 =
— cot 5 = \/ﬁtanh f

Note that p3 = —% corresponds to f = % Thus, the Riemannian cut time for

2
light-like initial covectors for ps > —% converges to the cut time of the sub-Riemannian
problem when n — —1.
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/32 _
—\gﬁ—u = p3, for I; = 1 we have @ = TPs, e g !
covectors of the other types the equation gy = 0 converges to one of the equations above
(depending on the type of initial covector). Those equations and the equations ¢§ =
0, g5 =0, g = 0 for different values of  do not have multiple roots. Hence the first
positive roots of the equations ¢§ = 0, ¢ = 0, ¢4 = 0 converge to the sub-Riemannian
cut time when n — —1.

For the sub-Riemannian problem on SLy(R), similar equations for the cut time were
presented in Theorem 6 of paper [4]. Those equations are obtained from the equations
¢ =0, ¢ =0, ¢ =0 of the Riemannian cut time on SLy(R) (Theorem M) by passing

to the limit » — —1. Note that for 3] > % the sub-Riemannian cut time is equal to
2

V=

(5) When n — —1 the components R, and 7T, of the Riemannian cut loci on PSLy(R)
and SLy(R) converge to the circle S' = exp(Rk) which is the component of the sub-
Riemannian cut locus. The ”global” part of the cut locus Z (H in case of SLy(R)) is the
same for the Riemannian and the sub-Riemannian cases. The sub-Riemannian cut loci in
PSLy(R) and SLy(R) were described in papers of V. N. Berestovskii and I. A. Zubareva [2],
[4], U. Boscain and F. Rossi [5]. O

= 7. Thus for initial

Clearly

. The initial covectors of such geodesics correspond to light-like p with ps > —%.

Appendix. Some facts of hyperbolic geometry

In this appendix we give some useful facts of the hyperbolic geometry. The proofs can be
found for example in book [22].

Definition 10. The Poincaré disk model of the hyperbolic plane is the open unit disk
{z € C | |z| < 1}. The boundary circle of the unit disk is called the absolute. Points
of the open unit disk are points of the hyperbolic plane. Consider Euclidean lines and
circles that are orthogonal to the absolute. Arcs inside of the open unit disk are lines of
the hyperbolic plane. Clearly there are infinite number of lines parallel to a fixed line and
passing through the point outside that fixed line.

Definition 11. The distance p(z1,z2) between two points z; and zp of the hyperbolic

plane is defined as p(z1, z2) = §|1In |[u, v, 21, 25]||, where v and v are the intersection points

of the line z729 and the absolute and

21— U Zo2—U

[U, v, 21, 22] = .
21—V 29 — U

is the anharmonic ratio of four points.

Remark 8. The parameter ¢ defines the eigenvalues I; = I = ¢ of the Riemannian
metric on the group of proper isometries of the hyperbolic plane.
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Theorem 6. (1) Any proper isometry of the hyperbolic plane is determined by a Mdbius
transformation preserving the unit disk

WERWE g - jusP =1, wy,wp € C.
WoZ + Wy

(2) Proper isometries form the group SUj ;.

(3) Any proper isometry is a composition of two reflections in lines.

(4) There are three types of proper isometries: elliptic, parabolic and hyperbolic ones. The
type is defined by the configuration of two lines. They can be intersecting, parallel one to
another (the intersection point belongs to the absolute) and ultra-parallel one to another
(non-intersecting).

(5) Orbits of these isometries are located on the curves that are orthogonal to the lines
of elliptic, parabolic or hyperbolic sheaf respectively. Those curves are circle, oricircles or
equidistants respectively.

Remark 9. In the Poincaré half-plane model {z € C | Imz > 0} of the hyperbolic plane
the group of proper isometries is the group of Mdbius transformations of the form

az+b

H )

cz+d

ad —bc =1, a,b,c,d € R,

that is isomorphic to PSLy(R). The transformation z zﬁ—j maps the Poincaré disk
model to the Poincaré half-plane model.

References

[1] A. Selberg, Harmonic analysis and discontinuous groups in weakly symmetric Rie-
mannian spaces with applications to Dirichlet series // J. Indian Math. Soc. (N.S.),
1956, 20, pp. 47-87.

[2] V. N. Berestovskii, (Locally) shortest arcs of special sub-Riemannian metric on the
Lie group SOy(2,1) // St. Petersburg Math. J., 2016, 27, 1, pp. 1-14.

[3] V. N. Berestovskii, I. A. Zubareva, Geodesics and shortest arcs of a special sub-
Riemannian metric on the Lie group SO(3) // Siberian Mathematical Journal, 2015,
56, 4, pp. 601-611.

[4] V. N. Berestovskii, I. A. Zubareva, Geodesics and shortest arcs of a special sub-
Riemannian metric on the Lie group SL(2) // Siberian Mathematical Journal, 2016,
57, 3, pp. 411-424.

[5] U. Boscain, F. Rossi, Invariant Carnot-Caratheodory metrics on S, SO(3), SL(2)
and lens spaces // SIAM Journal on Control and Optimization, 2008, 47, pp. 1851—
1878.

37



[6]

[15]

[16]
[17]

[18]

I. Moiseev, Yu. L. Sachkov, Mazwell strata in sub-Riemannian problem on the group
of motions of a plane // ESAIM: Control, Optimisation and Calculus of Variations,
2010, 16, pp. 380-399.

Yu. L. Sachkov, Conjugate and cut time in the sub-Riemannian problem on the group
of motions of a plane // ESAIM: Control, Optimisation and Calculus of Variations,
2010, 17, pp. 1018-1039.

Yu. L. Sachkov, Cut locus and optimal synthesis in the sub-Riemannian problem on
the group of motions of a plane // ESAIM: Control, Optimisation and Calculus of
Variations, 2011, 17, pp. 293-321.

A. V. Podobryaev, Yu. L. Sachkov, Cut locus of a left invariant Riemannian metric
on SOj3 in the axisymmetric case // Journal of Geometry and Physics, 2016, 110,
pp- 436-453.

L. S. Pontryagin, V. G. Boltyanskii, R. V. Gamkrelidze, E. F. Mishchenko, The
Mathematical Theory of Optimal Processes, Pergamon Press, Oxford, 1964.

A. A. Agrachev, Yu. L. Sachkov, Control theory from the geometric viewpoint,
Springer, 2004.

Yu. L. Sachkov, The Mazwell set in the generalized Dido problem // Sbornik: Math-
ematics, 2006, 197, 4, pp. 595-621.

Yu. L. Sachkov, Complete description of the Maxwell strata in the generalized Dido
problem // Sbornik: Mathematics, 2006, 197, 6, pp. 901-950.

E. Grong, A. Vasil’ev, Sub-Riemannian and sub-Lorentzian geometry on SU(1,1)
and on its universal cover // J. Geom. Mech., 2011, 3, pp. 225-260.

D.-Ch. Chang, I. Markina, A. Vasil’ev, Sub-Riemannian geodesics on the 3-D sphere
// Complex Analysis and Operator Theory, 2009, 3, 2, pp. 361-377.

A. L. Onishchik, E. B. Vinberg, Lie Groups and Algebraic Groups, Springer, 1990.

Yu. L. Sachkov, Conjugate points in the Euler elastic problem // Journal of Dynam-
ical and Control Systems, 2008, 14, 13, pp. 409-439.

A. A. Agrachev, Geometry of optimal control problems and Hamiltonian systems in
Nonlinear and optimal control theory, P. Nistri and G. Stefani eds., Lectures given at
the C.LM.E. Summer School (Cetraro, June 19-29, 2004) // Lecture Notes in Math.,
2008, vol. 1932, pp. 1-59.

38



[19] V. I. Arnold, On a characteristic class entering quantization conditions // Funct.
Anal. Appl., 1967, 1, 1, pp. 1-14.

[20] S. G. Krantz, H. R. Parks, The Implicit Function Theorem: History, Theory and
Applications, Birkauser, 2001.

[21] V. Jurdjevic, Optimal Control, Geometry and Mechanics // Mathematical Control
Theory, J. Bailleu, J. C. Willems eds., Springer, 1999, pp. 227-267.

[22] V. V. Prasolov, V. M. Tikhomirov, Geometry, AMS, 2001.

39



	1 Introduction
	2 Parametrization of geodesics
	2.1 Definitions and notation
	2.2 Optimal control problem
	2.3 Equations of geodesics
	2.4 Model of PSL2(R)
	2.5 Exponential map

	3 Symmetries of exponential map
	4 Maxwell strata
	4.1 Maxwell strata corresponding to symmetries
	4.2 The functions e0, e3, h0, h3 are continuous
	4.3 Relative location of Maxwell strata

	5 Conjugate time
	6 Cut locus
	7 Injectivity radius
	8 Left-invariant Riemannian problem on SL2(R)
	9 Connection with left-invariant sub-Riemannian problem

