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Àííîòàöèÿ

Ðàññìàòðèâàåòñÿ íèëüïîòåíòíàÿ ñóáðèìàíîâà çàäà÷à ñ âåêòîðîì ðîñòà (2, 3, 5, 8) . Îïèñà-
íû è èññëåäîâàíû àíîðìàëüíûå ýêñòðåìàëè, îðòîãîíàëüíûå êóáó ðàñïðåäåëåíèÿ. Èçó÷åíû
ãåîìåòðè÷åñêèå ñâîéñòâà äâóìåðíîé ïîâåðõíîñòè â ïðîñòðàíñòâå ñîñòîÿíèé, íà êîòîðîé
ñîîòâåòñòâóþùèå àíîðìàëüíûå òðàåêòîðèè çàäàþò îïòèìàëüíûé ñèíòåç.

Êëþ÷åâûå ñëîâà: Ñóáðèìàíîâà çàäà÷à, àíîðìàëüíûå òðàåêòîðèè.

1 Ââåäåíèå

Â ýòîé ðàáîòå ðàññìàòðèâàåòñÿ âàðèàöèîííàÿ çàäà÷à, êîòîðóþ ìîæíî ïîñòàâèòü íåñêîëüêèìè
ýêâèâàëåíòíûìè ñïîñîáàìè.

(1) Ãåîìåòðè÷åñêàÿ ïîñòàíîâêà. Ðàññìîòðèì äâå òî÷êè a0, a1 ∈ R2 , ñîåäèíåííûå ãëàä-
êîé êðèâîé γ0 ⊂ R2 . Çàôèêñèðóåì ïðîèçâîëüíûå äàííûå S ∈ R , c = (cx, cy) ∈ R2 , M =
(Mxx,Mxy,Myy) ∈ R3 . Çàäà÷à çàêëþ÷àåòñÿ â òîì, ÷òîáû ñîåäèíèòü òî÷êè a0 , a1 êðàò÷àéøåé
êðèâîé γ ⊂ R2 òàê, ÷òîáû îáëàñòü D ⊂ R2 , îãðàíè÷åííàÿ êîíòóðîì γ0∪γ , èìåëà ïëîùàäü S ,
öåíòð ìàññ c , è ìîìåíòû 2-ãî ïîðÿäêà, ðàâíûå M .

(2) Àëãåáðàè÷åñêàÿ ïîñòàíîâêà. Ïóñòü L åñòü ñâîáîäíàÿ íèëüïîòåíòíàÿ àëãåáðà Ëè ñ äâó-
ìÿ îáðàçóþùèìè X1 , X2 ñòóïåíè 4, à G åñòü ñâÿçíàÿ îäíîñâÿçíàÿ ãðóïïà Ëè ñ àëãåáðîé
Ëè L . Áóäåì ðàññìàòðèâàòü X1 , X2 êàê ëåâîèíâàðèàíòíûå âåêòîðíûå ïîëÿ íà G . Ðàñ-
ñìîòðèì ëåâîèíâàðèàíòíóþ ñóáðèìàíîâó ñòðóêòóðó (G,∆, g) , çàäàííóþ ýòèìè ïîëÿìè êàê
îðòîíîðìèðîâàííûì ðåïåðîì: ∆q = span(X1(q), X2(q)) , g(Xi, Xj) = δij . Çàäà÷à çàêëþ÷àåòñÿ
â îòûñêàíèè ñóáðèìàíîâûõ êðàò÷àéøèõ, ñîåäèíÿþùèõ çàäàííûå òî÷êè q0, q1 ∈ G :

q(t) ∈ G, q(0) = q0, q(t1) = q1,

q̇(t) ∈ ∆q(t),

l =

∫ T

0

√
g(q̇, q̇) dt→ min .

(3) Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ. Ðàññìîòðèì âåêòîðíûå ïîëÿ X1 , X2 íà R8 :

X1 =
∂

∂ x1
− x2

2

∂

∂ x3
− x21 + x22

2

∂

∂ x5
− x1x

2
2

4

∂

∂ x7
− x32

6

∂

∂ x8
, (1)

X2 =
∂

∂ x2
+
x1
2

∂

∂ x3
+
x21 + x22

2

∂

∂ x4
+
x31
6

∂

∂ x6
+
x21x2

4

∂

∂ x7
. (2)

Äëÿ çàäàííûõ òî÷åê x0, x1 ∈ R8 òðåáóåòñÿ íàéòè ðåøåíèå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ

ẋ = u1X1(x) + u2X2(x), x = (x1, . . . , x8) ∈ R8, (u1, u2) ∈ R2, (3)

x(0) = x0, x(T ) = x1, (4)

l =

∫ T

0

√
u21 + u22 dt→ min . (5)
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Ýòà çàäà÷à íàçûâàåòñÿ íèëüïîòåíòíîé ñóáðèìàíîâîé çàäà÷åé ñ âåêòîðîì ðîñòà (2, 3, 5, 8) ,
èëè ïðîñòî (2, 3, 5, 8) -çàäà÷åé. (Âû÷èñëåíèå âåêòîðà ðîñòà ðàñïðåäåëåíèÿ ∆ , ïîðîæäåííîãî
ïîëÿìè X1 , X2 , ïðèâåäåíî äàëåå, ñì. (15) � (18) .) Äëÿ èçó÷åíèÿ ýòîé çàäà÷è åñòü íåñêîëüêî
âàæíûõ ïðè÷èí:

• ýòà çàäà÷à åñòü íèëüïîòåíòíàÿ àïïðîêñèìàöèÿ îáùåé ñóáðèìàíîâîé çàäà÷è ñ âåêòîðîì
ðîñòà (2,3,5,8), ñì. [1, 2, 3, 4, 5],

• ýòà çàäà÷à ÿâëÿåòñÿ åñòâåñòâåííûì ïðîäîëæåíèåì èçâåñòíûõ ñóáðèìàíîâûõ çàäà÷: ñóá-
ðèìàíîâîé çàäà÷è íà ãðóïïå Ãåéçåíáåðãà (çàäà÷à Äèäîíû, âåêòîð ðîñòà (2,3)), ñì. [6, 7],
è ñóáðèìàíîâîé çàäà÷è íà ãðóïïå Êàðòàíà (îáîáùåííàÿ çàäà÷à Äèäîíû, âåêòîð ðîñòà
(2,3,5)), ñì. [9, 10, 11, 12, 13],

• ýòà çàäà÷à âêëþ÷àåòñÿ â åñòåñòâåííóþ áåñêîíå÷íóþ öåïî÷êó ñóáðèìàíîâûõ çàäà÷ ðàíãà
2 íà ñâîáîäíûõ íèëüïîòåíòíûõ ãðóïïàõ Ëè ñòóïåíè r , r ∈ N , à òàêæå â åñòåñòâåííóþ
2-ìåðíóþ ðåøåòêó ñóáðèìàíîâûõ çàäà÷ ðàíãà d íà ñâîáîäíûõ íèëüïîòåíòíûõ ãðóïïàõ
Ëè ñòóïåíè r , (d, r) ∈ N2 ,

• ýòà çàäà÷à ÿâëÿåòñÿ ïðîñòåéøåé ñóáðèìàíîâîé çàäà÷åé íà 4-ñòóïåííîé ãðóïïå Êàðíî.

Â äàííîé ðàáîòå ìû ïðîäîëæàåì ïîäðîáíîå èññëåäîâàíèå (2, 3, 5, 8) -çàäà÷è, íà÷àòîå â ðà-
áîòå [8]. Çàìåòèì, ÷òî ýòà çàäà÷à áûëà óïîìÿíóòà â ðàáîòå [14] êàê ñóáðèìàíîâà çàäà÷à ñ
ãëàäêèìè êðàò÷àéøèìè.

1.1 Ïîñòàíîâêà çàäà÷è

Íèëüïîòåíòíàÿ ñóáðèìàíîâà çàäà÷à ñ âåêòîðîì ðîñòà (2, 3, 5, 8) ñòàâèòñÿ êàê çàäà÷à îïòè-
ìàëüíîãî óïðàâëåíèÿ (3) � (5) , èëè, â êîîðäèíàòàõ,

ẋ1 = u1,

ẋ2 = u2,

ẋ3 = −x2
2
u1 +

x1
2
u2,

ẋ4 =
x21 + x22

2
u2,

ẋ5 = −x
2
1 + x22

2
u1,

ẋ6 =
x31
6
u2,

ẋ7 = −x1x
2
2

4
u1 +

x21x2
4

u2,

ẋ8 = −x
3
2

6
u1,

x = (x1, . . . , x8) ∈ R8, u = (u1, u2) ∈ R2,

(6)

x(0) = x0, x(T ) = x1, (7)

l =

∫ T

0

√
u21 + u22dt→ min . (8)

Äîïóñòèìûå óïðàâëåíèÿ u(·) ∈ L∞([0, T ], R2) , äîïóñòèìûå òðàåêòîðèè x(·) ∈ Lip([0, T ], R8) .
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Òàáëèöà óìíîæåíèÿ â àëãåáðå Ëè, ïîðîæäåííîé ïîëÿìè X1 , X2 (ñì. (1) , (2) ), èìååò âèä:

[X1, X2] = X3 =
∂

∂x3
+ x1

∂

∂x4
+ x2

∂

∂x5
+
x21
2

∂

∂x6
+ x1x2

∂

∂x7
+
x22
2

∂

∂x8
, (9)

[X1, X3] = X4 =
∂

∂x4
+ x1

∂

∂x6
+ x2

∂

∂x7
, (10)

[X2, X3] = X5 =
∂

∂x5
+ x1

∂

∂x7
+ x2

∂

∂x8
, (11)

[X1, X4] = X6 =
∂

∂x6
, (12)

[X2, X4] =
[
X1, X5

]
= X7 =

∂

∂x7
, (13)

[X2, X5] = X8 =
∂

∂x8
. (14)

Ýòà òàáëèöà óìíîæåíèÿ èçîáðàæåíà ñõåìàòè÷åñêè íà Ðèñ. 1.
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Ðèñ. 1. Àëãåáðà Ëè ñ âåêòîðîì ðîñòà (2, 3, 5, 8)

Êàê ïîêàçàíî â ðàáîòå [8], â ïðîñòðàíñòâå R8 ìîæíî ââåñòè óìíîæåíèå, ïðåâðàùàþùåå ýòî
ïðîñòðàíñòâî â ãðóïïó Ëè G òàê, ÷òîáû ïîëÿ X1 , . . . , X8 ñòàëè ëåâîèíâàðèàíòíûì ðåïåðîì.
Çàêîí óìíîæåíèÿ â ãðóïïå Ëè G èìååò òîãäà ñëåäóþùèé âèä (ñì. ï. 2.1 [8]):

x = (x1, . . . , x8), y = (y1, . . . , y8), z = (z1, . . . , z8) ∈ G = R8,

z1 = x1 + y1,

z2 = x2 + y2,

z3 = x3 + y3 +
1

2
(x1y2 − x2y1),

z4 = x4 + y4 +
1

2
(x1(x1 + y1) + x2(x2 + y2) + x1y3),

z5 = x5 + y5 −
1

2
y1(x1(x1 + y1) + x2(x2 + y2)) + x2y3,

z6 = x6 + y6 +
x1
12

(2x21y2 + 3x1y1y2 − 2y32 + 6x1y3 + 12y4),

z7 = x7 + y7 +
1

24
(3x21y2(2x2 + y2)− x2(3x2y21 + 6y21y2 + 4(y32 − 6y4))

+ x1(−6x22y1 + 4y31 + 6y1y
2
2 + 24x2y3 + 24y5)),

z8 = x8 + y8 +
x2
2

(−2x22y1 + 2y31 − 3x2y1y2 + 6x2y3 + 12y5).

3



ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÅ ÓÐÀÂÍÅÍÈß, 2016, òîì ??, ??, ñ. ??�??

Ïîñëåäîâàòåëüíûå ñòåïåíè ðàñïðåäåëåíèÿ ∆ = span(X1, X2) èìåþò âèä:

∆2 = ∆ + [∆, ∆] = span(X1, X2, X3), (15)

∆3 = ∆2 + [∆, ∆2] = span(X1, . . . , X5), (16)

∆4 = ∆3 + [∆, ∆3] = span(X1, . . . , X8), (17)

îòêóäà âèäíî, ÷òî ðàñïðåäåëåíèå ∆ èìååò âåêòîð ðîñòà

(dim ∆x, dim ∆2
x, dim ∆3

x, dim ∆4
x) = (2, 3, 5, 8), x ∈ R8. (18)

Â ñèëó èíâàðèàíòíîñòè ñóáðèìàíîâîé çàäà÷è îòíîñèòåëüíî ëåâûõ ñäâèãîâ íà ãðóïïå Ëè G ∼=
R8 , ìîæíî ñ÷èòàòü, ÷òî íà÷àëüíàÿ òî÷êà åñòü åäèíè÷íûé ýëåìåíò x0 = 0 .

Ñóùåñòâîâàíèå îïòèìàëüíûõ òðàåêòîðèé â ñóáðèìàíîâîé çàäà÷å (6) � (8) ñòàíäàðòíî ñëå-
äóåò èç òåîðåì Ðàøåâñêîãî-×æîó è Ôèëèïïîâà [15]. Ñòàíäàðòíûì îáðàçîì òàêæå ìîæíî ïå-
ðåéòè îò çàäà÷è ìèíèìèçàöèè ñóáðèìàíîâîé äëèíû l ê çàäà÷å ìèíèìèçàöèè äåéñòâèÿ

J =
1

2

∫ T

0
(u21 + u22)dt→ min .

1.2 Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà

Ðàññìîòðèì êîêàñàòåëüíîå ðàññëîåíèå ïðîñòðàíñòâà ñîñòîÿíèé T ∗R8 = {(x, ψ)|x ∈ R8, ψ ∈
T ∗xR8}, áóäåì îáîçíà÷àòü åãî ýëåìåíòû λ = (x, ψ) ∈ T ∗R8 . Îïðåäåëèì ôóíêöèþ Ïîíòðÿãèíà:

hνu(λ) = 〈ψ, u1X1(x) + u2X2(x)〉+
ν

2

(
u21 + u22

)
, λ ∈ T ∗R8, u ∈ R2, ν ∈ R.

Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà äëÿ ðàññìàòðèâàåìîé çàäà÷è ôîðìóëèðóåòñÿ ñëåäóþùèì îá-
ðàçîì (ñì. [15, 16]).

Òåîðåìà 1.1 Åñëè óïðàâëåíèå u(t) è ñîîòâåòñòâóþùàÿ òðàåêòîðèÿ x(t) îïòèìàëüíû, òî
ñóùåñòâóþò ëèïøèöåâà êðèâàÿ λ(t) = (x(t), ψ(t)) ∈ T ∗R8 è ÷èñëî ν ∈ {−1, 0} , äëÿ êîòîðûõ
ñëåäóþùèå óñëîâèÿ âûïîëíÿþòñÿ äëÿ ï.â. t ∈ [0, T ] :

λ̇(t) = ~hνu(t)(λ(t)), (19)

hνu(t)(λ(t)) = max
v∈R2

hνv(λ(t)), (20)

(ν, λ(t)) 6= (0, 0). (21)

Çäåñü è äàëåå ÷åðåç ~h îáîçíà÷àåòñÿ ãàìèëüòîíîâî âåêòîðíîå ïîëå íà T ∗R8 , ñîîòâåòñòâóþùåå
ãàìèëüòîíèàíó h ∈ C∞(T ∗R8) . Êðèâàÿ λ(t) íàçûâàåòñÿ ýêñòðåìàëüþ, à óäîâëåòâîðÿþùèå
óñëîâèÿì ïðèíöèïà ìàêñèìóìà òðàåêòîðèÿ x(t) è óïðàâëåíèå u(t) íàçûâàþòñÿ ýêñòðåìàëü-
íûìè. Ñëó÷àé ν = −1 íàçûâàåòñÿ íîðìàëüíûì, à ñëó÷àé ν = 0 � àíîðìàëüíûì.

Ëåãêî âèäåòü (ìû ïîêàæåì ýòî â ï. 2.2), ÷òî àíîðìàëüíûå ýêñòðåìàëè óäîâëåòâîðÿþò óñëî-
âèþ λ(t) ⊥ ∆2 , òî åñòü âäîëü ýòèõ ýêñòðåìàëåé 〈λ, X1〉 = 〈λ, X2〉 = 〈λ, X3〉 = 0 . Öåëü äàííîé
ðàáîòû � îïèñàíèå è èññëåäîâàíèå àíîðìàëüíûõ ýêñòðåìàëåé, óäîâëåòâîðÿþùèõ áîëåå ñèëü-
íîìó óñëîâèþ λ(t) ⊥ ∆3 , òî åñòü 〈λ, X1〉 = · · · = 〈λ, X5〉 = 0 . Ìû íàçûâàåì òàêèå ýêñòðåìàëè
âûðîæäåííûìè àíîðìàëüíûìè.

1.3 Îáîáùåííàÿ ïåðåïàðàìåòðèçàöèÿ óïðàâëåíèé è òðàåêòîðèé

Ðàññìîòðèì ëèíåéíóþ ïî óïðàâëåíèÿì ñèñòåìó

ẋ =
m∑
i=1

uiXi(x), x ∈M, u = (u1, . . . , um) ∈ Rm. (22)
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Ïóñòü äàíû óïðàâëåíèå u ∈ L∞([a, b], Rm) è ôóíêöèÿ t ∈ Lip([ã, b̃], [a, b]) . Óïðàâëåíèå ũ(s) =

t′(s)u(t(s)) ∈ L∞([ã, b̃], Rm) íàçûâàåòñÿ îáîáùåííîé ïåðåïàðàìåòðèçàöèåé óïðàâëåíèÿ u(t) .

Ïóñòü s0 ∈ [ã, b̃] , t0 = t(s0) . Åñëè x(t) � òðàåêòîðèÿ ñèñòåìû (22) ñ íà÷àëüíûì óñëîâèåì
x(t0) = x0 , ñîîòâåòñòâóþùàÿ óïðàâëåíèþ u(t) , òî x̃(s) = x(t(s)) � òðàåêòîðèÿ ñèñòåìû (22)
ñ íà÷àëüíûì óñëîâèåì x̃(s0) = x0 , ñîîòâåòñòâóþùàÿ óïðàâëåíèþ ũ(s) :

d

ds
x̃(s) = t′(s)

m∑
i=1

ui(t(s))Xi(x(t(s))) =
m∑
i=1

ũi(s)Xi(x̃(s)),

x̃(s0) = x(t(s0)) = x(t0) = x0.

Òðàåêòîðèÿ x̃(s) = x(t(s)) ∈ Lip([ã, b̃], M) íàçûâàåòñÿ îáîáùåííîé ïåðåïàðàìåòðèçàöèåé òðà-
åêòîðèè x(t) . Î÷åâèäíî, ÷òî íîñèòåëü îáîáùåííîé ïåðåïàðàìåòðèçàöèè ñîäåðæèòñÿ â íîñè-
òåëå èñõîäíîé òðàåêîðèè:

{x̃(s)| s ∈ [ã, b̃]} ⊂ {x(t)| t ∈ [a, b]},

ïðè÷åì ýòî âêëþ÷åíèå ìîæåò áûòü ñòðîãèì. Â ÷àñòíîì ñëó÷àå, êîãäà

t′(s) > 0 äëÿ ï.â. s ∈ [ã, b̃], (23)

t(ã) = a, t(b̃) = b, (24)

ôóíêöèÿ t : [ã, b̃]→ [a, b] âîçðàñòàåò è âçàèìíî îäíîçíà÷íà, à êðèâàÿ x̃(s) = x(t(s)) ÿâëÿåòñÿ
ïåðåïàðàìåòðèçàöèåé êðèâîé x(t) â êëàññè÷åñêîì ñìûñëå (ñì., íàïðèìåð, [17]). Òîãäà íîñè-

òåëè êðèâûõ x̃(s) è x(t) ñîâïàäàþò: {x̃(s) | s ∈ [ã, b̃]} = {x(t) | t ∈ [a, b]} . Ïðè ýòîì êðèâûå
x̃(s) è x(t) ïðîáåãàþòñÿ â îäíîì íàïðàâëåíèè è, âîîáùå ãîâîðÿ, ñ ðàçíîé ñêîðîñòüþ. Ïðè
îáîáùåííîé ïåðåïàðàìåòðèçàöèè êðèâûå x̃(s) è x(t) ìîãóò èìåòü ðàçíûå íîñèòåëè, ïðîáå-
ãàòüñÿ â ðàçíûõ íàïðàâëåíèÿõ è ñ ðàçíîé ñêîðîñòüþ. Òàêèå ïåðåïàðàìåòðèçàöèè åñòåñòâåííî
âîçíèêàþò ïðè îïèñàíèè àíîðìàëüíûõ òðàåêòîðèé.

2 Íîðìàëüíûå è àíîðìàëüíûå ýêñòðåìàëè

Ââåäåì ëèíåéíûå íà ñëîÿõ êîêàñàòåëüíîãî ðàññëîåíèÿ ãàìèëüòîíèàíû hi(λ) = 〈ψ, Xi(x)〉 ,
λ = (x, ψ) ∈ T ∗R8 , i = 1, . . . , 8 , òîãäà hνu(λ) = u1h1(λ) +u2h2(λ) +

ν

2

(
u21 + u22

)
. Ãàìèëüòîíîâà

ñèñòåìà ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà (19) â ýòèõ îáîçíà÷åíèÿõ ïðèíèìàåò âèä:

ḣ1 = −h3u2,
ḣ2 = h3u1,

ḣ3 = h4u1 + h5u2,

ḣ4 = h6u1 + h7u2,

ḣ5 = h7u1 + h8u2,

ḣ6 = ḣ7 = ḣ8 = 0,

ẋ = u1X1(x) + u2X2(x).

(25)

2.1 Íîðìàëüíûé ñëó÷àé

Ïóñòü ν = −1 . Òîãäà èç óñëîâèÿ ìàêñèìóìà (20) ïîëó÷àåì ui = hi, i = 1, 2 , ïîýòîìó

max
u∈R2

h−1u (λ) =
1

2
(h21(λ) +h22(λ)) =: H(λ) . Ñëåäîâàòåëüíî, íîðìàëüíûå ýêñòðåìàëè óäîâëåòâîðÿ-
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þò ãàìèëüòîíîâîé ñèñòåìå λ̇ = ~H(λ) :

ḣ1 = −h3h2,
ḣ2 = h3h1,

ḣ3 = h4h1 + h5h2,

ḣ4 = h6h1 + h7h2,

ḣ5 = h7h1 + h8h2,

ḣ6 = ḣ7 = ḣ8 = 0,

ẋ = h1X1(x) + h2X2(x).

(26)

Íîðìàëüíûé ñëó÷àé èññëåäóåòñÿ ïîäðîáíî â ðàáîòå [18], ãäå äîêàçàíà íåèíòåãðèðóåìîñòü ïî
Ëèóâèëëþ âåðòèêàëüíîé ïîäñèñòåìû íîðìàëüíîé ãàìèëüòîíîâîé ñèñòåìû (26) äëÿ ñîïðÿæåí-
íûõ ïåðåìåííûõ h1, . . . , h8 .

2.2 Àíîðìàëüíûé ñëó÷àé

Ïóñòü ν = 0 . Òîãäà èç óñëîâèÿ ìàêñèìóìà (20) äëÿ ôóíêöèè h0u(λ) = u1h1(λ) + u2h2(λ)
ïîëó÷àåì

h1(λ) = h2(λ) = 0. (27)

Òàêèì îáðàçîì, (u(t), λ(t)) åñòü àíîðìàëüíàÿ ýêñòðåìàëüíàÿ ïàðà òîãäà è òîëüêî òîãäà, êîãäà
îíà óäîâëåòâîðÿåò ãàìèëüòîíîâîé ñèñòåìå (25), òîæäåñòâó (27) è óñëîâèþ λ(t) 6= 0 .

Ïðåäëîæåíèå 2.1 Åñëè (u(t), λ(t)) åñòü àíîðìàëüíàÿ ýêñòðåìàëüíàÿ ïàðà, òî ëþáàÿ åå

îáîáùåííàÿ ïåðåïàðàìåòðèçàöèÿ (ũ(s), λ̃(s)) = (t′(s)u(t(s)), λ(t(s))) åñòü òàêæå àíîðìàëü-
íàÿ ýêñòðåìàëüíàÿ ïàðà.

Äîêàçàòåëüñòâî. Ãàìèëüòîíîâà ñèñòåìà (25) èìååò âèä

dλ

dt
(t) = u1(t)~h1(λ(t)) + u2(t)~h2(λ(t)),

ïîýòîìó

dλ̃

ds
(s) = t′(s)

dλ

dt
(t(s)) = t′(s)(u1(t(s))~h1(λ(t(s))) + u2(t(s))~h2(λ(t(s)))) =

= ũ1(s)~h1(λ̃(s)) + ũ2(s)~h2(λ̃(s)).

Óñëîâèå (27) òàêæå ñîõðàíÿåòñÿ:

hi(λ(t)) ≡ 0⇒ hi(λ̃(s)) = hi(λ(t(s))) ≡ 0, i = 1, 2,

êàê è óñëîâèå íåòðèâèàëüíîñòè (21) : λ(t) 6= 0⇒ λ̃(s) = λ(t(s)) 6= 0 . �

Çàìå÷àíèå 2.1 Äëÿ íîðìàëüíûõ ýêñòðåìàëåé ãàìèëüòîíèàí H åñòü ïåðâûé èíòåãðàë, ïî-
ýòîìó â íîðìàëüíîì ñëó÷àå óïðàâëåíèÿ óäîâëåòâîðÿþò òîæäåñòâó

u21(t) + u22(t) = h21(λ(t)) + h22(λ(t)) = 2H(λ(t)) ≡ const .

Ñëåäîâàòåëüíî, óñëîâèå |t′(s)| ≡ const íåîáõîäèìî äëÿ ñîõðàíåíèÿ íîðìàëüíîñòè ýêñòðåìà-
ëåé ïðè ïåðåïàðàìåòðèçàöèÿõ.
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Ïóñòü (u(t), λ(t)) � àíîðìàëüíàÿ ýêñòðåìàëüíàÿ ïàðà. Áóäåì ñ÷èòàòü, ÷òî u21(t) + u22(t) 6≡
0 , òî åñòü λ(t) 6≡ const , â ñèëó (25) . Äèôôåðåíöèðóÿ òîæäåñòâî (27), ïîëó÷àåì ḣ1 = −h3u2 ≡
0 , ḣ2 = h3u1 ≡ 0 , îòêóäà

h3(λ) ≡ 0 (28)

âäîëü àíîðìàëüíîé ýêñòðåìàëè. Òîæäåñòâà (27), (28) îçíà÷àþò, ÷òî íà àíîðìàëüíûõ ýêñòðå-
ìàëÿõ h1(λ) = h2(λ) = h3(λ) ≡ 0 , òî åñòü 〈ψ, X1(x)〉 = 〈ψ, X2(x)〉 = 〈ψ, X3(x)〉 ≡ 0 , èíûìè
ñëîâàìè, λ ⊥ ∆2

x.
Èòàê, â àíîðìàëüíîì ñëó÷àå, ïîäñèñòåìà ãàìèëüòîíîâîé ñèñòåìû ïðèíöèïà ìàêñèìóìà

Ïîíòðÿãèíà äëÿ ñîïðÿæåííûõ ïåðåìåííûõ hi ïðèíèìàåò âèä

h1 = h2 = h3 = 0,

h4u1 + h5u2 = 0,

ḣ4 = h6u1 + h7u2,

ḣ5 = h7u1 + h8u2,

ḣ6 = ḣ7 = ḣ8 = 0.

Âîçìîæíû ñëåäóþùèå ñëó÷àè:

1) Íåâûðîæäåííûé ñëó÷àé: h24 + h25 6≡ 0,

2) Âûðîæäåííûé ñëó÷àé: h24 + h25 ≡ 0.

Äàëåå ðàññìàòðèâàåòñÿ òîëüêî âûðîæäåííûé ñëó÷àé; íåâûðîæäåííûå àíîðìàëüíûå ýêñòðåìà-
ëè áóäóò èññëåäîâàíû â ïîñëåäóþùåé ðàáîòå [19].

2.3 Âûðîæäåííûå àíîðìàëüíûå óïðàâëåíèÿ

Â âûðîæäåííîì àíîðìàëüíîì ñëó÷àå ýêñòðåìàëüíàÿ ïàðà (u(t), λ(t)) óäîâëåòâîðÿåò óñëîâèÿì

h1 = h2 = h3 = h4 = h5 = 0, (29)

h6u1 + h7u2 = 0,

h7u1 + h8u2 = 0,

ḣ6 = ḣ7 = ḣ8 = 0

h26 + h27 + h28 6= 0.

Òîæäåñòâî (29) îçíà÷àåò, ÷òî âäîëü àíîðìàëüíîé ýêñòðåìàëè λ ⊥ ∆3
x . Òî åñòü âûðîæäåííûå

àíîðìàëüíûå ýêñòðåìàëè àííèãèëèðóþò êóá ðàñïðåäåëåíèÿ ∆ .
Ââåäåì îáîçíà÷åíèÿ

A =

(
h6 h7
h7 h8

)
, σ = detA.

Âûðîæäåííûå àíîðìàëüíûå óïðàâëåíèÿ u1 = u1(t) , u2 = u2(t) ñóòü óïðàâëåíèÿ, óäîâëåòâî-
ðÿþùèå óñëîâèÿì

A

(
u1
u2

)
= 0, A = const 6= 0. (30)

Óñëîâèå u 6≡ 0 îçíà÷àåò, ÷òî σ = 0 .
Åñëè h26 + h27 6= 0 , òî èç óñëîâèé (30) ïîëó÷àåì

u1(t) = −α(t)h7, u2(t) = α(t)h6 (31)

äëÿ íåêîòîðîé ôóíêöèè α(t) ∈ L∞ . Åñëè æå h27 + h28 6= 0 , òî

u1(t) = −α(t)h8, u2(t) = α(t)h7 (32)
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äëÿ íåêîòîðîé ôóíêöèè α(t) ∈ L∞ . Åñëè âûïîëíåíû îáà óñëîâèÿ h26 + h27 6= 0 è h27 + h28 6= 0 ,
òî èìåþò ìåñòî îáà ðàâåíñòâà (31), (32) ñ ðàçíûìè, âîîáùå ãîâîðÿ, ôóíêöèÿìè α(t) .

Èòàê, äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Ïðåäëîæåíèå 2.2 Ïóñòü (u(t), λ(t)) � âûðîæäåííàÿ àíîðìàëüíàÿ ïàðà, u21(t) + u22(t) 6≡ 0 .
Òîãäà âäîëü íåå âûïîëíåíû óñëîâèÿ

h1 = · · · = h5 = 0, ḣ6 = ḣ7 = ḣ8 = 0,

σ = h6h8 − h27 = 0, h26 + h27 + h28 6= 0.

Åñëè h26 + h27 6= 0 , òî ñóùåñòâóåò α(t) ∈ L∞ òàêàÿ,÷òî

u1(t) = −α(t)h7, u2(t) = α(t)h6.

Åñëè h27 + h28 6= 0 , òî ñóùåñòâóåò α(t) ∈ L∞ òàêàÿ,÷òî

u1(t) = −α(t)h8, u2(t) = α(t)h7.

Ñëåäñòâèå 2.1 Ëþáîå âûðîæäåííîå àíîðìàëüíîå óïðàâëåíèå u(t) åñòü îáîáùåííàÿ ïåðåïà-
ðàìåòðèçàöèÿ ïîñòîÿííîãî óïðàâëåíèÿ:

u(t) = α(t)ū, ū ≡ const, α(t) ∈ L∞.

Îáðàòíî, ëþáîå óïðàâëåíèå òàêîãî âèäà åñòü âûðîæäåííîå àíîðìàëüíîå óïðàâëåíèå.

Íàéäåì ñîîòâåòñòâóþùèå òðàåêòîðèè. Åñëè u(t) = ū = (ū1, ū2) = const , òî òðàåêòîðèè
èìåþò âèä

x̄1(t) = ū1t, x̄2(t) = ū2t, x̄3(t) = 0, (33)

x̄4(t) =
1

6

(
ū21 + ū22

)
ū2t

3, x̄5(t) = −1

6

(
ū21 + ū22

)
ū1t

3, (34)

x̄6(t) =
1

24
ū31ū2t

4, x̄7(t) = 0, x̄8(t) = − 1

24
ū1ū

3
2t

4. (35)

Åñëè u(t) = α(t)ū , ū ≡ const , òî x(t) = x̄(s(t)) , s(t) =

∫ t

0
α(τ)dτ .

Ðàññìîòðèì ìíîæåñòâî òî÷åê â R8 , ïðîáåãàåìûõ âñåìè òàêèìè òðàåêòîðèÿìè:

D = {x̂ ∈ R8 | ∃ âûðîæåííàÿ àíîðìàëüíàÿ òðàåêòîðèÿx(t), ∃ t1 > 0 : x(t1) = x̂}.

Î÷åâèäíî, ÷òî
D = {eu1X1+u2X2(0) |u1, u2 ∈ R},

ãäå eu1X1+u2X2(0) îáîçíà÷àåò òî÷êó òðàåêòîðèè óðàâíåíèÿ ẋ = u1X1(x)+u2X2(x), x(0) = 0 , ñ
ïîñòîÿííûìè óïðàâëåíèÿìè ui , â ìîìåíò âðåìåíè t = 1 . Òî åñòü ïîâåðõíîñòü D åñòü îáúåäè-
íåíèå âñåõ îäíîïàðàìåòðè÷åñêèõ ïîäãðóïï ãðóïïû Ëè G ∼= R8 , êàñàþùèõñÿ ðàñïðåäåëåíèÿ ∆ .
Èñïîëüçóÿ ÿâíûå ôîðìóëû (33)� (35) äëÿ ýòèõ ïîäãðóïï, ïîëó÷àåì:

D =

{
x ∈ R8 | x3 = 0, x4 =

(
x21 + x22

)
x2

6
, x5 = −

(
x21 + x22

)
x1

6
,

x6 =
x31x2
24

, x7 = 0, x8 = −x1x
3
2

24

}
. (36)

Íàçîâåì D âûðîæäåííîé àíîðìàëüíîé ïîâåðõíîñòüþ.
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3 Èññëåäîâàíèå íà ñòðîãóþ àíîðìàëüíîñòü

Àíîðìàëüíàÿ òðàåêòîðèÿ x(t) íàçûâàåòñÿ íåñòðîãî àíîðìàëüíîé, åñëè îíà ÿâëÿåòñÿ ïðîåêöè-
åé íîðìàëüíîé ýêñòðåìàëè (x(t), ψ(t)) ; â ïðîòèâíîì ñëó÷àå îíà íàçûâàåòñÿ ñòðîãî àíîðìàëü-
íîé [15]. Èññëåäóåì âûðîæäåííûå àíîðìàëüíûå òðàåêòîðèè íà ñòðîãóþ àíîðìàëüíîñòü.

Ïðåäëîæåíèå 3.1 Ïóñòü u(t) = α(t)ū åñòü âûðîæäåííîå àíîðìàëüíîå óïðàâëåíèå, ū ≡
const 6= 0 , α(t) ∈ L∞ . Óïðàâëåíèå u(t) ñòðîãî àíîðìàëüíî òîãäà è òîëüêî òîãäà, êîãäà
α(t) 6≡ const .

Çàìå÷àíèå 3.1 Òîæäåñòâà äëÿ ôóíêöèé èç L∞ ïîíèìàþòñÿ ïî÷òè âñþäó: äëÿ ôóíêöèé
f, g ∈ L∞[a, b] ïèøåì f ≡ g , åñëè ñóùåñòâóåò S ⊂ [a, b] , mes(S) = 0 , òàêîå ÷òî f(t) = g(t)
äëÿ âñåõ t ∈ [a, b] \ S .

Äîêàæåì ïðåäëîæåíèå 3.1.
Äîêàçàòåëüñòâî. Ïóñòü α(t) ≡ const , òîãäà u(t) = ū = (ū1, ū2) ≡ const . Ëåãêî âèäåòü, ÷òî
h1 = ū1, h2 = ū2, h3 = 0, h4 = −ū2, h5 = ū1, h6 = h7 = h8 = 0 åñòü ðåøåíèå âåðòèêàëü-
íîé ÷àñòè íîðìàëüíîé ãàìèëüòîíîâîé ñèñòåìû (26). Ïîýòîìó ïîñòîÿííîå óïðàâëåíèå íåñòðîãî
àíîðìàëüíî.

Ïóñòü α(t) 6≡ const . Èìååì |u(t)| = |α(t)||ū| . Åñëè |α(t)| 6≡ const , òî |u(t)|2 = u21(t) +
u22(t) 6≡ const , è ôóíêöèè h1(t) = u1(t) , h2(t) = u2(t) íå ìîãóò óäîâëåòâîðÿòü ãàìèëüòîíîâîé

ñèñòåìå (26), òàê êàê H =
1

2
(h21 + h22) åñòü ïåðâûé èíòåãðàë ýòîé ñèñòåìû. Åñëè æå |α(t)| ≡

C = const , α(t) 6≡ const , òî α(t) ïðèíèìàåò îáà çíà÷åíèÿ ±C , ïîýòîìó α(t) ðàçðûâíà;
òîãäà ôóíêöèè ui(t) ðàçðûâíû, è ôóíêöèè h1(t) = u1(t) , h2(t) = u2(t) îïÿòü íå ìîãóò
óäîâëåòâîðÿòü ãàìèëüòîíîâîé ñèñòåìå (26). Ïîýòîìó íåïîñòîÿííûå óïðàâëåíèÿ u(t) = α(t)ū ,
α(t) 6≡ const , ū = const 6= 0 , ñòðîãî àíîðìàëüíû. �

Ñëåäñòâèå 3.1 Âñå âûðîæäåííûå àíîðìàëüíûå òðàåêòîðèè ïîñòîÿííîé ñêîðîñòè (u21(t) +
u22(t) ≡ const ) ãëàäêèå.

Äîêàçàòåëüñòâî. Ýòî ñëåäóåò êàê èç ÿâíûõ ôîðìóë äëÿ âûðîæäåííûõ àíîðìàëüíûõ òðàåê-
òîðèé (33) � (35) , òàê è èç òîãî, ÷òî ýòè òðàåêòîðèè íîðìàëüíû (à âñå íîðìàëüíûå òðàåêòîðèè
ãëàäêèå). �

4 Èññëåäîâàíèå íà îïòèìàëüíîñòü

Èçó÷èì îïòèìàëüíîñòü âûðîæäåííûõ àíîðìàëüíûõ óïðàâëåíèé â ñìûñëå ôóíêöèîíàëà ñóá-
ðèìàíîâîé äëèíû

l =

∫ T

0

√
u21 + u22dt =

∫ T

0

√
ẋ21 + ẋ22dt→ min .

Ïðåäëîæåíèå 4.1 Ïóñòü u(t) = α(t)ū , t ∈ [0, T ] , åñòü âûðîæäåííîå àíîðìàëüíîå óïðàâ-
ëåíèå, ū ≡ const 6= 0 , α(t) ∈ L∞ . Óïðàâëåíèå u(t) îïòèìàëüíî òîãäà è òîëüêî òîãäà, êîãäà

ôóíêöèÿ s(t) =
∫ t
0 α(τ)dτ ìîíîòîííà.

Çàìå÷àíèå 4.1 Ôóíêöèÿ s(t) ∈ Lip[0, T ] ÿâëÿåòñÿ íåóáûâàþùåé òîãäà è òîëüêî òîãäà,
êîãäà

ṡ(t) > 0 äëÿ ï.â. t ∈ [0, T ],

÷òî ýêâèâàëåíòíî óñëîâèþ
α(t) > 0 äëÿ ï.â. t ∈ [0, T ],

òàê êàê ṡ(t) = α(t) äëÿ ï.â. t ∈ [0, T ] .

9
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Äîêàæåì ïðåäëîæåíèå 4.1.

Äîêàçàòåëüñòâî. Ïóñòü u(t) = α(t)ū , ū ≡ const 6= 0 , ôóíêöèÿ s(t) =
∫ t
0 α(τ)dτ ìîíîòîííà,

t ∈ [0, T ] . Óïðàâëåíèå u(t) åñòü îáîáùåííàÿ ïåðåïàðàìåòðèçàöèÿ óïðàâëåíèÿ ũ(s) = ū , s ∈
[0, S] , S = s(T ) , ïîýòîìó ñîîòâåòñòâóþùèå òðàåêòîðèè ñâÿçàíû ñîîòíîøåíèåì x(t) = x̃(s(t)) .
(Ìû ïðåäïîëàãàåì T > 0 , ïîýòîìó S > 0 äëÿ íåóáûâàþùåé ôóíêöèè s(t) è S 6 0 äëÿ
íåâîçðàñòàþùåé ôóíêöèè s(t) ). Äëÿ ïåðâûõ äâóõ êîìïîíåíò ýòèõ òðàåêòîðèé ïîëó÷àåì

(x1(t), x2(t)) = (ū1s(t), ū2s(t)) , t ∈ [0, T ]. (37)

Ïîýòîìó çíà÷åíèå ôóíêöèîíàëà íà òðàåêòîðèè x(t) ðàâíî

l =

∫ T

0

√
ẋ21(t) + ẋ22(t)dt = |ū|

∫ T

0
|ṡ(t)|dt = |ū| sgn(ṡ(t))

∫ T

0
ṡ(t)dt = |ū||S|.

Ñëåäîâàòåëüíî, âåëè÷èíà l = |ū||S| ðàâíà ðàññòîÿíèþ ìåæäó êîíöàìè (x1(0), x2(0)) = (0, 0)
è (x1(T ), x2(T )) = S · (ū1, ū2) êðèâîé (37), òî åñòü ìèíèìóìó äëèí âñåõ êðèâûõ, ñîåäèíÿþùèõ
ýòè êîíöû. Ïîýòîìó êðèâàÿ x(t) , t ∈ [0, T ] , îïòèìàëüíà.

Åñëè ôóíêöèÿ s(t) íåìîíîòîííà, òî íåîïòèìàëüíîñòü óïðàâëåíèÿ u(t) = α(t)ū âûòåêàåò
èç íèæåïðèâåäåííîãî îáùåãî ïðåäëîæåíèÿ 4.2. �

Ðàññìîòðèì ñóáðèìàíîâó çàäà÷ó

ẋ =

k∑
i=1

uiXi(x), x ∈M, u = (u1, . . . , uk) ∈ Rk,

x(0) = x0, x(T ) = x1,

l =

∫ T

0
|u(t)|dt→ min, |u| =

(
k∑
i=1

u2i

)1/2

.

Äîêàæåì, ÷òî íåìîíîòîííàÿ ïåðåïàðàìåòðèçàöèÿ ðåãóëÿðíîé òðàåêòîðèè (òî åñòü òðàåêòîðèè,
ñîîòâåòñòâóþùåé íåîáðàùàþùåìóñÿ â íîëü óïðàâëåíèþ) íåîïòèìàëüíà.

Ïðåäëîæåíèå 4.2 Ïóñòü óïðàâëåíèå u ∈ L∞([s1, s2], Rk) óäîâëåòâîðÿåò íåðàâåíñòâó
|u(s)| 6= 0 äëÿ âñåõ s ∈ [s1, s2] . Ïóñòü ïåðåïàðàìåòðèçàöèÿ âðåìåíè s ∈ Lip([t1, t2], [s1, s2])
ÿâëÿåòñÿ íåìîíîòîííîé ôóíêöèåé íà îòðåçêå [t1, t2] .

Òîãäà óïðàâëåíèå ũ(t) = u(s(t))ṡ(t) íåîïòèìàëüíî íà îòðåçêå [t1, t2] .

Äîêàçàòåëüñòâî. 1) Äîêàæåì, ÷òî ñóùåñòâóåò òàêîé îòðåçîê [t′1, t
′
2] ⊂ [t1, t2] , ÷òî s(t′1) =

s(t′2) , s|[t′1, t′2] 6≡ const . Òàê êàê s(t) íåìîíîòîííà íà îòðåçêå [t1, t2] , ñóùåñòâóþò òàêèå t̄1, t̄2 ∈
[t1, t2] , ÷òî ṡ(t̄1) > 0 , ṡ(t̄2) < 0 . Ïóñòü t̄1 < t̄2 (ñëó÷àé t̄1 > t̄2 ðàññìàòðèâàåòñÿ àíàëîãè÷íî).
Åñëè s(t̄1) = s(t̄2) , òî ìîæíî ïîëîæèòü t′1 = t̄1 , t

′
2 = t̄2 .

Ïóñòü s(t̄1) > s(t̄2) . Òàê êàê ôóíêöèÿ s(t) âîçðàñòàåò â òî÷êå t = t̄1 , òî ïî òåîðåìå î
ïðîìåæóòî÷íîì çíà÷åíèè íåïðåðûâíîé ôóíêöèè ñóùåñòâóåò òàêîå t′2 ∈ (t̄1, t̄2) , ÷òî s(t′2) =
s(t̄1) . Òîãäà ìîæíî ïîëîæèòü t′1 = t̄1 . Èç íåðàâåíñòâà ṡ(t′1) 6= 0 ñëåäóåò, ÷òî s|[t′1, t′2] 6≡ const .

Ñëó÷àé s(t̄1) < s(t̄2) ðàññìàòðèâàåòñÿ àíàëîãè÷íî. Ïóíêò 1) äîêàçàí.

2) Äîêàæåì, ÷òî

∫ t′2

t′1

|ũ(t)|dt > 0 . Ðàññìîòðèì ìíîæåñòâî P = {t ∈ [t′1, t
′
2] | ṡ(t) 6= 0} . Åñëè

åãî ìåðà Ëåáåãà mes(P ) = 0 , òî ṡ(t) = 0 äëÿ ï.â. t ∈ [t′1, t
′
2] , ïîýòîìó s|[t′1, t′2] ≡ const , ÷òî

ïðîòèâîðå÷èò ïóíêòó 1). Ïîýòîìó mes(P ) > 0 . Äàëåå, äëÿ ëþáîãî t ∈ P èìååì |u(s(t))| > 0
è |ṡ(t)| > 0 , ïîýòîìó ∫ t′2

t′1

|ũ(t)|dt =

∫
P
|u(s(t))||ṡ(t)|dt > 0. (38)
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3) Ïóñòü x(s) , s ∈ [s1, s2] , åñòü òðàåêòîðèÿ, ñîîòâåòñòâóþùàÿ óïðàâëåíèþ u(s) , ñ ïðî-
èçâîëüíûì íà÷àëüíûì óñëîâèåì x(s1) . Òîãäà óïðàâëåíèþ ũ(t) = u(s(t))ṡ(t) ñîîòâåòñòâóåò
òðàåêòîðèÿ x̃(t) = x(s(t)) , t ∈ [t1, t2] . Ïîêàæåì, ÷òî ýòà òðàåêòîðèÿ íåîïòèìàëüíà. Èìååì

x̃(t′1) = x̃(t′2), l(x̃(·)) =

∫ t2

t1

|ũ(t)|dt.

Ðàññìîòðèì óïðàâëåíèå

û(t) =

{
ũ(t), t ∈ [t1, t2] \ [t′1, t

′
2],

0, t ∈ [t′1, t
′
2]

(39)

è ñîîòâåòñòâóþùóþ åìó òðàåêòîðèþ

x̂(t) =

{
x̃(t), t ∈ [t1, t2] \ [t′1, t

′
2],

x̃(t′1), t ∈ [t′1, t
′
2].

(40)

Òîãäà îáå òðàåêòîðèè x̃(t) è x̂(t) , t ∈ [t1, t2] , ñîåäèíÿþò òî÷êè x̃(t′1) è x̃(t2) , íî

l(x̃(·))− l(x̂(·)) =

∫ t2

t1

|ũ(t)|dt−
∫ t2

t1

|û(t)|dt =

∫ t′2

t′1

|ũ(t)|dt > 0

â ñèëó ïóíêòà 2). Ïîýòîìó òðàåêòîðèÿ x̃(t) , t ∈ [t1, t2] , íåîïòèìàëüíà. �

5 Âûðîæäåííàÿ àíîðìàëüíàÿ ïîâåðõíîñòü

Â ýòîì ïóíêòå ïðèâåäåì íåêîòîðûå ñâîéñòâà âûðîæäåííîé àíîðìàëüíîé ïîâåðõíîñòè

D = {eu1X1+u2X2(0) |u1, u2 ∈ R},

ñâÿçàííûå ñ ðàññìàòðèâàåìîé ñóáðèìàíîâîé çàäà÷åé è ãåîìåòðèåé ãðóïïû Ëè G ∼= R8 . Êàê
âèäíî èç ïðåäñòàâëåíèÿ (36), D åñòü íåêîìïàêòíîå ãëàäêîå äâóìåðíîå ìíîãîîáðàçèå (ãðàôèê
îòîáðàæåíèÿ (x1, x2) 7→ (x3, x4, x5, x6, x7, x8) ).

Ðàññìîòðèì ñóáðèìàíîâî ðàññòîÿíèå

d(x0, x1) = inf

{∫ T

0

√
u21 + u22dt |

x(t) − òðàåêòîðèÿ ñèñòåìû (6) ñ ãðàíè÷íûìè óñëîâèÿìè (7)

}
è ñóáðèìàíîâó ñôåðó SR = {x ∈ R8 | d(x0, x) = R}, ñ öåíòðîì â òî÷êå x0 = 0 � åäèíè÷íîì
ýëåìåíòå ãðóïïû Ëè G ∼= R8 .

Âåêòîðíîå ïîëå

X0 = x2
∂

∂x1
− x1

∂

∂x2
+ x5

∂

∂x4
− x4

∂

∂x5
+A

∂

∂x6
+B

∂

∂x7
+ C

∂

∂x8
,

A = −x
4
1

24
+
x21x

2
2

8
+ x7, B =

x1x
3
2

12
+
x31x2
12
− 2x6 + 2x8, C =

x21x
2
2

8
− x42

24
− x7,

óäîâëåòâîðÿåò ñîîòíîøåíèÿì

[X0, X1] = X2, [X0, X2] = −X1, X0(x
0) = 0,

ïîýòîìó ÿâëÿåòñÿ ñèììåòðèåé ñóáðèìàíîâîé çàäà÷è (6)�(8), ñì. [21]. Ïîýòîìó ïîòîê ýòîãî ïîëÿ
etX0 ïåðåâîäèò îïòèìàëüíûå òðàåêòîðèè â îïòèìàëüíûå òðàåêòîðèè è ñîõðàíÿåò ðàññòîÿíèå
è ñôåðû:

d(x0, etX0(x1)) = d(x0, x1), etX0(SR) = SR.
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Ïðåäëîæåíèå 5.1 (1) Ïóñòü x1 = (x11, x
1
2, . . . , x

1
8) ∈ D . Òîãäà îïòèìàëüíîå óïðàâëåíèå

â çàäà÷å (6) � (8) ìîæíî âûáðàòü â âèäå ui =
x1i
T
, i = 1, 2 . Ñîîòâåòñòâóþùàÿ îïòè-

ìàëüíàÿ òðàåêòîðèÿ x(t), t ∈ [0, T ] åñòü

x1(t) = x11
t

T
, x2(t) = x12

t

T
, x3(t) = 0, (41)

x4(t) =
(x11)

2 + (x12)
2

6
x12

(
t

T

)3

, x5(t) = −(x11)
2 + (x12)

2

6
x11

(
t

T

)3

, (42)

x6(t) =
(x11)

3x12
24

(
t

T

)4

, x7(t) = 0, x8(t) = −x
1
1(x

1
2)

3

24

(
t

T

)4

. (43)

(2) Åñëè x1 = (x11, x
1
2, . . . , x

1
8) ∈ D , òî d(x0, x1) =

√
(x11)

2 + (x12)
2 .

(3) Åñëè R > 0 , òî SR ∩D åñòü ãëàäêàÿ êðèâàÿ, çàäàþùàÿñÿ óðàâíåíèÿìè

x21 + x22 = R2, x3 = x7 = 0, x4 =
x2
6
R2, x5 = −x1

6
R2, x6 =

x31x2
24

, x8 = −x1x
3
2

24
.

(44)
Âåêòîðíîå ïîëå X0 êàñàåòñÿ êðèâîé SR ∩D .

(4) Åñëè x1 ∈ D , òî ôóíêöèÿ x 7→ d(x0, x) íåãëàäêàÿ â òî÷êå x1 .

Äîêàçàòåëüñòâî. (1) Èç ïðåäëîæåíèÿ 4.1 ñëåäóåò, ÷òî ïîñòîÿííîå óïðàâëåíèå u =

(
x11
T
,
x12
T

)
îïòèìàëüíî. Ôîðìóëû (41)�(43) çàäàþò îïòèìàëüíóþ òðàåêòîðèþ x(t) äëÿ ýòîãî óïðàâëåíèÿ
ñ ãðàíè÷íûìè óñëîâèÿìè x(0) = x0 , x(T ) = x1 .

(2) Äëèíà îïòèìàëüíîé òðàåêòîðèè, ñîåäèíÿþùåé òî÷êè x0 è x1 ∈ D , ðàâíà∫ T

0

√
u21 + u22dt =

∫ T

0

√
(x11)

2

T 2
+

(x12)
2

T 2
dt =

√
(x11)

2 + (x12)
2 = d(x0, x1). (45)

(3) Èìååì SR ∩D = {x ∈ D | d(x0, x) = R} = {x = (x1, . . . , x8) ∈ D |x21 +x22 = R2} , ïîýòîìó
óðàâíåíèÿ (44) ñëåäóþò èç óðàâíåíèé (36) ïîâåðõíîñòè D . Êðèâóþ SR ∩D ìîæíî ðåãóëÿðíî
ïàðàìåòðèçîâàòü ïîëÿðíûì óãëîì â ïëîñêîñòè x1, x2 , ïîýòîìó îíà ãëàäêàÿ.

Ïîêàæåì, ÷òî ïîëå X0 êàñàåòñÿ ïîâåðõíîñòè D . Èç ñîîòíîøåíèé [X0, X1] = X2 , [X0, X2] =
−X1 ïîëó÷àåì (ñì. ï. 2.5 [15])

etX0eu1X1+u2X2e−tX0 = exp{e−t adX0(u1X1 + u2X2)} = ev1X1+v2X2 ,

ãäå v1 = u1 cos t+ u2 sin t , v2 = u2 cos t− u1 sin t . Ïîýòîìó

etX0eu1X1+u2X2(x0) = ev1X1+v2X2etX0(x0) = ev1X1+v2X2(x0).

Ñëåäîâàòåëüíî, etX0(D) = D , òî åñòü ïîëå X0 êàñàåòñÿ ïîâåðõíîñòè D .
Íî etX0(SR) = SR , ïîýòîìó etX0(SR ∩ D) = SR ∩ D , òî åñòü ïîëå X0 êàñàåòñÿ êðèâîé

SR ∩D .
(4) Êàæäàÿ òî÷êà x1 ∈ D \{x0} ñîåäèíÿåòñÿ ñ òî÷êîé x0 àíîðìàëüíîé êðàò÷àéøåé (îïòè-

ìàëüíîé âûðîæäåííîé àíîðìàëüíîé òðàåêòîðèåé). Â ñèëó ïðåäëîæåíèÿ 10.11 [20], ñóáðèìàíî-
âî ðàññòîÿíèå d(x0, x) íåãëàäêî â òî÷êå x1 6= x0 . Íåãëàäêîñòü d(x0, x) â òî÷êå x0 ñëåäóåò,
íàïðèìåð, èç ÿâíîé ôîðìóëû (45) äëÿ ñóæåíèÿ d|D . �

Â çàêëþ÷åíèå ïðèâåä¼ì íåñêîëüêî ôàêòîâ î ãåîìåòðèè ïîâåðõíîñòè D è åå ñâÿçè ñ îáúåì-
ëþùåé ãðóïïîé Ëè G ∼= R8 .
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Íàïîìíèì, ÷òî êîììóòàíòîì ãðóïïû Ëè G íàçûâàåòñÿ ïîäãðóïïà G′ , ïîðîæäåííàÿ âñå-
ìè êîììóòàòîðàìè xyx−1y−1 , x, y ∈ G ; êîììóòàíòîì àëãåáðû Ëè L íàçûâàåòñÿ ïîäïðî-
ñòðàíñòâî, ïîðîæäåííîå âñåìè êîììóòàòîðàìè [X, Y ] , X, Y ∈ L . Åñëè ãðóïïà Ëè G ñâÿçíà
è îäíîñâÿçíà, òî åå êîììóòàíò G′ åñòü ñâÿçíàÿ ãðóïïà Ëè ñ àëãåáðîé Ëè L′ (ãäå L � àëãåáðà
Ëè ãðóïïû Ëè G ), ñì. [22].

Äëÿ ãðóïïû Ëè G ∼= R8 , ðàññìàòðèâàåìîé â äàííîé ñòàòüå, èìååì (ñì. (9) � (14) ):

L = span(X1, . . . , X8), L′ = span(X3, . . . , X8).

Ïîýòîìó G′ åñòü îðáèòà ñèñòåìû ëåâîèíâàðèàíòíûõ ïîëåé X3, . . . , X8 , ïðîõîäÿùàÿ ÷åðåç
åäèíè÷íûé ýëåìåíò 0 ∈ G ∼= R8 . Â ñèëó òîãî, ÷òî ïîëÿ X3, . . . , X8 êîììóòèðóþò ìåæäó
ñîáîé, ïîëó÷àåì

G′ = {et3X3 ◦ · · · ◦ et8X8(0) | t3, . . . , t8 ∈ R} = {x = (x1, . . . , x8) ∈ G |x1 = x2 = 0}. (46)

Ïîñëåäíåå ðàâåíñòâî ñëåäóåò èç òîãî, ÷òî ïðîñòðàíñòâî (46) øåñòèìåðíî, à âñå ïîëÿ X3, . . . , X8

åãî êàñàþòñÿ.
Ââåäåì îáîçíà÷åíèå äëÿ ìíîæåñòâà òî÷åê â G ∼= R8 , äîñòèæèìûõ âäîëü âûðîæäåííûõ

àíîðìàëüíûõ òðàåêòîðèé èç òî÷êè x ∈ G :

Dx = {eu1X1+u2X2(x) |u1, u2 ∈ R}.

Òåîðåìà 5.1 (1) Êàñàòåëüíîå ïðîñòðàíñòâî ïîâåðõíîñòè D â åå òî÷êå x 6= 0 åñòü

TxD = span(x1X1(x) + x2X2(x), X0(x)). (47)

Â ñëó÷àå x = 0 èìååì

T0D = ∆0 = span(X1(0), X2(0)) = span(
∂

∂ x1
(0),

∂

∂ x2
(0)). (48)

(2) Äëÿ ëþáîãî x ∈ G ñïðàâåäëèâî ðàâåíñòâî Dx = x ·D .

Åñëè y ∈ Dx , òî TyDx = (Lx)∗Tx−1yD , ãäå Lx � ëåâûé ñäâèã íà ýëåìåíò x ∈ G , à
(Lx)∗ � åãî äèôôåðåíöèàë. Â ÷àñòíîñòè, TxDx = ∆x .

(3) Åñëè x1, x2 ∈ G′ , x1 6= x2 , òî Dx1 ∩Dx2 = ∅ . Áîëåå òîãî, G = tx∈G′Dx (îáúåäèíåíèå
ïîïàðíî íåïåðåñåêàþùèõñÿ ìíîæåñòâ).

(4) Èìååò ìåñòî ðàçëîæåíèå â ïðÿìóþ ñóììó G = G′ × D, òî åñòü äëÿ ëþáîãî x ∈ G
ñóùåñòâóþò åäèíñòâåííûå ýëåìåíòû x′ ∈ G′ è d ∈ D òàêèå, ÷òî x = x′ · d .

Äîêàçàòåëüñòâî. (1) Ïóñòü 0 6= x ∈ D . Êàê ïîêàçàíî â äîêàçàòåëüñòâå ï. (3) ïðåäëîæåíèÿ
5.1, ñïðàâåäëèâî âêëþ÷åíèå X0(x) ∈ TxD . Îñòàëîñü äîêàçàòü âêëþ÷åíèå x1X1(x)+x2X2(x) ∈
TxD .

Ðàññìîòðèì êðèâóþ ϕ(t) = et(u1X1+u2X2)(x0) , ãäå u1 = x1 , u2 = x2 . Îáîçíà÷èì ïðîåêöèþ

π : R8 → R2, (x1, x2, . . . , x8) 7→ (x1, x2).

Òîãäà π(ϕ(1)) = (u1, u2) = π(x) . Íî π|D áèåêòèâíî, òàê êàê D åñòü ãðàôèê îòîáðàæåíèÿ
(x1, x2) 7→ (x3, . . . , x8) . Ïîýòîìó èç âêëþ÷åíèé ϕ(1) ∈ D , x ∈ D ïîëó÷àåì ϕ(1) = x . Ïîýòîìó
ϕ̇(1) = u1X1(x) + u2X2(x) = x1X1(x) + x2X2(x) ∈ TxD .

Èòàê, X0(x), x1X1(x) + x2X2(x) ∈ TxD , è ðàâåíñòâî (47) ñëåäóåò èç äâóìåðíîñòè D .
Ðàâåíñòâî (48) ñëåäóåò èç ÿâíûõ ôîðìóë (36) .
(2) Âñå ïîëÿ u1X1 + u2X2 , ui = const , ëåâîèíâàðèàíòíû, ïîýòîìó eu1X1+u2X2(x) = x ·

eu1X1+u2X2(x0) , îòêóäà Dx = x ·D .
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Ëåâûé ñäâèã Lx : G→ G , z 7→ x · z , ïåðåâîäèò ïîâåðõíîñòü D â Dx , à òî÷êó x−1 · y ∈ D
â òî÷êó y ∈ Dx . Ïîýòîìó (Lx)∗(Tx−1·yD) = TyDx . Åñëè y = x , òî TxDx = (Lx)∗(T0D) =
(Lx)∗∆(0) = ∆(x) â ñèëó ëåâîèíâàðèàíòíîñòè ∆ .

(3) Ïóñòü x1, x2 ∈ G′ è Dx1 ∩Dx2 6= ∅ , ïîýòîìó

Dx1 ∩Dx2 3 eu
1
1X1+u12X2(x1) = eu

2
1X1+u22X2(x2).

Òîãäà

(u11, u
1
2) = π(eu

1
1X1+u12X2(x1)) = π(eu

2
1X1+u22X2(x2)) = (u21, u

2
2),

ïîýòîìó eu
1
1X1+u12X2(x1) = eu

1
1X1+u12X2(x2) , îòêóäà x1 = x2 . Äëÿ äîêàçàòåëüñòâà ðàâåíñòâà

G = tx∈G′Dx îñòàëîñü ïîêàçàòü, ÷òî G = ∪x∈G′Dx , òî åñòü ÷òî

∀x ∈ G ∃x′ ∈ G′ òàêîå, ÷òî x ∈ Dx′ . (49)

Ïóñòü x = (x1, . . . , x8) ∈ G , âîçüìåì u1 = x1 , u2 = x2 è x′ = e−u1X1−u2X2(x) . Òîãäà x′ ∈ G′ ,
è ñâîéñòâî (49) äîêàçàíî.

(4) Ëåãêî âèäåòü, ÷òî ýëåìåíò x ∈ G îäíîçíà÷íî îïðåäåëÿåò òî÷êó x′ ∈ G′ è óïðàâëå-
íèÿ (u1, u2) ∈ R2 òàêèå, ÷òî x = eu1X1+u2X2(x′) . Îáîçíà÷àÿ d = eu1X1+u2X2(x0) , ïîëó÷àåì
ðàçëîæåíèå x = x′ · d . �

Çàìå÷àíèå 5.1 Ñðàâíèâàÿ âûðàæåíèÿ (47) è (48) , âèäèì, ÷òî ñåìåéñòâî êàñàòåëüíûõ
ïëîñêîñòåé TxD íå èíâàðèàíòíî îòíîñèòåëüíî ëåâûõ ñäâèãîâ íà ãðóïïå Ëè G . Ïîýòîìó
è ïîâåðõíîñòü D íå ëåâîèíâàðèàíòíà. Êàê óêàçàíî â ï. (2) òåîðåìû 5.1 , ïðè ëåâîì ñäâèãå
íà ýëåìåíò x ïîâåðõíîñòü D ïåðåõîäèò â Dx .

Ýòî ëþáîïûòíûì îáðàçîì ñâÿçàíî ñ íåèíòåãðèðóåìîñòüþ ðàñïðåäåëåíèÿ ∆ : åñëè áû ñå-
ìåéñòâî êàñàòåëüíûõ ïëîñêîñòåé TxD áûëî ëåâîèíâàðèàíòíûì, òî ðàñïðåäåëåíèå ∆ êàñà-
ëîñü áû ïîâåðõíîñòè D � ÷òî íåâîçìîæíî â ñèëó íåèíòåãðèðóåìîñòè ðàñïðåäåëåíèÿ ∆ .

Çàìå÷àíèå 5.2 Ðàçëîæåíèå â ïðÿìîå ïðîèçâåäåíèå G = G′×D ìîæåò áûòü èñïîëüçîâàíî
äëÿ ðåøåíèÿ äâóõòî÷å÷íîé çàäà÷è óïðàâëåíèÿ äëÿ ñèñòåìû (6) ñ ãðàíè÷íûìè óñëîâèÿìè (7) .
Ïîñòðîèì äëÿ êîíå÷íîé òî÷êè x1 ðàçëîæåíèå x1 = x′ · d , x′ ∈ G′ , d ∈ D :

d = eu1X1+u2X2(x0), u1 = x11, u2 = x12, x′ = e−u1X1−u2X2(x1).

Ïðåäïîëîæèì, ÷òî ìû óìååì íàõîäèòü óïðàâëåíèå ũ(t) , t ∈ [0, T̃ ] , ïåðåâîäÿùåå ñèñòåìó
èç òî÷êè x0 â òî÷êó x′ . Ðàâåíñòâî x1 = eu1X1+u2X2(x′) îçíà÷àåò, ÷òî ñîñòàâíîå óïðàâëåíèå

v(t) =

{
ũ(t), t ∈ [0, T̃ ],

(u1, u2), t ∈ [T̃ , T̃ + 1]

ïåðåâîäèò ñèñòåìó (6) èç òî÷êè x0 â òî÷êó x1 çà âðåìÿ T̃ + 1 . Çà ñ÷åò ïåðåïàðàìåòðè-
çàöèè óïðàâëåíèé ýòîò ïåðåõîä ìîæíî ñîâåðøèòü çà ëþáîå íàïåðåä çàäàííîå âðåìÿ T .

6 Çàêëþ÷åíèå

Â ýòîé ðàáîòå îïèñàíû è èññëåäîâàíû âûðîæäåííûå àíîðìàëüíûå òðàåêòîðèè â íèëüïîòåíò-
íîé ñóáðèìàíîâîé çàäà÷å ñ âåêòîðîì ðîñòà (2, 3, 5, 8) . Ýòè òðàåêòîðèè x(t) ñîîòâåòñòâóþò
ýêñòðåìàëÿì λ(t) = (x(t), ψ(t)) , àííóëèðóþùèì ðàñïðåäåëåíèå ∆3 , ãäå ∆ � ðàñïðåäåëå-
íèå, ïîðîæäåííîå îðòîíîðìèðîâàííûì ðåïåðîì ñóáðèìàíîâîé ñòðóêòóðû. Èññëåäîâàíà ñòðî-
ãàÿ àíîðìàëüíîñòü è îïòèìàëüíîñòü ýòèõ òðàåêòîðèé. Îïèñàíà è èññëåäîâàíà äâóìåðíàÿ ïî-
âåðõíîñòü D , çàïîëíåííàÿ ýòèìè òðàåêòîðèÿìè. Íà ïîâåðõíîñòè D ïîñòðîåí ñèíòåç îïòè-
ìàëüíûõ òðàåêòîðèé, ñîîòâåòñòâóþùèõ ïîñòîÿííûì óïðàâëåíèÿì.

Â äàëüíåéøåì ïëàíèðóåòñÿ èçó÷åíèå îáùèõ àíîðìàëüíûõ òðàåêòîðèé, îíè ñîîòâåòñòâó-
þò ýêñòðåìàëÿì, àííóëèðóþùèì ðàñïðåäåëåíèå ∆2 , ñì. [19]. Îñîáîãî èíòåðåñà çàñëóæèâàåò
èññëåäîâàíèå íîðìàëüíîãî ãåîäåçè÷åñêîãî ïîòîêà â äàííîé ñóáðèìàíîâîé çàäà÷å, ñì. [18].
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