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1. The Einstein equation

Let M be a 4-dimensional oriented manifold, z°, z!, 22, 3

local coordinate system, and g a Lorentzian metric on M.
The Levi-Civita connection of g:

its
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The curvature tensor Cq = (ka) of g:
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The Ricci tensorRicy = (Ri;) and the scalar curvature R of g:

r

im jk:
Rij = C%ija R = gmn Rmn -
The vacuum FEinstein equation:

Ricg —Ag =0, (1)

where A is a cosmological constant.



2. Weyl tensor

The covariant curvature tensor: Cyjx = gimC';.’]d

1 R
Cijii = = Rk 9j1+R,j1 9ik—Rit gjk— Rk 9it) +— (9a 9k —9ikgj1) + Wijki
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The Weyl tensor Wy = (W;jki) has the following properties:

Wijkt = — Wiikt,  Wijkt = — Wik,  Wijki = Weiij,
Wijkt + Wijk + Wiki; = 0,
9" Wiji = 0.

The Weyl operator:

wg AT M — AQT*M, W”kl = gimgjn Wmnki



3. Complex structure on A2T* M
The metric g induces the metric on A2T*M:

g(av 6) = gjlklgj2k2aj1j2/8k1,k2v VO&, B S A2T*M~
The Hodge operator
x: N°T*M — AT M

satisfies to the condition %> = —1 and defines the complex

vector bundle structure on A2T*M:
iow® *w, YweA2T*M.

The C-valued and C-bilinear non degenerate 2-form h is defined
on A2T*M:

h(a, B) = g(o, B) —i-g(*a, B), Va,B € A°T*M.
It can be proved that
ha,B) = —* (xa AB)+ix(aAB), Va,B€ANT*M.



4. Normed eigenvectors of the Weyl operator

Operators W and commute, i. e.,
* Wy =W, *.
The C-linear operator W is symmetric w.r.t. the 2-form h, i. e.
h(W,(a), B) = h(a,W,(8)), Ya,B € A*T*M.

A 2-dimensional subspace V C T, M is elliptic or hyperbolic if
the restriction g|y has signature (—, —) or (4, —) respectively.

Proposition. Let w be a normed eigenvector of the Weyl
operator, i. e. h(w,w) = 1. Then:

(1) w is decomposable 2-form,

(2) the plane E corresponding to w is elliptic,

(3) the plane H corresponding to *w is hyperbolic and
orthogonal to FE.



5. Integrability conditions

Let EF and H be elliptic and hyperbolic distributions on M
generated by a normed eigenvector w of the Weyl operator W.

T(M)=E&H, ELH.

E and H are completely integrable iff their differential
invariants, curvature tensors, Rp and Ry are trivial.

Re(X,Y) Y Py([Pe(X), Pe(Y)),
Ru(X,Y) Y Po([Pu(X), Pu(Y))),

where X, Y are vector fields in M and Pg: T(M) — E
Py : T(M) — H are projectors.



6. Completely integrability of £ and H and form of ¢

Let E and H be completely integrable,

o, x5 st integrals of F and

o, 1 lst integrals of H.

Then xg, x1, 2, x3 are local coordinates in M and
g has the following form in these coordinates

g=g"+4",

where

1
g = Z gg(:co,xl,xg,xg)dxidxj with signature (1, —1),
i,j=0
3
gF = Z gg(xo,xl,xg,wg)dwidxj with signature (—1, —1).
ij=2



7. Total geodesic distributions

Recall that that a submanifold S of the Lorentzian manifold
(M, g) is said to be totally geodesic if:

(1) tangent planes to S are not tangent to the light cones and
(2) every geodesic « of (M, g) such that y(0) € S and

¥(0) € T,y (S) belongs S.

Condition (2) is equivalent to the following one: the covariant
derivative VxY is tangent to S for all vector fields X,Y tangent
to S.

We say that completely integrable distributions F and H are
total geodesic if their integral manifolds are total geodesic.

FE and H are total geodesic iff their differential invariants

Ap(X,Y) Y Py (Vp, ) Pe(Y)),
Ap(X, V)™ Pe(Vp,x)Pu(Y)),

are trivial.



8. Totally geodesic solutions

We say that g is totally geodesic solution of the Einstein
equation if there is a normed eigenvector w of the operator Wy
such that the distributions H and E are totally geodesic.
Proposition Let g be total geodesic. Then, in coordinates

g, T1, T2, X3, given by the above 1-st integrals, the metric g has
the form g = g/ + g%, where

1 3
g = Z gg(mo,xl)d:nidxj and ¢¥ = Z 95($2,$3)d$idl‘j.
i,j=0 ,j=2

The coordinates xg, x1, T2, 3 are defined up to gauge
transformations

(:L'(),.%'1> — (Xo(xo,ml),Xl(a:o,xl)),
(22, 23) = (X% (22, 23), X? (22, 73)).

Therefore, these coordinates can be chosen to be isothermal for
metrics g¥ and g%, i. e.,

gl = eal@o21) (dZE% . dx%), gf = 65@2’9”3)(—61:17% - dm%)



9. Reduction to Liouville equations
Substituting the last expression of g in the Einstein equation,
we get the system of hyperbolic and elliptic Liouville equations:

2 2
A (; +2A¢® =0,
8950 Oz )
0?3 826
—= —2A€P = 0.
Oxf T 922 Oxd

For the first time a solution of the hyperbolic equation was
obtained by J. Liouville in 1853,
2 2

a(zo,r1) = In (7%01\;2%1 ) ;

where function v(xg,x1) satisfies the wave equation
Vzozo — Vziz; = 0. Then L. Bianchi in 1879 got the other

solution of the same form
2 2

Vgg — Vg
(o, @1) = hl(AZosQ(vl))

for this equation.



10. Solutions of the Liouville equations

We will find solutions of the Liouville equations in the forms:
a(zo,21) = In(h1 (v)(v3, —23,)), (3)

where v(xg, z1) satisfies the wave equation vyz, — Vz,2, = 0 and
h1 is a smooth function,

B(x2,23) = In(ha(u)(uz, + ui,)), (4)

where u(zq, x3) satisfies the Laplace equation ugyz, + Uggzs = 0
and ho is a smooth function.

Functions (3) and (4) satisfy the corresponding Liouville
equations iff h; and he are solutions of the following ODEs
respectively:

yy" — (y)? 4+ 203 =0, and yy" — (v)* —2Ay° =0,



10. Solutions of the ODEs

The ODE
vy — ()’ +ky® =0, keR\{0},
has two families of general solutions

y1(z) = 2/k a® cosh?((z + b)/a),
y2(z) = —2/ka® cos®((z + b)/a),

and the family of singular solutions
y3(z) = —2/k(z + b)?,

where a,b € R, a # 0.



11. List of totally geodesic solutions

Below, a1, a2,b1,b2 € R, and aq, as # 0 in all formulas.

1. Assume that v, —v2 >0 in a domain. Then we have the

following solutions:
L1. by =y1, ho =y2

Ugo — Ugl (d 2 d 2)
= xg — dx
g Aa? cosh? (v +b1)/ay) 0 !
2 2
Uz +uz3 2 2
— dzy + dx3).
Aa3 cos?((u + ba)/az) (dzp + da)
1.2. hy =y1, ha = y3
(UQO _ 1}21) ) ) (u2 + u2 )
= Z = ded —da?) — 2282 (dx2 4+ dxl).
g Aa? cosh2((11+b1)/a1)( 0 1 A(u + by)? (dzs 3)



2. Assume that v2 —v2, < 0 in a domain. Then we have the
following solutions:
2.1. hy =y, ha =2

2(”%0 - U3231) 2 2
= — dxy — dx
g Aa%cosQ((v—i-bl)/al)( 0 )

(u2, +u,)

- das + dz3).
Aa3 cos?((u + bg)/ag)( 7 + daj)

2.2. h1 = y2, ho =y3

(,U%() - ,Ugl )

_Aa% COSQ((U + bl)/al)

uz, +uz,
A(U + b2)2

g= (dad — dz?) — (dx3 +dz3).

2.3. h1 =y3, ha = y2

(’U:%() - ,Ugl )

_ (ug, +uZ,)
7 T AW+ b1)2

da§—da?) —
(dap —dai) Ad3 cos?((u + ba)/az)

(dx3+dx3).




2.4. hy = y3, ha = y3

(v, —v2) ., 9 u? +u?
—__\z x d —d o T2 T3 2 2 .
g Autb)? (dzg — dx7) Autb)? (dxg + dz3)
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