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Abstract We construct explicit solutions of the Einstein-Maxwell equations in the
case when distributions defined by the Faraday tensor are completely integrable and
totally geodesic.
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1 Introduction

Let M be an oriented 4-dimensional manifold.
The Einstein-Maxwell equation (see, for example, [6]) is the following system of
PDEs on Lorentzian metric g and differential 2-form F' (Faraday tensor) on M :

. 8k
Ric (g) = A g — —¢ T (F) =0,
dF =0, d* F =0.
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Here A and k are cosmological and gravitational constants respectively, c is the
velocity of light, and T (F) is the energy-momentum tensor of electromagnetic field
F.

In this paper we use relativistic differential invariants (see [8]) of solutions of the
Einstein-Maxwell equation to get explicit solutions of this equation.

The first invariants one gets from the linear operator F:TM —>TM, defining by
the Faraday tensor. This operator has characteristic polynomial of the form

A4+ 0%+ D,

where 1 and I» are invariants of solutions.
We say that a point of manifold M is Rainich singular if

}+13=0

at this point.

Let R C M be the set of all Rainich singular points. Then on the submanifold
M\ Ry of Rainich regular points tangent spaces 7 M split in the direct sum of two
planes which are F—invariant : hyperbolic H and elliptic E. We show that finding
solutions of Einstein—Maxwell equation for which hyperbolic and elliptic distributions
are completely integrable and totally geodesic is reduced to solution of the Liouville
equations and gives us the explicit formulae for solutions of Einstein—Maxwell equa-
tion depending on two functions in one variable and one harmonic function.

We would like to thank Valeriya Yumaguzhina for valuable and helpful discussions.

2 Faraday tensor

In this section we briefly recall some iacts on Faraday tensor (see, for example, [8,9]).
Let’s fix a pointa € M and let F : T — T be the linear operator acting in the
tangent space T (= T, M) as follows

¢ (FX,Y)=F(X,Y)

for all tangent vectors X, Y € T.
Then F is skew symmetric operator (with respect to metric g ) and therefore the
characteristic polynomial of F contains only even degree terms:

A+ 102+ D,

It was proved (see for example, [8,9]) that the condition 12 + 122 # 0 is necessary
and sufficient for existence of invariant hyperbolic H C T (i.e. g on H is hyperbolic
or indefinite) and invariant elliptic E C T (i.e. g on E is negative) planes such that
HlEand T =H®E.
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Then the restriction of operator F on the hyperbolic plane has eigenvalues 4/ and
the restriction on the elliptic plane has eigenvalues £i m, where [, m € R, and

L = m? — 12, L= —1*m?.

The projectors on invariant planes are

1 L+J 1 nL—-1J
pH:_(f?+ 1: ) and PE:—j(fz-f- ! )

J 2

where
JP=1 -4 =@ +mH*£0.

Moreover, there is an orthonormal basis (e, e1, €2, €3), where g(ep, eg) = 1 and
g(er, e1) = g(ez, e2) = g(e3, e3) = —1 such that

o))

[l
co ~o
co o~

coc o
oI oo

3 Totally geodesic distributions

Recall (see for example, [1] or [3] and [3]) that a submanifold S C M is said to be
totally geodesic (or auto parallel) if

e Tangent planes to S does not tangent to the light cones, and

e Every geodesic of the restriction of g on S is a geodesic of g in M, or the covariant
derivative Vx Y is tangent to S every time when vector fields X and Y are tangent
to S, here V is the Levi-Civita connection on M.

Let now D be a completely integrable distribution on M and dim D = 2. We say
that D is totally geodesic if its integral submanifolds are totally geodesic.

If D is a completely integrable distribution such that its planes do not tangent to
the light cones and Q: T — D is the projector on the orthogonal complement to D,
then tensor

Ap (X, Y) = 0 (VxY),
where X, Y are vector fields tangent to D, vanishes if and only if D is totally geodesic.
Remark also that the distribution D is completely integrable if and only if its
curvature form (see, [5])

Rp(X,Y)=Q(X,Y]),

where X, Y are vector fields tangent to D, is equal to zero.
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Summarizing we get the following result.

Proposition 1 Let D be a 2-dimensional distribution on M such that its planes do
not tangent to the light cones. Then D is totally geodesic if and only if the tensors Ap
and R p are trivial.

4 Totally geodesic solutions

Lets = (g, F) be a solution of the Einstein- Maxwell equation. We say that s is totally
geodesic in some domain O C M , if the distributions H of hyperbolic and E of
elliptic planes are totally geodesic, i.e. due to the above Proposition:

Ru=0, Az =0, Rg=0, Ag=0.

Assume that a solution s is totally geodesic and let (x(, x1) be independent 1st integrals
for the hyperbolic distribution H and let (x2, x3) be independent 1st integrals for the
elliptic distribution E.

Theorem 2 Let s = (g, F) be a totally geodesic solution of the Einstein-Maxwell
equation. Then in coordinates (xq, X1, X2, x3) given by the st integrals metric g has
the form

g=2g"+g",
where
1 3
g =>" gl (xo.x1)dxidxj. ¢F =" gf (x2.x3) dxidx;.
i,j=0 i,j=2
Proof Let us show, for example, that
ugll =0,

fork =2, 3.
One has

3kgi7 = 018 (9;,0j) = & (Va,9;, 0j) + & (i, Vo, 0;) -
But Vy,0; = Vy,0x and Vy, 0 L (0o, 91). Hence g(Vy,9;, ;) = 0.

Coordinates (xg, x1, X2, x3) defined up to gauge transformations

(x0, x1) — (Xo (x0, x1), X1 (x0, X1)) ,
(x2,x3) — (X3 (x2, x3), X3 (x2,x3)) .

Therefore, we can choose these coordinates to be “isothermal” for metrics g and

gE, i.e.
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gH = e“(xo’x‘)(dxg — dxlz) (1)

and
gf = eﬂ("2‘x3)(—ci)cz2 - dx32). 2)

In these coordinates the Faraday tensor takes the form
F = =21 00D gxo A dxy + 2m PO dxy A dxs (3)

where

5 Explicit solutions

Take a totally geodesic solution of the Einstein—-Maxwell equation and write down it
in form (1), (2), (3).

Substituting these expressions in the Maxwell equations we get the following sys-
tem of differential equations:

D(le®) =0, 33(e”) =0, d(me)=0, di(mef)=0,
9 (me®) =0, 93(me*) =0, dplef)=0, d(ef)=0.

Taking in account that & and B are functions of (xgp, x1) and (x2, x3) respectively
we get that functions / and m are constants.

Therefore, invariants I, I>, J are constants also.

Substituting now (3,2,1) in the Einstein equation we get the following system dif-
ferential equations on functions « and S:

92a 9%a o
—5 — 5 Thkie" =0,
0xg 0x, @
’p 9’8
_F, 2P B _
8x2+8x2+k2e =0,
2 3

where
k= 2(’2—41 n A) and ky = 2(’2—{ - A).

System (4) consist of two well known Liouville equations.

First of all, let us note that both these equations have infinite dimensional group of
symmetries.

Namely, the hyperbolic Liouville equation has conformal (with respect to metric
dx02 — dxlz) group of symmetries generated by point transformations of the form
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a(xo, x1)dxy + b(xo, x1)9x; — (axy + bx;)0as
where functions a, b satisfy the wave equations:
Ay, = bx1 , Ay = bxo-

The elliptic Liouville equation has also conformal (with respect to metric —dx22 -
dx32) group of symmetries generated by point transformations

a(x2,x3)0x, + b(x2, x3)0x; — (Ax, + byy)0g,
where coefficients a, b satisfy the Cauchy-Riemann equations:
Ay, = bx3v Ax; = _bxz-

Secondly, we will find solutions of system (4) in the following form:

e For hyperbolic case

a(xo, x1) = In(h (v)(v3, — v})). ©)

where function v(xg, x1) satisfies the wave equation

Uxoxg — Vxyxy = 0

and /& is a smooth function in one variable;
e For elliptic case with k» # 0

B(x2,x3) = In(ha(u) (3, + u3,)), (6)
where function u (x>, x3) satisfies the Laplace equation
Uxrxy + Uxsxz = 0

and /1, is a smooth function in one variable;
For elliptic case with k = 0

B(x2, x3) is a harmonic function. @)

Note that the solution of form (5)

2 2

vZ —
a(xg, x1) = ln(—xo ad )
(x0, x1) 2

for the hyperbolic equation first was obtained by Liouville in [7] and after Bianchi [2]
got the other solution of the same form
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2 2

vZ —v
, :1 ( X0 X1
&(x0, x1) = In Acosz(v))

for this equation.
Proposition 3 Functions (5) and (6) satisfy the corresponding Liouville equations:
Uxoxg — Qxyx; + kie®* =0 and ,szx3 + ,3x2x3 + kZefj =0, kp #0,

if and only if the functions h1 and hy are solutions of the ordinary differential equa-
tions:

W = +ky =0 and yy' = (/) +ky =0
respectively.
Remark 4 The ordinary differential equation
w' = +ky =0, ke R\{0), ®)
has two families of general solutions

y1(x) = 2/ka? cosh?((x + b)/a),
y2(x) = —2/ka* cos*((x + b)/a),

and family of singular solutions
»3(0) = =2/k(x +b)%,
where a, b € Rand a # 0.

Thus, we get the following result.

Theorem 5 Any totally geodesic solution of the Einstein-Maxwell equation has the
form

g = 0 @yt — dx?) — P2 (dx2 4 dx3),

F = =21 00D dxo A dxy + 2m ePO2%) dxy A dixs,
where (a, B) is a solution of PDEs system (4), xo, X1 and x», x3 are first integrals of
the hyperbolic and elliptic distributions respectively, and eigenvalues +1 and Lim are

constants related with invariants Iy, I, J in the following way

P=—-1)/2 m>=+N)/2 J>=I—4I3.
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6 Appendix

Taking into account Proposition 3 and Remark 4, we represent in this section a complete
list of totally geodesic solutions

g = @00 (@xl — dx?) — P2 (dxF + dx?),

F = =21 00 D dxo A dxy + 2m ePC2%) dxy A dixs,

of the Einstein—-Maxwell equation such that the functions o and 8 have form (5) and
(6) or (7) respectively:

a(xp, x1) = ln(hl(v)(v)%() - U%,)), Uxoxg — Uxjx; = 0,
B(x2, x3) = In(ha(u)(u, +u%,)), txye, + s =0, ko #0,

B(x2, x3) is a harmonic function if k; = 0.

Below, a1, az, by, by € R, ay, a; # 0 for all formulas.

6.1. Let the point (xg, x1, x2, x3) be such that v%o — vfl < 0 and let k& < 0. Then we
have the following solutions in a small neighborhood of this point:

6.1.1.hy = y3, ha =3

2 2 2 2
vZ — v us +u
8= 2y 0 T XD+ 2l g ),
2 2 2 2
Vi — v us. +u
F=4-—2 Y _dxoAndx; —4m—2—_dxy Adxs,

m—2 X
ki(v 4 b1)? ko (u + by)?

6.1.2. hy = y2, hy =y

203 —v?)
- _kla% cos?((v + b1)/ay)
2(u)2(2 + u)%})
+ kra3 cos? ((u + ba)/az)
2
4l(wg —vi)
- kia} cos?((v + by)/ar)
dmu, +uk)
B kaa3 cos? ((u + ba)/az)

(dx} — dx?)

(dx% + dx32),

dxo A dxg

dxy A dxs,
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6.13.h1 =y3, ho =y

2 2 2 2
v Vi 2(uy, +ui,)
S, . (R Wy o e 25 dx? + dx?),
g ki(v+b )2( 0~ dxp) koaj cos? ((u+b2)/az) (dx) 3
2 2 2 2
vy — Vg dm(us, +u
= ZXO—Z dxo Ndx) — 5 ( X2 x3) dxy A dxs,
ki(v+by) kza3 cos?((u + ba)/az)
6.14.h1 =y, ho = y3
2(1}2 _ U2 ) 2 4 2
X0 X1 (de dxl) +2m(d +d.X3)

§= _klalz cos2((v + b])/al)

4l (vs —v u? +u2
= ( 0 x1) dxo ANdx; — xz—2 dxy A dxs.
kia} cos?((v + by)/ay) ko(u + by)
6.2. Let v)%0 Xl > 0 and k> < 0. Then:
6.2.1.hy =y, ho =y3
202, —v2) uy, + uy,
= dxl —dx?) + 2—(d +dx?),
kia} cosh?((v + by)/ay) (dxg —dxj) ka(u + b2)? " .
4l (v3 — v? u? +u2
F =— 5 ( ;0 &l dxo ANdx; — xz—zdxz/\dX3,
kiai cosh?((v + b1)/ay) ko(u + by)
6.2.2. h] =Y, h2 =y
202 —v?
Wy — o) (dx} —dx?)

- kia? cosh?((v + by)/ay)
. 2(u, +u3,)

kya3 cos? ((u + by)/az)
4k -2

(dx3 +dx3),

dxo A dxq

F=—
kiai cosh?((v + by)/ay)
B 4m(u,%2 + u)zg) dxs A dis

kra3 cos?((u + by)/az) '
6.3. Let v)%o x] < O and k2 > 0. Then:
6.3.1. h1 = y3, h2 =Y

2 2
2 _ .2 2(uy, + uy,) (@2 + did)

v Ui
"O—)Z(d dx12) _

=2
$ T T hw+b kaa3 cosh? ((u + ba)/as)
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2 2 2 2
Vi — v dm(us, + u?)
F = 41% d)C() A dx1 - 3 2X2 aE dxz AN d)C3,
1(v+by) kaa3 cosh? ((u + by)/az)

63.2.h = Y2, hy = Vi

202 —v?)

~ ka? cos?((v + by) /ar)
2(u)2(2 + u,zq)

ka2 cosh®((u + by)/az)
4l(vE, — i)

- kiaj cos? ((v+b))/ar)

dmu, + uk)
* kad? cosh? ((u + by) /a2)

(dx3 — dx?})

g:

(dx22 + dx32),

dxo A dx

dxy A dxs.
6.4. Let vi —v;, > Oand ky > 0. Then

6.4.1. h1 =YV, hz =Y

_ 2(11)%0 - U)%])
8= ka2 cosh? (v + br)/ar)
2(14)%2 + ui)
kza% cosh? ((u + bg)/az)
4l(v)260 —v?

X1

F=- dxo N dx
kia?cosh?((w + by)jar)

N 4m(u)2(2 + u%@)
kza% cosh? ((u + bz)/az)

(dxé — dxlz)

(dx3 + dx3),

dxy Adxs.

6.5. Let ko = 0, then SB(x2, x3) is a harmonic function and we have the following
solutions:

6.5.1. vfo —v2 <0and h) = 3

X1

2 2

Vi —
=20 N _(gx2 —dx?) — eP(dx? + dx?),
g kl(v+b1)2( 0 i) (dx3 3)

v — 2
=420 Y _dxo Adxy +2mePdxs A dxs,

kl(v+b1)2

X

6.5.2.v2 —vi <Oandh; =y,

2003 —v?)

2
ka? cos?((v + b1)/a)) (dxg — dx}) — e (dx3 + dx3),
i

g:
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4l(v)%0 — v)zc1

= dxo A dxy +2m ePdx Adxs,
kia} cos?((v + by)/ar) 0 ! : ’

6.5.3. vfo —v2 >0and h; = yi

X1

B 2(1))%0 - vfl
$ = kiaZ cosh? (v + b)/ar)
4l(v)%0 — v)%]

~ kia? cosh((v + by)/ar)

(dxg — dxlz) — eﬁ(dxg + dx32),

F = dxo ANdx; +2m eﬁdxz/\dx3,

Remark 6 Applying symmetries of the hyperbolic and elliptic Liouville equations
to the obtained solutions « and B respectively of these equations, one can get new
solutions of system (4) and hence new totally geodesic solutions of the Einstein-
Maxwell equation.
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