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ẍk(t) + µ2
kxk(t) + bkU(t) = 0, xk(0) = xk,0, ẋk(0) = xk,1, 1 6 k 6 n.
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∫

0

|U(t)| dt, U : (0, T ) → R, U ∈ L(0, T ).
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Ë
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Ñ
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x0, x1, b, T
)

= inf
T
∫

0

|V (t)| dt
Ë������

inf � �������������! #"$�%�'&)(+*-,!.-/!01�2&

V ∈ L(0, T ) 3 ��42�5.- ��6 7�	8:9;"<8=�! >4?,1�	�������@��0?�����'&�AB�CA$"$��,?����"

T
∫

0

V (t) cos (µkt) dt = Rk cos θk,

T
∫

0

V (t) sin(µkt)dt = Rk sin θk, 1 6 k 6 n.

Ì 0 Î

D ���%��E
Rk =

√

x2
k,0µ

2
k + x2

k,1 |bk|−1 3GF 0?�'4	A θk
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F �����>N xk,0 3 xk,1 PÏPµWÄ2º!·¿Æ1Ç1¹!µWÓ
Æ�·+Ë�Ó#µ�Ò±µ�Ú!µÜ·mº2É2º!·mº2Ó#µWÊ2º2º

L1 Ô É2Æ1¹!·mÂï¾�À2¹!µW»WÁ!¼
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Æß·mÉ2Æ1Ñ
Æ1Æ1Ç1¹!µWÓ
º�½¦»
L(0, T )

Ä�Æ1¹!µWÓ#·m¼
¹2É2Æ�¶�¸Wº
2n
Ë

Æ1À2¹2¼�Ò¤¼�Á2½2¼#·mÆ1Ñ
Æ�¹!µW»1¼
É!¶�¸W»�µ1·mº Ì 0 Î /1Qì¼
¸WÆ#Ò-É!µ�×�Æ�ã_Ò¤¼
É2º�½J¹!µ1¶
¶�¸WÆ�½2É2º�½{Æ1¸�¸WÆ1Ú2Ä2ºJÒ¤Æ_µ1á�á�º2É ÔÉ2Æ1Ñ
ÆÅ·mÉ2Æ1Ñ
Æ1Æ1Ç1¹!µWÓ
º�½îÄ�Æ1É2¼
Ú2É2Æ1Ãð¹!µWÓ#·m¼
¹2É2Æ�¶�¸Wºðº�Á!ºðÄ�Æ1¹!µWÓ#·m¼
¹2É2Æ�¶�¸Wºï» á�¾�É2Ä2Ê2º2Æ1É!µ�Á!È1É2Æ�·
µWÉ!µ�Á!º2Ó
¼JÒ±µW»1É2Æìº2Ó
»1¼#¶�¸W¼
Éw/ÙÏL¹2¾
Ò¤É2Æ�¶�¸WÈ�¶�Æ�¶�¸WÆ1º2¸ßÁ!º2ÛÜÈ¦»¦À2ÆWÁ!¾�Ú2¼
É2º2ºØÆ1¸W»1¼
¸�µì»ß½2»1É2Æ�·>»1º ÔÒ¤¼1/LRD¸WÆ-¾
Ò±µ�Á!Æ�¶�Èê¶RÒ¤¼�Á¤µW¸WÈ!Ë¤Ä�Æ1Ñ�Ò±µ{É!µWÇ1Æ1¹ìÚ!µ1¶�¸WÆ1¸

(µ1, . . . , µn)
Á!º2É2¼
Ã2É2ÆêÉ2¼
Ó#µW»1º!¶�º!· É!µ�Ò

QÌ »1Â�¹!µ�ã_¼
É2º2¼
h1µ1 + . . .+hnµn

ËWÑ�Ò¤¼
hk S ¹!µWÊ2º2Æ1É!µ�Á!È1É2Â�¼+Ú2º!¶�Á¤µ2ËW·mÆ�ã_¼
¸�Ç1Â�¸WÈ�¹!µW»1É2Æ�É2¾#Á!â»J¼�Ò¤º2É!¶�¸W»1¼
É2É2Æ�·Å¶�Á!¾�Ú!µW¼

h1 = . . . = hn = 0
Î /
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lim
T→+∞

I
(

x0, x1, b, T
)

= max
16k6n

Rk.

\D¶�Á!ºìÚ!µ1¶�¸WÆ1¸WÂ>¶�Æ1º2Ó#·m¼
¹2º!·mÂ�Ë2¸WÆ{Ó#µ�Ò±µ�Ú!µ_¶�Á!Æ�ã{É2¼
¼-]�Ò!Á2½ßÀ2¹2¼�Ò¤¼�Á¤µ

l = lim
T→+∞

I
(

x0, x1, b, T
)Ì_^�Î

¾
Ò±µW¼
¸1¶�½êÒ±µW¸WÈJ¸WÆWÁ!È1Ä�ÆÜÒ¤»1¾�¶�¸WÆ1¹2Æ1É2É2â)âyÆ1Ê2¼
É2Ä2¾1/
` µ1·m¼
¸Wº!·+Ë!Ú2¸WÆJº2Ó�¹!µW»1¼
É!¶�¸W»

T
∫

0

V (t) cos µtdt = R cos θ,

T
∫

0

V (t) sin µtdt = R sin θ

a Á!¼�Ò¤¾1¼
¸JÉ2¼
¹!µW»1¼
É!¶�¸W»1Æ
T

∫

0

|V (t)| dt > R.

RD¸WÆ_»WÁ!¼
Ú2¼
¸�Ó#µÜ¶�Æ1Ç1Æ1Ã{Æ1Ê2¼
É2Ä2¾{¶�É2º2Ó
¾
l > max

16k6n
Rk

Ë�Ä�µWÄ�Æ1»1Â Ç1Â É2ºêÇ1Â+Á!º�É!µWÇ1Æ1¹{Ú!µ1¶�¸WÆ1¸
(µ1, . . . , µn)

º-»1¼
Ä2¸WÆ1¹2Â>É!µ�Ú!µ�Á!È1É2Â+×�¾�¶�Á!Æ1»1º2Ãw/
Ýy¶�»W½2Ó
º¦¶�¸W¼#·+Ë±Ú2¸WÆJÒ!Á2½¦Ñ�µWÛÜ¼
É2º�½ìÄ�ÆWÁ!¼
Ç�µWÉ2º�½ì¶�Ú!µ1¶�¸WÆ1¸WÆ1Ã

µk

Ë¤¹!µ1¶
¶
·bµW¸W¹2º2»�µW¼#·mÆ1Ñ
Æ{Æ1¸ Ô
Ò¤¼�Á!È1É2Æ!Ë±µ�É2¼_»-¶�º!¶�¸W¼#·m¼_¾�¹!µW»1É2¼
É2º2ÃwË2Ò¤Æ�¶�¸�µW¸WÆ1Ú2É2Æêà
É2¼
¹2Ñ
¼
¸Wº2Ú2¼#¶�Ä�Æ1Ñ
Æ�¹2¼#¶�¾�¹!¶
µ T

∫

0

|u(t)| dt =

= Rk + ε
Ì À2¹2ºÖÁ!â)Ç1Æ�·

T > 2π/µk

Ë±Ä�µWÄÖÇ1Âè·bµ�Á!Æ-É2ºÖÇ1Â+Á!Æ
ε
Î Ë'»1Æ1Ó
É2º2Ä�µW¼
¸�»1À2¼
Ú!µW¸#Á!¼
É2º2¼1Ë

Ú2¸WÆ�Ò!Á2½�Ñ�µWÛÜ¼
É2º�½
n
Ä�ÆWÁ!¼
Ç�µWÉ2º2Ã{À2¹2º_Ò¤Æ�¶�¸�µW¸WÆ1Ú2É2Æ�Ç1ÆWÁ!È1ÛÜº�×

T
×�»�µW¸Wº2¸�¸WÆ1À�Á!º2»�µ n

∑

k=1

Rk + ε
Ë

$�%%b



¸�/ ¼1/¤¶�À2¹!µW»1¼�Ò!Á!º2»�µÜÆ1Ê2¼
É2Ä�µ

l 6

n
∑

k=1

Rk.

� Ò¤É!µWÄ�ÆJà
¸WÆ!Ë�»1Æ1Æ1Ç1äÜ¼)Ñ
Æ1»1Æ1¹�½wË�É2¼
»1¼
¹2É2Æ!/CQìÆ�ã{É2ÆJÀ2Æ#Ò¤Æ1Ç1¹!µW¸WÈÜ¸�µWÄ2º2¼�Ú!µ1¶�¸WÆ1¸WÂðºßÉ!µ�Ú!µ�Á!È1É2Â�¼
¾�¶�Á!Æ1»1º�½wË�Ú2¸WÆ_»1Æ1Ó
É2º2Ä2É2¼
¸J¶�Á!¼�Ò¤¾�â)ä_µ�½-¶�º2¸W¾�µWÊ2º�½w/���¹2ºêÁ!â)Ç1Æ�·|¶�À2Æ�¶�Æ1Ç1¼)Ñ�µWÛÜ¼
É2º�½êÄ�µ�ã_Ò¤Æ1Ñ
Æ
º2Ó�Ä�ÆWÁ!¼
Ç�µWÉ2º2ÃÜÉ2¼
º2Ó
Ç1¼�ã{É2Æ�»1Æ1Ó
Ç1¾�ã_Ò±µWâ)¸1¶�½�Ò¤¹2¾�Ñ
º2¼1/��DÆ1Æ1¸W»1¼
¸1¶�¸W»1¾�â)äÜº2Ã_À2¹2º!·m¼
¹{¶
·+/�Ò±µ�Á!¼
¼1/
ÝÅà
¸WÆ1Ã�¹!µWÇ1Æ1¸W¼�»�Ò¤Æ1À2ÆWÁ!É2¼
É2º2¼�Ä�¸W¼
Æ1¹2¼#·m¼��ØÒ±µWÉ!µ�Æ1Ê2¼
É2Ä�µ�¶�»1¼
¹�×�¾

l
Ë1»1¼
¹2É!µ�½_Ò!Á2½{Á!â)Ç1Â+×

É!µWÇ1Æ1¹2Æ1»_Ú!µ1¶�¸WÆ1¸_Ä�ÆWÁ!¼
Ç�µWÉ2º2ÃwË�ºßÇ1ÆWÁ!¼
¼�Ò¤¼
¸�µ�Á!È1É2ÆJº!¶
¶�Á!¼�Ò¤Æ1»�µWÉ-¶�Á!¾�Ú!µWÃ
n = 2

/
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l 6
4

π

n
∑

k=1

Rk < 1,28
n

∑

k=1

Rk.

Ïw¼
Æ1¹2¼#·mÂ �¿º Í À2¹2¼�Ò±¶�¸�µW»WÁ2½2â)¸�¶�Æ1Ç1Æ1ÃÜÒ¤»�µ"!�À2ÆWÁ!â�¶
µ#�»�à
¸WÆ1Ã�Ó#µ�Ò±µ�Ú2¼1/1Ý¿¸W¼
Æ1¹2¼#·m¼��¿»1Â ÔÒ¤¼�Á!¼
É¦À2Æ#Ò¤Ä�Á¤µ1¶
¶�¶�Æ1»1Æ1Ä2¾�À2É2Æ�¶�¸W¼
ÃßÚ!µ1¶�¸WÆ1¸�Ë!Ò!Á2½¦Ä�Æ1¸WÆ1¹2Â+×ßÓ
É!µ�Ú2¼
É2º2¼
l
½2»WÁ2½2¼
¸1¶�½Ö·mº2É2º!·bµ�Á!È ÔÉ2Â�·+/±Ïw¼
Æ1¹2¼#·bµ Í Ë2É!µWÆ1Ç1Æ1¹2Æ1¸�Ë�Ò±µW¼
¸{Æ1Ê2¼
É2Ä2¾

l
Ë2Ñ
Æ#Ò¤É2¾�â »{Á!â)Ç1Æ�·Å¶�Á!¾�Ú!µW¼1Ë2É2¼�Ó#µW»1º!¶�½2äÜ¾�âyÆ1¸

µW¹2º!á�·m¼
¸Wº2Ú2¼#¶�Ä2º�×ß¶�»1Æ1Ã!¶�¸W»JÚ2º!¶�¼�Á
(µ1, . . . , µn)

/
���������	��
%$C�'& �'4?* F A$� n = 2 3 µ1/µ2 = p/q 3 p, q ∈ N 3 µ1 6= µ2 3 "$���	,! 6,?���CA$"$��,?����"< 

R 6 l 6
R

cosβ
,

�����
β =

π

p + q
.

ëÜÆ1Ä�µ�ã_¼#· ¸W¼
Æ1¹2¼#·mÂ Í ËD.¦º¿À2Æ�¶�¸W¹2Æ1º!·�À2¹2º!·m¼
¹wËAÀ2Æ1Ä�µWÓ
Â�»�µWâ)äÜº2ÃwËPÚ2¸WÆfÆ1Ê2¼
É2Ä�µ�¶�»1¼
¹�×�¾
l 6

n
∑

k=1

Rk

É2¼
»1¼
¹2É!µ2/
(�µ�Ú2É2¼#· ¶ìÀ2Æ�¶�¸W¹2Æ1¼
É2º�½îÀ2¹2º!·m¼
¹!µ2/+ÝLÆ1Ó
È�·m¼#·èÀ2¹2Æ1º2Ó
»1ÆWÁ!È1É2Æ1¼ßÉ!µW¸W¾�¹!µ�Á!È1É2Æ1¼ìÚ2º!¶�Á!Æ

n
º

¹!µ1¶
¶
·mÆ1¸W¹2º!·Å¶�º!¶�¸W¼#·m¾ê¾�¹!µW»1É2¼
É2º2Ã






ẍ1(t) + x1(t) + u(t) = 0, x1(0) = 0, ẋ1(0) = 99,

ẍ2(t) + 9x2(t) + u(t) = 0, x2(0) = 0, ẋ2(0) = −3,

ẍk(t) + µ2
kxk(t) + u(t) = 0, xk(0) = 0, ẋk(0) = 1/n, 3 6 k 6 n.

Ì*)1Î

��Æ1Ä�µ�ã_¼#·+Ë
Ú2¸WÆ�Ò!Á2½Ü¾�¶�À2Æ1Ä�Æ1¼
É2º�½�à
¸WÆ1Ã�Ä�ÆWÁ!¼
Ç�µW¸W¼�Á!È1É2Æ1Ã�¶�º!¶�¸W¼#·mÂØÓ#µ�Ä�µWÄ�Æ1¼ Ô Á!º2Ç1Æ+»1¹2¼#·Ù½ T
¸W¹2¼
Ç1¾1¼
¸1¶�½Ø¹2¼#¶�¾�¹!¶{¾�À2¹!µW»WÁ!¼
É2º�½ T

∫

0

|u(t)| dt
ËÙÀ2¹2¼
»1Æ�¶�×�Æ#Ò!½2äÜº2Ã Í , ) /PÝè¸WÆìã_¼ê»1¹2¼#·Ù½Øº!·m¼
¼#·

R1 = 99
Ë
R2 = 3

Ë
Rk = 1/n

Ë
3 6 k 6 n

/+�AÁ!¼�Ò¤Æ1»�µW¸W¼�Á!È1É2Æ!Ë n
∑

k=1

Rk = 103− 2/n < 103
/

´m¼
ÛÜº2»{Ä�µ�ã_Ò¤Æ1¼�¾�¹!µW»1É2¼
É2º2¼�¶�º!¶�¸W¼#·mÂ

xk(t) = xk(0) cos(µkt) + ẋk(0)
sin(µkt)

µk

−
t

∫

0

u(τ)
sin(µk(t − τ))

µk

dτ,

$�%�,



Ò!Á2½|À2ÆWÁ!É2Æ1Ñ
ÆìÀ2Æ1Ä�Æ�½�Ä�ÆWÁ!¼
Ç�µW¸W¼�Á!È1É2Æ1Ñ
ÆßÀ2¹2Æ1Ê2¼#¶
¶
µ Ì*)1Î »¦·mÆ�·m¼
É2¸¦»1¹2¼#·m¼
É2º
T
¶{¾�Ú2¼
¸WÆ�·>¹!µ Ô»1¼
É!¶�¸W»

xk(0) = 0
À2ÆWÁ!¾�Ú2º!·|¾�¶�Á!Æ1»1º�½

T
∫

0

u(T − z) cos(µkz)dz = ẋk(0) cos(µkT ),

T
∫

0

u(T − z) sin(µkz)dz = ẋk(0) sin(µkT ).

ÝLÓ�½2»
T
Ä2¹!µW¸WÉ2Â�·

2π
Ì à
¸WÆ{»1Æ1Ó#·mÆ�ã{É2Æ!Ë�À2Æ�¶�Ä�ÆWÁ!È1Ä2¾{¾�¶�À2Æ1Ä�Æ1¼
É2É2Â�ÃêÄ�ÆWÁ!¼
Ç�µW¸W¼�Á!È1É2Â�ÃêÀ2¹2Æ ÔÊ2¼#¶
¶ìÒ±µ�Á!¼
¼Ö¹!µW»1¼
ÉîÉ2¾#Á!â ¸WÆ�ã_Ò¤¼#¶�¸W»1¼
É2É2Æ¿»�·m¼#¶�¸W¼f¶¦¾�À2¹!µW»WÁ!¼
É2º2¼#· Î ºïÆ1Ç1Æ1Ó
É!µ�Ú2º2»

v(z) =
= u(T − z)

Ë2À2¹2º�Ò¤¼#·¿Äß¹!µW»1¼
É!¶�¸W»�µ1·

T
∫

0

v(z) cos zdz = 99,

T
∫

0

v(z) cos 3zdz = −3.
Ì���Î

Õ�Ó Ì���Î É!µ�×�Æ#Ò¤º!·

T
∫

0

v(z)

(

cos z − cos 3z

3

)

dz = 100.

(�¼
¸W¹2¾
Ò¤É2Æ{¾�Ç1¼�Ò¤º2¸WÈ�¶�½ê»J¸WÆ�·+Ë�Ú2¸WÆ�·bµWÄ�¶�º!·m¾�·¿·mÆ#Ò¤¾#Á2½ßá�¾�É2Ä2Ê2º2º
cos z − (1/3) cos 3z

É!µ
À2¼
¹2º2Æ#Ò¤¼1Ë2µJÓ
É!µ�Ú2º2¸_ºßÉ!µ

R
Ë2¹!µW»1¼
É √

8/3
/��AÁ!¼�Ò¤Æ1»�µW¸W¼�Á!È1É2Æ!Ë

100 6 max
z∈R

∣

∣

∣

∣

cos z − cos 3z

3

∣

∣

∣

∣

T
∫

0

|v(z)| dz ⇒
T

∫

0

|v(z)| dz >
300√

8
> 105.

���� 
��L
�� �
	�������X��� �������	��� �+�|Ý å . ç ¶�Æß¶
¶�Â+Á!Ä�Æ1ÃÖÉ!µ-¶�Æ1Æ1¸W»1¼
¸1¶�¸W»1¾�â)äÜ¾�âu¸W¼
Æ Ô¹2¼#·m¾{º2Ó�á�¾�É2Ä2Ê2º2Æ1É!µ�Á!È1É2Æ1Ñ
Æ�µWÉ!µ�Á!º2Ó#µ�Ç1Â+Á!Æ�Ò¤Æ1Ä�µWÓ#µWÉ2Æ�¹!µW»1¼
É!¶�¸W»1Æ Ì Æ1Ç1Æ1Ó
É!µ�Ú2¼
É2º�½�¶
·+/�»1Â�ÛÜ¼
»J¸W¼
Æ1¹2¼#·m¼�� Î

I(x0, x1, b, T ) = sup

n
∑

k=1

λkRk,
Ì��WÎ

Ñ�Ò¤¼b¸WÆ1Ú2É!µ�½�»1¼
¹�×�É�½�½�Ñ
¹!µWÉ2È�Ç1¼
¹2¼
¸1¶�½�À2Æ�»�¶�¼#·-É!µWÇ1Æ1¹!µ1·�É2¼
Æ1¸W¹2º2Ê!µW¸W¼�Á!È1É2Â+×�Ú2º!¶�¼�Á
λ1, . . . , λn

Ë
¸�µWÄ2º!·+Ë2Ú2¸WÆ

max
06t6T

∣

∣

∣

∣

∣

n
∑

k=1

λk cos(µkt − θk)

∣

∣

∣

∣

∣

= 1.
Ì���Î

Õ�Ó Ì���Î ¶�Á!¼�Ò¤¾1¼
¸�Ë�Ú2¸WÆ�É!µWº2Ç1ÆWÁ!È1ÛÜ¼
¼Aº2ÓLÚ2º!¶�¼�Á
λk S Æ1Ç1Æ1Ó
É!µ�Ú2º!·-¼
Ñ
Æ M S À2¹2º_»�¶�¼�×�Ò¤Æ�¶�¸�µW¸WÆ1Ú2É2ÆÇ1ÆWÁ!È1ÛÜº�×

T
Ò¤Æ1À2¾�¶�Ä�µW¼
¸_Æ1Ê2¼
É2Ä2¾ê¶�»1¼
¹�×�¾

M 6
4

π

1 + 2π/(Tµ0)

1 − σ/T
,

Ì���Î

$�%��



Ñ�Ò¤¼

µ0 = min
16k6n

µk, σ = max
16k6n





n
∑

j=1,j 6=k

2

| λj − λk | +
n

∑

j=1

2

λj + λk



 .

ëÜ¼
Ã!¶�¸W»1º2¸W¼�Á!È1É2Æ!Ë�À2¾�¶�¸WÈ
k S É2Æ�·m¼
¹êÉ!µWº2Ç1ÆWÁ!È1ÛÜ¼
Ñ
Æ�º2Ó�Ú2º!¶�¼�Á λj

Ì ¼#¶�Á!ºê¸�µWÄ2º�×�É2¼#¶�Ä�ÆWÁ!È1Ä�Æ!Ë1¸WÆ
Ç1¼
¹2¼
¸1¶�½êÁ!â)Ç1Æ1¼�º2Ó�É2º�× Î Ë

P (t) =
n
∑

k=1

λk cos(µkt − θk)
/2´bµ1¶
¶
·mÆ1¸W¹2º!·¿º2É2¸W¼
Ñ
¹!µ�Á

J = 2

T
∫

0

P (t) cos(µkt − θk)dt =

n
∑

k=1

λj

T
∫

0

2 cos(µjt − θj) cos(µkt − θk)dt =

=

n
∑

j=1

λk

T
∫

0

[cos ((µj − µk)t + θk − θj) + cos ((µj + µk)t − θk − θj)] dt =

= λkT +

n
∑

j=1,j 6=k

λj

sin ((µj − µk)t + θk − θj)

µj − µk

∣

∣

∣

T

0

+

+

n
∑

j=1

λj

sin ((µj + µk)t − θk − θj)

µj + µk

∣

∣

∣

T

0

.

� ¸1¶�âLÒ±µ{¶�Á!¼�Ò¤¾1¼
¸_É2¼
¹!µW»1¼
É!¶�¸W»1Æ

λkT 6 |J | + σ max
16k6n

|λj | ⇒ MT 6 |J | + Mσ.
Ì�Í , Î

ÝL»1º�Ò¤¾ Ì���Î º!·m¼
¼#·

|J | 6 2 max
06t6T

|P (t)|
T

∫

0

|cos(µkt − θk)| dt =
2

µk

µkT−θk
∫

−θk

|cos z| dz.

��Æ�¶�Ä�ÆWÁ!È1Ä2¾ a+2π
∫

a

|cos z| dz = 4
À2¹2ºßÁ!â)Ç1Æ�·

a ∈ R
Ë2¸WÆ!Ë2»1Ó�½2»JÚ2º!¶�Á!Æ

m
É!µWº!·m¼
É2È1ÛÜº!·¿É!µW¸W¾ Ô

¹!µ�Á!È1É2Â�·+Ë2À2¹2¼
»1Æ�¶�×�Æ#Ò!½2äÜº!·
Tµk/(2π)

Ë2À2ÆWÁ!¾�Ú2º!·|Æ1Ê2¼
É2Ä2¾-¶�»1¼
¹�×�¾

|J | 6
8m

µk

6
8

µk

(

1 +
Tµk

2π

)

=
4

π
T +

8

µk

6
4T

π
+

8

µ0

.
Ì�Í1Í�Î

Õ�Ó Ì�Í , Î º Ì�Í1Í�Î É!µ�×�Æ#Ò¤º!·

MT 6 Mσ +
4T

π
+

8

µ0

⇔ M
(

1 − σ

T

)

6
4

π
+

8

µ0T
.

� ¸1¶�âLÒ±µ�À2¹2ºJ»�¶�¼�×
T > σ

»1Â�»1Æ#Ò¤º!·ìÆ1Ê2¼
É2Ä2¾ Ì���Î /WÕ�Ó Ì���Î Ó#µWÄ�Á!â)Ú!µW¼#·+Ë�Ú2¸WÆ)Ò!Á2½ÜÁ!â)Ç1Æ1Ñ
Æ
ε > 0¶�¾�äÜ¼#¶�¸W»1¾1¼
¸_Ú2º!¶�Á!Æ

T0(ε)
Ë2¸�µWÄ�Æ1¼�Ú2¸WÆ{À2¹2º-Á!â)Ç1Æ�·

T > T0(ε)
»1Â�À2ÆWÁ!É�½2¼
¸1¶�½êÉ2¼
¹!µW»1¼
É!¶�¸W»1Æ

|λj | 6
4

π
(1 + ε), 1 6 j 6 n.

Ì�Í . Î

$�%��



´bµW»1¼
É!¶�¸W»1Æ Ì��WÎ À2Æ�¶�Á!¼�À2¹2º!·m¼
É2¼
É2º�½ìÆ1Ê2¼
É2Æ1Ä Ì�Í . Î Ò±µW¼
¸{¶�Æ1Æ1¸WÉ2Æ1ÛÜ¼
É2º2¼

I
(

x0, x1, b, T
)

6
4(1 + ε)

π

n
∑

k=1

Rk ∀ε > 0 ∀T > T0(ε),

Ä�Æ1¸WÆ1¹2Æ1¼�»�·m¼#¶�¸W¼�¶�À2¼
¹2¼�×�Æ#Ò¤Æ�·ØÄßÀ2¹2¼�Ò¤¼�Á!¾êÀ2¹2º
T → +∞ Ò¤Æ1Ä�µWÓ
Â�»�µW¼
¸Ü¸W¼
Æ1¹2¼#·m¾ Í /

ëÜÆ1Ä�µWÓ#µW¸W¼�Á!È�¶�¸W»1ÆÜ¸W¼
Æ1¹2¼#·mÂ .ÜÀ2¹2¼�Ò¤»�µW¹2º!·|Á!¼#·b·mÆ1Ãw/
���	����
G����* ���6E

α ∈ R 3 p, q ∈ N 3 q 6= 1 3�F 0?�'4	A p
0

q
"ON$A<01& ,! 5�<�	 <���68 P��  <����A��*����%����"<* ���)��A<.- <� F 0?�'4? τ ∈ R 3+F �6 �"<8=�! >4?,1�?JG����� ��"$A�,?���CA$"$��,?����"$A

cos τ > cos

(

π

p + q

)

, cos

(

pτ − α

q

)

> cos

(

π

p + q

)

.
Ì�Í 0 Î

���� 
��L
�� �
	�������X�	�G\D¶�Á!ºf»1Ó�½2¸WÈ
τ = 2πm + h

Ë
m ∈ N

Ë
h ∈

[

− π

p + q
,

π

p + q

] Ëw¸WÆ
À2¼
¹2»1Æ1¼{É2¼
¹!µW»1¼
É!¶�¸W»1Æ Ì�Í 0 Î »1Â�À2ÆWÁ!É�½2¼
¸1¶�½w/ �AÁ!¼�Ò¤Æ1»�µW¸W¼�Á!È1É2Æ!Ë'Ó#µ�Ò±µ�Ú!µì¶�»1Æ#Ò¤º2¸1¶�½�ÄØÀ2¹2Æ1»1¼
¹2Ä�¼
¶�¾�äÜ¼#¶�¸W»1Æ1»�µWÉ2º�½JÚ2º!¶�¼�Á

m
º

h
¶�¾�Ä�µWÓ#µWÉ2É2Â�·mº{¶�»1Æ1Ã!¶�¸W»�µ1·mºJ¸�µWÄ2º�×'Ë1Ú2¸WÆÜ»1Â�À2ÆWÁ!É�½2¼
¸1¶�½JÉ2¼
¹!µ Ô»1¼
É!¶�¸W»1Æ

cos

(

2πmp − α + ph

q

)

> cos

(

π

p + q

)

.

� Ç1Æ1Ó
É!µ�Ú2º!·
α1 = α/(2π)

ºfÉ!µWÃ�Ò¤¼#·>¸�µWÄ�Æ1¼JÊ2¼�Á!Æ1¼{Ú2º!¶�Á!Æ
m1

ËwÚ2¸WÆ |α1 − m1| 6 1/2
/ ��Æ Ô¶�Ä�ÆWÁ!È1Ä2¾JÚ2º!¶�Á¤µ

p
º

q
»1Ó#µWº!·mÉ2Æ�À2¹2Æ�¶�¸WÂ�Ë�¸WÆ_¶�Æ1»1Æ1Ä2¾�À2É2Æ�¶�¸WÈ�Ú2º!¶�¼�Á {mp}q

m=1

Æ1Ç1¹!µWÓ
¾1¼
¸�À2ÆWÁ ÔÉ2¾�â>¶�º!¶�¸W¼#·m¾J»1Â�Ú2¼
¸WÆ1»�À2ÆÜ·mÆ#Ò¤¾#Á!â
q
Ë�µ�Ó
É!µ�Ú2º2¸�Ë1¼#¶�¸WÈ�¸�µWÄ�Æ1¼�Ú2º!¶�Á!Æ

m ∈ N
Ë
1 6 m 6 q

Ë1Ú2¸WÆ
pm − m1 = qs

Ë
s ∈ Z

/!Ïw¼#· ¶
µ1·mÂ�·¿»1¼
¹2É2ÆJÉ2¼
¹!µW»1¼
É!¶�¸W»1Æ
|mp − α1 − qs| 6 1/2.

��·mÉ2Æ�ã{º2»{¼
Ñ
ÆJÉ!µ
2π
ºß¹!µWÓ�Ò¤¼�Á!º2»JÉ!µ

q
Ë2À2ÆWÁ!¾�Ú2º!·

∣

∣

∣

∣

2πmp − α

q
− 2πs

∣

∣

∣

∣

6
π

q
.

ÏPµWÄ2º!·uÆ1Ç1¹!µWÓ
Æ�·+Ëm¼#¶�Á!º Ç1Â~Æ1Ñ
¹!µWÉ2º2Ú2º�Á!º!¶�ÈfÓ
É!µ�Ú2¼
É2º2¼#·
h = 0

Ëb¸WÆØÀ2ÆWÁ!¾�Ú2º�Á!º Ç1Â~Æ1Ê2¼
É2Ä2¾
¶�É2º2Ó
¾

cos

(

πτ − α

q

)

> cos

(

π

q

) Ë�Ä�Æ1¸WÆ1¹2Æ1ÃJÉ2¼�Ò¤Æ�¶�¸�µW¸WÆ1Ú2É2Æ!/ ` µ�¶�Ú2¼
¸�»�µW¹2È1º2¹2Æ1»�µWÉ2º�½ÜÓ
É!µ�Ú2¼ Ô
É2º�½

h
É!µ-Æ1¸W¹2¼
Ó
Ä�¼ [

− π

p + q
,

π

p + q

] »1Æ1Ó#·mÆ�ã{É2Æ !�¶RÒ¤»1º2É2¾�¸WÈ #ß¸WÆ1Ú2Ä2¾ßÒ¤¼
Ã!¶�¸W»1º2¸W¼�Á!È1É2Æ1ÃfÆ�¶�º
2πmp − α

q

»ìÀ2ÆWÁ!Æ�ã{º2¸W¼�Á!È1É2Æ�·ïº�Á!ºfÆ1¸W¹2º2Ê!µW¸W¼�Á!È1É2Æ�·ïÉ!µWÀ2¹!µW»WÁ!¼
É2º2º�É!µ-Á!â)Ç1¾�â »1¼�Á!º2Ú2º2É2¾1Ë
É2¼ÖÀ2¹2¼
»1Æ�¶�×�Æ#Ò!½2äÜ¾�â πp

q(p + q)

/+ÝL»1º�Ò¤¾ ¶�Ä�µWÓ#µWÉ2É2Æ1Ñ
ÆfÆ1À2¸Wº!·bµ�Á!È1É2Â�Ãï»1Â�Ç1Æ1¹
h
À2¹2º2»1¼�Ò¤¼
¸|Ä

Æ1Ê2¼
É2Ä�¼
∣

∣

∣

∣

2πmp − α + ph

q
− 2πs

∣

∣

∣

∣

=

∣

∣

∣

∣

πτ − α

q
− 2πs

∣

∣

∣

∣

6
π

q
− πp

q(p + q)
=

π

p + q
,

Ä�Æ1¸WÆ1¹!µ�½�Ò¤Æ1Ä�µWÓ
Â�»�µW¼
¸Ü»1¸WÆ1¹2Æ1¼�É2¼
¹!µW»1¼
É!¶�¸W»1Æ Ì�Í 0 Î /	��¼#·b·bµ�Ò¤Æ1Ä�µWÓ#µWÉ!µ2/
���� 
��L
�� �
	�������X� � �������	��� $G� �DÉ!µ�Ú!µ�Á¤µî»1Â�»1¼�Ò¤¼#·æº2Ó|Á!¼#·b·mÂ ¶�Á!¼�Ò¤¾�â)äÜ¼
¼

¾�¸W»1¼
¹�ã_Ò¤¼
É2º2¼1/ \D¶�Á!º
µ1/µ2 = p/q

Ë
θ1, θ2 ∈ R

ËL¸WÆÅ¶�¾�äÜ¼#¶�¸W»1¾1¼
¸|Ú2º!¶�Á!Æ
t ∈ [0, 2πq/µ2]¸�µWÄ�Æ1¼1Ë�Ú2¸WÆ

cos (µ1t − θ1) > cos

(

π

p + q

)

, cos (µ2t − θ2) > cos

(

π

p + q

)

.
Ì�Í%^�Î

$�%�%



ëÜ¼
Ã!¶�¸W»1º2¸W¼�Á!È1É2Æ!Ë�Æ1Ç1Æ1Ó
É!µ�Ú2º!·
τ = µ2t − θ2

/!ÏwÆ1Ñ�Ò±µ

t =
τ + θ2

µ2

, µ1t − θ1 = µ1

τ + θ2

µ2

− θ1 =
pτ − α

q
,
Ñ�Ò¤¼

α = qθ1 − pθ2.

��¹2º!·m¼
É2º2»�Á!¼#·b·m¾1Ë1À2ÆWÁ!¾�Ú2º!· Ì�Í%^�Î À2¹2ºJÉ2¼
Ä�Æ1¸WÆ1¹2Æ�·
t ∈ R

/ � ¶�¸�µ�Á!Æ�¶�È�»1Â�»1¼#¶�¸WºJÆ1Ñ
¹!µWÉ2º2Ú2¼
É2º2¼
É!µ

t
/���Æ�¶�Ä�ÆWÁ!È1Ä2¾�Ú2º!¶�Á!Æ

2πq
½2»WÁ2½2¼
¸1¶�½�Æ1Ç1äÜº!·êÀ2¼
¹2º2Æ#Ò¤Æ�·-á�¾�É2Ä2Ê2º2Ã

cos τ
º

cos((pτ − α)/q)
Ë

¸WÆ-¸W¹2¼
Ç1¾1¼#·mÆ1¼ÜÓ
É!µ�Ú2¼
É2º2¼
τ
º!·m¼
¼
¸1¶�½ÖÉ!µ�Á!â)Ç1Æ�· Æ1¸W¹2¼
Ó
Ä�¼�Ò!Á!º2É2Â

2πq
/ �AÁ!¼�Ò¤Æ1»�µW¸W¼�Á!È1É2Æ!Ë¤¶�Æ ÔÆ1¸W»1¼
¸1¶�¸W»1¾�â)äÜ¼
¼�Ó
É!µ�Ú2¼
É2º2¼

t
º!·m¼
¼
¸1¶�½ßÉ!µ_Æ1¸W¹2¼
Ó
Ä�¼

[0, 2πq/µ2]
/

Õ�Ó Ì�Í%^�Î »1º�Ò¤É2Æ!Ë�Ú2¸WÆ{¾�¶�Á!Æ1»1º2¼

max

{

|λ1 cos(µ1t − θ1) + λ2 cos(µ2t − θ2)|
∣

∣

∣ 0 6 t 6
2πq

µ2

}

= 1, λ1, λ2 > 0

»WÁ!¼
Ú2¼
¸JÓ#µJ¶�Æ1Ç1Æ1ÃêÆ1Ê2¼
É2Ä2¾

λ1 + λ2 6 1/ cos

(

π

p + q

)

.
Ì�Í�)1Î

ÝÐÀ2¹2Æ1¸Wº2»1É2Æ�· ¶�Á!¾�Ú!µW¼¦»|¸WÆ1Ú2Ä�¼
t
ËAÒ!Á2½ïÄ�Æ1¸WÆ1¹2Æ1Ã »1¼
¹2É2Æ Ì�Í%^�Î ËL¶�¾�·b·bµ

λ1 cos(µ1t − θ1) +
+ λ2 cos(µ2t−θ2)

À2¹2¼
»1Ó
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