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»W¼ eL½�¾
¿°¾#À2Á2¾�Á�Â!Ã�Ä�Å
Æ�À!ÃW½1Ç�Æ�È
Æ#¿°Æ�É2Á
Ê�Ë
Ì�Í!ÎWÏ
Ð1Ñ�Ò�Ì�Ó2Ô!ÎWÕWÖ!Ï
×2Ø2Ï+Ù�ÚWÖ!Ï
Û�ÎWÐWÏ�Ö!Ü1×2Ý�Þ¦Ó2Ô2Ú1ß2Ï
Ñ
Ñ�Ú�Þ+àWÚ1Ó2Ø!Ñ�Ý�Õ�ÎWÏ#ÞqÝ�ÞáÖ!Ø2×2Ï
â2×2Ú1âJÌ�Ó2Ô!ÎWÕWã

Ö2Ò2Ï#ÞqÚ1âáÑ�Ø!Ñ�ÐWÏ#ÞqÚ1â
ẍ(t) = Ax(t) + bu(t), 0 < t < T,

x(0) = x0, ẋ(0) = ẋ0, x(T ) = xT , ẋ(T ) = ẋT .

ä�å�æ

çèÑ�Ø!Ñ�ÐWÏ#ÞqÏ ä�å�æ
x(t) = (x1(t), . . . , xn(t)) é Õ1Ï
Ù2ÐWÚ1Ô�ã;ê�Ì�×2Ù2ß2Ø�Ò�à xk ∈W 2

1 [0, T ]
à
1 ≤ k ≤ n à A éÞbÎWÐWÔ2Ø2ß!ÎJÓ2Ú1Ô�Ò�ë!Ù�Î

n× n à2ì�Ö!Ï#ÞqÏ
×2ÐWÝ A
Ó2Ú�Ñ�ÐWÚ�Ò2×2×�Ý�à

b é n ã;ÞíÏ
Ô2×2Ý�â�Õ1Ï
Ù2ÐWÚ1Ô�Ñ�×2Ï
×2Ì#Ö!Ï
Õ1Ý�ÞqØÙ�Ú1Ú1Ô�ë!Ø2×!ÎWÐ�Î1ÞqØ�à
u(t) é Ñ�Ù�Î�Ö2Ò2Ô2×!Î�Ò�ê�Ì�×2Ù2ß2Ø�Ò�à�Ø2×2ÐWÏ
î
Ô2Ø2Ô2ÌWÏ#ÞbÎ�Ò´Ó2Úsï�Ï
Û1Ï
î
Ì�×!Î [0, T ]

à
x0
à
ẋ0
à

xT
à
ẋT ∈ Rn

/�ð�Ô2Ï�ë!Ó2ÚWÖ°ÎWî_ÎWÏ
Ð1Ñ�Ò�à2Í2ÐWÚ´ÞbÎWÐWÔ2Ø2ß!Î
A
ë!Ø!ÎWî
Ú1×!Î�Ö!Ø2Ë
ÌWÏ#ÞbÎJØáÕ�Ñ�ÏsÏ
ÏsÑ�Ú1Û�Ñ�ÐWÕ1Ï
×2×2Ý�Ï

Í2Ø!Ñ_Ö°Î�Ú1ÐWÔ2Ø2ß!ÎWÐWÏ�Ö!Ü1×2Ý�/DçLÏ
Ù2ÐWÚ1Ô2Ý
x0
à
ẋ0
à
xT
à
ẋT

ä ×2Î�Í!Î�Ö!Ü1×2Ý�Ï�Øñê�Ø�×!Î�Ö!Ü1×2Ý�Ï�Ì�Ñ_Ö!Ú1Õ1Ø�Ò æ à
b
Ø>ÞbÎWÐWÔ2Ø2ß!Î

A
Ñ�Í2Ø2Ð�ÎWò)Ð1Ñ�Ò>Ë#Î�ë°ÎW×2×�Ý�ÞqØ�/�óLÔ2Ï
Û1Ì1Ï
Ð1Ñ�Ò}×!ÎWâ2ÐWØ}Ì�Ó2Ô!ÎWÕWÖ!Ï
×2Ø2Ï

u(t)
à+Ó2Ú�Ñ�Ô2Ï�ë2ã

Ñ�ÐWÕ1Ú�ÞôÙ�Ú1ÐWÚ1Ô2Ú1î
Ú¦Ù�ÚWÖ!Ï
Û�ÎWÐWÏ�Ö!Ü1×2Ý�âiÓ2Ô2Ú1ß2Ï#Ñ
Ñ
x(t)

Ó2Ï
Ô2Ï
Õ1Ú�ë!Ø2Ð1Ñ�ÒiØ2Ë-Ë#Î�ë°ÎW×2×2Ú1î
Ú�×!Î#Í!Î�Ö!Ü1×2Ú1î
Ú
Ñ�Ú�Ñ�ÐWÚ�Ò2×2Ø�Ò

(x0, ẋ0)
Õ�Ë#Î�ë°ÎW×2×2Ú1Ï)ê�Ø2×!Î�Ö!Ü1×2Ú1Ï)Ñ�Ú�Ñ�ÐWÚ�Ò2×2Ø2Ï

(xT , ẋT )
/�ð�ÎWÔ2Ì

u(t)
à
x(t)

×!ÎWË
Ú1Õ1Ï#Þ
Ô2Ï
õ�Ï
×2Ø2Ï#ÞñÑ�Ø!Ñ�ÐWÏ#ÞqÝ ä�å�æ /°çjö å�÷ à!Õ�Ù�Ú1ÐWÚ1Ô2Ú1âáÛ1Ý+Ö°ÎJÓ2Ú�Ñ�Ð�ÎWÕWÖ!Ï
×!Î�ë°ÎW×2×!Î�Ò�Ë#Î�ë°Î�Í!Î2à2ÕwÙ�Î�Í2Ï#Ñ�ÐWÕ1Ï
Ù2Ô2Ø2ÐWÏ
Ô2Ø�Ò�Ú1Ó2ÐWØ!ÞbÎ�Ö!Ü1×2Ú�Ñ�ÐWØ�àWØ!Ñ�ø�Ú#ë2ÒJØ2Ë�Ó2Ô2Ø�Ö!Ú�ù�Ï
×2Ø2âwÕ�Ù�Ú�Ñ
ÞqØ2Í2Ï#Ñ�Ù�Ú1âJÐWÏ�ø�×2Ø2Ù�Ï1à1Û1Ý+Ö°Î�Ó2Ô2Ï�ë2ã
Ö!Ú�ù�Ï
×!Î

L1
ãú×2Ú1Ô!ÞbÎ�Ì�Ó2Ô!ÎWÕWÖ!Ï
×2Ø�Ò-×!Î�Ú1ÐWÔ2Ï
Ë
Ù�Ï

[0, T ] û
T∫

0

|u(t)|dt→ inf .
ä . æ

Ê�×2ÐWÏ
î
Ô!Î�Ö ä . æ Û1Ý+Öè×!ÎWË
Õ�ÎW×¦Ô2Ï#Ñ�Ì�Ô!Ñ�Ú�ÞñÌ�Ó2Ô!ÎWÕWÖ!Ï
×2Ø�Ò�à�Ù�Ú1ÐWÚ1Ô2Ý�â�Ó2Ô2ØèÌ�Ó2Ô!ÎWÕWÖ!Ï
×2Ø2Ø�Ù�Ú�Ñ
ÞqØ2Í2Ï�ã
Ñ�Ù2Ø!ÞqØ�Ù�Ú1×!Ñ�ÐWÔ2Ì�Ù2ß2Ø�Ò!ÞqØ�Ó2Ô2Ú1Ó2Ú1Ô2ß2Ø2Ú1×!Î�Ö!Ï
×wÐWÔ2Ï�Û1Ì1Ï#ÞqÚ�ÞqÌ�Ë#ÎWÓ!Î1Ñ�Ì�ÐWÚ1Ó�Ö!Ø2Õ�Î2/�ó�Ú1Í2×!Î�Ò�×2Ø�ùw×�Ò�Ò
î
Ô!ÎW×2Ü-Õ ä . æ Û1Ï
Ô2Ï
Ð1Ñ�Ò�Ó2Ú-Õ�Ñ�Ï#ÞñÔ2Ï
õ�Ï
×2Ø�Ò!Þ}Ñ�Ø!Ñ�ÐWÏ#ÞqÝ ä�å�æ /'çzö å�÷ Û1Ý+Öè×!ÎWâ�ë!Ï
×�Î�Ö!î�Ú1Ô2Ø2Ð1Þ³Ó2ÚWã
Ñ�ÐWÔ2Ú1Ï
×2Ø�Ò�Ì�Ó2Ô!ÎWÕWÖ!Ï
×2Ø�Ò�à�ÛWÖ!Ø2Ë
Ù�Ú1î
Ú)Ù�Ú1Ó2ÐWØ!ÞbÎ�Ö!Ü1×2Ú�ÞqÌ�Ó2Ô2Ø�ë!Ú�Ñ�Ð�ÎWÐWÚ1Í2×2Ú�Û1ÚWÖ!Ü1õ�Ú�Þ

T
Õ�Ë#Î�ë°Î#Í2Ï
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î�ÎWõ�Ï
×2Ø�Ò�Ù�ÚWÖ!Ï
Û�ÎW×2Ø2â�/���ÎWÙJØJÕwö å�÷ Ñ�Í2Ø2Ð�ÎWÏ#Þ+à1Í2ÐWÚsÞbÎWÐWÔ2Ø2ß!Î
A
Ì�ù�Ï�Ó2Ô2Ø2Õ1Ï�ë!Ï
×!Î�Ù�ë!Ø!ÎWî
Ú1×!Î�Ö!ÜWã

×2Ú�ÞqÌ´Õ1Ø�ë!Ì1/2ð�Ô2Ø�ì
ÐWÚ�Þ�Ñ�Ø!Ñ�ÐWÏ#ÞbÎJÌ�Ô!ÎWÕ1×2Ï
×2Ø2â ä�å�æ Ñ�Õ1Ú�ë!Ø2Ð1ÑRÒ-ÙáÑ_Ö!Ï�ë!Ì�ò���Ï
â û
ẍk(t) + µ2

kxk(t) + bku(t) = 0, 0 < t < T, bk 6= 0,

xk(0) = x0,k, ẋk(0) = ẋ0,k, xk(T ) = xT,k, ẋk(T ) = ẋT,k, 1 ≤ k ≤ n.
ä 0 æ

çnì
ÐWÚ1â Ô!ÎWÛ1Ú1ÐWÏ�ì
Ù�Ñ_Ð1Ô�Ï#ÞqÌ�Þ ä . æ ×!ÎWâ�ë!Ï
× ÐWÚ1Í2×2ÚºÕºÑ_Ö!Ì�Í!ÎWÏ
n = 1

àAÕºÑ_Ö!Ì�Í!ÎWÏ
n ≥ 2 éÑ�ÐWÚ1Í2×�Ú�Ñ�ÐWÜ1òñë!Ú�Û1Ï#Ñ�Ù�Ú1×2Ï
Í2×2Ú�ÞbÎ�Ö!Ú1âwê�Ì�×2Ù2ß2Ø2ØJÓ2Ï
Ô2Ï#ÞqÏ
×2×2Ú1â

T → +∞ àWÏ#Ñ_Ö!ØwÑ�Ú1Õ1Ú1Ù2Ì�Ó2×2Ú�Ñ�ÐWÜÑ�Ú1Û�Ñ�ÐWÕ1Ï
×2×2Ý+ø Í2Ø!Ñ�Ï�Ö>ÞbÎWÐWÔ2Ø2ß2Ý
A
Ò2ÕWÖ2Ò2Ï
Ð1Ñ�ÒñÖ!Ø2×2Ï
â2×2Úi×2Ï
Ë#ÎWÕ1Ø!Ñ�Ø!ÞqÚ1âñ×!Î�ë

Q
/+ð�Ú�Ñ�Ù�ÚWÖ!Ü1Ù2Ì

ì
Ù�Ñ�ÐWÔ2Ï#ÞqÌ�Þ>Õ�Ó2Ô2Ú�Ñ�ÐWÔ!ÎW×!Ñ�ÐWÕ1Ï
L[0, T ]

×2ÏJë!Ú�Ñ�ÐWØ2î�ÎWÏ
Ð1ÑRÒ�à�ÐWÔ2Ï
Û1Ì1Ï
Ð1Ñ�Ò�Ó2Ú�Ñ�ÐWÔ2Ú1Ï
×2Ø2ÏwÞqØ2×2Ø!ÞqØ2Ë
Ø�ã
Ô2Ì�ò���Ï
âºÓ2Ú�Ñ_Ö!Ï�ë2Ú1Õ�ÎWÐ1Ï_Ö!Ü1×2Ú�Ñ�ÐWØèÌ�Ó2Ô!ÎWÕWÖ!Ï
×2Ø2â�/��DÐWÚ¦Ñ�ë!Ï�Ö°ÎW×2Ú�Ó2Ô2Ø

n = 1
Ø
n = 2

/��AÖ!Ì�Í!ÎWâ
Ñ�Ú1Ø2Ë#ÞqÏ
Ô2Ø!ÞqÝ+øáÍ!Î1Ñ�ÐWÚ1ÐwØáË#Î�ë°Î�Í!Î�Ò2Õ1×2Ú1î
ÚwÓ2Ú�Ñ�ÐWÔ2Ú1Ï
×2Ø�Ò¦ÞqØ2×2Ø!ÞqØ2Ë
Ø2Ô2Ì�ò���Ï
â¦Ó2Ú�Ñ_Ö!Ï�ë!Ú1Õ�ÎWÐWÏ�Ö!ÜWã
×2Ú�Ñ�ÐWØiÓ�Ô2Ø

n ≥ 3
ÐWÔ2Ï
Û1Ì�ò)Ð¦Ú1Ð#ë!Ï�Ö2Ü1×2Ú1î
ÚáØ!Ñ
Ñ_Ö!Ï�ë!Ú1Õ�ÎW×2Ø�Ò�/PÊ�×2ÐWÏ
Ô2Ï#ÑwÓ2Ô2Ï�ë°Ñ�Ð�ÎWÕWÖ2Ò2Ï
Ðá×!Î�ø�Ú#ùJã

ë!Ï
×2Ø2Ï�Ò2Õ1×2Ú1î
Ú�Ô2Ï
õ�Ï
×2Ø�ÒñÎW×!Î�Ö!Ú1î
Ø2Í2×2Ú1â�Ë#Î�ë°Î�Í2Ø Ñ�Õ1Ï
Ù2ÐWÚ1Ô2×2Ý�ÞjÌ�Ó2Ô!ÎWÕWÖ!Ï
×2Ø2Ï#Þ û u(t) ∈ Rp
à

1 < p < n
/

��¼ mq¾	�w¾#À2Á!¾�È
Æ#¿°Æ
É2Á¦Ã�
bÁ2À2Á�
AÆ�
��1À!Ã�
��!¾�Ä����°Ä�¾���Â��!Æ�½�
!¾#À2Á��
�qÏ
õ�Ï
×2Ø2Ï�Ó2Ú�Ñ�Ð�ÎWÕWÖ!Ï
×2×2Ú1â�Ë#Î�ë°Î�Í2ØáÑ�Ú�Ñ�ÐWÚ1Ø2Ð�Ø2Ë�ë!Õ1Ì�ø-ì
Ð�ÎWÓ2Ú1Õ!/���ÎwÓ�Ï
Ô2Õ1Ú�Þ ì
Ð�ÎWÓ2ÏsÕ�ÐWÏ
Ú1Ô2Ï�ã

ÞqÏ å ë°ÎWÏ
Ð1Ñ�Ò�Ú1Ó2Ø!Ñ
ÎW×2Ø2ÏLÙ�Ö°Î1Ñ
Ñ
Î)Ì�Ó2Ô!ÎWÕWÖ!Ï
×2Ø2â�à�Ù�Ú1ÐWÚ1Ô2Ý�â�Ó�Ï
Ô2Ï
Õ1Ú�ë!Ø2Ð�Ù�ÚWÖ!Ï
Û�ÎWÐWÏ�Ö!Ü1×2Ý�â�Ó2Ô2Ú1ß2Ï#Ñ
Ñ
Ø2ËAË#Î�ë°ÎW×2×2Ú1î
Ú+×!Î#Í!Î�Ö!Ü1×2Ú1î
Ú+Õ�Ë#Î�ë°ÎW×2×2Ú1ÏqÙ�Ú1×2Ï
Í2×2Ú1ÏAÑ_Ú�Ñ�ÐWÚ�Ò2×2Ø2Ï1/���Î+Õ1ÐWÚ1Ô2Ú�Þ´ì
Ð�ÎWÓ2ÏbÓ2ÚWÖ!Ì�Í2Ï
×2×2Ú1Ï
Ú1Ó2Ø!Ñ
ÎW×2Ø2Ï�Ù�ÎWÙJÕ�î
Ï
Ú�ÞqÏ
ÐWÔ2Ø2Í2Ï#Ñ_Ù2Ø�øJÐ�ÎWÙJØwÕsÎW×!Î�Ö!Ø2ÐWØ2Í2Ï#Ñ�Ù2Ø�ø�ÐWÏ
Ô!ÞqØ2×!Î�øJÓ2Ú1Ë
Õ1ÚWÖ2Ò2Ï
Ð�ÙwÓ2Ú1Ø!Ñ�Ù2Ì
ì
Ù�Ñ�ÐWÔ2Ï#ÞqÌ�ÞbÎ�Ó2Ô2Ø!ÞqÏ
×2Ø2ÐWÜ�ÞqÏ
ÐWÚ#ë�×!Î�ø�Ú�ùJë!Ï
×2Ø�Ò´Ô!Î1Ñ
Ñ�ÐWÚ#Ò2×2Ø�Ò-Ú1Ð�ÐWÚ1Í2Ù2Ø´ë!ÚJÓ2Ú#ë!Ó2Ô2Ú�Ñ�ÐWÔ!ÎW×!Ñ�ÐWÕ�Î
Õ´Ö!Ø2×2Ï
â2×2Ú�Þ³×2Ú1Ô!ÞqØ2Ô2Ú1Õ�ÎW×2×2Ú�ÞñÓ2Ô2Ú�Ñ�ÐWÔ!ÎW×!Ñ�ÐWÕ1Ï1/���ÎWÓ2Ú�Þq×2Ø!Þ+à'Í2ÐWÚ�Î1ê�ê�Ø2×2×2Ú1â�î
Ø2Ó2Ï
Ô�Ó�Ö!Ú�Ñ�Ù�ÚWã
Ñ�ÐWÜ1òôÕ1Ï
Ù2ÐWÚ1Ô2×2Ú1î
ÚJÓ2Ô2Ú�Ñ�ÐWÔ!ÎW×!Ñ�ÐWÕ�Î

V
×!ÎWË
Ý�Õ�ÎWÏ
Ð1ÑRÒ�Þq×2Ú�ù�Ï#Ñ�ÐWÕ1Ú

V
Õ1Ø�ë!Î {v ∈ V | F (v) = a} àîUë!Ï

a ∈ R
à
F é Ö!Ø2×2Ï
â2×2Ý�â�ê�Ì�×�Ù2ß2Ø2Ú1×!Î�Öè×!Î V ä ì�Ö!Ï#ÞqÏ
×2ÐáÑ�Ú1Ó�Ô�Ò�ù�Ï
×2×2Ú1î
Ú´Ù

V
Ó�Ô2Ú�Ñ�ÐWÔ!ÎW×�ã

Ñ�ÐWÕ�Î æ /��)ê�ê�Ø2×2×2Ý�ÞôÓ2Ú�ë!Ó2Ô2Ú�Ñ�ÐWÔ!ÎW×!Ñ�ÐWÕ1Ú�Þ
V
Ù�Ú1Ô!ÎWË#ÞqÏ
Ô2×2Ú�Ñ�ÐWØ

m
×!ÎWË
Ý�Õ�ÎWÏ
Ð1Ñ�ÒiÓ2Ï
Ô2Ï#Ñ�Ï
Í2Ï
×2Ø2Ï

Ù�ÎWÙ2Ø�ø�ã�Ö!Ø2Û1Ú
m
Î1ê�ê�Ø2×2×2Ý+øiî
Ø2Ó2Ï
Ô2Ó�Ö!Ú�Ñ�Ù�Ú�Ñ�ÐWÏ
â�àAÚ1Ó2Ô2Ï�ë!Ï�Ö2Ò2ò���Ø2Ïáê�Ì�×2Ù2ß2Ø2Ú1×!Î�Ö!ÝnÙ�Ú1ÐWÚ1Ô2Ý+ø

Ú1Û1Ô!ÎWË
Ì�ò)Ð�Ö!Ø2×2Ï
â2×2Úw×2Ï
Ë#ÎWÕ1Ø!Ñ�Ø!ÞqÌ�òôÑ�Ø!Ñ�ÐWÏ#ÞqÌ´ÕwÑ�Ú1Ó2Ô�Ò�ù�Ï
×2×2Ú�Þ�Ù
V
Ó2Ô2Ú�Ñ�ÐWÔ!ÎW×!Ñ�ÐWÕ1Ï1/

�! �"$#% '&!(*)�+�,.-�/	021�3�4!56/87�9�:<;�5�='1�-�>�?�@A:'1�B!;6CAD�>FEG3�>H3�4!1JI%7 ä 0 æ @K/�LM:F;	N67�1�4O;6P�Q
P�>�-�-�/61R9�/6S	9�:H/63�4!;6-H3�4!56/�5

L[0, T ] T /M:<;	N�I�1U:H-�/63�4�> 2n VXW -�/�3�/63�4�/�>�4O>FNY5�3�1ZE[4!1ZE
P�7�- T�\ >�? u(t)

@]S^=F_ T /�4�/M:H`aER56`b9�/Z=H-<_HCA4!3M_!:F;�5�1�-H3�4!5�;

bk

T∫

0

u(t) sin(µk(T − t))dt = Rk sin θk,

bk

T∫

0

u(t) cos(µk(T − t))dt = Rk cos θk, 1 ≤ k ≤ n,

ädc�æ

;e5�1J=H>�fF>�-�`
Rk

56`bfF>H3J=F_HCA4!3M_.9�/!P�/M:�I%7�=';�I

Rk =
(
R2

0,k − 2R0,kRT,k cos(µkT + θT,k − θ0,k) +R2
T,k

)1/2
,

ähg1æ

i S�1 R0,k =
√
x2

0,kµ
2
k + ẋ2

0,k

@
RT,k =

√
x2
T,kµ

2
k + ẋ2

T,k

@j7 i =H` θ0,k
@
θT,k

@
1≤ k ≤ n @/�9�:'1�S�1J=F_HCA4!3M_k>FNl:<;�5�1�-H3�4!5

x0,kµk = R0,k cos θ0,k, ẋ0,k = R0,k sin θ0,k,

xT,kµk = RT,k cos θT,k, ẋT,k = RT,k sin θT,k.

m	n



� i =H` θk @ 1 ≤ k ≤ n @�/�9�:'1�S�1J=F_HCA4!3M_k>FN :F;�5�1�-H3�4!5��

− xT,kµk + x0,kµk cos(µkT ) + ẋ0,k sin(µkT ) = Rk sin θk,

ẋ0,k cos(µkT )− µkx0,k sin(µkT )− ẋT,k = Rk cos θk.

ä���æ

Ê�Ë�ÐWÏ
Ú1Ô2Ï#ÞqÝ å ë!Ï�Ö°ÎWÏ
Ð1Ñ�Ò-Ñ_Ö!Ï�ë!Ì�ò���Ø2â-Õ1Ý�Õ1Ú#ëP/��'Î�ë°Î�Í!Î ä . æ Ñ�Ú�Ñ�ÐWÚ1Ø2Ð�Õ�×!Î�ø�Ú#ùJë!Ï
×2Ø2Ø´Ô!Î1Ñ_ã
Ñ�ÐWÚ�Ò2×2Ø�Ò´Ú1Ð�×2Ì#Ö!Ï
Õ1Ú1î
Ú�ì�Ö!Ï#ÞqÏ
×2Ð�Î�Ó2Ô2Ú�Ñ�ÐWÔ!ÎW×!Ñ�ÐWÕ�Î

L[0, T ]
ë!ÚJÎ1ê�ê�Ø2×2×2Ú1î
ÚsÓ2Ú�ë!Ó2Ô2Ú�Ñ�ÐWÔ!ÎW×!Ñ�ÐWÕ�Î2à

Ë#Î�ë°ÎW×2×2Ú1î
ÚwÑ�Ø!Ñ�ÐWÏ#ÞqÚ1âáÌ�Ô!ÎWÕ1×2Ï
×2Ø2â ädc�æ /��DÑ_Ö!ØáÛ1Ý>ÐWÔ2Ï
Û1Ú1Õ�Î�Ö!Ú�Ñ�ÜwÞqØ2×2Ø!ÞqØ2Ë�Ø2Ô2Ú1Õ�ÎWÐWÜ�Ø2×2ÐWÏ
î
Ô!Î�Ö
T∫
0

u2(t)dt
×!Î�ÐWÚ�Þôù�Ï�Ó2Ú#ë!Ó2Ô2Ú�Ñ�ÐWÔ!ÎW×!Ñ�ÐWÕ1Ï

L2[0, T ]
àbÐWÚèÐ�ÎWÙ�Î�Ò�Ë#Î�ë°Î�Í!Î¦×2Ï�Ó2Ô2Ï�ë°Ñ�Ð�ÎWÕ1Ø�Ö°ÎèÛ1Ý

ÐWÔ2Ì�ë°Î2/ ��Î�ø�Ú#ùJë!Ï
×2Ø2ÏáÔ!Î1Ñ
Ñ�ÐWÚ#Ò2×2Ø�ÒñÚ1ÐºË#Î�ë°ÎW×2×2Ú1â ÐWÚ1Í2Ù2Ø ë!ÚiÎ1êsê�Ø2×�×2Ý+ø Ó2Ú�ë!Ó2Ô2Ú�Ñ�ÐWÔ!ÎW×!Ñ�ÐWÕ
Ù�Ú1×2Ï
Í2×2Ú1â³Ô!ÎWË#ÞqÏ
Ô2×2Ú�Ñ�ÐWØ}Ø}Ù�Ú1Ô!ÎWË#ÞqÏ
Ô2×2Ú�Ñ�ÐWØ}Õ�Ï
Õ1Ù�Ö!Ø�ë!Ú1Õ1Ý+øñÓ2Ô2Ú�Ñ�ÐWÔ!ÎW×2Ñ�ÐWÕ�Î�ø ä Ð�/ Ï1/�Ð�ÎWÙ2Ø�ø'à
Õ�Ù�Ú1ÐWÚ1Ô2Ý+ø�×2Ú1Ô!ÞbÎ¦Ë#Î�ë°ÎWÏ
Ð1Ñ�ÒiÑ�Ù�Î�Ö2Ò2Ô2×2Ý�Þ Ó2Ô2Ú1Ø2Ë
Õ1Ï�ë!Ï
×2Ø2Ï#Þ æ ë!Ï�Ö°ÎWÏ
Ð1Ñ�ÒiÓ2ÚáÒ2Õ1×2Ý�Þôê�Ú1Ô!ÞqÌ�ã
Ö°Î1Þ>ØºÑ�ÐWÚWÖ!Üáù�Ï�×2Ï#Ñ_Ö!Ú#ùw×2ÚáØ���Ï
Ð1Ñ�ÒºÛWÖ!Ø�ùJÎWâ2õsØ2âºì�Ö!Ï#ÞqÏ
×2Ð�/íçjÓ2Ô2Ú�Ñ_Ð1Ô2ÎW×!Ñ�ÐWÕ�Î�ø�Ñw×2Ú1Ô!ÞqÚ1â
Ó2Ô2Ú1Ø2Ë
Õ1ÚWÖ!Ü1×2Ú1âiÓ2Ô2Ø2Ô2Ú#ë!ÝnÒ2Õ1×2Ý�Ï�ê�Ú1Ô!ÞqÌ#Ö!Ý�ë2Ö2Ò Ô2Ï
õ�Ï
×2Ø�Ò�Ð�ÎWÙ2Ø�ø�ì
Ù�Ñ�ÐWÔ2Ï#ÞbÎ�Ö!Ü1×2Ý+ø�Ë
Î�ë°Î�Í
Ú1Ð1Ñ�Ì�Ð1Ñ�ÐWÕ1Ì�ò)Ð�/�ó�Ï#Þ ×2ÏºÞqÏ
×2Ï
Ï�Ï#Ñ�ÐWÜ Ú1Û���Ø2â}Ó2Ô2Ø2×2ß2Ø2Ó ×!Î�ø�Ú#ùJë!Ï
×2Ø�Ò>ì
Ù�Ñ�ÐWÔ2Ï#ÞqÌ�ÞbÎ ö . ÷ /
	)×
Ñ�Ú�Ñ�ÐWÚ1Ø2ÐèÕºÑ_Ö!Ï�ë!Ì�ò���Ï#ÞL/Dð�Ì�Ñ_Ð1Ü

Y é Ö!Ø2×2Ï
â�×2Ú1Ï�×2Ú1Ô!ÞqØ2Ô2Ú1Õ�ÎW×2×2Ú1Ï-Ó2Ô2Ú�Ñ�ÐWÔ!ÎW×!Ñ�ÐWÕ1Ú!à m ∈ N
à

F = {Fk}mk=1 é Ñ�Ú1Õ1Ú1Ù2Ì�Ó2×2Ú�Ñ�ÐWÜsÖ!Ø2×2Ï
â2×2Ý+ø�×2Ï
Ó2Ô2Ï
Ô2Ý�Õ1×2Ý+ø´ê�Ì�×2Ù2ß2Ø2Ú1×!Î�Ö!Ú1Õ�×!Î Y à�Ú1Û1Ô!ÎWË
Ì�ò�ã��Ø�ø Õ
Y ∗ Ö!Ø2×2Ï
â2×2Úi×2Ï
Ë
ÎWÕ1Ø!Ñ�Ø!ÞqÌ�òªÑ�Ø2Ñ�ÐWÏ#ÞqÌ�à {ck}mk=1 é ê�Ø2Ù�Ñ�Ø2Ô2Ú1Õ�ÎW×�×2Ý�â ×!ÎWÛ1Ú1Ô Í2Ø!Ñ�Ï�ÖP/�bÎ1Ñ
Ñ
ÞqÚ1ÐWÔ2Ø!Þ Î1ê�ê�Ø2×2×2Ú1Ï�Ó2Ú�ë!Ó2Ô2Ú�Ñ�Ð�ÎW×!Ñ�ÐWÕ1Ú

M = {y ∈ Y | Fk(y) = ck, 1 ≤ k ≤ m}.
ó�Ú1îUë°ÎJÔ!Î1Ñ
Ñ�ÐWÚ#Ò2×2Ø2Ï�Ú1Ð�×2Ì�Ö!Ï
Õ1Ú1î
Ú�ì�Ö!Ï
ÞqÏ
×2Ð�Î

Y
ë!ÚwÓ2Ú#ë!Ó2Ô2Ú�Ñ�ÐWÔ!ÎW×!Ñ�ÐWÕ�Î

M
Ô!ÎWÕ1×2Ú

inf{‖y‖ | y ∈M} = sup
m∑

k=1

λkck,
ä��Wæ

îUë!Ï
sup

Û1Ï
Ô2Ï
Ð1Ñ�Ò-Ó2ÚJÕ�Ñ�Ï#Þ�×!ÎWÛ1Ú1Ô!Î1ÞºÍ2Ø!Ñ�Ï�Ö
(λ1, . . . , λm)

Ð�ÎWÙ�Ø!Þ+à!Í2ÐWÚ
∥∥∥∥∥

m∑

k=1

λkFk

∥∥∥∥∥
Y ∗

= 1.
ä�
�æ

óLÔ2Ì�ë!×2Ú�Ñ�ÐWÜ�Ó2Ô2Ø!ÞqÏ
×2Ï
×2Ø�Ò ì
ÐWÚ1î
Ú�Ó2Ô2Ø2×2ß2Ø2Ó!ÎèÙ Ù�Ú1×2Ù2Ô2Ï
ÐW×2Ý�ÞuÑ�Ø!Ñ�ÐWÏ#ÞbÎ1Þuê�Ì�×2Ù2ß2Ø2Ú1×!Î�Ö!Ú1Õ FÑ�Ú�Ñ�ÐWÚ1Ø2ÐèÕ�Ú1Ð1Ñ�Ì�Ð1Ñ�ÐWÕ1Ø2Ø Ò2Õ1×2Ú1â ê�Ú1Ô!ÞqÌ#Ö!Ýnë2Ö2Ò ×2Ú1Ô!ÞqÝnÖ!Ø2×2Ï
â2×2Ú1â Ù�Ú�ÞqÛ1Ø2×!ÎWß2Ø2Ø m∑
k=1

λkFk
/

çñÏ
Õ1Ù�Ö!Ø�ë!Ú1Õ1Ú�Þ�Ó2Ô2Ú�Ñ�ÐWÔ!ÎW×!Ñ�ÐWÕ1Ï�Ù2Õ�Î�ë!Ô!ÎWÐ�ì
ÐWÚ1â-×2Ú1Ô2ÞqÝ}Ó2Ô2Ï�ë°Ñ�Ð�ÎWÕWÖ2Ò2Ï
Ð�Ñ�Ú1Û1Ú1â�Ó2ÚWÖ!Ú�ùwØ2ÐWÏ�Ö!Ü1×2Ú
Ú1Ó2Ô2Ï�ë!Ï�Ö!Ï
×2×2Ì�òñÙ2Õ�Î�ë!Ô!ÎWÐWØ2Í2×2Ì�ò³ê�Ú1Ô!ÞqÌsÓ2Ï
Ô2Ï#ÞqÏ
×2×�Ý+ø

λ1, . . . , λn
à�Ù�Ú1ì#ê�ê�Ø2ß2Ø2Ï
×2ÐWÝ�Ù�Ú1ÐWÚ1Ô2Ú1â

Ó2Ø2õ�Ì�Ð1Ñ�Ò�ÑsÓ2Ú�ÞqÚ���Ü1òjÞbÎWÐWÔ2Ø2ß�Ý���Ô!Î1ÞbÞbÎ�Ñ�Ø!Ñ�ÐWÏ#ÞqÝ F /°óíÎWÙ2Ø!Þ Ú1Û1Ô!ÎWË
Ú�Þ+à!Ú�Ñ�Ð�ÎWÏ
Ð1Ñ�ÒáÐWÚWÖ!Ü1Ù�Ú×!ÎWâ2ÐWØ�ÞbÎWÙ�Ñ�Ø!ÞqÌ�Þ Ö!Ø2×2Ï
â2×2Ú1â¦ê�Ì�×2Ù2ß2Ø2Ø m∑
k=1

λkck
×!Îwì�Ö2Ö!Ø2Ó!Ñ�Ú1Ø�ë2Ï ä�
�æ Õ

Rm
à°Í2ÐWÚwÒ2ÕWÖ2Ò2Ï
Ð1ÑRÒ

Ö!Ï
î
Ù�Ú�Ô2Ï
õ�ÎWÏ#ÞqÚ1â�Ë#Î�ë°Î#Í2Ï
â�/�ç Ú1Û���Ï#Þ�Ñ_Ö!Ì�Í!ÎWÏ ä Ó2Ô2Ú�Ñ�ÐWÔ!ÎW×!Ñ�ÐWÕ1Ú
Y
×2Ï
Ï
Õ1Ù�Ö!Ø�ë!Ú1Õ1Ú æ Þq×2Ú�ù�Ï#Ñ�ÐWÕ1Ú

Õ1Ï
Ù2ÐWÚ1Ô2Ú1Õ
(λ1, . . . , λm)

à�Ì#ë!Ú1ÕWÖ!Ï
ÐWÕ1Ú1Ô�Ò2ò���Ø�ø¦Ì�Ô!ÎWÕ1×2Ï
×2Ø2ò ä�
�æ à'Ò2ÕWÖ2Ò2Ï
Ð1Ñ�Ò�×2ÏJì�Ö2Ö!Ø2Ó!Ñ�Ú1Ø�ë!Ú�Þ+à
ÎJÓ�Ú1Õ1Ï
Ô�ø�×2Ú�Ñ�ÐWÜ1ò�à�Õ1Ú1Ú1Û��sÏ�î
Ú1Õ1Ú1Ô�Ò�à�ë!Ú1Õ1ÚWÖ!Ü1×2Ú�Ñ_Ö!Ú�ùw×2Ú1â�Ñ�ÐWÔ2Ì�Ù2ÐWÌ�Ô2Ý�/
çô×!ÎWõ�Ï#Þ³Ñ_Ö!Ì�Í!ÎWÏ

Y = L[0, T ]
à
Y ∗ = L∞[0, T ]

/�çLË�Ò2Õ
v(t) = u(T − t) à ρk = Rk/|bk|

à
Ë#ÎWÓ2Ø2õ�Ï#Þ Ñ�Ø!Ñ�ÐWÏ#ÞqÌ´Ì�Ô!ÎWÕ1×2Ï
×2Ø2â ädc�æ ÕwÑ_Ö!Ï�ë!Ì�ò���Ï#Þ�Õ1Ø�ë2Ï û

T∫

0

v(t) sin(µkt)dt = ρk sin θk,

T∫

0

v(t) cos(µkt)dt = ρk cos θk, 1 ≤ k ≤ n.ä���æ

��� #�% %!þ�����þ'����þ
������	�
����*)���þ
����
��!��þ
��
�������� . 0�4���þ
����þ
R2

k

5�����������%�#�����
�ÿ
#�
�%&��
 #" 	��
θk ∈ [0, 2π)�,#�� 
������
#��$��� 
,������������
������ 5

m ·



ç ä���æ ê�Ì�×2Ù2ß2Ø2Ú1×!Î�Ö!Ý
Fk
Ó2Ú1Ô2Ú#ùJë°ÎWò)Ð1Ñ�Ò´ê�Ì�×2Ù2ß2Ø�Ò!ÞqØ

sin(µkt)
à
cos(µkt)

/�ð�Ú1ì
ÐWÚ�ÞqÌ�à1Ø!ÑRø�Ú�ë2Ò
Ø2Ë�ÐWÏ
Ú1Ô2Ï#ÞqÝ Ú1Û�Ú1Û���Ï#Þ¦Õ1Ø�ë!ÏLÖ!Ø2×2Ï
â2×2Ú1î
Ú�ê�Ì�×2Ù2ß2Ø2Ú1×!Î�Ö°Î)Õ�Ó2Ô2Ú�Ñ�ÐWÔ!ÎW×!Ñ�ÐWÕ1Ï

L[0, T ]
ØJÑ
ê�Ú1Ô!ÞqÌ�ã

Ö!Ø2Ô2Ú1Õ�ÎW×2×2Ú1î
Ú�Õ1Ý�õ�ÏJÓ2Ô2Ø2×2ß2Ø2Ó!Î¦ÞqØ2×2Ø!ÞqØ2Ë#ÎWß2Ø�Øi×2Ú1Ô!ÞqÝu×!ÎáÎ1ê�ê�Ø2×2×2Ú�Þ³Ó2Ú�ë!Ó2Ô2Ú�Ñ�ÐWÔ!ÎW×!Ñ�ÐWÕ1Ï1à
Ó2ÚWÖ!Ì�Í!ÎWÏ#Þ

inf
{
‖u‖L[0,T ] | u(t)

Ì#ë!Ú1ÕWÖ!Ï
ÐWÕ1Ú1Ô�Ò2Ï
Ð ädc�æ }
=

ä�å , æ

= inf
{
‖v‖L[0,T ] | v

Ì�ë!Ú1ÕWÖ!Ï
ÐWÕ1Ú1Ô1Ò2Ï
Ð ä���æ }
= sup

n∑

k=1

ρk(λ′k sin θk + λ′′k cos θk),

Î�ÐWÚ1Í2×!Î�ÒJÕ1Ï
Ô�ø�×�Ò�ÒJî
Ô!ÎW×2Ü�Õ ä�å , æ Û1Ï
Ô2Ï
Ð1Ñ�ÒwÓ2Ú�Õ�Ñ�Ï#Þè×!ÎWÛ1Ú1Ô!Î1Þ¦Í2Ø!Ñ�Ï�Ö {λ′k, λ′′k}nk=1

Ð�ÎWÙ2Ø!Þ+à1Í2ÐWÚ
∥∥∥∥∥

n∑

k=1

λ′k sin(µkt) + λ′′k cos(µkt)

∥∥∥∥∥
L∞[0,T ]

= 1.
ä�å1å�æ

��Ö2Ò�Ì#ë!Ú1Û�Ñ�ÐWÕ�Î�Ó2ÚWÖ!Ú�ùwØ!Þ

λk =
√
λ′2k + λ′′2k , λ′k = λk sinαk, λ′′k = λk cosαk,

Î´ì
Ù�Ñ�ÐWÔ2Ï#ÞqÌ�Þ ä�å , æ Ú1Û1Ú1Ë
×!Î�Í2Ø!Þ
M(ρ1, . . . , ρn, θ1, . . . , θn, T )

/�ó�Ú1îUë°Î´Ø2Ë ä�å , æ Ø ä�å1å�æ Õ1Ø�ë!×2Ú!à
Í2ÐWÚ

M(ρ1, . . . , ρn, θ1, . . . , θn, T ) = sup
n∑

k=1

λkρk cos(θk − αk),
ä�å . æ

îUë!Ï�ÐWÚ1Í2×!Î�Ò-Õ1Ï
Ô�ø�×�Ò�Ò-î
Ô!ÎW×2Ü�Û1Ï
Ô2Ï
Ð1Ñ�Ò�Ó�ÚwÕ�Ñ�Ï#Þi×!ÎWÛ1Ú1Ô!Î1ÞºÍ2Ø!Ñ�Ï�Ö
λk
Ø
αk
Ð�ÎWÙ2Ø!Þ+à2Í2ÐWÚ

max
0≤t≤T

∣∣∣∣∣

n∑

k=1

λk cos(µkt− αk)

∣∣∣∣∣ = 1.
ä�å 0 æ

Ê�ÞqÏ
×2×2Úsì
ÐWÌJì
Ù�Ñ�ÐWÔ2Ï#ÞbÎ�Ö!Ü1×2Ì�ò}Ë#Î�ë°Î#Í2Ì�Ì#ë°Î�Ö!Ú�Ñ�Ü�Ô2Ï
õ�Ø2ÐWÜsÓ2Ô2Ø�Ì�Ñ_Ö!Ú1Õ1Ø2Ø�Ö!Ø2×2Ï
â2×2Ú1â�×2Ï
Ë#ÎWÕ1Ø2Ñ�Ø�ã
ÞqÚ�Ñ�ÐWØ�×!Î�ë

Q
×!ÎWÛ1Ú1Ô!Î�Í!Î1Ñ�ÐWÚ1Ð�Ù�ÚWÖ!Ï
Û�ÎW×2Ø2â

(µ1, µ2, . . . , µn)
/���ÎWÓ2Ú�Þq×2Ø!Þ�Ú1Ó�Ô2Ï�ë!Ï�Ö!Ï
×2Ø2Ï1/

��� #% ��� ��  	��
� ä ö 02à2îUÖP/ å�÷Hæ /
��/656/ T 7�9�-�/63�4��YfF>H3�1J= {µk}nk=1

-H;	N6`�5�;�1�4!3M_Y=H>�-H1�?�-�/
-H1ZN�;�56>H3�><I%/�?.-H;�S

Q
@ 1�3J=H> :<;�5�1�-H3�4!56/

n∑

k=1

hkµk = 0, hk ∈ Z,

56/�N�I%/	0G-�/ 4�/Z=	� T /.5 3J=H7�f�;�1 h1 = h2 = . . . = hn = 0 V�� 9�:H/�4�>H56-�/ZI 3J=H7�f�;�1!3�/656/ T 7�9�Q-�/63�4��XfF>H3�1J=k-H;	N6`�5�;�1�4!3M_ =H>�-H1�?�-�/%N�;�56>H3�><I%/�?k-H;�S
Q V

�DÑ_Ö!Ø
n = 2

àWÐWÚ�Ö!Ø2×2Ï
â2×!Î�ÒJ×2Ï
Ë#ÎWÕ1Ø!Ñ�Ø!ÞqÚ�Ñ�ÐWÜ�×!Î�ë
Q
×!ÎWÛ1Ú1Ô!Î�Í2Ø!Ñ�Ï�Ö {µ1, µ2}

Ô!ÎWÕ1×2Ú�Ñ�Ø�Ö!Ü1×!Î
Ø2Ô2Ô!ÎWß2Ø2Ú1×!Î�Ö!Ü1×2Ú�Ñ�ÐWØ�Ú1ÐW×2Ú1õ�Ï
×2Ø�Ò

µ1/µ2
/�ç Ú1Û���Ï#ÞºÑ_Ö!Ì�Í!ÎWÏ)Ó2Ô2Ø

n ≥ 3
Ö!Ø2×2Ï
â2×!Î�Ò�×2Ï
Ë#ÎWÕ1Ø!Ñ�Ø�ã

ÞqÚ�Ñ�ÐWÜ�Ò2ÕWÖ2Ò2Ï
Ð1Ñ�Ò¦Û1ÚWÖ!Ï
Ï�ÑUÖ!Ú�ùw×2Ý�ÞñÓ2Ú1×�Ò2ÐWØ2Ï#Þ+/'óPÎWÙ�×!ÎWÓ2Ô2Ø!ÞqÏ
Ô'à�Í2Ø!Ñ_Ö°Î
µ1 =

√
2
à
µ2 =

√
3
à

µ3 =
√

2 +
√

3
Ö!Ø2×2Ï
â2×2Ú Ë#ÎWÕ1Ø!Ñ�Ø!ÞqÝ ×!Î�ë

Q
à+×2Ú�Ú1Ð1×�Ú1õ�Ï
×2Ø2Ï�Ö!ò)Û1Ý+øñë!Õ1Ì�øñØ2Ëè×2Ø�ø³Ø2Ô�ã

Ô!ÎWß2Ø2Ú1×!Î�Ö!Ü1×2Ú!/íçLÝ+Ò!Ñ�×2Ï
×2Ø2ònÖ!Ø2×2Ï
â2×2Ú1âiË#ÎWÕ1Ø!Ñ�Ø!ÞqÚ�Ñ�ÐWØ ä Ø�Ö!Ø�×2Ï
Ë#ÎWÕ1Ø!Ñ�Ø!ÞqÚ�Ñ�ÐWØ æ Ù�Ú1×2Ù2Ô2Ï
ÐW×2Ý+ø
Ñ�Ú1Õ1Ú1Ù2Ì�Ó2×2Ú�Ñ�ÐWÏ
â´Í2Ø!Ñ�Ï�ÖáÓ2Ú�Ñ�ÕWÒ���Ï
×2ÚJÞq×2Ú1î
ÚJØ!Ñ
Ñ_Ö!Ï�ë!Ú1Õ�ÎW×2Ø2â-ÕJÐWÏ
Ú1Ô2Ø2Ø�Í2Ø!Ñ�Ï�Ö ä Ñ
Þ+/�ö 0 é g�÷Hæ /�! �"$#% '&!(���+�� 3J=H>

n = 1
@ 4�/e9�:H>

T > π/µ1
4�/�fF-H;�_R-�>�0G-<_F_ i :F;6-�� >�-�4!1 i :F;�=H/65

T∫
0

|v(t)|dt @�5	N�_H4!;�_ 9�/kI%-�/	021�3�4!567 P�7�- T�\ >�?�@K7�S	/65�='1�4!56/M:F_HCAD�>FE 7�3J=H/656><_FI ä���æ @ :<;�5�Q
-H;

ρ1 V � 3J=H> n ≥ 2
>k3�/656/ T 7�9�-�/63�4��efF>H3�1J= (µ1, . . . , µn)

=H>�-H1�?�-�/�-H1ZN�;�56>H3�><I�;�-H;�S
Q
@b4�/

9�:'1�S�1J= 9�:H>
T → +∞ � 4�/�? 4�/�fF-�/�?k-�>�0G-H1�? i :F;6-�> :F;�5�1�- max{ρk | 1 ≤ k ≤ n} V

m ¸



Ê�Ë�ÐWÏ
Ú1Ô2Ï#Þ å Øá.�Õ1Ý�ÐWÏ
Ù�ÎWÏ
ÐJÚ�Ñ�×2Ú1Õ1×2Ú1â´Ô2Ï
Ë
Ì#Ö!Ü�Ð�ÎWÐwÑ�Ð�ÎWÐWÜ1Ø�/
�DÑ_Ö!Ø�Í!Î1Ñ�ÐWÚ1ÐWÝzÙ�ÚWÖ!Ï
Û�ÎW×2Ø2â�Õ�Ñ�Ø!Ñ�ÐWÏ#ÞqÏ ä 0 æ Ö!Ø2×2Ï
â2×2Ú�×2Ï
Ë#ÎWÕ1Ø!Ñ_Ø!ÞqÝz×!Î�ë

Q
àíÐWÚáë2Ö2ÒºÖ!ò�ã

Û1Ú1î
Ú
ε > 0

Ñ�Ì<��Ï#Ñ�ÐWÕ1ÌWÏ
Ð�Õ1Ô2Ï#ÞqÏ�×2×��Î�Òáî
Ô2ÎW×2Ø2ß!Î
T0
à°Ë#ÎWÕ1Ø!Ñ�Ò���Î�Ò-Ú1Ð

ε
à°Ñ�Ú1Õ1Ú1Ù2Ì�Ó2×2Ú�Ñ�ÐWØ�Í!Î1Ñ�ÐWÚ1Ð

(µ1, . . . , µn)
à�×!ÎWÛ1Ú1Ô!Î�×!Î�Í!Î�Ö!Ü1×2Ý+øJØ-ê�Ø2×!Î�Ö!Ü1×2Ý+øwÌ1Ñ_Ö!Ú1Õ1Ø2â�à�Ð�ÎWÙ�Î�Ò�à�Í2ÐWÚ�Ó2Ô2Ø�Ö!ò)Û1Ú�Þ

T > T0Ù�ÚWÖ!Ï
Û�ÎWÐWÏ�Ö!Ü1×2Ì�ò Ñ�Ø!Ñ�ÐWÏ#ÞqÌ ä 0 æ ÞqÚ�ùw×2ÚèÓ2Ï
Ô2Ï
Õ1Ï#Ñ�ÐWØ�Ø2Ë�Ë#Î�ë°ÎW×2×2Ú1î
Ú�×!Î#Í!Î�Ö!Ü1×2Ú1î
Ú�ÕèË#Î�ë°ÎW×2×2Ú1Ï
ê�Ø2×!Î�Ö!Ü1×2Ú1Ï�Ñ�Ú�Ñ�ÐWÚ�Ò2×2Ø2Ï1à�Ø2Ë
Ô!Î1Ñ�ø1Ú�ë!Ú1Õ�ÎWÕ�Ô2Ï#Ñ�Ì�Ô!Ñ�Ì�Ó2Ô!ÎWÕWÖ!Ï
×2Ø�Ò

T∫

0

|u(t)|dt < ε+ max
1≤k≤n

(Rk/|bk|),

îUë!ÏsÕ1Ï�Ö!Ø2Í2Ø2×2Ý
Rk

Ë#Î�ë°ÎW×2Ý ê�Ú1Ô!ÞqÌ�Ö!Ú1â ähg1æ /��DÑ_Ö!Ø
n = 1

à!ÐWÚ�î
Ô!ÎW×2Ø2ß!Î
T0
×!Î�ø�Ú�ë!Ø2Ð1ÑRÒ�Ò2Õ1×2Ú û

T0 = π/µ1
/

çèÑ_Ö!Ï�ë!Ì�ò���Ï#Þ-Ô!ÎWË�ë!Ï�Ö!ÏAÕ+Ò2Õ1×2Ú�Þ-Õ1Ø�ë!ÏAÑ�ÐWÔ2Ú�Ò2Ð1Ñ�Ò�Ì�Ó2Ô!ÎWÕWÖ!Ï
×2Ø�Ò�à�ÛWÖ!Ø2Ë
Ù2Ø2ÏAÙ�Ú1Ó2ÐWØ!ÞbÎ�Ö!Ü1×2Ý�Þ
Õ�ì�Ð1Ú1âwË#Î�ë°Î�Í2Ï�Ó�Ô2Ø

n = 1
Ø
n = 2

/�ç ð�Ô2Ø�Ö!Ú�ù�Ï
×2Ø2Ø�Ó2Ô2Ø2Õ1Ï�ë!Ï
×2Ý ë!Ú1Ù�ÎWË#ÎWÐWÏ�Ö!Ü�Ñ�ÐWÕ�Î�ÐWÏ
Ú1Ô2Ï
Þ å
Ø¦.�/

��¼ ~�Ã�Ä�Å	�!Ã1¾#À2Á!¾%
bÁ�À2Á�
bÁ!È�Á��������w¾��
ÃwÄ�¾	
A¾��°Ä�Å#½�Æ���Â��!Æ�½�
!¾#À2Á	�½�Ä^
���É!Æ6��

n = 1

Á
n = 2

ç Ñ_Ö!Ì�Í!ÎWÏ
n = 1

Ñ_Ú1îUÖ°Î1Ñ�×2Ú ä���æ ÐWÔ2Ï
Û1Ì1Ï
Ð1ÑRÒ�×!ÎWâ2ÐWØ´ê�Ì�×2Ù2ß2Ø2ò
v ∈ L[0, T ]

à�Ì�ë!Ú1ÕWÖ!Ï
ÐWÕ1Ú1Ô1Ò2ò�ã
��Ì�òôÌ�Ñ_Ö!Ú1Õ1Ø�Ò!Þ

T∫

0

v(t) sin(µt)dt = ρ sin θ,

T∫

0

v(t) cos(µt)dt = ρ cos θ,
ä�å�c�æ

ä
ρ > 0, θ ∈ (0, 2π], T > π/µ é Ë#Î�ë°ÎW×2×2Ý�ÏsÍ2Ø!Ñ_Ö°Î æ Ð�ÎWÙ�Ì�ò�à!Í2ÐWÚ1Û1ÝôØ2×2ÐWÏ
î
Ô!Î�Ö T∫

0

|v(t)|dt Û1Ý+Ö
Õ1Ú1Ë#ÞqÚ�ùw×2ÚJÞqÏ
×2Ü1õ�Ï1/ 	�×-×2Ï�ÞqÚ�ù�Ï
ÐJÛ1Ý�ÐWÜwÞqÏ
×2Ü1õ�Ï

ρ
à2Ó2Ú�Ñ�Ù�ÚWÖ2Ü1Ù2Ì

ρ = ρ cos2 θ + ρ sin2 θ =

T∫

0

(v(t) cos(µt) cos θ + v(t) sin(µt) sin θ)dt =
ä�å�g1æ

=

T∫

0

v(t) cos(µt− θ)dt ≤
T∫

0

|v(t)|dt.

�DÑ_Ö!ØèÛ1Ý ë!Ú1Ó2Ì�Ñ�Ù�Î�Ö!Ú�Ñ�Ü�Û1Ô!ÎWÐWÜ´Õ-Ù�Î�Í2Ï#Ñ�ÐWÕ1Ï
v(t)

Ú1Û1Ú1Û���Ï
×2×2Ì�òjê�Ì�×2Ù2ß2Ø2ò�à�ÐWÚ1Í2×2Ú1Ï�Ô2Ï
õ�Ï
×2Ø2Ï
Ó2Ú�Ñ�Ð�ÎWÕWÖ!Ï
×2×2Ú1â-Ë
Î�ë°Î�Í2Ø-Ó2ÚWÖ!Ì�Í2Ø�Ö!Ú�Ñ�ÜJÛ1Ý}ÕJÕ1Ø�ë!Ï

v0(t) =

{
ρδ(t− θ/µ), 0 < θ ≤ π,
−ρδ(t− (θ − π)/µ), π < θ ≤ 2π,

ä�å���æ

îUë!Ï
δ é ë2Ï�Ö!Ü�Ð�Î�ã;ê�Ì�×2Ù2ß2Ø�Ò �sØ2Ô!ÎWÙ�Î2/ ��Ï
Ó2Ú�Ñ�Ô2Ï�ë°Ñ�ÐWÕ1Ï
×2×2ÚáÓ2Ô2Ú1Õ1Ï
Ô�Ò2Ï
Ð1Ñ�Ò�àPÍ2ÐWÚ¦Ø2Ë ä�å���æ Ñ_Ö!Ï�ë!Ì�ã

Ï
Ð ä�å�c�æ Ø T∫
0

|v0(t)|dt = ρ
/<��ÚsÕ�Ë#Î�ë°Î#Í2Ï ä . æ à ä 0 æ Ð1Ô�Ï
Û1Ì1Ï
Ð1Ñ�Ò�×!ÎWâ2ÐWØ�×2Ï)Ú1Û1Ú1Û���Ï
×2×2Ú1ÏWà�Î��;Ù�Ö°Î1Ñ_ã

Ñ�Ø2Í2Ï#Ñ�Ù�Ú1Ï�
�Ì�Ó2Ô!ÎWÕWÖ!Ï
×2Ø2Ï)Ø´ë°Î�ù�Ï)ù�Ï�Ö°ÎWÐWÏ�Ö!Ü1×2Ú�Û1Ô!ÎWÐWÜ
v(t)

Ö!Ø2Û1Ú�Ù2Ì�Ñ�Ú1Í2×2ÚWãúÓ2Ú�Ñ�ÐWÚ�Ò2×2×2Ú1â�àWÖ!Ø2Û1Ú
×2Ï
Ó2Ô2Ï
Ô2Ý�Õ1×2Ú1â�ê�Ì�×2Ù2ß2Ø2Ï
â�/

�°ë!Ï#Ñ�Ü�Ó2Ô2Ï�ë��'Ò2ÕWÖ!Ï
×2ÚèÑ�Ï#ÞqÏ
â!Ñ�ÐWÕ1Ú�Ù2Ì�Ñ�Ú1Í2×2ÚWãúÓ2Ú�Ñ�ÐWÚ�Ò2×2×2Ý+ø�Ì�Ó2Ô!ÎWÕWÖ!Ï
×�Ø2â
vh(t)

ä
h é Ó2ÚWÖ!ÚWãùwØ2ÐWÏ�Ö!Ü1×2Ý�â�Ó!ÎWÔ!Î1ÞqÏ
ÐWÔ æ Ñ�ë!Õ1Ì�ÞíÒ�ÐWÚ1Í2Ù�Î1ÞqØèÓ2Ï
Ô2Ï
Ù�Ö!ò)Í2Ï
×2Ø�Ò�à'ë2Ö2ÒèÙ�Ú1ÐWÚ1Ô2Ý+ø�Õ1Ý�Ó2ÚWÖ!×�Ò2ò)Ð1ÑRÒ

m��



Ì�Ñ_Ö!Ú1Õ1Ø�Ò ä�å�c�æ Ø
lim
h→0

T∫
0

|vh(t)|dt = ρ
/��DÐWØ!ÞáÓ2Ú1Ó2Ì�ÐW×2Ú)Õ)Ó2Ô2Ú�Ñ�ÐWÏ
â2õ�Ï#Þ¦Ñ_Ö!Ì�Í!ÎWÏ

n = 1
ë!Ú1Ù�ÎWË#ÎW×!Î

ÐWÏ
Ú1Ô2Ï#ÞbÎ�.�/
�DÑ_Ö!Ø

0 < θ ≤ π à2ÐWÚJÓ2ÚWÖ!Ú�ùwØ!Þ

vh(t) =





ρµ

2 sin(µh)
, t ∈

[
θ

µ
− h, θ

µ
+ h

]
,

0
Ó2Ô2Ø-ë!Ô2Ì�î
Ø�ø

t.
ð�ÎWÔ!Î1ÞqÏ
ÐWÔ

h
Ì#ë!Ú1ÕWÖ!Ï
ÐWÕ1Ú1Ô�Ò2Ï
ÐèÌ1Ñ_Ö!Ú1Õ1Ø�Ò!Þ

0 < h < θ/µ
à
h < T − θ/µ

/���Ñ�×2Ú!àbÍ2ÐWÚiÏ#Ñ_Ö2Ø
0 < θ ≤ π

à
T > π/µ

à�ÐWÚ�Ó2Ô2ØèÕ�Ñ�Ï�ø�ë!Ú�Ñ�Ð�ÎWÐWÚ1Í2×2Ú-ÞbÎ�Ö!Ý+ø�Ó2ÚWÖ!Ú#ùwØ2ÐWÏ�Ö!Ü1×2Ý+ø
h
ì
ÐWØèÌ�Ñ_Ö!Ú1Õ1Ø�Ò

Õ1Ý�Ó2ÚWÖ!×�Ò2ò)Ð1Ñ�Ò�/!Ê�ÞqÏ
Ï#Þ

T∫

0

vh(t) sin(µt)dt =

θ
µ+h∫

θ
µ−h

ρµ sin(µt)

2 sin(µh)
dt =

ρµ

2 sin(µh)

h∫

−h

sin(θ + µs)ds =

=
ρµ sin θ

2 sin(µh)

h∫

−h

cos(µs)ds = ρ sin θ.

��×!Î�Ö!Ú1î
Ø2Í2×2ÚèÓ2ÚWÖ!Ì�Í!ÎWÏ#Þ T∫
0

vh(t) cos(µt)dt = ρ cos θ.
óPÎWÙ2Ø!ÞjÚ1Û1Ô!ÎWË
Ú�Þ+àíÌ�Ñ_Ö!Ú1Õ1Ø�Ò ä�å�c�æ Õ1Ý+ã

Ó2ÚWÖ!×2Ï
×2Ý�à T∫
0

|vh(t)|dt = ρ
µh

sin(µh)
→ ρ

à
h → 0

/ �DÑ_Ö!Ø
π < θ ≤ 2π

à°ÐWÚ�î
Ú�ë!Ø2Ð1Ñ�Ò¦Ñ�Ï#ÞqÏ
â!Ñ�ÐWÕ1Ú
ê�Ì�×2Ù2ß2Ø2â

vh(t) =





−ρµ
2 sin(µh)

, t ∈
[
θ − π
µ
− h, θ − π

µ
+ h

]
,

0
ÕJÓ2Ô2Ú1ÐWØ2Õ1×2Ú�Þ Ñ_Ö!Ì�Í!ÎWÏ

.

�'Î1ÞqÏ
ÐWØ!Þ+à#Í2ÐWÚ�ì
Ù�Ñ�ÐWÔ2Ï
ÞbÎ�Ö!Ü1×2Ú1âsê�Ì�×2Ù2ß2Ø2Ø
v∈L[0, T ]

à
Ì#ë!Ú1ÕWÖ!Ï
ÐWÕ1Ú1Ô�Ò2ò���Ï
â�Ì1Ñ_Ö!Ú1Õ1Ø�Ò!Þ ä�å�c�æ
Ø³Ð�ÎWÙ�Ú1â�àDÍ2ÐWÚ T∫

0

|v(t)|dt = ρ
àL×2Ï�Ñ�Ì<��Ï#Ñ�ÐWÕ1Ì1Ï
Ð��AÐ�/ Ï1/DÐWÚ1Í2×!Î�Ò³×�Ø�ùw×�Ò�Ò³î
Ô!ÎW×2ÜiØ2×2ÐWÏ
î
Ô!Î�Ö!Ú1Õ

Ú1ÐáÞqÚ�ë!Ì#Ö!Ï
âºê�Ì�×2Ù2ß2Ø2â�Õ-ë°ÎW×2×2Ú1â�Ë#Î�ë°Î#Í2ÏJ×2ÏJë!Ú�Ñ�ÐWØ2î�ÎWÏ
Ð1ÑRÒ�/Pð�Ú1ì
ÐWÚ�ÞqÌ¦×2Ï
Ø2Ë
Û1Ï�ùw×2ÚáÑ�ÐWÔ2Ú1Ø2ÐWÜ
Ó2Ô2Ø2ÛWÖ!Ø�ù�Ï
×2×2Ú1ÏJÔ2Ï
õ�Ï
×2Ø2Ï�ë°ÎW×2×2Ú1â�Ë#Î�ë°Î�Í2Ø�à°ë2Ö2Ò�Ù�Ú1ÐWÚ1Ô2Ú1î
Ú-Ô2Ï#Ñ�Ì�Ô!Ñ�Ì�Ó2Ô!ÎWÕWÖ!Ï
×2Ø�Ò T∫

0

|vh(t)|dt
Û1Ì�ë!Ï
Ð�×2Ï#Ñ�Ù�ÚWÖ!Ü1Ù�ÚJÛ1ÚWÖ!Ü1õ�Ï

ρ
/

ð�Ô2Ø2Õ1Ï�ë!Ï#ÞºÓ2Ô2Ø!ÞqÏ
Ô´Ì�Ó2Ô!ÎWÕWÖ!Ï
×2Ø�Ò
v(t)

à�Ó2Ô2Ø´Ù�Ú1ÐWÚ1Ô2Ú�ÞºÔ!Î1ÑRø�Ú�ë´Ô2Ï#Ñ�Ì�Ô!Ñ
Î�ÞqÏ
×2Ï
Ï�Í2Ï#Þº×!Î g��
Ó2Ô2Ï
Õ1Ý�õ�ÎWÏ
ÐJÞqØ2×2Ø!ÞbÎ�Ö!Ü1×2ÚJë!Ú1Ó2Ì1Ñ�ÐWØ!ÞqÝ�â�Õ�Ñ_Ö!Ì�Í!ÎWÏ

T ≥ 4π/(3µ)
/

�DÑ_Ö!Ø
π/6 ≤ θ ≤ 7π/6

à2ÐWÚwÓ�ÚWÖ°ÎWî�ÎWÏ#Þ

v(t) =




ρµ, t ∈

[
θ − π/6

µ
,
θ + π/6

µ

]
,

0
Ó2Ô2Ø-ë!Ô2Ì�î
Ø�ø

t.
�DÑ_Ö!Ø

7π/6 < θ < 13π/6
ä Ï#Ñ_Ö!Ø

0 < θ ≤ π/6
àqÐWÚèÐ�ÎWÙ�Ú1Ï´Ë
×!Î�Í2Ï
×2Ø2Ï

θ
ÞqÚ�ùw×2ÚèË#Î1ÞíÏ
×2Ø2ÐWÜ

Ë
×!Î�Í2Ï
×2Ø2Ï#Þ
θ + 2π

à2Ó2Ú1Ó!Î�ë°ÎWò���Ø!ÞiÕJØ2×2ÐWÏ
Ô2Õ�Î�Ö
(2π, 13π/6)

æ à!ÐWÚJÓ2ÚWÖ°ÎWî�ÎWÏ#Þ

v(t) =




−ρµ, t ∈

[
θ − 7π/6

µ
,
θ − 5π/6

µ

]
,

0
Ó2Ô2Ø-ë!Ô2Ì�î
Ø�ø

t.

m��



ó�Ú1îUë°ÎJÕ1Ý�Ó2ÚWÖ!×�Ò2ò)Ð1ÑRÒ�Ì�Ñ_Ö!Ú1Õ1Ø�Ò ä�å�c�æ Ø T∫
0

|v(t)|dt = πρ/3 < 1,05ρ
/

�bÎ1Ñ
Ñ
ÞqÚ1ÐWÔ2Ø!ÞuÑ_Ö!Ì�Í!ÎWâ
n = 2

àAÙ�Ú1îUë°ÎèÍ2Î1Ñ�ÐWÚ1Ð1Ý
µ1

Ø
µ2

×2Ï#Ñ�Ú1Ø2Ë#ÞqÏ
Ô2Ø!ÞíÝ�àAÐ�/ Ï1/AÚ1ÐW×2Ú1õ�Ï�ã
×2Ø2Ï

ω = µ2/µ1
Ø2Ô2Ô!ÎWß2Ø2Ú1×!Î�Ö!Ü1×2Ú!/°óLÔ2Ï
Û1Ì1Ï
Ð1Ñ�Ò�×!ÎWâ2ÐWØèÑ�Ï#ÞqÏ
â!Ñ�ÐWÕ1Ú-ê�Ì�×2Ù2ß2Ø2â

vh(t)
à°ë!ÎWò �sØ�ø

Ñ�Ø!Ñ�ÐWÏ#ÞqÌ´Ô!ÎWÕ1Ï
×!Ñ�ÐWÕ
T∫

0

vh(t) sin(µ1t)dt = ρ1 sin θ1,

T∫

0

vh(t) cos(µ1t)dt = ρ1 cos θ1,

T∫

0

vh(t) sin(µ2t)dt = ρ2 sin θ2,

T∫

0

vh(t) cos(µ2t)dt = ρ2 cos θ2,

ä�å �Wæ

L1 ãú×2Ú1Ô!ÞqÝ T∫
0

|vh(t)|dt Ù�Ú1ÐWÚ1Ô2Ý+ø�Ñ�ÐWÔ2Ï#ÞíÒ2Ð1ÑRÒ�Ù max(ρ1, ρ2)
Ó2Ô2Ø

h → 0
Ø
T → +∞ / ä (DÚWã

îUÖ°Î1Ñ�×2Ú´ÐWÏ
Ú1Ô2Ï#ÞqÏw.�ÐWÚ1Í2×!Î�Ò�×2Ø�ùw×�Ò�Òèî
Ô!ÎW×2Ü
L1 ãú×2Ú1Ô!ÞqÝjê�Ì�×2Ù2ß2Ø�â v(t)

à'Ì#ë!Ú1ÕWÖ!Ï
ÐWÕ1Ú1Ô�Ò2ò���Ø�ø
Ì�Ñ_Ö!Ú1Õ1Ø�Ò!Þ ä�å �Wæ à!Ó2Ô2Ø

T → +∞ Ñ�ÐWÔ2Ï#ÞqØ2Ð1Ñ�Ò¦Ù
max(ρ1, ρ2)

/ æ�� Ø!Ñ_Ö°Î
ρ1
à
ρ2
à
θ1
à
θ2
Ë#Î�ë°ÎW×2Ý�à

Û1Ï
Ë�Ú1î
Ô!ÎW×2Ø2Í2Ï
×2Ø�Ò-Ú1Û���×2Ú�Ñ�ÐWØ�Ñ�Í2Ø2Ð�ÎWÏ#Þ+à2Í2ÐWÚ
ρ2 ≤ ρ1

à�Ð�/ Ï1/
max(ρ1, ρ2) = ρ1

/
� Ï
Ô2Ï
Ë

d(z)
Ú1Û1Ú1Ë
×!Î�Í2Ø!ÞjÔ!Î1Ñ
Ñ_Ð1Ú#Ò2×2Ø2Ï¦Ú1ÐºÕ1Ï���Ï#Ñ�ÐWÕ1Ï
×2×2Ú1î
Ú�Í2Ø!Ñ_Ö°Î

z
ë!ÚºÛWÖ!Ø�ùJÎWâ2õ�Ï
î
ÚºÙ

×2Ï#ÞqÌèß2Ï�Ö!Ú1î
ÚáÍ2Ø!Ñ_Ö°Î2/ 	)Û1Ú1Û���Ï
×2×2Ý�Þ³Ì�Ó2Ô!ÎWÕWÖ!Ï
×2Ø2Ï#Þ+à�ÛWÖ!Ø2Ë
Ù2Ø!Þ>ÙºÚ1Ó2ÐWØ!ÞbÎ�Ö!Ü1×2Ú�ÞqÌèÕ¦Ñ_Ö!Ì�Í!ÎWÏ
n = 2

à�Ò2ÕWÖ2Ò2Ï
Ð1Ñ�Ò�Ñ�Ì�ÞbÞbÎ�ë!Õ1Ì�ø�Ø!ÞqÓ2Ì�Ö!Ü�Ñ�Ú1Õ ä
δ
ã;ê�Ì�×2Ù2ß2Ø2â æ

v0(t) =
ρ1

2
δ

(
t− 2πl + θ1

µ1

)
+
ρ1

2
δ

(
t− 2πm+ θ1

µ1

)
,

îUë!Ï
l
Ø
m é Ð�ÎWÙ2Ø2Ï�×!ÎWÐWÌ�Ô!Î�Ö!Ü1×2Ý�Ï�Í2Ø!Ñ_Ö°Î2à2Í2ÐWÚwÕ1Ý�Ó2ÚWÖ!×�Ò2ò)Ð1ÑRÒ�Ó2Ô2Ø2ÛWÖ!Ø�ù�Ï
×2×2Ý�Ï�Ô!ÎWÕ1Ï
×!Ñ�ÐWÕ�Î

cos(πω(m− l)) ≈ ρ2

ρ1
, d

(
lω − θ2 − ωθ1

2π

)
≈ 0.

ä�å�
�æ
ð�Ô2Ø2ÛWÖ!Ø�ù�Ï
×2×2Ý�Ï)Ô!ÎWÕ1Ï
×!Ñ�ÐWÕ�Î ä�å�
�æ Ó2Ô2Ø´×�Ï
Ù�Ú1ÐWÚ1Ô2Ý+ø

m
Ø
l
Õ1Ú1Ë#ÞqÚ#ùw×2ÝñÕ�Ñ_Ø�Ö!ÌwØ2Ô2Ô!ÎWß2Ø2Ú1×!Î�Ö!ÜWã

×2Ú�Ñ�ÐWØ Í2Ø!Ñ_Ö°Î
ω û Ó2Ú�Ñ�Ù�ÚWÖ!Ü1Ù2Ìºë!Ô2Ú1Û1×2Ý�Ï�Í2Î1Ñ�ÐWØ {kω} à k ∈ N

àbÕ�Ñ�ò+ë!ÌiÓ�Ö!Ú1ÐW×2Ý ×!ÎèÚ1ÐWÔ2Ï
Ë
Ù�Ï
[0, 1]

à�ÐWÚ�Ø!ÞqØ-ÞqÚ#ùw×2Ú�Ñ�Ù�ÚWÖ!ÜsÌ�î
Ú�ë!×2Ú�ø1Ú1Ô2Ú1õ�ÚsÓ2Ô�Ø2ÛWÖ!Ø2Ë
Ø2ÐWÜ�Ö!ò)Û1Ú1Ï�Í2Ø!Ñ_Ö!Ú�Ø2Ë)ì
ÐWÚ1î
ÚsÚ1ÐWÔ2Ï
Ë
Ù�Î2/
�'Î1ÞqÏ
ÐWØ!Þ+à1Í2ÐWÚ�ë!Õ�Î�Õ1Ï
Ô�ø�×2Ø�ø�Ô!ÎWÕ1Ï
×!Ñ_Ð1Õ�Î ä�å �Wæ ë2Ö2Ò�ê�Ì�×2Ù2ß2Ø2Ø

v0
Õ1Ý�Ó2ÚWÖ!×�Ò2ò)Ð1Ñ�ÒwÐWÚ1Í2×2Ú!à1Î�ë!Õ�Î

×2Ø�ùw×2Ø�ø é Ó2Ô2Ø2ÛWÖ!Ø�ù�Ï
×2×2Ú�Õ�Ñ�Ø�Ö!Ì ä�å�
�æ /�Ê�ÞqÏ
Ï#Þ¦Ð�ÎWÙ�ù�Ï T∫
0

|v0(t)|dt = ρ1
/Wð�Ú1ì
ÐWÚ�ÞqÌ�Ï#Ñ_Ö!Ø

v0(t)
Ó2Ô2Ø2ÛWÖ!Ø2Ë
Ø2ÐWÜ�Ð�ÎWÙ2Ø!ÞqØ�ù�Ï�ê�Ì�×2Ù2ß2Ø�Ò!ÞqØ�à�Ù�ÎWÙ´Ø´Õ�Ñ_Ö!Ì�Í!ÎWÏ

n = 1
à�Ø´Ó2Ô2Ø2Û�ÎWÕ1Ø2ÐWÜ�Ù´×2Ø!ÞiÞbÎ�Ö!Ì�ò

Ù�Ú1Ô2Ô2Ï
Ù2ÐWØ2Ô2Ì�ò���Ì�ò>ë!Ú1Û�ÎWÕ1Ù2Ì�ë2Ö2Ò-ÐWÚ1î
Ú!à�Í2ÐWÚ1Û1Ý³Ô!ÎWÕ1Ï
×!Ñ�ÐWÕ�Î ä�å �Wæ Õ1Ý�Ó2ÚWÖ!×�Ò�Ö!Ø!Ñ�Ü�Õ�ÐWÚ1Í2×2Ú�Ñ�ÐWØ�à
ÐWÚwÓ2ÚWÖ!Ì�Í2Ø!Þ�Ø2×2ÐWÏ
î
Ô!Î�Ö T∫

0

|vh(t)|dt à!ÞbÎ�Ö2ÚwÚ1Ð
Ö!Ø2Í!ÎWò���Ø2â!Ñ�Ò�Ú1Ð ρ1
/

�qÏ#Î�Ö!Ø2Ë
Ì1Ï#Þôì
ÐWÌºØ�ë!Ï
ò�/AçLÚ1Ë
Ü�ÞqÏ#Þ Ó2Ô2Ú1Ø2Ë
Õ1ÚWÖ!Ü1×2Ú1Ï�Í2Ø!Ñ_Ö!Ú
ε ∈ (0, 0, 1)

àbÚ1Û1Ú1Ë
×!Î#Í2Ø!Þ
η =

= (2π)−1 arccos(ρ2/ρ1)
à
η′ = (2π)−1(θ2 − θ1ω)

Ø�×!ÎWâ�ë!Ï#Þ
A,B ∈ N

à�Ì�ë!Ú1ÕWÖ!Ï
ÐWÕ1Ú1Ô1Ò2ò���Ø2Ï
×2Ï
Ô!ÎWÕ1Ï
×!Ñ�ÐWÕ�Î1Þ

A < B, d(Aω − η) < ε/(8π), d(Bω − η′) < ε/(8π).
ä�å���æ
çLÕ1Ø�ë!Ì�Ø2Ô2Ô!ÎWß2Ø2Ú1×!Î�Ö!Ü1×2Ú�Ñ�ÐWØ�Í2Ø!Ñ_Ö°Î

ω
Ó2Ú�Ñ_Ö!Ï�ë!Ú1Õ�ÎWÐWÏ�Ö!Ü1×2Ú1Ñ�ÐWÜ�ë!Ô2Ú1Û1×2Ý+ø�Í!Î1Ñ�ÐWÏ
â {mω} à m ∈ N

à
Õ�Ñ�ò+ë!Ì�Ó�Ö!Ú1ÐW×!Î�×!Î

[0, 1]
à�Ó2Ú1ì
ÐWÚ�ÞqÌ�Ð�ÎWÙ2Ø2ÏDÍ2Ø!Ñ_Ö°Î

A
Ø
B
Ñ�Ì<��Ï#Ñ�ÐWÕ1Ì�ò)Ð�/ �°ë!Ï#Ñ�Ü�Ø!ÞqÏ
Ï
Ð1Ñ�Ò �;×2Ï
Ù�Ú1×�ã

Ñ�ÐWÔ2Ì�Ù2ÐWØ2Õ1×2Ý�â 
�ì�Ö!Ï#ÞqÏ
×2Ð�Ó2Ô2Ú1ß2Ï�ë!Ì�Ô2ÝrÓ2Ú�Ñ�ÐWÔ2Ú1Ï
×2Ø�ÒñÑ�Ï#ÞqÏ
â2Ñ�ÐWÕ�Îºê�Ì�×2Ù2ß2Ø�â
vh
/���Ö2Ò Ó2Ô2Ú1Ø2Ë�ã

Õ1ÚWÖ!Ü1×2Ú1î
ÚwÍ2Ø!Ñ_Ö°Î
ω ∈ R\Q ×2Ï
Ð�Õ1Ú1Ë#ÞqÚ�ùw×2Ú�Ñ�ÐWØáÚ1ß2Ï
×2Ø2ÐWÜ´Ñ�Õ1Ï
Ô�ø�Ì-Í2Ø!Ñ_Ö°Î

A
Ø
B
Ù�ÎWÙ�Ú1â�ã�Ö2Ø2Û1Ú

ê�Ì�×2Ù2ß2Ø2Ï
â
ε
/ �DÐWÚ�Ì#ë°ÎWÏ
Ð1Ñ�ÒèÓ2Ô�Ø�×!Î�Ö!Ø�Í2Ø2Øèë2Ú1Ó2ÚWÖ!×2Ø2ÐWÏ�Ö!Ü1×2Ú1âèØ�×!ê�Ú1Ô!ÞbÎWß2Ø2ØèÚ1Û�ÎWÔ2Ø2êsÞíÏ
ÐWØ�ã

Í2Ï#Ñ�Ù�Ú1âºÓ2Ô2Ø2Ô2Ú�ë!Ï´Í2Ø!Ñ_Ö°Î
ω
/���ÎWÓ2Ô2Ø!ÞqÏ
Ô�àPë2Ö2ÒiÙ2Õ�Î�ë!Ô!ÎWÐWØ2Í2×2Ý+ø�Ø2Ô2Ô!ÎWß2Ø2Ú1×!Î�Ö!Ü1×2Ú�Ñ�ÐWÏ
âºØ!ÞqÏ
Ï#Þ

A,B = O(1/ε)
/

3��$������%!þ
�����#þ ����
,	�
�%&
,)
þ
�����#þ����	� m�7



Ê�Ë ä�å���æ Ó2ÚWÖ!Ì�Í!ÎWÏ#Þi×2Ï
Ô!ÎWÕ1Ï
×!Ñ�ÐWÕ�Î | cos(2πAω)− ρ2/ρ1| < ε/4
à

| sin(2πBω + θ1ω)− sin θ2| < ε/4, | cos(2πBω + θ1ω)− cos θ2| < ε/4,Ø�à2Ù�ÎWÙ�Ñ_Ö!Ï�ë°Ñ�ÐWÕ1Ø2Ï1à
| sin(2πBω + θ1ω) cos(2πAω)− (ρ2/ρ1) sin θ2| < ε/2,

ä .W, æ
| cos(2πBω + θ1ω) cos(2πAω)− (ρ2/ρ1) cos θ2| < ε/2.ó�Ï
Ó2Ï
Ô2Ü�×2ÎWâ�ë!Ï#Þ

h0(ε) > 0
Ð�ÎWÙ�Ú1Ï1à�Í2ÐWÚ

1− ε

2
<
µ1

µ2

sin(µ2h)

sin(µ1h)
< 1 +

ε

2
, 0 < h < h0(ε).

ä . å�æ

ä �DÐWÚwÕ1Ú1Ë#ÞqÚ�ùw×2Ú!à�Ó2Ú�Ñ�Ù�ÚWÖ!Ü1Ù2Ì
lim
h→0

sin(µ2h)

sin(µ1h)
=
µ2

µ1

/ æ ð�ÚWÖ!Ú#ùwØ!Þ
l = B −A à m = B +A

à

χh(t) =





1, t ∈
[

2πl + θ1
µ1

− h, 2πl + θ1
µ1

+ h

]⋃[2πm+ θ1
µ1

− h, 2πm+ θ1
µ1

+ h

]
,

0
Ó2Ô2Ø-ë!Ô2Ì�î
Ø�ø

t.çLÕ1Ø�ë!Ì´ê�Ú1Ô!ÞqÌ�Ö
c+h∫

c−h

sin(µt)dt =
2 sin(µc) sin(µh)

µ
,

c+h∫

c−h

cos(µt)dt =
2 cos(µc) sin(µh)

µ
,

Ñ�Ó2Ô!ÎWÕ1Ï�ë2Ö!Ø2Õ1Ý+øJÓ2Ô2ØwÖ!ò)Û1Ý+ø
c, µ, h ∈ R

à
h > 0

à
µ 6= 0

à�Ó2Ô2Ø
T = 2π(m+ 2)/µ1

à
h < 2π/µ1

à
Ø!ÞqÏ
Ï#Þ

T∫

0

χh(t) sin(µ1t)dt =
4 sin θ1 sin(µ1h)

µ1
,

T∫

0

χh(t) cos(µ1t)dt =
4 cos θ1 sin(µ1h)

µ1
,

T∫

0

χh(t) sin(µ2t)dt =
2(sin((2πl + θ1)ω) + sin((2πm+ θ1)ω)) sin(µ2h)

µ2
=

=
4 cos(2πAω) sin(2πBω + θ1) sin(µ2h)

µ2
,

T∫

0

χh(t) cos(µ2t)dt =
4 cos(2πAω) cos(2πBω + θ1) sin(µ2h)

µ2
.

�AÖ!Ï�ë!Ú1Õ�ÎWÐWÏ�Ö!Ü1×2Ú!à�Ø2×2ÐWÏ
î
Ô!Î�Ö!Ý>Ú1Ðwê�Ì�×2Ù2ß2Ø2â
fh(t) =

ρ1µ1χh(t)

4 sin(µ1h)

Ô!ÎWÕ1×2Ý

T∫

0

fh(t) sin(µ2t)dt = ρ1 cos(2πAω) sin(2πBω + ωθ1)

(
µ1 sin(µ2h)

µ2 sin(µ1h)

)
,

ä .1. æ

T∫

0

fh(t) cos(µ2t)dt = ρ1 cos(2πAω) cos(2πBω + ωθ1)

(
µ1 sin(µ2h)

µ2 sin(µ1h)

)
.

T∫

0

fh(t) sin(µ1t)dt = ρ1 sin θ1,

T∫

0

fh(t) cos(µ1t)dt = ρ1 cos θ1.
ä .W0 æ

m	m



	)Û1Ú1Ë
×!Î�Í2Ø!Þ

η′ = ρ2 sin θ2 −
T∫

0

fh(t) sin(µ2t)dt, η′′ = ρ2 cos θ2 −
T∫

0

fh(t) cos(µ2t)dt.
ä . c�æ

Ê�Ë�Ñ�Ú1Ú1ÐW×2Ú1õ�Ï
×2Ø2â ä .W, æ é ä .1. æ Õ1Ý�Õ1Ú#ë!Ø!Þi×2Ï
Ô!ÎWÕ1Ï
×!Ñ�ÐWÕ�Î

|η′| < ρ1ε, |η′′| < ρ1ε.
ä . g1æ
Ê�Ë ä .W0 æ à ä . c�æ Õ1Ø�ë!×2Ú!àqÍ2ÐWÚºê�Ì�×2Ù2ß2Ø2ò

vh(t)
àqÌ�ë!Ú1ÕWÖ!Ï
ÐWÕ1Ú1Ô1Ò2ò���Ì�òrÌ�Ñ_Ö!Ú1Õ1Ø�Ò!Þ ä�å �Wæ àAÞqÚ�ùw×�Ú

Ó2ÚWÖ!Ì�Í2Ø2ÐWÜ!à�Ó2Ô2Ø2Û�ÎWÕ1Ø2Õ)Ù
fh
Ó2Ô2Ú1Ø2Ë
Õ1ÚWÖ!Ü1×2Ì�ò ê�Ì�×2Ù2ß2Ø2ò

g
à�Ú1Ô2ÐWÚ1î
Ú1×!Î�Ö!Ü1×2Ì�ò

sin(µ1t)
à
cos(µ1t)Ø�Ð�ÎWÙ2Ì�ò�à2Í2ÐWÚ

T∫

0

g(t) sin(µ2t)dt = η′,

T∫

0

g(t) cos(µ2t)dt = η′′.
ä . ��æ

çLÚ1Ë
Ü�ÞqÏ#Þ
g(t) = a

Ó2Ô2Ø
0 ≤ t ≤ 2π/µ1

à
g(t) = b

Ó2Ô2Ø
2π/µ1 < t ≤ 4π/µ1

à
g(t) = 0

Ó2Ô2Ø
t > 4π/µ1

/2Ê�ÞqÏ
Ï#Þ
T∫

0

g(t) sin(µ2t)dt =
2(a sin2(πω) + b sin(πω) sin(3πω))

µ2
,

T∫

0

g(t) cos(µ2t)dt =
2(a sin2(πω) cos(πω) + b sin(πω) cos(3πω))

µ2
.

�AÖ!Ï�ë!Ú1Õ�ÎWÐWÏ�Ö!Ü1×2Ú!à1ë2Ö2Ò-Ñ�Ó2Ô!ÎWÕ1Ï�ë2Ö!Ø2Õ1Ú�Ñ�ÐWØ ä . ��æ ×2Ï
Ú1Û�ø�Ú#ë!Ø!ÞqÚ�Ø�ë!Ú�Ñ�Ð�ÎWÐWÚ1Í2×2Ú!à�Í2ÐWÚ1Û1ÝñÕ1Ý�Ó2ÚWÖ!×�Ò�ã
Ö°Î1Ñ�ÜwÑ�Ø!Ñ�ÐWÏ#ÞbÎJÌ�Ô!ÎWÕ1×2Ï
×2Ø2â





a sin(πω) + b sin(3πω) =
µ2

2 sin(πω)
η′,

a cos(πω) + b cos(3πω) =
µ2

2 sin(πω)
η′′.

�qÏ
õ�Î�Ò-ì
ÐWÌ-Ñ�Ø!Ñ�ÐWÏ#ÞqÌ1à2×!Î�ø�Ú�ë!Ø!Þ
a
Ø
b
/

a =
(η′′ sin(3πω)− η′ cos(3πω))µ2

2 sin(πω) sin(2πω)
,

b =
(η′ cos(πω)− η′′ sin(πω))µ2

2 sin(πω) sin(2πω)
.

ä . �Wæ

Ê�Ð�ÎWÙ�àWë2Ö2Òwê�Ì�×2Ù�ß2Ø2Ø
vh = fh(t)+g(t)

Ô2ÎWÕ1Ï
×!Ñ�ÐWÕ�Î ä�å �Wæ Õ1Ý�Ó2ÚWÖ!×�Ò2ò)Ð1Ñ�Ò�/ 	)ß2Ï
×2Ø!Þ�Ñ�Õ1Ï
Ô�ø�Ì
Ï
Ï
L1 ã�×2Ú1Ô!ÞqÌ�/2ç+Ñ_Ö!Ï�ë°Ñ�ÐWÕ1Ø2Ï ä . å�æ à ä . g1æ Ø ä . �Wæ Ø!ÞqÏ
Ï#Þ

T∫

0

|fh(t)|dt =
ρ1µ1h

sin(µ1h)
< ρ

(
1 +

ε

2

)
,

T∫

0

|g(t)|dt =
2π

µ1
(|a|+ |b|) ≤ 2πµ2 max (|η′|, |η′′|)

µ1 sin(πω) sin(2πω)
.

3
∗
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�AÖ!Ï�ë!Ú1Õ�ÎWÐWÏ�Ö!Ü1×2Ú!à

T∫

0

|vh(t)|dt ≤ ρ1(1 +Aε),
î�ë!Ï

A = 0,5 + 2πω cosec(πω) cosec(2πω).

��Ï
ÐWÔ2Ì�ë!×2Ú�Õ1Ø�ë!Ï
ÐWÜ!à#Í2ÐWÚ)Õ�Ñ�ÏDê�Ì�×2Ù2ß2Ø2Ø
vh
Ù2Ì�Ñ�Ú1Í2×2ÚWãúÓ2Ú�Ñ�ÐWÚ#Ò2×2×2Ý�ØsØ!ÞqÏ
ò)Ð � Ó2Ô2Ú�ÞqÏ�ùwÌ�ÐWÙ�Ú1Õ

Ó2Ú�Ñ�ÐWÚ�Ò2×!Ñ�ÐWÕ�Î2à�Î�Ñ�Ú1Ú1ÐWÕ1Ï
Ð1Ñ�ÐWÕ1Ì�ò���Ø2Ï)Ø!ÞiÌ�Ó2Ô!ÎWÕWÖ!Ï
×2Ø�Ò
u(t) = vh(T − t) é � ÐWÚ1Í2Ï
Ù-Ó2Ï
Ô2Ï
Ù�Ö!ò�ãÍ2Ï
×2Ø�Ò�/

��¼ t�Æ�Ç�
	�)É!¾#À2Á!¾
	�Ñ�×2Ú1Õ1×2Ý�ÞiÔ2Ï
Ë
Ì�Ö!Ü�Ð�ÎWÐWÚ�Þ�Ô!ÎWÛ1Ú1ÐWÝ³Ò2ÕWÖ2Ò2Ï
Ð1ÑRÒ�×!Î�ø�Ú#ùJë!Ï
×2Ø2Ï�Õ�Ò2Õ1×2Ú�ÞiÕ1Ø�ë!ÏsÞqØ2×2Ø!ÞbÎ�Ö!Ü1×2ÚWã

î
Ú¦Ô2Ï#Ñ�Ì�Ô!Ñ
Î�Ì�Ó2Ô!ÎWÕWÖ!Ï
×2Ø�Ò�à�×2Ï
Ú1Û�ø1Ú�ë!Ø!ÞqÚ1î
Ú-ë2Ö2Òºî�ÎWõ�Ï
×2Ø�Ò�Ù�ÚWÖ!Ï
Û�ÎW×2Ø2â�Ë#Î-ë!Ú�Ñ�Ð�ÎWÐWÚ1Í2×2ÚáÛ1ÚWÖ!ÜWã
õ�Ú1â�Ó2Ô2Ú�ÞqÏ�ùwÌ�ÐWÚ1Ù�Õ1Ô2Ï#ÞqÏ
×2Ø�/��DÐWÚ�ÑRë!Ï�Ö°ÎW×2Ú!à�Ù�Ú1îUë°Î�Ì�Ó2Ô!ÎWÕWÖ2Ò2Ï#ÞqÝ�âwÙ�ÚWÖ!Ï
Û�ÎWÐWÏ�Ö!Ü1×2Ý�âwÓ2Ô2Ú1ß2Ï#Ñ
Ñ
Ú1Ó2Ø!Ñ�Ý�Õ�ÎWÏ
Ð1Ñ�ÒèÑ�Ø!Ñ�ÐWÏ#ÞqÚ1âèÌ�Ô!ÎWÕ1×2Ï
×2Ø2â ä 0 æ�ä î�ÎWõ�Ï
×2Ø2ò�Ñ�Ú1Ú1ÐWÕ1Ï
Ð1Ñ�ÐWÕ1Ì�ò)Ð-×2Ì#Ö!Ï
Õ1Ý�ÏJê�Ø2×!Î�Ö!Ü1×2Ý�Ï
Ì�Ñ_Ö!Ú1Õ1Ø�Ò æ ØñÑ�Ú1Õ1Ú1Ù2Ì�Ó2×2Ú�Ñ�ÐWÜèÍ!Î1Ñ�ÐWÚ1Ð�Ù�ÚWÖ!Ï
Û�ÎW×2Ø2â

µ1, . . . , µn
Ö!Ø2×2Ï
â2×2Úº×2Ï
Ë#ÎWÕ1Ø!Ñ�Ø!ÞbÎè×!Î�ë

Q
/

Ê�Ñ�Ù�Ú�ÞqÝ�â�ÞqØ2×2Ø!ÞbÎ�Ö!Ü1×2Ý�â�Ô2Ï#Ñ�Ì�Ô!Ñ�Ô!ÎWÕ1Ï
×

max





√
x2

0,kµ
2
k + ẋ2

0,k

|bk|
| 1 ≤ k ≤ n



 .

ç Ó2Ô2Ú�Ñ�ÐWÏ
â2õ�Ø�ø³Ñ_Ö!Ì�Í!Î�Ò�ø
n = 1

Ø
n = 2

Ì�Ó2Ô2ÎWÕWÖ!Ï
×2Ø2Ï1àLÛWÖ!Ø2Ë
Ù�Ú1Ï�Ù³Ú1Ó2ÐWØ!ÞbÎ�Ö!Ü1×2Ú�ÞqÌ1à
Ó2Ú�Ñ�ÐWÔ2Ú1Ï
×2ÚJÕ�Ò2Õ1×2Ú�ÞiÕ1Ø�ë!Ï1/

������� �	��

� � 


� "���(��$(��� 	��������� "��� $"�#% '&�� )�+ �'Î�ë°Î#Í!Î���Ú1õ�Ø

ẍ(t) + µ2x(t) + u(t) = 0, x(0) = x0, ẋ(0) = ẋ0,

Ô2Ï
õ�ÎWÏ
Ð1Ñ�Ò�Ñ_Ö!Ï�ë!Ì�ò���Ø!Þ�Ú1Û1Ô!ÎWË
Ú�Þñö � à!ÑW/!. å �#÷ û

x(t) = x0 cos(µt) + ẋ0
sin(µt)

µ
+

t∫

0

u(τ)
sin(µ(τ − t))

µ
dτ.

çLË�Ò2Õ
bku(t)

Õ�ÞqÏ#Ñ�ÐWÚ
u(t)

à
µk

Õ�ÞqÏ#Ñ�ÐWÚ
µ
à
x0,k

à
ẋ0,k

Õ�ÞqÏ#Ñ�ÐWÚ
x0
à
ẋ0

Ø³Ó2ÚWÖ!Ú#ùwØ2Õ
t = T

à
Ó2ÚWÖ!Ì�Í!ÎWÏ#Þ�ê�Ø2×!Î�Ö!Ü1×2Ý�Ï�Ì�Ñ_Ö!Ú1Õ1Ø�Ò û

xT,k = x0,k cos(µkT ) + ẋ0,k
sin(µkT )

µk
− bk

T∫

0

u(t)
sin(µk(T − t))

µk
dt,

ẋT,k = −µkx0,k sin(µkT ) + ẋ0,k cos(µkT )− bk
T∫

0

u(t) cos(µk(T − t))dt.

m��



ð�Ï
Ô2Ï
×2Ï#Ñ�Ò-Ø2×2ÐWÏ
î
Ô!Î�Ö!Ý>Õ�Ö!Ï
Õ1Ý�Ï�Í!Î1Ñ�ÐWØ�à2Ó2Ô2Ø�ø1Ú�ë!Ø!Þ�Ù�Ô!ÎWÕ1Ï
×!Ñ�ÐWÕ�Î1Þ

bk

T∫

0

u(t) sin(µk(T − t))dt = µkx0,k cos(µkT ) + ẋ0,k sin(µkT )− µkxT,k,

bk

T∫

0

u(t) cos(µk(T − t))dt = −µkx0,k sin(µkT ) + ẋ0,k cos(µkT )− ẋT,k.

ä
Π
/ å�æ

��Î�Ö!Ï
Ï�×2Ï
Ó2Ú�Ñ�Ô2Ï�ë°Ñ�ÐWÕ1Ï
×2×2Ú´Ó2Ô�Ú1Õ1Ï
Ô�Ò2Ï
Ð1Ñ�Ò�à°Í2ÐWÚ�Ñ�Ì�ÞbÞbÎ�Ù2Õ�Î�ë!Ô!ÎWÐWÚ1Õ�Ó2Ô!ÎWÕ1Ý+øáÍ!Î1Ñ�ÐWÏ
â¦Ô!ÎWÕ1Ï
×!Ñ�ÐWÕä ðJ/ å�æ Ô!ÎWÕ1×!Î
R2

0,k−2R0,kRT,k cos(µkT+θT,k−θ0,k)+R2
T,k

/��AÖ!Ï�ë!Ú1Õ�ÎWÐWÏ�Ö!Ü1×2Ú!à#Ñ_Ó2Ô!ÎWÕ1Ï�ë2Ö!Ø2Õ1Ý
Ñ�Ú1Ú1ÐW×2Ú1õ�Ï
×2Ø�Ò ähg1æ Ø ä���æ /2óPÏ
Ú1Ô2Ï
ÞbÎ å ë2Ú1Ù�ÎWË#ÎW×!Î2/
� "���(��$(��� 	��������� " �� $"�#% '&�� � +}ð�Ô2Ø

n = 1
ÐWÏ
Ú1Ô2Ï#ÞbÎáë!Ú1Ù�ÎWË#ÎW×!Î�Õ¦Ô!ÎWË�ë!Ï�Ö!Ï-02/

�bÎ1Ñ
Ñ
ÞqÚ1ÐWÔ2Ø!Þ Ñ_Ö!Ì�Í!ÎWâ
n ≥ 2

/°çLÝ�Õ1Ï�ë!Ï#Þ Ñ�×!Î�Í!Î�Ö°ÎJÚ1ß2Ï
×2Ù2Ì-Ñ�×2Ø2Ë
Ì�ÞbÎWÙ�Ñ�Ø!ÞqÌ�ÞbÎ�ÞqÚ�ë!Ì#Ö2Ò¦Ñ�Ì�ÞbÞ
n∑
k=1

λk cos(µkt−αk)
×!Î�Ú1ÐWÔ2Ï
Ë
Ù�Ï�Õ�Ñ_Ö!Ì�Í!ÎWÏ)Ö!Ø2×2Ï
â2×2Ú1â´×2Ï
Ë#ÎWÕ1Ø!Ñ�Ø!ÞqÚ�Ñ�ÐWØ�×!Î�ë

Q
Í2Ø!Ñ�Ï�Ö

µ1, . . .

. . . , µn
Ó2Ô2Ø�Õ�Ñ�Ï�ø�ë!Ú�Ñ�Ð�ÎWÐ1Ú1Í�×2Ú�Û1ÚWÖ!Ü1õsØ�ø

T
Ó2Ô�Ú1Ø2Ë
Õ1ÚWÖ!Ü1×2Ý+ø

λk
Ø
αk
/��LÏ
Ë+Ú1î
Ô!ÎW×2Ø�Í2Ï
×2Ø�Ò�Ú1Û��sã

×2Ú�Ñ�ÐWØ´Ñ�Í2Ø2Ð�ÎWÏ#Þ+à�Í2ÐWÚ
µ1 = 1

ä ì
ÐWÚ1î
ÚsÕ�Ñ�Ï
îUë°Î�ÞqÚ�ùw×2Ú�ë!Ú1Û1Ø2ÐWÜ�ÑRÒ�à1Õ1Õ1Ï�ë2ÒJÓ2Ô2Ï#ÞqÏ
×2×2Ì�ò
τ = µ1t

æ /
� Ï
Ô2Ï
Ë

d(z)
ÚWÛ1Ú1Ë
×!Î�Í2Ø!Þ Ô!Î1Ñ
Ñ�ÐWÚ#Ò2×2Ø2Ï�Ú1Ð´Í�Ø!Ñ_Ö°Î

z ∈ R
ë!Ú-ÛWÖ!Ø�ù�ÎWâ2õ�Ï
î
Ú´Ù�×2Ï#ÞqÌáß2Ï�Ö!Ú1î
Ú

Í2Ø!Ñ_Ö°Î2/ �DÑ_Ö!ØJÍ2Ø!Ñ_Ö°Î
1, µ2, . . . , µn

Ö!Ø2×2Ï
â2×2Ú�×2Ï
Ë#ÎWÕ1Ø!Ñ�Ø!ÞqÝ�×!Î�ë
Q
à�ÐWÚ�Ó2Ú�ÐWÏ
Ú1Ô2Ï#ÞqÏ ��Ô2Ú1×2Ï
Ù2Ù�Ï�ã

Ô!Î�ö �#÷ Ó2Ú�Ñ_Ö!Ï�ë!Ú1Õ�ÎWÐWÏ�Ö!Ü1×2Ú�Ñ�ÐWÜ�Õ1Ï
Ù2ÐWÚ1Ô2Ú1Õ
({Nµ2}, {Nµ3}, . . . , {Nµn})

à
N ∈ N

à ä Ù�ÎWÙ�Ú1Û1Ý�Í2×2Ú!à
{z} é ë!Ô2Ú1Û1×!Î�ÒèÍ!Î1Ñ�ÐWÜáÍ2Ø!Ñ_Ö°Î z æ Ú1Û1Ô!ÎWË
ÌWÏ
ÐáÞq×2Ú#ù�Ï#Ñ�ÐWÕ1Ú!à�Õ�Ñ�ò+ë!Ì�Ó�Ö!Ú1ÐW×2Ú1ÏwÕáÙ2Ì�Û1Ï [0, 1]n−1 /
�sÔ2Ì�î
Ø!ÞqØ-Ñ_Ö!Ú1Õ�Î1ÞqØ�àWë2Ö2Ò�Ö!ò)Û1Ú1î
Ú

ε > 0
Ø�Ö!ò)Û1Ú1î
Ús×!ÎWÛ1Ú1Ô!Î�Ø2Ë

n− 1
Í2Ø!Ñ�Ï�Ö

β = (β2, . . . , βn)×!ÎWâ�ë!Ï
Ð1Ñ�Ò�Ð�ÎWÙ�Ú1â�×2Ú�ÞíÏ
Ô
Nε,β

à�Í2ÐWÚ

max
2≤k≤n

d
(
Nε,βµk − βk

)
< ε.

ó�Ï
Ó2Ï
Ô2ÜsÕ1Ú1Ë
Ü�ÞqÏ#Þ¦Õ�Ù2Ì�Û1Ï
[0, 1]n−1 (ε/2)

ã;Ñ�Ï
ÐWÜ!à�Ð�/ Ï1/�Þq×2Ú#ù�Ï#Ñ�ÐWÕ1Ú
Bε ⊂ [0, 1]n−1 àWÚ1ÛWÖ°Î�ë°ÎWò���Ï
ÏÑ_Ö!Ï�ë!Ì�ò���Ø!Þ Ñ�Õ1Ú1â!Ñ�ÐWÕ1Ú�Þ û Ô!Î1Ñ
Ñ�ÐWÚ#Ò2×2Ø2Ï�Ú1Ð�Ö!ò)Û1Ú1â´ÐWÚ1Í2Ù2Ø�Ù2Ì�Û�Îsë!Ú Bε ×2Ï�Û1ÚWÖ!Ü1õ�Ï ε/2 /2çñÙ�Î�ãÍ2Ï#Ñ�ÐWÕ1Ï�Ð�ÎWÙ�Ú1â

(ε/2)
ã;Ñ�Ï
ÐWØ³î
Ú�ë!Ø2Ð1ÑRÒ}Ó2Ï
Ô2Ï#Ñ�Ï
Í�Ï
×2Ø2ÏèÔ2Ï
õ�Ï
ÐWÙ2Ø { n∑

k=2

(mkε+ ε/2)ek|mk ∈ Z

}

Ñ Ù2Ì�Û1Ú�Þ
[0, 1]n−1 /K��ÚWÖ!Ø2Í2Ï#Ñ�ÐWÕ1Ú>ì�Ö!Ï#ÞqÏ
×2ÐWÚ1Õ Bε

Ô2ÎWÕ1×2Ú
(1/ε)n−1 àsÏ#Ñ_Ö!Ø {1/ε} < 1/2

à
Ø

(1+1/ε)n−1 à�Ï#Ñ_Ö!Ø 1/2 ≤ {1/ε} /Wð�Ú�ë {ek}nk=2

Ó2Ú1×2Ø2ÞbÎWÏ
Ð1Ñ�ÒJÑ�Ð�ÎW×�ë°ÎWÔ2ÐW×2Ý�â�Ú1Ô2ÐWÚ1×2Ú1Ô!ÞqØ2Ô2ÚWã
Õ�ÎW×2×2Ý�â�Û�ÎWË
Ø!ÑAÕ

Rn−1 û (k−1)
ã�Ò�Ù�Ú1Ú1Ô�ë!Ø2×!ÎWÐ�Î�Õ1Ï
Ù2ÐWÚ1Ô!Î

ek
Ô!ÎWÕ1×!Î å à�Î�Ú�Ñ�Ð�Î�Ö!Ü1×2Ý�ÏDÙ�Ú1Ú1Ô�ë2Ø2×!Î�ã

ÐWÝ é ×2Ì#Ö!Ø ��Ó2Ú�ë�Ô!Î1Ñ
Ñ�ÐWÚ#Ò2×2Ø2Ï#ÞºÞqÏ�ùJë!Ì�ÐWÚ1Í2Ù�Î1ÞqØ ζ =
n∑
k=2

ζkek
Ø
η =

n∑
k=2

ηkek ∈ Rn−1 Ë�ë!Ï#Ñ�Ü
Ó2Ú�ë!Ô!ÎWË
Ì�ÞqÏ
Õ�ÎWÏ
Ð1ÑRÒ¦Õ1Ï_Ö!Ø2Í2Ø2×!Î

max
2≤k≤n

|ζk − ηk|
/�Ê�Ë�Ñ�Ù�ÎWË#ÎW×2×2Ú1î
ÚwË#ÎWÙ�Ö!ò)Í!ÎWÏ#Þ+à°Í2ÐWÚ!à�Ó2ÚWÖ!Ú#ùwØ2Õ

Ñε = max
{
Nε/2,β | β ∈ Bε

} à!ÞqÚ�ùw×2ÚJÌ�ÐWÕ1Ï
Ô�ùJë°ÎWÐWÜwÑ�Ó2Ô!ÎWÕ1Ï�ë2Ö!Ø2Õ1Ú�Ñ�ÐWÜJÑ�Ú1Ú1ÐW×2Ú1õ�Ï
×2Ø�Ò

sup

{
min

1≤N≤ �Nε

(
max

2≤k≤n
d(Nµk − γk)

)
| (γ2, γ3, . . . , γn) ⊂ [0, 1]n−1

}
≤ ε.ä

Π
/ . æ

	)Í2Ï
×2ÜèÕ�Î�ùw×2Ú!àqÍ2ÐWÚ�Õ1Ï
Ô1ø�×�Ò�Ò�î
Ô!ÎW×2Ø2ß!Î�×2Ú�ÞqÏ
Ô!Î
N
àbÙ�Ú1ÐWÚ1Ô2Ý�â�ë!ÎWÏ
ÐèÓ2Ô2Ø2ÛWÖ!Ø�ù�Ï
×2Ø2ÏáÑ-ÐWÚ1Í�ã

×2Ú�Ñ�ÐWÜ1ò
ε
Õ1Ï
Ù2ÐWÚ1Ô!Î

γ = (γ2, γ3, . . . , γn)
Õ1Ï
Ù2ÐWÚ1Ô2Ú�Þ

(Nµ2, Nµ3, . . . , Nµn)
Ó2Ú�ÞqÚ�ë!Ì#Ö!ò å à

Ë#ÎWÕ1Ø!Ñ�Ø2Ð�ÐWÚWÖ!Ü1Ù�Ú�Ú1Ð
ε
àq×�Úè×2Ï-Ú1Ð¦Ó2Ô2Ø2ÛWÖ!Ø�ùJÎWÏ#ÞqÚ1î
Ú�ì�Ö!Ï#ÞqÏ�×2Ð�Î

γ ⊂ [0, 1]n−1 /]�jÓ2Ú�ÞqÚ���Ü1òä ðJ/ . æ Ñ�Ï
â2Í!Î1Ñ�Û1Ì�ë!Ï
Ð�ë!Ú1Ù�ÎWË#ÎW×2Ú!à1Í2ÐWÚ�ë2Ö2Ò�Ö!ò)Û1Ú1î
Ú
ε > 0

Ñ_ÌF�sÏ#Ñ�ÐWÕ1Ì1Ï
Ð�Õ1Ï�Ö!Ø2Í�Ø2×!Î
T (ε)

Ð�ÎWÙ�Î�Ò�à
Í2ÐWÚwÓ2Ô2Ø-Ö!ò)Û1Ú�Þ

T ≥ T (ε)
Õ1Ï
Ô2×!Î�Ú1ß2Ï
×2Ù�Î

Λ(1− 20ε2) ≤ max
0≤t≤T

∣∣∣∣∣

n∑

k=1

λk cos(µkt− αk)

∣∣∣∣∣ ≤ Λ,
î�ë!Ï

Λ =
n∑

k=1

|λk|.
ä
Π
/ 0 æ

m�8



	)ß2Ï
×2Ù�Î�Ñ�Õ1Ï
Ô1ø�Ì�ÞbÎWÙ�Ñ�Ø!ÞqÌ�ÞbÎ�Õ ä ðJ/ 0 æ ÐWÔ2Ø2Õ1Ø!Î�Ö!Ü1×!Î�ØsÕ1Ý�Ó2ÚWÖ!×�Ò2Ï
Ð1Ñ�Ò�Ó2Ô2Ø�Ö!ò)Û1Ú�Þ
T
/�ç¦ë!Ú1Ù�ÎWË#Î�ã

ÐWÏ�Ö!Ü�Ñ�ÐWÕ1Ï�×2Ì�ùJë°ÎWÏ
Ð1ÑRÒJÚ1ß2Ï
×2Ù�Î�Ñ�×2Ø2Ë
Ì1/���ÎWÓ2Ú�Þq×2Ø!Þ+àWÍ2ÐWÚ
µ1 = 1

à�ØJÛ1Ï
Ë+Ú1î
Ô!ÎW×2Ø2Í2Ï
×2Ø�Ò�Ú1Û���×2Ú�Ñ_ã
ÐWØ�ÞqÚ�ùw×2ÚJÑ�Í2Ø2Ð�ÎWÐ1Ü!à�Í2ÐWÚ

λ1 ≥ 0
à�Ó2Ú�Ñ�Ù�ÚWÖ!Ü1Ù2ÌJÕ�Ô2Ï
Ë
Ì#Ö!Ü�Ð�ÎWÐWÏ�Ì�Þq×2Ú#ù�Ï
×2Ø�Ò-ê�Ì�×2Ù2ß2Ø2Ø-×!Î

(−1)ÞbÎWÙ�Ñ�Ø!ÞqÌ�ÞñÏ
Ï�ÞqÚ�ë!Ì#Ö2Ò¦×2ÏJÞqÏ
×�Ò2Ï
Ð1ÑRÒ�/��qÎ1Ñ
Ñ
ÞqÚ1ÐWÔ2Ø!ÞñÓ2Ú�Ñ_Ö!Ï�ë!Ú1Õ�ÎWÐWÏ�Ö!Ü1×2Ú�Ñ�ÐWÜ
tN = 2πN + α1

/
	)Í2Ï
Õ1Ø�ë!×2Ú!à�Í2ÐWÚ

max
0≤t≤T

∣∣∣∣∣

n∑

k=1

λk cos(µkt− αk)

∣∣∣∣∣ ≥ max
0≤tN≤T

∣∣∣∣∣

n∑

k=1

λk cos(µktN − αk)

∣∣∣∣∣ =
ä
Π
/ c�æ

= max
0≤tN≤T

∣∣∣∣∣λ1 +

n∑

k=2

λk cos(2πNµk + µkα1 − αk)

∣∣∣∣∣ =

= max
0≤tN≤T

∣∣∣∣∣|λ1|+
n∑

k=2

|λk| cos(2π(Nµk − γk))

∣∣∣∣∣ ,

îUë!Ï
γk = (αk − α1µk)/(2π)

à�Ï#Ñ_Ö!Ø
λk ≥ 0

à
γk = 1/2 + (αk − α1µk)/(2π)

à'Ï#Ñ_Ö!Ø
λk < 0

/
��Ï
ÐWÔ2Ì�ë!×2Ú�Ì�Û1Ï�ë!Ø2ÐWÜ�Ñ�ÒiÕ�ÐWÚ�Þ+àbÍ2ÐWÚ

cos(2πτ) = cos(2πd(τ))
/bð�Ú1ì
ÐWÚ�ÞqÌ1àíÕ1Ë�Ò2Õ�×2Ú�ÞqÏ
Ô

N ∈
∈ [1, Nε]

Ð�ÎWÙ�Ú1â�à2Í2ÐWÚwÕ1Ý�Ó2ÚWÖ!×�Ò2Ï
Ð1ÑRÒáÑ�Ú1Ú1ÐW×2Ú1õ�Ï
×2Ø�Ï ä ðJ/ . æ à2×2Î�ø�Ú�ë!Ø!Þ

cos(2π(Nµk − γk)) ≥ cos(2πε) ≥ 1− (2πε)2/2 > 1− 20ε2, 2 ≤ k ≤ n.
�AÖ!Ï�ë!Ú1Õ�ÎWÐWÏ�Ö!Ü1×2Ú!à

n∑

k=2

|λk| cos(2π(Nµk − γk)) |≥ (1− 20ε2)

n∑

k=2

|λk|.
ä
Π
/ g1æ

Ê�Ë ä ðJ/ c�æ Ø ä ðJ/ g1æ Ó2Ô2Ø
T ≥ T (ε) = 2π(Nε + 1)

Ó2ÚWÖ!Ì�Í!ÎWÏ#ÞºÚ1ß2Ï
×2Ù2ÌwÑ�×2Ø2Ë
Ì ä ðJ/ 0 æ /�ð�Ï
Ô2Ï
â�ë!Ï#Þ
Ù¦Ú1ß2Ï
×2Ù�Ï�Ñ�Õ1Ï
Ô1ø�Ì-ì
Ù�Ñ�ÐWÔ2Ï#ÞqÌ�ÞbÎ ä�å . æ Ó2Ô2Ø

T ≥ T (ε)
/°Ê�Ë ä ðJ/ 0 æ Ñ_Ö!Ï�ë!Ì1Ï
Ð�à°Í2ÐWÚ�Ó2Ô2Ø

T ≥ T (ε)Ô!ÎWÕ1Ï
×!Ñ�ÐWÕ1Ú ä�å 0 æ ÕWÖ!Ï
Í2Ï
ÐáË#Î¦Ñ�Ú1Û1Ú1â�Ñ_Ö!Ï�ë!Ì�ò���Ì�ò�ë!Õ1Ì�ø�Ñ�ÐWÚ1Ô2Ú1×2×2ò)ò�Ú1ß2Ï
×2Ù2ÌèÕ1Ï�Ö!Ø2Í2Ø2×2Ý
Λ =

=
n∑
k=1

|λk| û

1 ≤ Λ ≤ (1− 20ε2)−1 < 1 + 25ε2 < 1 + ε, 0 < ε < 0,04,

Õ1×2Ï�Ë#ÎWÕ1Ø!Ñ�Ø!ÞqÚ�Ñ�ÐWØ-Ú1Ð
(α1, . . . , αn) ∈ [0, 2π)n

/ 	)Ð1Ñ�ò+ë°Î�ë2Ö2Ò�ÐWÚ1Í2×2Ú1â-Õ1Ï
Ô1ø�×2Ï
â-î
Ô!ÎW×2Ø-ÕJÓ2Ô!Î�ã
Õ1Ú1â-Í!Î1Ñ�ÐWØ ä�å . æ Õ1Ý�Õ1Ú�ë!Ø!ÞiÚ1ß2Ï
×2Ù2Ì´Ñ�Õ1Ï
Ô1ø�Ì

∣∣∣∣∣

n∑

k=1

λkρk cos(θk − αk)

∣∣∣∣∣ ≤
n∑

k=1

|λk|ρk ≤ Λ max
1≤k≤n

ρk ≤ (1 + ε) max
1≤k≤n

ρk

Ó2Ô2Ø
0 < ε < 0,04

/PóPÎWÙ2Ø!Þ}Ú1Û1Ô!ÎWË
Ú�Þ+à°ë2Ö2Ò�Ö!ò)Û1Ú1î
Ú
ε ∈ (0, 0,04)

Ñ�Ì<��Ï#Ñ�ÐWÕ1ÌWÏ
Ð-Í2Ø!Ñ_Ö!Ú
T (ε)Ð�ÎWÙ�Ú1Ï1à�Í2ÐWÚwÓ2Ô2Ø�Õ�Ñ�Ï�ø

T > T (ε)

M(ρ1, . . . , ρn, θ1, . . . , θn, T ) < (1 + ε) max
1≤k≤n

ρk.
ä
Π
/ ��æ

	)ß2Ï
×2Ù�ÎJÑ�×2Ø2Ë
Ì
max

1≤k≤n
ρk ≤M(ρ1, . . . , ρn, θ1, . . . , θn, T )

ä
Π
/ �Wæ

Ñ_Ö!Ï�ë!Ì1Ï
Ð-Ø2ËJÑ�Ú1Ú1ÐW×2Ú1õ�Ï
×2Ø�Ò ä�å�g1æ à'Õ-Ù�Ú1ÐWÚ1Ô2Ú�ÞñÕ1Ï�Ö!Ø2Í2Ø2×2Ý
ρ
à
µ
à
θ
Ñ_Ö!Ï�ë!Ì1Ï
Ð-Ë#Î1ÞqÏ
×2Ø2ÐWÜ-×!Î

ρm
à

µm
à
θm

Ñ�Ú1Ú1ÐWÕ1Ï
Ð1Ñ�ÐWÕ1Ï
×�×2Ú!à�îUë!Ï
ρm = max

1≤k≤n
ρm
/PÊ�Ë ä ðJ/ ��æ Ø ä ðJ/ �Wæ Ñ_Ö!Ï�ë!Ì1Ï
ÐáÌ�ÐWÕ1Ï
Ô1ùJë!Ï
×2Ø2Ï

ÐWÏ
Ú1Ô2Ï#ÞqÝ�.+Ó2Ô�Ø
n ≥ 2 û lim

T→+∞
M(ρ1, . . . , ρn, θ1, . . . , θn, T ) = max

1≤k≤n
ρk
/�ó�Ï
Ú1Ô2Ï#ÞbÎ+ë!Ú1Ù�ÎWË#ÎW×!Î2/

��n
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