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§1. �¢¥¤¥¨¥Ǒãáâì �(x) = ∑p6x 1; lix = ∫ x2 (ln t)−1 dt;�(n) = { ln p; n = pm;0 ¢ ¯à®â¨¢®¬ á«ãç ¥; (x) = ∑n6x�(n);  0(x) =  (x+ 0) +  (x− 0)2 :�ãª¢®© p, ª ª ®¡ëç®, §¤¥áì ®¡®§ ç¥ë ¯à®áâë¥ ç¨á« .�áá«¥¤®¢ ¨¥ ¯®¢¥¤¥¨ï äãªæ¨¨ �(x) ï¢«ï¥âáï ®¤®© ¨§ æ¥âà «ìëå § ¤ ç   Ä«¨â¨ç¥áª®© â¥®à¨¨ ç¨á¥«. Ǒ®á«¥ â®£®, ª ª �¤ ¬ à [1℄ ¨ � ««¥-Ǒãáá¥ [2℄ ¥§ ¢¨á¨¬®¤®ª § «¨  á¨¬¯â®â¨ç¥áª¨© § ª®�(x) ∼ xlnx ∼ lix (x → +∞);¯®«ãç¥¨¥ ¢®§¬®�® «ãçè¨å ®æ¥®ª á¢¥àåã ¨ á¨§ã ¤«ï ¬®¤ã«ï à §®áâ¨ P (x) =�(x)− li x áâ «® ®¤¨¬ ¨§ £« ¢ëå  ¯à ¢«¥¨© ¨áá«¥¤®¢ ¨© ¢ â¥®à¨¨ à á¯à¥¤¥«¥¨ï© �.�. �â¥çª¨, �.�. Ǒ®¯®¢ 1996



22 �.�. ������� , �.�. Ǒ�Ǒ��¯à®áâëå ç¨á¥«. �â¬¥â¨¬ áà §ã �¥, çâ® ®¡ëç® ¨§ãç îâ äãªæ¨î R(x) =  (x) − x¨«¨ �¥ R0(x) =  0(x) − x. Ǒ®á«¥¤¥¥ ®ª §ë¢ ¥âáï â¥å¨ç¥áª¨ ¯à®é¥. Ǒ¥à¥å®¤ ®âR(x) ª P (x) ®áãé¥áâ¢«ï¥âáï á ¯®¬®éìî ¨§¢¥áâëå á®®â®è¥¨© [3, á. 124{125℄�1(x) = ∑26n6x �(n)lnn =  (x)lnx + ∫ x2  (t) dtt ln2 t ;�1(x) = �(x) + ∑26m6log2 x �(x1=m)m ;®âªã¤  ¥¬¥¤«¥® ¢ëâ¥ª ¥â, çâ®(1) P (x) = R(x)lnx + ∫ x2 R(t) dtt ln2 t −
√xlnx +O( √xln2 x):� ¢¥áâ¢® (1) ¯®ª §ë¢ ¥â, çâ® ¥á«¨ |R(x)| ¥ á«¨èª®¬ ¬ «, â® |P (x)|, £àã¡® £®¢®àï,\¢ lnx à § ¬¥ìè¥" ç¥¬ R(x).� 1899 £®¤ã � ««¥-Ǒãáá¥ [4℄ ¤®ª § «, çâ®R(x) = O(x exp{−1√lnx }):(�¥à¥§ 1, 2, 3 ¨ â.¤. ¬ë ¡ã¤¥¬ ®¡®§ ç âì ¥ª®â®àë¥ ¯®«®�¨â¥«ìë¥ ¯®áâ®ïë¥.)� ¨«ãçè ï ¯® ¯®àï¤ªã ¨§ ¨§¢¥áâëå ¢  áâ®ïé¥¥ ¢à¥¬ï ®æ¥®ª á¢¥àåã |R(x)|(á¬. [5℄{[9℄) ¨¬¥¥â ¢¨¤(2) R(x) = O(x exp{−2(ln x)0:6(ln lnx)−0:2}) (x > 20):�«ï ¥¥ ¤®ª § â¥«ìáâ¢  ¯®âà¥¡®¢ «¨áì ®ç¥ì £«ã¡®ª¨¥ ¨ á«®�ë¥ â¥®à¥¬ë ®¡ ®æ¥ª åâà¨£®®¬¥âà¨ç¥áª¨å áã¬¬. �¬¥® ®¨ ¨ ¯®§¢®«¨«¨ ¯®«ãç¨âì ¥à ¢¥áâ¢®(3) |�(� + it)| 6 3(ln |t|)2=3; � > 1− 4(ln |t|)−2=3; |t| > t0:� ã�¥ ¨§ (3) á ¯®¬®éìî ¬¥â®¤®¢, à §à ¡®â ëå ¥é¥ � ««¥-Ǒãáá¥®¬, ¬®�® ¢ë¢¥áÄâ¨, çâ® ¯à¨ |t| > t0�(� + it) 6= 0; � > 1− 5(ln |t|)−2=3(ln ln |t|)−1=3:Ǒ®á«¥¤ïï ®æ¥ª  ¤ ¥â (2). Ǒ®¤®¡ë¥ ¤®ª § â¥«ìáâ¢  ¨¬¥îâáï ¢ ª¨£¥ [10℄,   ¡®«¥¥¯®«®¥ ¨§«®�¥¨¥ ¨áâ®à¨¨ ¢®¯à®á  { ¢ [8℄, á¬. â ª�¥ ®¡§®à [11℄.�¥ �¥« ï ã¬ «ïâì ¤®áâ®¨áâ¢  à¥§ã«ìâ â  (2), ®â¬¥â¨¬, çâ® ® ®á¨â \¤®áâ â®çÄë©" å à ªâ¥à ¨ ¯® áãé¥áâ¢ã «¨èì ®âà � ¥â ¨¬¥îé¨¥áï   á¥£®¤ïè¨© ¤¥ì ®æ¥ª¨á¢¥àåã ¢¥é¥áâ¢¥ëå ç áâ¥© ã«¥© ¤§¥â -äãªæ¨¨ �¨¬  . � ¢® ¨§¢¥áâ®, çâ® ç¥¬«ãçè¥ ®æ¥ª  á¢¥àåã ¤«ï ¤¥©áâ¢¨â¥«ìëå ç áâ¥© ã«¥© �(s), â¥¬ «ãçè¥ ¨ ®æ¥ª  á¢¥àÄåã ¤«ï |R(x)| (  § ç¨â, ¢¢¨¤ã (1) ¨ ¤«ï |P (x)|). � ¯à¨¬¥à, á¯à ¢¥¤«¨¢® á®®â®è¥¨¥(4) lim supx→+∞

ln |R(x)|lnx = lim supx→+∞

ln |P (x)|lnx = �;£¤¥ � = sup{Re s | �(s) = 0}.



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 23�®®â®è¥¨¥ (4) ¯®ª §ë¢ ¥â, çâ® ¢ ¤¥©áâ¢¨â¥«ì®áâ¨  ¨¡®«ìè¨© à®áâ äãªæ¨©
|R(x)| ¨ |P (x)| ®¯à¥¤¥«ï¥âáï ¢¥«¨ç¨®© �. �®, ¥á¬®âàï   ãá¨«¨ï ¬®£¨å ¬ â¥¬ Äâ¨ª®¢, ¤® á¨å ¯®à ¯à® ç¨á«® � ¥ ¨§¢¥áâ® ¨ç¥£®, ªà®¬¥ âà¨¢¨ «ì®£® ¥à ¢¥áâ¢ 1=2 6 � 6 1. �â¢¥à�¤¥¨¥ \� = 1=2" á®áâ ¢«ï¥â £¨¯®â¥§ã �¨¬  . � ¤àã£®© áâ®à®Äë, ¤ �¥ ¢®§¬®�®áâì � = 1 ¯®ª  ¥ ¨áª«îç¥ .�¡à â¨¬ ¢¨¬ ¨¥   â® ®¡áâ®ïâ¥«ìáâ¢®, çâ® ¢ (4) ¥«ì§ï § ¬¥¨âì lim sup   lim.�â® ¯®¤â¢¥à�¤ ¥âáï â¥®à¥¬®©�¬¨¤â  [12℄(5) R(x) = 
±(x�−");P (x) = 
±(x�−"); (∀ " > 0)¨ ¡¥§ãá«®¢ë¬¨ ®æ¥ª ¬¨ �¨ââ«¢ã¤  [13℄(6) R(x) = 
±(√x ln ln lnx);P (x) = 
±(√x(ln x)−1 ln ln lnx):� ª¨¬ ®¡à §®¬, äãªæ¨¨ R(x) ¨ P (x) ¯à¨¨¬ îâ \¡®«ìè¨¥" ¯®  ¡á®«îâ®© ¢¥«¨ç¨Ä¥ ª ª ¯®«®�¨â¥«ìë¥, â ª ¨ ®âà¨æ â¥«ìë¥ § ç¥¨ï, ¡¥áª®¥ç® ¬®£® à § ¬¥ïîâ§ ª ¨, á«¥¤®¢ â¥«ì®, ¢ ®ªà¥áâ®áâïå â®ç¥ª á¬¥ë á¢®¥£® § ª R(x) ¨ P (x) ¯® ¬®¤ãÄ«î \¤®áâ â®ç® ¬ «ë".�¬¥¥¬ â ª�¥ [14℄(7) R(x) = O(x� ln2 x); P (x) = O(x� lnx):�æ¥ª¨ (5){(7) ¯à¥¤áâ ¢«ïîâ ¨§ á¥¡ï ãâ®ç¥¨¥ £àã¡®£® á®®â®è¥¨ï (4).Ǒà¨¬¥ç â¥«ì®, çâ® ¨ ¯®á«¥ ãáà¥¤¥¨ï R(x) äãªæ¨ï R1(x) = ∫ x0 R(u) du ®áâ Ä¥âáï ª®«¥¡«îé¥©áï. Ǒà¨ íâ®¬ ã¯®¬ïãâë¥ á¬¥ë § ª  R(x) ¥ ¤ îâ áãé¥áâ¢¥®©¨â¥àä¥à¥æ¨¨. �¬¥¥¬ [15℄, [16, á. 120℄(8) R1(x) = O(x1+�);R1(x) = 
±(x1+�−") (∀" > 0);R1(x) = 
±(x3=2):Ǒà ¢¤ , ¥á«¨ á¯à ¢¥¤«¨¢  £¨¯®â¥§  �¨¬  , â® ¬¥�¤ã O-®æ¥ª ¬¨ ¨ 
-®æ¥ª ¬¨ ¤«ïR1(x) ã�¥ ¥â § §®à , ¨   «®£ \ä¥®¬¥  �¨ââ«¢ã¤ " (¥®£à ¨ç¥®áâì R(x)=√x)¤«ï äãªæ¨¨R1(x) ®âáãâáâ¢ã¥â: R1(x) = O(x3=2). �® ¯à®¨áå®¤¨â íâ®, ¢ ®á®¢®¬, ¥§  áç¥â ª®¬¯¥á æ¨¨ ¢ à¥§ã«ìâ â¥ ¨â¥£à¨à®¢ ¨ï ¯®«®�¨â¥«ìëå ¨ ®âà¨æ â¥«ìëå§ ç¥¨© R(x),   ¯®â®¬ã, çâ® \«¨ââ«¢ã¤®¢áª¨¥ ¢á¯«¥áª¨" ¢áâà¥ç îâáï ®â®á¨â¥«ì®à¥¤ª®. �â® ¯®ª §ë¢ ¥â â¥®à¥¬  �à ¬¥à  [17℄(9) ∫ x1 R2(u)u−1 du = O(x) (¥á«¨ � = 1=2)¨«¨ �¥(10) ∫ x1 R2(u) du 6 6x2 (¥á«¨ � = 1=2):



24 �.�. ������� , �.�. Ǒ�Ǒ��� áª®«ìª®  ¬ ¨§¢¥áâ®, ®æ¥ª¨ (8){(10) ¨  á¨¬¯â®â¨ª � = 1=2 =⇒ ∫ x1 R2(u)u−2 du ∼ k lnx; 0 < k < +∞ (x → +∞); ©¤¥ ï ¢ [18℄, á®áâ ¢«ïîâ®á®¢ë¥à¥§ã«ìâ âë® áà¥¤¨å § ç¥¨ïåäãªæ¨¨R(x),¯®«ãç¥ë¥ à ¥¥.� è  à ¡®â  ¯®á¢ïé¥  ¨§ãç¥¨î à §«¨ç®£® à®¤  áà¥¤¨å ®â äãªæ¨¨ R(x). �ëÄ¢®¤ïâáï ®æ¥ª¨ á¢¥àåã ¨ á¨§ã ¤«ï ¨â¥£à «®¢ ®â äãªæ¨¨R(x) ¨ áâ¥¯¥¥© ¥¥ ¬®¤ã«ï.�®®â¢¥âáâ¢ãîé¨¥ ¥à ¢¥áâ¢  ¤®ª §ë¢ îâáï ¨ ¤«ï P (x). �á®¢ë¬  è¨¬ ¤®áâ¨Ä�¥¨¥¬ ¬ë áç¨â ¥¬ â®, çâ®  ¬ ã¤ «®áì 
-®æ¥ª¨ äãªæ¨©
|P (u)|; |R(u)|; R+(u) = max(0; R(u)); R−(u) = −min(0; R(u))§ ¬¥¨âì ¯à ¢¨«ìë¬¨ ¯® ¯®àï¤ªã ®æ¥ª ¬¨ á¨§ã ®â ¨å ¨â¥£à «®¢ ¯® \¥ á«¨èÄª®¬ ¤«¨ë¬" ®âà¥§ª ¬ (®â x ¤® Ax, A { ¯®áâ®ï ï). �®ª § ë ª ª ãá«®¢ë¥, â ª¨ ¡¥§ãá«®¢ë¥ (â.¥. ¥ § ¢¨áïé¨¥ ®â ¢®§¬®�®£® § ç¥¨ï �) ®æ¥ª¨. � ª ç¥áâ¢¥ ¨«Ä«îáâà æ¨¨ ¯à¨¢¥¤¥¬ ¡¥§ãá«®¢ë¥ ®æ¥ª¨ á¨§ã.�ãé¥áâ¢ãîâ ¯®«®�¨â¥«ìë¥ ¯®áâ®ïë¥ x0, A > 1 â ª¨¥, çâ® ¯à¨ ¢á¥å x > x0á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

∫ 2xx |R(u)| du >
x3=2200 ; ∫ 2xx |P (u)| du >

x3=2lnx ;
∫ Axx R+(u) du > x3=2; ∫ Axx R−(u) du > x3=2:Ǒà¨¢¥¤¥ë© à¥§ã«ìâ â ¬®�® ãá¨«¨âì, ¥ ¯à®¨§¢®¤ï á¥á æ¨¨, â®«ìª® §  áç¥â ¯®Äáâ®ï®£® ¬®�¨â¥«ï ¯à¨ x3=2 ¢ ¯à ¢ëå ç áâïå ¥à ¢¥áâ¢. �¥¤ì ¥á«¨ ¡ë ¤ �¥ ¤«ïª ª®©-¨¡ã¤ì ¯®á«¥¤®¢ â¥«ì®áâ¨ xn → +∞ ¡ë«® ¤®ª § ®, çâ®

∫ Axnxn |R(u)| du >
√6A3 x3=2(6 { ¯®áâ®ï ï ¥à ¢¥áâ¢  (10)), â® £¨¯®â¥§  �¨¬   ¡ë«  ¡ë ®¯à®¢¥à£ãâ . �¥©Äáâ¢¨â¥«ì®, ¢ ¯à¥¤¯®«®�¥¨¨ á¯à ¢¥¤«¨¢®áâ¨ £¨¯®â¥§ë �¨¬   ¨§ (10)  å®¤¨¬

∫ Axnxn |R(u)| du < ∫ Axn1 |R(u)| du 6

(∫ Axn1 R2(u) du)1=2(∫ Axn1 du)1=2
6

√6(Axn)2√Axn − 1 < (Axn)3=2√6:�¥áª®«ìª® á«®¢ ® áâàãªâãà¥ à ¡®âë. � §2 ä®à¬ã«¨àãîâáï ¨ ®¡áã�¤ îâáï ¯®«ãÄç¥ë¥ à¥§ã«ìâ âë. §§ 3{5 ¯®á¢ïé¥ë ¨å ¤®ª § â¥«ìáâ¢ ¬.
§2. �®à¬ã«¨à®¢ª¨ à¥§ã«ìâ â®¢�¥®à¥¬  1. �ãé¥áâ¢ã¥â  ¡á®«îâ ï íää¥ªâ¨¢ ï ¯®áâ®ï ï 7 â ª ï ,çâ® ¯à¨ ¢á¥å b > 1 ¨ x > 1 á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®(1.2) ∫ x1 |R(u)|b du 6 (7b)2bx1+b�:



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 25�¡áã¤¨¬ á®¤¥à� ¨¥ â¥®à¥¬ë 1. Ǒãáâì b = 1. �®£¤ (2.2) ∫ x1 |R(u)| du 6 8x1+�:�§ ¥à ¢¥áâ¢  (2.2) ¢ëâ¥ª ¥â, çâ® à¥§ã«ìâ â ®â ¨â¥£à¨à®¢ ¨ï |R(u)| ¯® ®âà¥§ªã[1; x℄ ¥ ¡®«ìè¥, ç¥¬ ®â ¨â¥£à¨à®¢ ¨ï 28u�. �® ¥áâì R(u) \¢ áà¥¤¥¬ ¥áâì O(u�)",¯à¨ç¥¬ ¯®áâ®ïë¥ 7 ¨ 8 {  ¡á®«îâë¥, ®¨ ¥ § ¢¨áïâ ®â ¢®§¬®�®£® § ç¥¨ï �.�®«¥¥ â®£®, ¨ |R(u)|b \¢ áà¥¤¥¬ ¥áâìO(ub�)" ¯à¨ «î¡®¬ b > 1. �¥®à¥¬ �à ¬¥à  (10)á®¤¥à�¨âáï ¢ â¥®à¥¬¥ 1 ¯à¨ � = 1=2, b = 2. �â¬¥â¨¬, çâ® ¯à¨ � = 1=2 ¢¢¨¤ã (6)â¥®à¥¬  1 ¥ á«¥¤ã¥â ¨§  ¡á®«îâëå ®æ¥®ª ¤«ï äãªæ¨¨ R.�  á«ãç © � > 1=2  ¬ ã¤ «®áì  á¨¬¯â®â¨ç¥áª¨ ã«ãçè¨âì ¨§¢¥áâ®¥ á®®â®è¥Ä¨¥ (7).�¥®à¥¬  2. �á«¨ � > 1=2, â®(3.2) |R(x)| 6 9(�)x�:Ǒ®áâ®ï ï 9 §¤¥áì § ¢¨á¨â ®â ¢®§¬®�®£® § ç¥¨ï �. �á«¨ �¥ � ¥¤®áâ¨�¨¬®,â.¥. �(� + it) 6= 0 ¯à¨ «î¡®¬ t ∈ R, â®R(x) = o(x�) (x → +∞):� ¬ ¥ ã¤ «®áì ¤®ª § âì ¥à ¢¥áâ¢® (3.2) á  ¡á®«îâ®© ¯®áâ®ï®© 9. Ǒ®íâ®¬ã¤ �¥ ¥á«¨ £¨¯®â¥§  �¨¬   ¥ ¢¥à  ¨ ¬ë ¡ë § «¨ ® § ç¥¨¨ � â®«ìª® â®, çâ®� > 1=2, â® ¨ ¢ íâ®¬ á«ãç ¥ â¥®à¥¬  1 ¥ ¬®£«  ¡ë ¡ëâì ¥¯®áà¥¤áâ¢¥® ¢ë¢¥¤¥ ¨§ (3.2), ¯®áª®«ìªã ¯®áâ®ï ï 7 ï¢«ï¥âáï  ¡á®«îâ®©.� ¬¥â¨¬ â ª�¥, çâ® ¥á«¨ ¢¤àã£ ®ª �¥âáï (¢®¯à¥ª¨ ®�¨¤ ¨ï¬ ¬®£¨å ãç¥ëå!),çâ® � = 1, â® â¥®à¥¬ë 1 ¨ 2 áâ ãâ âà¨¢¨ «ìë¬¨ ¨ ¬ «®á®¤¥à� â¥«ìë¬¨.Ǒà¨¢¥¤¥¬ ¥áª®«ìª® á«¥¤áâ¢¨© ¨§ áä®à¬ã«¨à®¢ ëå à¥§ã«ìâ â®¢. Ǒ®«®�¨¬�(u) = R(u)u−�:�«¥¤áâ¢¨¥ 1. Ǒà¨ «î¡ëå b > 1 ¨ x > 1x−1 ∫ x1 |�(u)|b du = O(1):Ǒ®áâ®ï ï ¢ á¨¬¢®«¥ O § ¢¨á¨â â®«ìª® ®â b.�«¥¤áâ¢¨¥ 2. �á«¨ � 6 (e7)−1, â®x−1 ∫ x1 exp{�√|�(u)| } du = O(1):Ǒ®áâ®ï ï ¢ á¨¬¢®«¥ O  ¡á®«îâ ï; ®  ¥ § ¢¨á¨â ®â ¢®§¬®�®£® § ç¥¨ï �.Ǒ®¤ç¥àª¥¬ ¥é¥ à §, çâ® ¥á«¨ � = 1=2, â® á®£« á® â¥®à¥¬¥ �¨ââ«¢ã¤ �(x) = 
±(ln ln lnx):� ª¨¬ ®¡à §®¬, ¥á«¨ ¢¥à  £¨¯®â¥§  �¨¬  , â® ®æ¥ª¨ R(u) ¢ ¨â¥£à «ìëå ¬¥âà¨Äª å ¯à¨æ¨¯¨ «ì® ®â«¨ç îâáï ®â ®æ¥®ª ¬ ªá¨¬ã¬  ¬®¤ã«ï íâ®© äãªæ¨¨. �¥ § Äç¥¨ï u, ¯à¨ ª®â®àëå |R(u)|=√u ¢¥«¨ª, ï¢«ïîâáï ¢ ¥ª®â®à®¬ á¬ëá«¥ ¨áª«îç¥¨ï¬¨¨§ ¯à ¢¨« . �æ¥ªã ¬¥àë ¡®«ìè¨å § ç¥¨© |R(u)|=√u ¤ ¥â



26 �.�. ������� , �.�. Ǒ�Ǒ���«¥¤áâ¢¨¥ 3. Ǒãáâì á¯à ¢¥¤«¨¢  £¨¯®â¥§  �¨¬  . �¡®§ ç¨¬
M(V; x) = ¬¥à {u ∈ [x; 2x℄ | |R(u)| > √uV (u)};£¤¥ V { ¥ª®â®à ï ¥ã¡ë¢ îé ï äãªæ¨ï , áâà¥¬ïé ïáï ª +∞ ¯à¨ x → +∞.�®£¤ (4.2) M(V; x) = O(x exp{−10√V (x) }):� ¬¥â¨¬, çâ® ¨§ á«¥¤áâ¢¨ï 3 ¥á«®�® ¢ë¢¥áâ¨ ¨§¢¥áâãî â¥®à¥¬ã [19℄:¥á«¨ � = 1=2, â® R(u) = O(√u ln2 u):�á¨«¨âì ¥¥, ®¤ ª®, ¥ ã¤ ¥âáï. �â® ¯®«ãç¨«®áì ¡ë, ¥á«¨ ¡ë¬ë¬®£«¨ ¢ (1.2) § ¬¥¨âì(7b)2b   (o(b))2b.�«¥¤áâ¢¨¥ 4. �ãé¥áâ¢ã¥â  ¡á®«îâ ï ¯®áâ®ï ï 11 â ª ï , çâ® ¯à¨ «îÄ¡ëå b > 1 ¨ x > 4(5.2) ∫ x2 |P (u)|b du 6 (11b)2bx1+b�(ln x)−b:�«¥¤áâ¢¨¥ 5. �á«¨ � > 1=2, â®

|P (x)| 6 12(�)x�= lnx:�á«¨ � ¥¤®áâ¨�¨¬®, â®P (x) = o(x�= lnx) (x → +∞):�§ á«¥¤áâ¢¨ï 1, ¢ á¢®î ®ç¥à¥¤ì, ¢ëâ¥ª ¥â�«¥¤áâ¢¨¥ 6. Ǒà¨ «î¡ëå q > 1 ¨ x > e
∫ x1 |�(u)|qu−1du = O(ln x):Ǒ®áâ®ï ï ¢ O § ¢¨á¨â ®â q, ® ¥ ®â �.� ç áâ®¬ á«ãç ¥ q = 2 ¢ ¯à¥¤¯®«®�¥¨¨ á¯à ¢¥¤«¨¢®áâ¨ £¨¯®â¥§ë �¨¬   �à -¬¥à [18℄ ¤®ª § « ãâ¢¥à�¤¥¨¥ ¡®«¥¥ á¨«ì®¥, ç¥¬ á«¥¤áâ¢¨¥ 6:
∫ x1 R2(u)u−2 du ∼ k lnx;£¤¥ k = ∑�(��=|�|)2, £¤¥ �� { ªà â®áâì ã«ï �,   ∑� ¯®¨¬ ¥âáï ª ª áã¬¬  ¯® ¢á¥¬à §«¨çë¬ ¥âà¨¢¨ «ìë¬ ã«ï¬ � ¤§¥â -äãªæ¨¨ �¨¬  .1� ¬ ã¤ «®áì  ©â¨ ®¡®¡é¥¨¥ íâ®£® à¥§ã«ìâ â  �à ¬¥à .1� ¯®¬¨¬, çâ® ¥âà¨¢¨ «ìë¬¨  §ë¢ îâáï ¢á¥ ã«¨ �(s), «¥� é¨¥ ¢ ¯®«®á¥ 0 < Re s < 1.�áâ «ìë¥ ã«¨ ï¢«ïîâáï ¯à®áâë¬¨, ¨¬¥îâ ¢¨¤ {−2n | n ∈ N} ¨  §ë¢ îâáï âà¨¢¨ «ìë¬¨.�á¥  ©¤¥ë¥ ª  áâ®ïé¥¬ã ¢à¥¬¥¨ ¥âà¨¢¨ «ìë¥ ã«¨ �(s) { ¯à®áâë¥, ¨ ¤® á¨å ¯®à ¥¨§¢¥áâÄ®, áãé¥áâ¢ãîâ «¨ ã �(s) ªà âë¥ ã«¨.



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 27�¥®à¥¬  3. �á«¨ b ∈ N, â® áãé¥áâ¢ã¥â ¯à¥¤¥«(6.2) B(b) = limx→+∞
(lnx)−1 ∫ x1 (�(u))bu−1 du;£¤¥(7.2) B(b) = (−1)b ∑

· · ·
∑Im(∑bk=1 �(k)) = 0Re �(k) = �; 1 6 k 6 b b∏k=1(�(k))−1:�ã¬¬¨à®¢ ¨¥ ¢ àï¤¥ (7.2) ¢¥¤¥âáï ¯® ¢á¥¬  ¡®à ¬ (�(1); : : : ; �(b)) ¥âà¨¢¨ «ìëåã«¥© �(s), ¤«ï ª®â®àëå Im(∑bk=1 �(k)) = 0,   Re �(k) = �, 1 6 k 6 b. � �¤ë© ã«ì�(k) ¢áâà¥ç ¥âáï ¢ ª ç¥áâ¢¥ k-© ª®¬¯®¥âë ¡®à  áâ®«ìª® à §, ª ª®¢  ¥£® ªà â®áâì.�®ª § ®, çâ® àï¤ (7.2)  ¡á®«îâ® áå®¤¨âáï. �á«¨ � ¥¤®áâ¨�¨¬®, â® áã¬¬  (7.2)¯ãáâ  ¨B(b) = 0.� á«ãç ¥ b = 2 ¨¬¥¥¬B(2) = ∑ ∑Im(�(1) + �(2)) = 0Re �(1) = Re �(2) = � 1�(1)�(2) = ∑� { à §«¨çëRe �=� �2�|�|−2;B(2) = limx→+∞

(lnx)−1 ∫ x1 R2(u)u−1−2� du:�¥¬ á ¬ë¬ ¯®«ãç ¥âáï ¡®«¥¥ á¨«ì ï â¥®à¥¬ , ç¥¬ ã¯®¬ïãâ ï â¥®à¥¬  �à ¬¥à , ¯®Äáª®«ìªã §¤¥áì ¥ ¤¥« ¥âáï ¨ª ª¨å ¯à¥¤¯®«®�¥¨© ® ¢¥«¨ç¨¥ �.� ¬¥â¨¬, çâ® B(1) = 0. �ã¬¬  ¯ãáâ , â ª ª ª Im � 6= 0. �¢â®à ¬ ¥ ¨§¢¥áâ®,¯ãáâ  ¨«¨ ¥â áã¬¬ B(2r + 1), r ∈ N, ¤ �¥ ¤«ï ¤®áâ¨�¨¬®£® �. � ¤àã£®© áâ®à®ë,¨§ á¨¬¬¥âà¨ç®áâ¨ ã«¥© �(s) ®â®á¨â¥«ì® ¤¥©áâ¢¨â¥«ì®© ®á¨ ¢ëâ¥ª ¥â, çâ® ¥á«¨� ¤®áâ¨�¨¬®, â®B(2r) > 0 ¯à¨ «î¡ëå r ∈ N.Ǒ¥à¥©¤¥¬ ª ®æ¥ª ¬ á¨§ã ¨â¥£à «®¢ ®â |R(x)|, R+(x), R−(x). � ¯®¬¨¬, çâ®R+(x) = max(0; R(x)); R−(x) = −min(0; R(x)):�¥âà «ìë¬ à¥§ã«ìâ â®¬ íâ®£® à §¤¥«  ï¢«ïîâáï ä®à¬ã«¨àã¥¬ë¥ ¨�¥ â¥®à¥¬ë 4¨ 5.�¥®à¥¬  4. �ãé¥áâ¢ã¥â, ¢®®¡é¥ £®¢®àï ¥íää¥ªâ¨¢ ï , ¯®áâ®ï ï 13 â Äª ï , çâ® ¯à¨ «î¡®¬ x > 13 ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®
∫ 2xx |R(u)| du > x3=2200 :



28 �.�. ������� , �.�. Ǒ�Ǒ���¥®à¥¬  5. �ãé¥áâ¢ãîâ, ¢®®¡é¥ £®¢®àï ¥íää¥ªâ¨¢ë¥, ¯®«®�¨â¥«ìë¥¯®áâ®ïë¥ 14 ¨ A â ª¨¥, çâ® ¯à¨ «î¡®¬ x > 14 ¢ë¯®«ïîâáï ¥à ¢¥áâ¢ 
∫ Axx R+(x) dx > x3=2;
∫ Axx R−(x) dx > x3=2:� á«ãç ¥ � = 1=2 ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë 5 á¯à ¢¥¤«¨¢® á A = 212.� ª ®â¬¥ç «®áì ¢® ¢¢¥¤¥¨¨, ¥á«¨ á¯à ¢¥¤«¨¢  £¨¯®â¥§  �¨¬  , â® ¥à ¢¥áâ¢ â¥®à¥¬ 4 ¨ 5 ¬®�® ãá¨«¨âì â®«ìª® §  áç¥â ¯®áâ®ïëå ¢ ¯à ¢ëå ç áâïå. �á®¡¥®¨â¥à¥á®    è ¢§£«ï¤ â®, çâ® ã¤ «®áì ¤ âì ®æ¥ª¨ á¨§ã ¢ áà¥¤¥¬ ¤«ï |R|, R+,R−   \¥ á«¨èª®¬ ¤«¨®¬" ®âà¥§ª¥. �ë ¯®« £ ¥¬, çâ® á«¥¤áâ¢¨ï 7 ¨ 8 ï¢«ïîâáï®¢ë¬¨ (á¬.,  ¯à¨¬¥à, [20℄).�«¥¤áâ¢¨¥ 7. Ǒà¨ x > 13   ®âà¥§ª¥ [x; 2x℄  ©¤¥âáï ç¨á«® u â ª®¥, çâ®

|R(u)| > √u245 :�«¥¤áâ¢¨¥ 8. �á«¨ A ¨ 14 > 0 { ¯®áâ®ïë¥ â¥®à¥¬ë 5, â® ¯à¨ ¢á¥å x > 14  ®âà¥§ª¥ [x;Ax℄  ©¤ãâáï â®çª¨ u1 ¨ u2, ¢ ª®â®àëå ¢ë¯®«ïîâáï ¥à ¢¥áâÄ¢  R(u1) > A−3=2√u1; R(u2) < −A−3=2√u2:�¤®áâ®¨áâ¢ ¬ â¥®à¥¬ 4 ¨ 5, á«¥¤áâ¢¨© 7 ¨ 8 ¬®�® ®â¥áâ¨ ¨å ¡¥§ãá«®¢®áâì. �¨¢¥àë ¯à¨ «î¡®¬ ¢®§¬®�®¬ § ç¥¨¨ �. �¥¤®áâ âª®¬ ï¢«ï¥âáï ¥íää¥ªâ¨¢®áâìíâ¨å à¥§ã«ìâ â®¢. �ë¥¬®�¥¬ ãª § âì § ç¥¨ï ¯®áâ®ïëåA,13 ¨ 14. �¥«® ¢ â®¬,çâ® â¥®à¥¬  4,  ¯à¨¬¥à, ¢ëâ¥ª ¥â ¨§ ä®à¬ã«¨àã¥¬ëå ¨�¥ â¥®à¥¬ 6 ¨ 7. � â¥®à¥¬¥ 6à áá¬ âà¨¢ ¥âáï á«ãç © � = 1=2, ¨ ¢ ¥© ¢áñ íää¥ªâ¨¢®. �¥®à¥¬  7 ¤®ª §ë¢ ¥âáï¢ ¯à¥¤¯®«®�¥¨¨, çâ® £¨¯®â¥§  �¨¬   ¥¢¥à . �«ï â®£® çâ®¡ë  è ¬¥â®¤ ¥¥ ¤®ª Ä§ â¥«ìáâ¢  ¤ « íää¥ªâ¨¢ãî ¯®áâ®ïãî 13, ã�® ®¡« ¤ âì ¤®áâ â®ç® ¡®«ìè®©¨ä®à¬ æ¨¥© ® ã«ïå �. � ç áâ®áâ¨, § âì ®æ¥ªã á¢¥àåã ®à¤¨ âë ª ª®£®-¨¡ã¤ìã«ï �(s) á ¢¥é¥áâ¢¥®© ç áâìî, ¡®«ìè¥© 1=2. � ª®© å®¤ à ááã�¤¥¨© ¨ ¯à¨¢®¤¨â ª¥íää¥ªâ¨¢®áâ¨ ¡¥§ãá«®¢®© â¥®à¥¬ë, ¥á¬®âàï   â®, çâ® ¯à¨� > 1=2 ®æ¥ª¨ á¨§ã¨â¥£à «®¢ ®â |R|,R+,R−  á¨¬¯â®â¨ç¥áª¨ «ãçè¥, ç¥¬ ¯à¨ á¯à ¢¥¤«¨¢®áâ¨ £¨¯®â¥§ë�¨¬  . �¨âã æ¨ï á â¥®à¥¬®© 5 ¯®çâ¨   «®£¨ç .�¥®à¥¬  6. �á«¨ á¯à ¢¥¤«¨¢  £¨¯®â¥§  �¨¬  , â® áãé¥áâ¢ã¥â íää¥ªâ¨¢Ä ï ¯®áâ®ï ï 15 â ª ï , çâ® ¯à¨ «î¡ëå x > 15 ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®
∫ 2xx |R(u)| du > x3=2200 :�§ â¥®à¥¬ë 6 ¨ â¥®à¥¬ë 1 ¥¬¥¤«¥® ¢ëâ¥ª ¥â



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 29�«¥¤áâ¢¨¥ 9. �á«¨ � = 1=2, â® ¯à¨ a > 2(8.2) ∫ axx |R(u)| du ≍a x3=2 (x → +∞):�¥áì¬  ¢¥à®ïâ®, çâ® ãâ¢¥à�¤¥¨¥ (8.2) á¯à ¢¥¤«¨¢® ¯à¨ «î¡®¬a > 1, ® ¤®ª § âìíâ® ¬ë ¥ ã¬¥¥¬.�¥®à¥¬  7. �á«¨ � > 1=2, â® ¤«ï «î¡ëå " > 0 ¨ a > 1 áãé¥áâ¢ã¥â ¯®Äáâ®ï ï x0, § ¢¨áïé ï ®â " ¨ a, â ª ï , çâ® ¯à¨ ¢á¥å x > x0 á¯à ¢¥¤«¨¢®¥à ¢¥áâ¢®(9.2) ∫ axx |R(u)| du > x1+�−":�á«¨ � > 1=2 ¤®áâ¨�¨¬® (â.¥. ¯à¨ ¥ª®â®à®¬ ̃ ∈ R ¨¬¥¥¬ �(� + ĩ) = 0), â®â¥®à¥¬ã 7 ¬®�® ¥áª®«ìª® ãâ®ç¨âì.�¥®à¥¬  8. �á«¨ � > 1=2 ï¢«ï¥âáï ¤®áâ¨�¨¬ë¬, â® ¤«ï «î¡®£® a > 1áãé¥áâ¢ã¥â ¯®«®�¨â¥«ì ï ¯®áâ®ï ï 16, § ¢¨áïé ï ®â a, â ª ï , çâ® ¯à¨¢á¥å x > 1(10.2) ∫ axx |R(u)| du > 16x1+�:Ǒ®áâ®ïë¥ x0 ¢ â¥®à¥¬¥ 7 ¨ 16 ¢ â¥®à¥¬¥ 8 § ¢¨áïâ ®â ¢®§¬®�®£® § ç¥¨ï � ¨¢¥«¨ç¨, ãª § ëå ¢ ä®à¬ã«¨à®¢ª å íâ¨å â¥®à¥¬, ¥íää¥ªâ¨¢®. �â®¡ë á®áç¨â âìíâ¨ ¯®áâ®ïë¥ ¢ à ¬ª å  è¨å ¬¥â®¤®¢ âà¥¡ã¥âáï ®¡« ¤ âì ¤®áâ â®ç® ®¡è¨à®©¨ä®à¬ æ¨¥© ® à á¯à¥¤¥«¥¨¨ ã«¥© �(s) ¢ ¯®«ã¯«®áª®áâ¨ Re s > 1=2 (¥á«¨ ®¨ ¢®®¡Äé¥ â ¬ ¨¬¥îâáï). � ¬¥â¨¬, çâ® ¥á«¨ ¡ë ¯®áâ®ï ïx0 ¢ â¥®à¥¬¥ 7 ¡ë«  íää¥ªâ¨¢®©,â® ¬ë ¯®«ãç¨«¨ ¡ë  «£®à¨â¬ ¢ëç¨á«¥¨ï � á «î¡®©  ¯¥à¥¤ § ¤ ®© â®ç®áâìî,  çâ® ¢  áâ®ïé¥¥ ¢à¥¬ï ¬ «®  ¤¥�¤ë.�à ¢¨¢ ï ®æ¥ª¨ â¥®à¥¬ 7 ¨ 8 á (2.2), ¬ë ¢¨¤¨¬, çâ® (9.2) ¬®�¥â ¡ëâì ã«ãçè¥®â®«ìª® §  áç¥â ",   (10.2) { §  áç¥â 16. � íâ®¬ á¬ëá«¥ à¥§ã«ìâ âë â¥®à¥¬ 7 ¨ 8 ¯®¯®àï¤ªã â®çë.�¥®à¥¬  9. �á«¨ á¯à ¢¥¤«¨¢  £¨¯®â¥§  �¨¬  , â® ¯à¨ ¢á¥å x > 2 · 109 ¢ëÄ¯®«ïîâáï ¥à ¢¥áâ¢ 
∫ 10xx R+(u) du > 0:01x3=2; ∫ 10xx R−(u) du > 0:01x3=2:�¥®à¥¬  10. Ǒà¥¤¯®«®�¨¬, çâ® � > 1=2 ¥¤®áâ¨�¨¬®. �®£¤  ¤«ï «î¡ëå" > 0 ¨ a > 1 ¯à¨ ¢á¥å x > x1("; a) ¢ë¯®«ïîâáï ¥à ¢¥áâ¢ (11.2) ∫ axx R+(u) du > x1+�−"; ∫ axx R−(u) du > x1+�−":



30 �.�. ������� , �.�. Ǒ�Ǒ���¥®à¥¬  11. Ǒà¥¤¯®«®�¨¬, çâ® � > 1=2 ¤®áâ¨�¨¬®. �¡®§ ç¨¬k1 = ∑Re �=�� { à §«¨çë | Im �|−1; A1 = exp{2�k1}:�®£¤  áãé¥áâ¢ãîâ ¯®«®�¨â¥«ìë¥ ¯®áâ®ïë¥ 17 ¨ 18 â ª¨¥, çâ® ¯à¨ ¢á¥åx > 18 ¢ë¯®«ïîâáï ¥à ¢¥áâ¢ 
∫ A1xx R+(u) du > 19x1+�; ∫ A1xx R−(u) du > 19x1+�:�¤¥áì ¨ ¤ «¥¥ ¯®¤ á¨¬¢®«®¬(12.2) ∑�∈E f(�);£¤¥ E ⊂ C, f : E → C, ¯®¨¬ ¥âáï áã¬¬  § ç¥¨© äãªæ¨¨ f ¢ ¥âà¨¢¨ «ìëå ãÄ«ïå �(s), ¯à¨ ¤«¥� é¨å ¬®�¥áâ¢ã E. �á«¨ ¥ ®£®¢®à¥® ¯à®â¨¢®¥, â® áç¨â ¥âáï,çâ® ª �¤ë© ã«ì ¢ áã¬¬¥ (12.2) ¢áâà¥ç ¥âáï áâ®«ìª® à §, ª ª®¢  ¥£® ªà â®áâì. �á«¨àï¤ ¥ ï¢«ï¥âáï  ¡á®«îâ® áå®¤ïé¨¬áï, â® ¯®¤ ¥£® áã¬¬®© ¯®¨¬ ¥âáï ¯à¥¤¥« ª®¥çÄëå áã¬¬(13.2) limT→+∞

∑�∈E
| Im �|6T f(�):�  á ¡ã¤ãâ ¢áâà¥ç âìáï â®«ìª® â ª¨¥ àï¤ë (12.2), ª®â®àë¥ ¡ã¤ãâ áå®¤¨âìáï ¢ á¬ëá«¥áãé¥áâ¢®¢ ¨ï ¯à¥¤¥«  (13.2) ¨«¨ ¤ �¥  ¡á®«îâ® áå®¤¨âìáï.�ï¤, áã¬¬ã ª®â®à®£® ¬ë ®¡®§ ç¨«¨ ç¥à¥§ k1,  ¡á®«îâ® áå®¤¨âáï, ¥á«¨ � > 1=2.�â® ¢ëâ¥ª ¥â ¨§ ¯à®áâ¥©è¥© ¯«®â®áâ®© â¥®à¥¬ë [21, á 237℄.�¥®à¥¬  12. Ǒà¨ «î¡®¬ x > 19 á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®(14.2) ∫ 2xx |P (u)| du > x3=2(ln x)−1:�á«¨ � = 1=2, â® ¯®áâ®ï ï 19 íää¥ªâ¨¢ . �á«¨ � > 1=2, â® ª ª®¢ë ¡ë ¨¡ë«¨ " > 0 ¨ a > 1 ¯à¨ x > 20(a; ") ¨¬¥¥¬(15.2) ∫ axx |P (u)| du > x1+�−":�á«¨ �¥ � > 1=2 ï¢«ï¥âáï ¤®áâ¨�¨¬ë¬, â® ¯à¨ «î¡®¬ a > 1 ¨ x > 21(a)¨¬¥¥¬(16.2) ∫ axx |P (u)| du > 22(a)x1+�(lnx)−1:�¥¢®§¬®�®áâì ¯à¨æ¨¯¨ «ì®£® ã«ãçè¥¨ï â¥®à¥¬ë 12 ¢ëâ¥ª ¥â ¨§ á«¥¤áâ¢¨ï 4(b = 1). � ª ¨ ¢ â¥®à¥¬¥ 4, ¯®áâ®ï ï 19 ¢ ¡¥§ãá«®¢®© ®æ¥ª¥ (14.2) ï¢«ï¥âáï ¥íäÄä¥ªâ¨¢®©.



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 31�«ãç ©� = 1=2 à §®¡à  ®â¤¥«ì® ¢ â¥®à¥¬ å 13 ¨ 14. �á«¨ á¯à ¢¥¤«¨¢  £¨¯®â¥§ �¨¬  , â® ¢ ¥ª®â®à®¬ á¬ëá«¥ \ç é¥ ¢á¥£®" P (x) < 0. �«¥¤ãîé ï â¥®à¥¬  ¯à¥¤Äáâ ¢«ï¥â ¨§ á¥¡ï ãâ®ç¥¨¥ à¥§ã«ìâ â , ¨¬¥îé¥£®áï   á. 138{139 ¢ [16℄. Ǒ®«®�¨¬P(x) = x−3=2 lnx ∫ x2 P (u) du;! = ∑� 1√4 + 2; 52 + 9=16 ;  = Im �:�á«¨ ¢¥à  £¨¯®â¥§  �¨¬  , â®! = ∑� 1
|�(�+ 1)| < ∑� 1

|�|2 < 0:0456:(�¬. ¨�¥ (20.4) ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 6.)�¥®à¥¬  13. �á«¨ á¯à ¢¥¤«¨¢  £¨¯®â¥§  �¨¬  , â® ¢ë¯®«ïîâáï ®æ¥ª¨L = lim supx→+∞
P(x) 6 −23 + !;L = lim infx→+∞
P(x) > −23 − !:Ǒà¨ íâ®¬ L 6= L.�«¥¤áâ¢¨¥ 10. �á«¨ ¢¥à  £¨¯®â¥§  �¨¬  , â® ¯à¨ ¢á¥å x > 23 á¯à ¢¥¤«¨Ä¢ë ¥à ¢¥áâ¢ 

−0:714x3=2(lnx)−1 < ∫ x1 P (u) du < −0:62x3=2(lnx)−1:Ǒà¨ � = 1=2 ®âà¨æ â¥«ìë¥ § ç¥¨ï äãªæ¨¨ P ¯à¥¢ «¨àãîâ  ¤ ¯®«®�¨â¥«ìÄë¬¨ ¨   ®âà¥§ª å ¢¨¤  [x; ax℄, £¤¥ a \¥ á«¨èª®¬ ¡«¨§ª®" ª 1. � ®¡®à®â, ¯à¨ a,¡«¨§ª¨å ª 1, ¡¥áª®¥ç® ç áâ®  ¡«î¤ ¥âáï ¯à®â¨¢®¯®«®�ë© íää¥ªâ.�¥®à¥¬  14. Ǒà¥¤¯®«®�¨¬, çâ® á¯à ¢¥¤«¨¢  £¨¯®â¥§  �¨¬  . �®£¤ 1) ¯à¨ «î¡®¬ a > 1 áãé¥áâ¢ã¥â íää¥ªâ¨¢ ï ¯®áâ®ï ï 24 = 24(a) â ª ï ,çâ® ¯à¨ ¢á¥å x > 24 ¢ë¯®«¥® ¥à ¢¥áâ¢®(17.2) ∫ axx P (u) du < −23 x3=2lnx (a3=2 − 1)K(a) +O( x3=2ln2 x);£¤¥ K(a) = 1− 3!2 (a3=2 + 1)(a3=2 − 1) ;2) áãé¥áâ¢ã¥â íää¥ªâ¨¢ ï ¯®áâ®ï ï 25 â ª ï , çâ® ¯à¨ ¢á¥å X > 3 ¨� ∈ (0; 25)   ®âà¥§ª¥ [X;XB℄, B = exp{�−1 ln3 1=�},  ©¤¥âáï â®çª  �, ¤«ïª®â®à®© ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®(18.2) ∫ �+��� P (u) du > �3=2� ln(1=�)6 ln � ;3) áãé¥áâ¢ã¥â ¯®áâ®ï ï A2 > 1 â ª ï , çâ® ¯à¨ ¢á¥å x > x2 ¨¬¥¥â ¬¥áâ®¥à ¢¥áâ¢® ∫ A2xx P+(u) du > x3=2lnx :



32 �.�. ������� , �.�. Ǒ�Ǒ���«¥¤áâ¢¨¥ 11. �á«¨ á¯à ¢¥¤«¨¢  £¨¯®â¥§  �¨¬  , â® ¯à¨ ¤®áâ â®ç® ¡®«ìÄè¨å x ¨¬¥¥¬
∫ 1;2xx P (u) du < −0:1x3=2(ln x)−1;(19.2)

∫ 2xx P (u) du < −x3=2(lnx)−1;(20.2)
∫ 2xx |P (u)| du >

∫ 2xx P−(u) du > x3=2(lnx)−1;(21.2)  ¯à¨ «î¡®¬ ä¨ªá¨à®¢ ®¬ a > 1(22.2) ∫ axx P+(u) du = 
(x3=2(ln x)−1):�¥à ¢¥áâ¢  á«¥¤áâ¢¨ï 11 ¯® ¯®àï¤ªã ¥ã«ãçè ¥¬ë (á¬. á«¥¤áâ¢¨¥ 4 ¯à¨ b = 1).� ¬ ¥ ¨§¢¥áâ®, ¬®�® «¨ ª ¡¥§ãá«®¢®© ®æ¥ª¥ (14.2) ¤®¡ ¢¨âì ®æ¥ª¨ á¨§ã
∫ A2xx P+(u) du > x3=2(lnx)−1; ∫ A2xx P−(u) du > x3=2(lnx)−1å®âï ¡ë ¯à¨ ª ª®¬-¨¡ã¤ì, ¯ãáâì ¤ �¥ ®ç¥ì ¡®«ìè®¬, ® ¯®áâ®ï®¬ § ç¥¨¨ A2.� ª¨¬ ®¡à §®¬, ¬ë ¥ á¬®£«¨ ¯¥à¥¥áâ¨   äãªæ¨î P à¥§ã«ìâ â â¥®à¥¬ë 5. � â¥Ä®à¥¬¥ 14 ¬ë ¤®ª § «¨ íâ® ¢ ¯à¥¤¯®«®�¥¨¨ á¯à ¢¥¤«¨¢®áâ¨ £¨¯®â¥§ë �¨¬   á ¯®Äáâ®ï®© A2 = 2 ¤«ï P− (á¬. (21.2)) ¨ á ¥ª®â®à®© ¥íää¥ªâ¨¢®© ¯®áâ®ï®© A2¤«ï P+. Ǒ®-¢¨¤¨¬®¬ã, íâ  § ¤ ç  ¥ ï¢«ï¥âáï «¥£ª®© ¢ á«ãç ¥, ¥á«¨ � ¥¤®áâ¨�¨¬®.�á«¨ � > 1=2 ¤®áâ¨�¨¬®, â® ¨§ â¥®à¥¬ë 11 ¨ «¥¬¬ë 1 (á¬. ¨�¥) ¯®çâ¨ âà¨¢¨ «ì®¯®«ãç ¥âáï�«¥¤áâ¢¨¥ 12. �á«¨ � > 1=2 ¤®áâ¨�¨¬®, â® ¯à¨ x > 26

∫ A1xx P+(u) du > 27x1+�(lnx)−1;
∫ A1xx P−(u) du > 27x1+�(lnx)−1:Ǒ®áâ®ï ï A1 ®¯à¥¤¥«¥  ¢ â¥®à¥¬¥ 11.�«¥¤ãîé ï ç áâì  è¨å à¥§ã«ìâ â®¢ ¯®á¢ïé¥  ®¡®¡é¥¨î   áà¥¤¨¥ ¤«ï R(x)¯® \ª®à®âª¨¬ ®âà¥§ª ¬" â¥®à¥¬ë �¨ââ«¢ã¤  ® ¡¥áª®¥ç® ¡®«ìè¨å ¢ áà ¢¥¨¨ á√x¯à¨ x→ +∞ § ç¥¨ïå R(x). � 1914 £®¤ã �¨ââ«¢ã¤ ¤®ª § «, çâ®(23.2) R(x) = 
±(√x ln ln lnx):�â  ¡¥§ãá«®¢ ï
±-®æ¥ª  äãªæ¨¨R ®áâ ¥âáï «ãçè¥© ¯® ¯®àï¤ªã ¨   á¥£®¤ïè¨©¤¥ì.



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 33ǑãáâìH(x) { ¥ª®â®à ï äãªæ¨ï, ¯®«®�¨â¥«ì ï   (1;+∞). � áá¬®âà¨¬ áà¥¤¥¥§ ç¥¨¥ ¤«ï R   ®âà¥§ª¥ [x; x+H(x)℄:R1(x;H(x)) = 1H(x) ∫ x+H(x)x R(u) du:�§ (10) ¯à¨ � = 1=2 (á¬. â ª�¥ â¥®à¥¬ã 1 ¯à¨ b = 1) ¥¬¥¤«¥® ¢ëâ¥ª ¥â, çâ® ¥á«¨H(x) > �x, � > 0, â®
∫ x+H(x)x |R(u)| du = O((x+H(x))3=2);¨, â¥¬ ¡®«¥¥, R1(x;H(x)) = O(√x+H(x) ):� ª¨¬ ®¡à §®¬, ¥á«¨ á¯à ¢¥¤«¨¢  £¨¯®â¥§  �¨¬  , â® ¯à¨ ãáà¥¤¥¨¨ äãªæ¨¨ R¯® \¥ ®ç¥ì ª®à®âª®¬ã" ®âà¥§ªã ä¥®¬¥ �¨ââ«¢ã¤  ¯à®¯ ¤ ¥â, ¨ R(u) \¢ áà¥¤¥¬¥áâì O(√u)".� á¢ï§¨ á® áª § ë¬ ¢®§¨ª ¥â á«¥¤ãîé ï § ¤ ç . �à¥¡ã¥âáï ¢ëïá¨âì, ¤«ï ª Äª¨åH(x) = o(x) (x → +∞) äãªæ¨ï x−1=2R1(x;H(x)) ¥®£à ¨ç¥  ¨«¨ ¤ �¥(24.2) R1(x;H(x)) = 
±(√x ln ln lnx):�§ (24.2) ®ç¥¢¨¤ë¬ ®¡à §®¬ ¢ëâ¥ª ¥â (23.2). Ǒ®íâ®¬ã ãâ¢¥à�¤¥¨ï â¨¯  (24.2)¬®�Ä®à áá¬ âà¨¢ âì ª ª ®¡®¡é¥¨ïã¯®¬ïãâ®£®à¥§ã«ìâ â �¨ââ«¢ã¤ . �â¬¥â¨¬ áà §ã�¥, çâ® ¤«ï(25.2) H(x) = o(√x ln ln lnx) (x → ∞)á®®â®è¥¨¥ (24.2) âà¨¢¨ «ì® á«¥¤ã¥â ¨§ (23.2). �¥©áâ¢¨â¥«ì®, ¨áå®¤ï ¨§ à ¢¥áâ¢ R(x+ y)−R(x) = −y + ∑x<n6x+y�(n); y > 0;¨ à ¢®¬¥à®© ¯® x ®æ¥ª¨ [22℄�(x+ y)− �(x) = O( y + 2ln(y + 2)); y > 0;¯à¨ 1 6 y 6 x ¯®«ãç ¥¬ R(x+ y)−R(x) = O( (y + 2) lnxln(y + 2) )

2 ���, â. 51, ¢ë¯. 6



34 �.�. ������� , �.�. Ǒ�Ǒ��¨, á«¥¤®¢ â¥«ì®,R1(x;H(x)) = R(x) + 1H(x) ∫ H(x)0 (R(x+ y)−R(x)) dy(26.2) = R(x) + 1H(x) ∫ H(x)0 O( (y + 2) lnxln(y + 2) )dy= 


R(x) +O(H(x) lnxlnH(x) ); H(x) > 3;R(x) +O(ln x); 0 < H(x) < 3:�§ (16.2), (25.2) ¨ (23.2) á«¥¤ã¥â (24.2).�á«¨ �¥ äãªæ¨ï x−1=2−ÆH(x) ¥®£à ¨ç¥    (1;+∞) ¯à¨ ¥ª®â®à®¬ Æ > 0, â®¢àï¤ «¨ (24.2) ¬®�® ¢ë¢¥áâ¨ ¨§ (23.2)   ®á®¢¥ â ª¨å�¥ ¯à®áâëå á®®¡à �¥¨©. �«ï¤®áâ â®ç®è¨à®ª®£® ª« áá  äãªæ¨©H(x) = o(x) (x → +∞)  ¬ ã¤ «®áì à¥è¨âì ¯®Äáâ ¢«¥ãî ¢ëè¥ § ¤ çã. � â¥®à¥¬ å 15{19 ¡ã¤¥â ¯à¥¤¯®« £ âìáï, çâ® § ¤ ®x0 > 0,H(x) > 1 { ¯à®¨§¢®«ì ï ¤¥©áâ¢¨â¥«ì®§ ç ï äãªæ¨ï   «ãç¥ [x0;+∞).�¥®à¥¬  15. �á«¨ ¯à¨ ¥ª®â®à®¬ Æ > 0 ¨¬¥¥¬(27.2) H(x) = O(x1−Æ);â® R1(x;H(x)) = 
±(√x ln ln lnx):�â¬¥â¨¬, çâ® â¥®à¥¬  15 ï¢«ï¥âáï ¡¥§ãá«®¢®©. �«ï äãªæ¨©H(x) = o(x), à áâãÄé¨å ¡ëáâà¥¥, ç¥¬ (27.2), ¬ë á¬®£«¨ ®¡®¡é¨âì à¥§ã«ìâ â �¨ââ«¢ã¤  â®«ìª® «¨èì ¤«ï¤®áâ¨�¨¬®£® �, ¢ ç áâ®áâ¨, ¢ ¯à¥¤¯®«®�¥¨¨ á¯à ¢¥¤«¨¢®áâ¨ £¨¯®â¥§ë �¨¬  .�¥®à¥¬  16.1) �á«¨ � = 1=2 ¨(28.2) H(x) = O(x(ln lnx)−1);â®(29.2) R1(x;H(x)) = 
±(√x ln ln lnx):2) �á«¨ � > 1=2 ¤®áâ¨�¨¬® ¨ H(x) = o(x) (x→ +∞), â®R1(x;H(x)) = 
±(x�);¨, á«¥¤®¢ â¥«ì®, â¥¬ ¡®«¥¥, ¢¥à  ®æ¥ª  (29.2).� ¯à¥¤¯®«®�¥¨¨ á¯à ¢¥¤«¨¢®áâ¨ £¨¯®â¥§ë �¨¬     äãªæ¨¨, à áâãé¨¥ ¡ëáâÄà¥¥, ç¥¬ ¢ (28.2), ¯à¨è«®áì  «®�¨âì ¤®¯®«¨â¥«ìë¥ ãá«®¢¨ï à¥£ã«ïà®áâ¨.



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 35�¥®à¥¬  17. Ǒãáâì äãªæ¨ï H ¨¬¥¥â   (x0;+∞) ¥¯à¥àë¢ãî ¥®âà¨æ Äâ¥«ìãî ¯à®¨§¢®¤ãî. �¡®§ ç¨¬ ¤«ï ªà âª®áâ¨ V (x) = x=H(x). Ǒãáâì § â¥¬(30.2) V (x) 6 ln lnx; V (x) ↑ +∞;ddx( 1V (x)) = O( 1x lnx);V (xln x) 6 (V (x))�;£¤¥ � { ¥ª®â®à ï ¯®áâ®ï ï. �®£¤  ¥á«¨ � = 1=2, â®(31.2) R1(x;H(x)) = 
±(√x lnV (x)):�á«®¢¨ï (30.2)  ª« ¤ë¢ îâ ¥ª®â®àë¥ ®£à ¨ç¥¨ï   à¥£ã«ïà®áâì à®áâ  äãªÄæ¨¨ H , ¯®¤ç¨¥®© ãá«®¢¨î x(ln lnx)−1 6 H(x) = o(x) (x → +∞). �á®, çâ®®¨ ¢ë¯®«ïîâáï ¤«ï ¢á¥å \¤®áâ â®ç® ¬¥¤«¥®" ¨ \¤®áâ â®ç® ¯à ¢¨«ì®" à áÄâãé¨å äãªæ¨© V (x). � ç áâ®áâ¨, ãá«®¢¨ï¬¨ (30.2) ã¤®¢«¥â¢®àïîâ ¢á¥ äãªæ¨¨H(x) = x(ln lnx)�, −1 6 � < 0,H(x) = x(ln ln lnx)�, � < 0, ¨ â.¤.�¥®à¥¬  18. Ǒãáâì á¯à ¢¥¤«¨¢  £¨¯®â¥§  �¨¬  . �®£¤  à ¢®¬¥à® ¯®x > 10, 0 < v < 1=3 á¯à ¢¥¤«¨¢  ®æ¥ª (32.2) ∫ x+vxx R2(u) du = O(vx2 ln4 v):� ç áâ®áâ¨, ¥á«¨ H(x) = o(x) (x → +∞), â®(33.2) R1(x;H(x)) = O(√x ln2(x=H(x))):Ǒ®áâ®ïë¥ ¢ á¨¬¢®« å O {  ¡á®«îâë¥ ¨ íää¥ªâ¨¢ë¥.�§ (29.2), (31.2) ¨ (33.2) ¢¨¤®, çâ® ¤ �¥ ¯à¨ � = 1=2 ¨ «î¡ëå ¤®¯ãáâ¨¬ëåH(x) = o(x) (x → +∞) á®åà ï¥âáï § §®à ¬¥�¤ã 
-®æ¥ª®© R1(x;H(x)) ¨ ®æ¥ª®©á¢¥àåã íâ®©äãªæ¨¨. Ǒà ¢¤ , ç¥¬¬¥¤«¥¥¥ ã¡ë¢ ¥âH(x)=x, â¥¬ íâ®â § §®à¬¥ìè¥.�á«¨ ¥ § ¤ ¢ âìáï æ¥«ìî ãáâ  ¢«¨¢ âì ª®«¨ç¥áâ¢¥ë¥ 
±-®æ¥ª¨ (29.2)¨ (31.2), â® ¢ ¯à¥¤¯®«®�¥¨¨ � = 1=2 ¬®�® ¤®ª § âì â¥®à¥¬ã ¡®«¥¥ ¯à®áâãî, ç¥¬â¥®à¥¬ë15{17, ¥ ª« ¤ë¢ ï¯à¨íâ®¬ äãªæ¨îH(x) áãé¥áâ¢¥ëå®£à ¨ç¥¨©.�¥®à¥¬  19. Ǒà¥¤¯®«®�¨¬, çâ® � = 1=2,1 6 H(x) = o(x) (x → +∞):�®£¤  äãªæ¨ï x−1=2R1(x;H(x)) ¥®£à ¨ç¥  ª ª á¢¥àåã , â ª ¨ á¨§ã.�¥®à¥¬ë 15{18  ¢â®¬ â¨ç¥áª¨ ¯¥à¥®áïâáï á R1(x;H(x))  (34.2) P1(x;H(x)) = 1H(x) ∫ x+H(x)x P (u) du: 2*



36 �.�. ������� , �.�. Ǒ�Ǒ��Ǒà¨ § ¬¥¥ ¢ (27.2), (29.2) ¨ (31.2) R1   P1 âà¥¡ã¥âáï ¯à ¢ë¥ ç áâ¨ íâ¨å á®®â®Äè¥¨© à §¤¥«¨âì   lnx. �á«¨ � = 1=2, 1 6 H(x) = o(x) (x → +∞), â® äãªæ¨ïx−1=2P1(x;H(x)) ln x ¥®£à ¨ç¥  ª ª á¢¥àåã, â ª ¨ á¨§ã.�¥ª®â®àë¥ ¨§ à¥§ã«ìâ â®¢, áä®à¬ã«¨à®¢ ëå ¢ íâ®¬ ¯ à £à ä¥, ¡ë«¨  ®á¨à®Ä¢ ë  ¬¨ ¢ [23℄{[25℄.� § ª«îç¥¨¥ §2 áª �¥¬ ¥áª®«ìª® á«®¢ ® ¬¥â®¤ å ¨áá«¥¤®¢ ¨ï, ¨á¯®«ì§ã¥¬ëå ¢íâ®© à ¡®â¥, ¨ ¯®ïá¨¬, §  áç¥â ç¥£®  ¬ ã¤ «®áì ¯®«ãç¨âì ®¢ë¥ à¥§ã«ìâ âë. �«ïR0(x) (®¯à¥¤¥«¥¨¥ á¬. ¢  ç «¥ áâ âì¨) ¨§¢¥áâ  ä®à¬ã« , ®âªàëâ ï �¨¬ ®¬,   ¯®Äâ®¬ ¤®à ¡®â  ï� £®«ì¤â®¬, �. � ¤ ã ¨ ¤àã£¨¬¨:(35.2) −R0(x) = ∑� x�� + ln 2� + 12 ln(1− 1x2):�ï¤ ∑� x�=� ¯® ¥âà¨¢¨ «ìë¬ ã«ï¬ �(s) áå®¤¨âáï ¢ á¬ëá«¥ (13.2). �¥âà¨¢¨ «ìÄë¥ ã«¨ �(s) à á¯®«®�¥ë á¨¬¬¥âà¨ç® ®â®á¨â¥«ì® ¤¥©áâ¢¨â¥«ì®© ®á¨,   ¤«ïäãªæ¨¨ N (T ), à ¢®© ª®«¨ç¥áâ¢ã ã«¥© �(s) ¢ ¯àï¬®ã£®«ì¨ª¥ {0 < Re s < 1,0 < Im s 6 T}, á¯à ¢¥¤«¨¢   á¨¬¯â®â¨ª  [10, á. 44℄ á íää¥ªâ¨¢®© ¯®áâ®ï®© ¢ á¨¬Ä¢®«¥ O(36.2) N (T ) = T ln T2� − 1 + ln 2�2� T +O(ln T ):�¡®§ ç¨¬(37.2) F(x) = ∑� x�� :�§ (35.2) (á¬. â ª�¥ [16, á. 105{106℄) ®ç¥¢¨¤ë¬ ®¡à §®¬ ¢ëâ¥ª ¥â, çâ®(38.2) R0(x) = −F(x) +O(1); x > 2;R0(x) = −F(x) +O(ln(x− 1)); 1 < x < 2;R(x) = −F(x) +O(ln x); x > 2:Ǒ®íâ®¬ã á®¢¥àè¥® ïá®, çâ® â¥®à¥¬ë 1{11 ¨ 15{19 ¤®áâ â®ç® ¤®ª § âì ¤«ï F(x)¢¬¥áâ® R(x). �ãªæ¨ï F(et) = ∑� exp(�t)=� ¯à¥¤áâ ¢«ï¥â ¨§ á¥¡ï àï¤ íªá¯®¥â,¯®ª § â¥«¨ ª®â®àëå { ¥âà¨¢¨ «ìë¥ ã«¨ ¤§¥â -äãªæ¨¨ �¨¬  .�ë ¥ ¤®ª § «¨ ¨ç¥£® ®¢®£® ® ã«ïå �(s), ® § â® à §à ¡®â «¨ àï¤ â¥å¨ç¥áª¨å¯à¨¥¬®¢ ¤«ï ®æ¥®ª ¨â¥£à «®¢ ®â áâ¥¯¥¥© ¬®¤ã«ï, ¯®«®�¨â¥«ìëå ¨ ®âà¨æ â¥«ìÄëå ç áâ¥© àï¤®¢ íªá¯®¥â â ª®£® à®¤ . �â® ¨ ¯®§¢®«¨«®  ¬ ¯®«ãç¨âì ¢á¥ ®á®¢ë¥â¥®à¥¬ë íâ®© à ¡®âë.
§3. �®ª § â¥«ìáâ¢  â¥®à¥¬ 1{3 ¨ ¨å á«¥¤áâ¢¨©�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. � ¬¥â¨¬ á¯¥à¢ , çâ® ¥à ¢¥áâ¢® (1.2) ¤®áâ â®çÄ® ãáâ ®¢¨âì «¨èì ¤«ï ç¥âëå æ¥«ëå b. �®£¤  ¤«ï ®áâ «ìëå b ®® ®ª �¥âáï ¢¥àë¬



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 37á ¯®áâ®ï®© 27 ¢¬¥áâ® 7. �¥©áâ¢¨â¥«ì®, ¥á«¨ b=2 =∈ N, â® ¢®§ì¬¥¬ ¢ ª ç¥áâ¢¥ m ¨¬¥ìè¥¥ ç¥â®¥ ç¨á«®, ¯à¥¢®áå®¤ïé¥¥ b. �á«¨
∫ x1 (R(u))m du 6 (28m)2mx1+m�;â®, ®¡®§ ç¨¢ q = m=b, 1=q′ = 1− 1=q, ¨á¯®«ì§ãï ¥à ¢¥áâ¢® �ñ«ì¤¥à , ¯®«ãç¨¬

∫ x1 |R(u)|b du 6

(∫ x1 (R(u))m du)1=q(∫ x1 du)1=q′
6 (28m)2bx1=q+b�(x − 1)1=q′
6 (28m)2bx1+b�
6 (228b)2bx1+b�;  íâ® ¨ âà¥¡®¢ «®áì ãáâ ®¢¨âì.�¢¨¤ã áª § ®£®,   â ª�¥ á®®â®è¥¨© (38.2) § ª«îç ¥¬, çâ® ¤«ï ¤®ª § â¥«ìáâ¢ â¥®à¥¬ë 1 ¤®áâ â®ç® ¯à¨ b = 2r, r ∈ N, ¯à®¢¥à¨âì á¯à ¢¥¤«¨¢®áâì ¥à ¢¥áâ¢ (1.3) ∫ x1 (F(u))b du 6 (29b)2bx1+b�:� ª ¨§¢¥áâ® [3℄, ¯®á«¥¤®¢ â¥«ì®áâì ç áâ¨çëå áã¬¬ ∑

| Im �|6T x�=� àï¤  (37.2)áå®¤¨âáï ª F(x) ¯à¨ T → +∞ (¤«ï ã¤®¡áâ¢  ¡ã¤¥¬ áç¨â âì, çâ® T ∈ N) ¢ ª �¤®©â®çª¥ x ∈ (1;+∞). �«¥¤®¢ â¥«ì®, ¯à¨ «î¡®¬ u > 1(2.3) limT→∞
S(T; b; u) = (F(u))b;£¤¥ S(T; b; u) = ∑�1 · · ·

∑�b
|Im �j |6T u�1+···+�b�1 · : : : · �b :� ¯®¬¨¬ «¥¬¬ã � âã [26, á. 40℄. Ǒãáâì   ¯à®¬¥�ãâª¥ ! ⊂ R § ¤   ¯®á«¥¤®¢ Äâ¥«ì®áâì ¥®âà¨æ â¥«ìëå äãªæ¨© fT ∈ L(!) (∀T ∈ N). Ǒãáâì § â¥¬ ¨§¢¥áâ®,çâ® supT∈N

∫! fT (u) du =M < +∞¨ ¯à¨ ¯®çâ¨ ¢á¥å u ∈ !
∃ limT→+∞

fT (u) = f(u) ∈ R:�®£¤  f ∈ L(!) ¨ 0 6

∫! f(u) du 6 M .�ãªæ¨¨ S(T; 1; u) ¤¥©áâ¢¨â¥«ì®§ çë ¯à¨ u ∈ R, ¯®áª®«ìªã ã«¨ �(s) à á¯®«®Ä�¥ë á¨¬¬¥âà¨ç® ®â®á¨â¥«ì® ¤¥©áâ¢¨â¥«ì®© ®á¨. Ǒ®íâ®¬ã ¯®á«¥¤®¢ â¥«ì®áâì



38 �.�. ������� , �.�. Ǒ�Ǒ��äãªæ¨© S(T; b; u) = (S(T; 1; u))b ¯à¨ b = 2r, r ∈ N, ¥®âà¨æ â¥«ì . �â¥£à «ë ®âS(T; b; u) ¯® ®âà¥§ªã [1; x℄ «¥£ª® ¢ëç¨á«ïîâáï:(3.3) ∫ x1 S(T; b; u) du = ∑�1 · · ·
∑�b

|Im �j |6T x1+�1+···+�b − 1(1 + �1 + · · ·+ �b)�1 · : : : · �b :Ǒ®íâ®¬ã, ¥á«¨ ¬ë ¯®ª �¥¬, çâ®(4.3) M1(b) = ∑�1 · · ·
∑�b (

|1 + �1 + · · ·+ �b| b∏j=1 |�j |)−1
6 (30b)2b;â® ¨§ (3.3), (4.3), ãç¨âë¢ ï, çâ® Re �j 6 �, ¯®«ãç¨¬M(b; x) = supT ∫ x1 S(T; b; u) du 6 2x1+b�M1(b) < (230b)2bx1+b�:� íâ® ¢¬¥áâ¥ á (2.3) ¨ «¥¬¬®© � âã ¯à¨¢¥¤¥â  á ª (1.3).�â ª, ®áâ «®áì ¤®ª § âì ¥à ¢¥áâ¢® (4.3). �¬¥¥¬:M1(b) = ∑n=(n1;:::;nb)∈ZbA(n);£¤¥ A(n) = ∑

· · ·
∑nj 6 Im �j 6 nj + 11 6 j 6 b (∣∣∣∣1 + b∑j=1 �j∣∣∣∣ b∏j=1 |�j |)−1:�æ¥¨¬ A(n) á¢¥àåã. �¡®§ ç¨¬ �(n) = ∑bj=1 nj . Ǒ®áª®«ìªã Re � > 0, â® ¢ áã¬¬¥A(n) áâ®ïâ ã«¨, ¤«ï ª®â®àëåRe( b∑j=1 �j) > 0; �(n) 6 Im( b∑j=1 �j) < �(n) + b:Ǒ®íâ®¬ã ∣∣∣∣1 + b∑j=1 �j∣∣∣∣−1 6 a(�) = { 1; |�| 6 b;(|�| − b)−1; |�| > b:�®«¨ç¥áâ¢® ã«¥© �(s) á ãç¥â®¬ ªà â®áâ¨ ¢ ¯àï¬®ã£®«ì¨ª¥ {s ∈ C | 0 < Re s < 1,T 6 Im s < T +1} ¥áâìO(ln |T |), ª â®¬ã�¥ [27℄ ¬¨¬ë¥ ç áâ¨ ¥âà¨¢¨ «ìëå ã«¥© �¯®  ¡á®«îâ®© ¢¥«¨ç¨¥ ¡®«ìè¥ 14. �¢¨¤ã áª § ®£® ¯®«ãç ¥¬ ®æ¥ªãA(n) 6




a(�)(31)b b∏j=1( ln |nj |

|nj | − 1); min |nj | > 14;0; min |nj | < 14:



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 39�âáî¤   å®¤¨¬(5.3) M1(b) 6 (31)bM2(b);£¤¥ M2(b) = ∑�∈Z

a(�)�(�);�(�) = ∑n1∈Z

· · ·
∑nb∈Zn1 + · · ·+ nb = �;min |nj | > 14 b∏j=1( ln |nj |

|nj | − 1):�®á¯®«ì§®¢ ¢è¨áì à ¢¥áâ¢®¬ Ǒ àá¥¢ «ï, ¯®«ãç ¥¬ á«¥¤ãîé¥¥ ¯à¥¤áâ ¢«¥¨¥ ¤«ïáã¬¬ëM2(b): M2(b) = ∫ 10 f1(t)f2(t) dt;£¤¥ f1(t) = ∑�∈Z

a(�) exp{−2�i�t};f2(t) = (f3(t))b; f3(t) = ∑�∈Z

|n|>14 ln |n|
|n| − 1 exp{2�int}:�ç¨âë¢ ï ç¥â®áâì ª®íää¨æ¨¥â®¢ �ãàì¥ äãªæ¨© f1 ¨ f3, ¯à¨å®¤¨¬ ª á®®â®è¥¨ï¬(6.3) M2(b) = 2b+2 ∫ 1=20 f4(t)(f5(t))b dt;£¤¥(7.3) f4(t) = 12 + ∞∑�=1 a(�) os(2��t);f5(t) = ∞∑n=14 lnnn− 1 os(2�nt):�â ¤ àâë¬ ®¡à §®¬ [28, £«. 10, á. 671℄ ¯®«ãç ¥¬ ®æ¥ª¨ äãªæ¨© (7.3):(8.3) |f4(t)| 6 32b| ln t|;

|f5(t)| 6 33 ln2 t; 0 < t < 1=2:�§ (8.3) ¨ (6.3)  å®¤¨¬ M2(b) 6 (34b)2b;®âªã¤ , ãç¨âë¢ ï (5.3), ¯®«ãç ¥¬ (4.3). � ª ®â¬¥ç «®áì ¢ëè¥, íâ® ¤®ª §ë¢ ¥â â¥®à¥Ä¬ã 1.



40 �.�. ������� , �.�. Ǒ�Ǒ���®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï 1. �¡®§ ç¨¬�b(u) = ∫ u1 |R(t)|b dt:�â¥£à¨àãï ¯® ç áâï¬, á ãç¥â®¬ (1.2)  å®¤¨¬
∫ x1 |�(u)|b du = ∫ x1 |R(u)|bu−b�du(9.3) = �b(x)x−b� + b� ∫ x1 �b(u)u−1−b� du

6 x(7b)2b + b� ∫ x1 (7b)2b du < x(7b)2b(1 + b):�«¥¤áâ¢¨¥ 1 ¤®ª § ®.�«¥¤áâ¢¨¥ 6 ¢ë¢®¤¨âáï ¨§ (9.3)   «®£¨çë¬ ¯à¨¥¬®¬.�®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï 2. �¬¥¥¬(10.3) exp{�√|�(u)|} = ∞∑n=0 �n|�(u)|n=2n! :�®£« á® (9.3)(11.3) x−1 ∫ x1 |�(u)|n=2 du 6 (1 + n=2)(7n=2)n; n > 2;¨ ®ç¥¢¨¤®, çâ®(12.3) x−1 ∫ x1 (
|�(u)|0 + �|�(u)|1=2)du 6 35:�§ (10.3){(12.3)  å®¤¨¬x−1 ∫ x1 exp{�√|�(u)|}du = ∞∑n=0 �nn! · 1x ∫ x1 |�(u)|n=2 du(13.3)

6 35 + ∞∑n=2(1 + n2)(�7n=2)nn! :�á®, çâ® ¥á«¨ � 6 (e7)−1, â® áã¬¬  àï¤  ¢ (13.3) ¥ ¯à¥¢®áå®¤¨â ¥ª®â®à®©  ¡á®Ä«îâ®© ¯®áâ®ï®©. �¥¬ á ¬ë¬ á«¥¤áâ¢¨¥ 2 ¤®ª § ®.



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 41�®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï 3. �®£« á® á«¥¤áâ¢¨î 2 ¤«ï 36 = (e7)−1 ¨¬¥¥¬(14.3) I = ∫ 2x1 exp{36√|�(u)|}du = O(x):� ¤àã£®© áâ®à®ë, ¢ë¯®«¥® ®ç¥¢¨¤®¥ ¥à ¢¥áâ¢®(15.3) I > I1 = ∫E exp{36√|�(u)|};£¤¥(16.3) E = {u ∈ [x; 2x℄ | |�(u)| > V (u)}:�§ (15.3) ¨ (16.3) ¢¢¨¤ã ¬®®â®®áâ¨ äãªæ¨¨ V ¯®«ãç ¥¬(17.3) I1 > M(V; x) exp{36√V (x) }:�§ (14.3), (15.3) ¨ (17.3) ¢ëâ¥ª ¥â (4.2). �«¥¤áâ¢¨¥ 3 ¤®ª § ®.�«ï ¤ «ì¥©è¥£®  ¬ ¯®âà¥¡ã¥âáï�¥¬¬  1. Ǒãáâì Q(x) = ∫ x2 |R(t)| dtt ln2 t :�®£¤  ¯à¨ «î¡ëå x > 2 á ¥ª®â®à®©  ¡á®«îâ®© ¯®áâ®ï®© 37 ¢ë¯®«ï¥âáï¥à ¢¥áâ¢®(18.3) Q(x) 6 37x� ln−2 x:�®ª § â¥«ìáâ¢®. �®åà ïï ®¡®§ ç¥¨¥, ¢¢¥¤¥®¥ ¢ ¤®ª § â¥«ìáâ¢¥ á«¥¤áâÄ¢¨ï 1, ¨¬¥¥¬(19.3) Q(x) = �1(t)t2 ln2 t ∣∣∣∣x2 + ∫ x2 �1(t)( 1t2 ln2 t + 2t2 ln3 t)dt:�§ (2.2) ¨ (19.3)  å®¤¨¬Q(x) 6 8x� ln−2 x+ 8 ∫ x2 t−�−1(ln−2 t+ 2 ln−3 t)dt 6 37x� ln−2 x:�¥¬¬  1 ¤®ª §  .



42 �.�. ������� , �.�. Ǒ�Ǒ���®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï 4. �§ (1.1) ¨ (18.3)  å®¤¨¬
|P (x)| 6

|R(x)|lnx + 38 x�lnx (∀x > 2):� ª ª ª ¯à¨ «î¡ëå b > 1, �; � > 0 á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® (�+�)b 6 2b−1(�b+�b),â®
∫ x2 |P (u)|b du 6 2b−1(∫ x2 |R(u)|b(lnu)−b du+ b38 ∫ x2 ub�(ln u)−b du)(20.3) = 2b−1( �b(u)(ln u)b ∣∣∣∣

x2 + b ∫ x2 �(u) duu(lnu)b+1 + b38 ∫ x2 ub�(lnu)b du)< (39b)2b(x1+b�(lnx)−b + ∫ x2 ub�(ln u)−b du):Ǒà®¢¥à¨¬, çâ® ¯à¨ «î¡ëå b > 1, � > b=2 ¨ x > 4 ¨¬¥¥â ¬¥áâ® ®æ¥ª (21.3) I(x; b; �) = ∫ x2 u�(lnu)−bdu 6 6bx�+1(ln x)−b:�¥©áâ¢¨â¥«ì®,I(x; b; �) = ∫ √x2 u�(lnu)−b du+ ∫ x
√x u�(lnu)−b du

6 (ln 2)−bx1+�=2 + (12 lnx)−b + ∫ x
√x u� du

6 2bx�+1(x−�=2 + (ln x)−b)
6 2bx�+1(lnx)−b(1 + (x−1=4 lnx)b):(� ¯®á«¥¤¥¬ ¯¥à¥å®¤¥ ¬ë ¨á¯®«ì§®¢ «¨, çâ® � > b=2 ¨, á«¥¤®¢ â¥«ì®, x−�=2 6x−b=4.) Ǒ®áª®«ìªã maxx>4(x−1=4 lnx) = 4=e, ®ª®ç â¥«ì® ¯®«ãç ¥¬I(x; b; �) 6 2bx�+1(lnx)−b(1 + (4=e)b) < 6bx�+1(lnx)−b:�¥à ¢¥áâ¢® (21.3) ¤®ª § ®. �§ (21.3) ¯à¨� = b�¯®«ãç ¥¬ (20.3),   ¨§ (20.3), ¢ á¢®î®ç¥à¥¤ì, ¢ëâ¥ª ¥â (5.2).Ǒ¥à¥¤ â¥¬, ª ª ¯à¨áâã¯¨âì ª ¤®ª § â¥«ìáâ¢ ¬ â¥®à¥¬ 2 ¨ 3, ¢¢¥¤¥¬ ¥áª®«ìª® ®¡®Ä§ ç¥¨© ¨ ãáâ ®¢¨¬ á¯à ¢¥¤«¨¢®áâì ®¤®© «¥¬¬ë. Ǒ®«®�¨¬F1(x; �) = ∑Re �<� x�=�;(22.3) F2(x; �) = F(x) −F1(x; �) = ∑Re �>� x�=�:(23.3)�§ ¯à®áâ¥©è¥© ¯«®â®áâ®© â¥®à¥¬ë ® ã«ïå ¤§¥â -äãªæ¨¨ �¨¬   [21, á. 237℄, ª®â®Äà ï ãâ¢¥à�¤ ¥â, çâ® ª®«¨ç¥áâ¢® ã«¥© �(s) ¢ ¯àï¬®ã£®«ì¨ª¥ {s ∈ C | � 6 Re s < 1,

| Im s| 6 T} ¥áâì O(T 3=2−� ln5 T ), ¢ëâ¥ª ¥â, çâ® ¯à¨ � > 1=2(24.3) S(�) = ∑Re �>� |1=�| < +∞:�«¥¤®¢ â¥«ì®, àï¤ (23.3)  ¡á®«îâ® áå®¤¨âáï ¯à¨ ¢á¥å x > 0,   àï¤ (22.3) áå®¤¨âáï ¢ª �¤®© â®çª¥ x ∈ (1;+∞), ª ª ¨ àï¤ (37.2) ¤«ïF(x).



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 43�¥¬¬  2. �á«¨ � > 1=2, â®F1(x; �) = o(x�) (x → +∞):�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬B = (� − 1=2)−1,U(x) = ∑

| Im �|6xB x�=�; U1(x; �) = ∑

| Im �|6xBRe �<� x�=�:�§¢¥áâ® [3, á. 122, ä®à¬ã«ë (9){(10)℄, çâ®2(25.3) F(x) = U(x) +O(ln x):�âáî¤   å®¤¨¬F1(x; �) = F(x) −F2(x; �) = U(x)−F2(x; �) +O(ln x)(26.3) = U1(x; �) − ∑

| Im �|>xBRe �>� x�=�+O(ln x):�§ ã¯®¬ïãâ®© ¢ëè¥ ¯«®â®áâ®© â¥®à¥¬ë ¢ëâ¥ª ¥â, çâ® ¯à¨ «î¡ëå � > 1=2 ¨ d > 2
∑Re �>�

| Im �|>d |1=�| = O�(d1=2−� ln5 d):�â® ¢¬¥áâ¥ á (26.3) ¤ ¥âF1(x; �) = U1(x; �) +O�(x�+B(1=2−�) ln5 x+ lnx)(27.3) = U1(x; �) +O�(ln5 x):�áâ «®áì ¯®ª § âì, çâ® U1(x; �) = o(x�) (x → +∞). �®§ì¬¥¬ ¯à®¨§¢®«ì®¥ " > 0 ¨§ ä¨ªá¨àã¥¬ ¥£®. Ǒ®«®�¨¬ �1 = 1=4 + �=2. �á®, çâ® 1=2 < �1 < �. � á¨«ã (24.3) ©¤¥âáï T = T (") â ª®¥, çâ®(28.3) ∑Re �>�1
| Im �|>T |1=�| < "=3:�¥¯¥àì ¢®á¯®«ì§ã¥¬áï ®ç¥¢¨¤ë¬ ¯à¥¤áâ ¢«¥¨¥¬(29.3) U1(x; �) = U2(x) + U3(x) + U4(x);£¤¥U2(x) = ∑Re �<�1

|Im �|6xB x�=�; U3(x) = ∑�16Re �<�T<|Im �|6xB x�=�; U4(x) = ∑�16Re �<�
|Im �|6T x�=�:2� [3℄ ¤   áãé¥áâ¢¥® «ãçè ï, ç¥¬ (25.3), ®æ¥ª , ® ®   ¬ ¥ ¯®âà¥¡ã¥âáï.



44 �.�. ������� , �.�. Ǒ�Ǒ���æ¥¨¬ ª �¤ãî ¨§ áã¬¬ ¢ ®â¤¥«ì®áâ¨. Ǒ®áª®«ìªã (á¬. [3, á. 124{125℄)
∑

|Im �|6y |1=�| = O(ln2 y);â®
|U2(x)| 6 x�1 ∑

|Im �|6xB |1=�| 6 40B2x�1 ln2 x:�¢¨¤ã (28.3) U3(x) 6 x� ∑Re �>�1
|Im �|>T |1=�| < x�"=3:� ª®¥æ,

|U4(x)| 6 x� ∑

|Im �|6T |1=�| 6 40x� lnT;£¤¥ � = max{Re � | Re � < �; | Im �| 6 T}:Ǒ®áª®«ìªã � ¢¬¥áâ¥ á T § ¢¨á¨â â®«ìª® ®â " ¨ � < �, â®  ©¤¥âáï â ª®¥ ç¨á«®T1 = T1("), çâ® ¯à¨ «î¡ëå x > T1 ¡ã¤ãâ ¢ë¯®«ïâìáï ¥à ¢¥áâ¢ 40B2x�1−� ln2 x < "=3;40x�−� ln2 T < "=3:�®£¤  ®ª �¥âáï, çâ® ¯à¨ ∀x > T1(30.3) |Uj(x)| < x�"=3; j = 2; 3; 4:�ª« ¤ë¢ ï ®æ¥ª¨ (30.3) ¤«ï áã¬¬ Uj , ¯à¨å®¤¨¬ ¢¢¨¤ã (29.3) ª á«¥¤ãîé¥¬ã ãâ¢¥à�Ä¤¥¨î. �«ï «î¡®£® " > 0 áãé¥áâ¢ã¥â T1 = T1(") â ª®¥, çâ® ¯à¨ ¢á¥å x > T1 á¯à Ä¢¥¤«¨¢® ¥à ¢¥áâ¢® |U1(x)| < "x� . �â® ¨ ®§ ç ¥â, çâ® U1(x) = o(x�) (x → +∞).Ǒ®á«¥¤¥¥ á®®â®è¥¨¥ ¢¬¥áâ¥ á (27.3) ã¡¥�¤ ¥â  á ¢ á¯à ¢¥¤«¨¢®áâ¨ «¥¬¬ë 2.�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �á«¨ � ¥¤®áâ¨�¨¬®, â® â¥®à¥¬  2 áà §ã �¥ ¯®Ä«ãç ¥âáï ¨§ «¥¬¬ë 2 ¯à¨ � = �. �á«¨ � > 1=2 ¤®áâ¨�¨¬®, â® á®£« á® «¥¬¬¥ 2(31.3) F(x) = F2(x;�) + o(x�) (x→ +∞):�¢¨¤ã (24.3) ¨ ®¯à¥¤¥«¥¨©F2(x;�) ¨ � ¨¬¥¥¬(32.3) |F2(x;�)| 6 x�S(�):�§ (31.3) ¨ (32.3) ¯®«ãç ¥¬ (3.2). �¥®à¥¬  2 ¤®ª §  .�«¥¤áâ¢¨¥ 5 ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 2, «¥¬¬ë 1 ¨ á®®â®è¥¨ï (1).



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 45�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. �á«¨ � ¥¤®áâ¨�¨¬®, â® ¯® â¥®à¥¬¥ 2 ¨¬¥¥¬�(u) = o(1) (u→ +∞), ¨, á«¥¤®¢ â¥«ì®,limx→+∞

((ln x)−1 ∫ x1 (�(u))bu−1du) = 0:� ¤àã£®© áâ®à®ë, áã¬¬  ¢ (7.2) ¯ãáâ , ¨, § ç¨â, B = 0. � ª¨¬ ®¡à §®¬, à ¢¥áâÄ¢® (6.2) ¢ íâ®¬ á«ãç ¥ ¤®ª § ®. �á«¨ � ¤®áâ¨�¨¬®, â® á®£« á® «¥¬¬¥ 2�(u) = F2(u)u−� + o(1) (u→ +∞);¨, á«¥¤®¢ â¥«ì®, ¤®áâ â®ç® ¤®ª § âì, çâ®(33.3) B(b) = limx→+∞

((ln x)−1 ∫ x1 (F2(u);�)u−1du):�¤¥« ¢ § ¬¥ã ¯¥à¥¬¥®£® u = et ¨ ®¡®§ ç¨¢ y = lnx,  = Im �, ¯®«ãç¨¬ á®®â®è¥Ä¨¥, à ¢®á¨«ì®¥ (33.3):(34.3) B(b) = limy→+∞

(y−1 ∫ y0 ( ∑Re �=� eit=�)b dt):�á«¨ � > 1=2, â® á®®â®è¥¨¥ (34.3) ï¢«ï¥âáï ¯®çâ¨ ®ç¥¢¨¤ë¬. Ǒ®áª®«ìªã
∑Re �=�>1=2 |1=�| < +∞;äãªæ¨ï(35.3) '(t) = ∑Re �=� eit=�ï¢«ï¥âáï ¯®çâ¨ ¯¥à¨®¤¨ç¥áª®© äãªæ¨¥© �®à  [29℄ á  ¡á®«îâ® áå®¤ïé¨¬áï àï¤®¬íªá¯®¥â. �á®, çâ® ¨ ¯à¨ «î¡®¬ b ∈ N äãªæ¨ï ('(t))b ®¡« ¤ ¥â â¥¬ �¥ á¢®©áâ¢®¬.�®£« á® â¥®à¥¬¥ ¨§ [30℄ ¯à¥¤¥«, áâ®ïé¨© ¢ ¯à ¢®© ç áâ¨ ¢ëà �¥¨ï (34.3), à ¢¥á¢®¡®¤®¬ã ç«¥ã ¢ à §«®�¥¨¨ ('(t))b ¢ àï¤ íªá¯®¥â. � ¤àã£®© áâ®à®ë, ¢®§¢®¤ï ¢áâ¥¯¥ì àï¤ (35.3), ã¡¥�¤ ¥¬áï ¢ â®¬, çâ® á¢®¡®¤ë© ç«¥ ¯®«ãç¨¢è¥£®áï àï¤  à ¢¥áã¬¬¥B(b).�á«¨ � = 1=2, â® '(t) ï¢«ï¥âáï ¯®çâ¨ ¯¥à¨®¤¨ç¥áª®© äãªæ¨¥© �¥§¨ª®¢¨ç  ª« áá B2 ⊂ B1, ® ¥ �®à .3 �¯®¬ïãâ ï ¢ëè¥ â¥®à¥¬  ¨§ [30℄ ¤®ª §ë¢ ¥âáï ¤«ï äãªæ¨©¨§B1. Ǒ®íâ®¬ã  ¬ ®áâ ¥âáï â®«ìª® ãáâ ®¢¨âì, çâ® ¢ á«ãç ¥ á¯à ¢¥¤«¨¢®áâ¨ £¨¯®â¥Ä§ë�¨¬   «î¡ ï æ¥« ï áâ¥¯¥ì'(t) «¥�¨â ¢B1,   àï¤ íªá¯®¥â, áå®¤ïé¨©áï ª ¥© ¯®¬¥âà¨ª¥ íâ®£® ¯à®áâà áâ¢ , ¯®«ãç ¥âáï ¯®á«¥ ¢®§¢¥¤¥¨ï ¢ âã�¥ áâ¥¯¥ì àï¤  (35.3).Ǒ®á«¥¤¥¥ ®§ ç ¥â, çâ®(36.3) limN→∞

(lim supy→+∞
J(N; y)) = 0;3�¯à¥¤¥«¥¨ï íâ¨å ¯à®áâà áâ¢ äãªæ¨© ¨ áâ ¤ àâëå ¬¥âà¨ª ¢ ¨å á¬. ¢ [29℄.



46 �.�. ������� , �.�. Ǒ�Ǒ��£¤¥ J(N; y) = 1y ∫ y
−y |('(N; t))b − ('(t))b| dt; '(N; t) = ∑

||6N eit=�:Ǒà¨ «î¡ëå x1; x2 ∈ R ¨ b ∈ N ¨¬¥¥¬
|xb1 − xb2| = |x1 − x2| · ∣∣∣∣ b∑k=0xk1xb−k2 ∣∣∣∣(37.3)

6 |x1 − x2| · b∑k=0 |x1|k|x2|b−k
6 |x1 − x2| · 12 b∑k=0(|x1|2k + |x2|2b−2k)= 12 b−1∑k=0(|x1 − x2| |x1|2k + |x1 − x2| |x2|2k):�á¯®«ì§ãï (37.3) ¤«ïx1 = '(N; t), x2 = '(t) ¨ ¤ «¥¥ ¥à ¢¥áâ¢®�®è¨{�ãïª®¢áª®£®¤«ï ¨â¥£à «®¢, ¯®«ãç ¥¬(38.3) J(N; y) < (1y ∫ y

−y('(N; t)− '(t))2 dt)1=2
×

b−1∑k=0((1y ∫ y
−y('(N; t))4k dt)1=2 +(1y ∫ y

−y('(t))4k dt)1=2):�á¯®¬¨¬ â¥¯¥àì à¥§ã«ìâ â á«¥¤áâ¢¨ï 6 ¨ ¥£® ¤®ª § â¥«ìáâ¢®. �á«¨ ¯®«®�¨âìy = lnx, u = et, â® á«¥¤áâ¢¨¥ 6 ¯à¨ � = 1=2 ãâ¢¥à�¤ ¥â, çâ®(39.3) ∫ y0 |R(et)e−t=2|qdt 6 41(q)y (∀ q > 1; ∀ y > 1):�®®â®è¥¨¥ (39.3) ¢ë¢®¤¨«®áì ¨§ ®á®¢®£® ¥à ¢¥áâ¢  (1.2) â¥®à¥¬ë1. � ¢ ¯à®æ¥áÄá¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 ¡ë«® ¢¨¤®, çâ® ®æ¥ª , áâ®ïé ï ¢ ¯à ¢®© ç áâ¨ (1.2),£®¤¨âáï ¨ ¤«ï ¨â¥£à «®¢ ®â áâ¥¯¥¥© ¬®¤ã«ï ¢á¥å áã¬¬∑
||6N x�=�. �áî¤ã ¬ë ®¯¨Äà ¥¬áï   â®, çâ® R \¬ «® ®â«¨ç ¥âáï" ®âF (á¬. (31.3)). � â ª ª ª ¢ á«ãç ¥ � = 1=2¨¬¥¥¬F(et)e−t=2 = '(t), â® ¢ ¤¥©áâ¢¨â¥«ì®áâ¨ ¡ë«® ¯®ª § ®, çâ® ¯à¨ «î¡®¬ q > 1(40.3) supy>1 1y ∫ y0 |'(t)|q dt 6 41(q);supy>1 supN>0 1y ∫ y0 |'(N; t)|q dt 6 41(q):�¥âàã¤® ¯à®¢¥à¨âì á¯à ¢¥¤«¨¢®áâì â®�¤¥áâ¢ '(t) + '(−t) = ∑ os t2 + 1=4 (� = 1=2):



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 47�â® ®§ ç ¥â, çâ® '(−t) ¨ '(N;−t) ®â«¨ç îâáï á®®â¢¥âáâ¢¥® ®â '(t) ¨ '(N; t)  O(1) à ¢®¬¥à® ¯®N ¨ t. Ǒ®íâ®¬ã ®æ¥ª¨ (40.3) ¯¥à¥®áïâáï   ¨â¥£à «ë ¯® ®âà¥§Äª ¬ [−y; y℄: supy>1 1y ∫ y
−y |'(t)|q dt 6 42(q);supy>1 supN>0 1y ∫ y
−y |'(N; t)|q dt 6 42(q): (∀ q > 1)�â¨ ¥à ¢¥áâ¢  ¢¬¥áâ¥ á (38.3) ¯à¨¢®¤ïâ ª ®æ¥ª¥(41.3) J(N; y) < 43(q)(1y ∫ y

−y('(N; t)− '(t))2dt)1=2:�¢¨¤ã áå®¤¨¬®áâ¨ àï¤  ∑� |1=�|2 á¯à ¢¥¤«¨¢® ¢ª«îç¥¨¥ ' ∈ B2. Ǒ®íâ®¬ã ¥¥ àï¤íªá¯®¥â (35.3) áå®¤¨âáï ª ' ¯® ¬¥âà¨ª¥ íâ®£® ¯à®áâà áâ¢ . �® ¥áâì(42.3) limN→∞

(lim supy→+∞

12y ∫ y
−y('(N; t) − '(t))2dt)1=2 = 0:�§ (42.3) ¨ (41.3) ¯®«ãç ¥¬ (36.3). � ª ®â¬¥ç «®áì ¢ëè¥, íâ® ¤®ª §ë¢ ¥â â¥®à¥¬ã 3 ¨¢ á«ãç ¥ � = 1=2.� ¬¥â¨¬, çâ® ®¡®¡é¥ ï  ¬¨ â¥®à¥¬  �à ¬¥à , ¯à¥¤áâ ¢«ïîé ï ç áâë© á«ãÄç © â¥®à¥¬ë3 (b = 2¨� = 1=2) á â®çª¨ §à¥¨ï â¥®à¨¨ ¯®çâ¨ ¯¥à¨®¤¨ç¥áª¨å äãªæ¨©,ï¢«ï¥âáï âà¨¢¨ «ìë¬ § ¬¥ç ¨¥¬. �â® { ä®à¬ã«  áà¥¤¥£® ¤«ï '2. �á®, çâ® ® ¢¥à , â ª ª ª '2 ∈ B1, ¯®áª®«ìªã ' ∈ B2.

§4. �®ª § â¥«ìáâ¢  â¥®à¥¬ 4{14 ¨ ¨å á«¥¤áâ¢¨©�®ª �¥¬ á ç «  â¥®à¥¬ë 6{11. �§ â¥®à¥¬ 6, 7 ®ç¥¢¨¤ë¬ ®¡à §®¬ ¡ã¤¥â á«¥¤®Ä¢ âì â¥®à¥¬  4,   ¨§ â¥®à¥¬ 9{11 { â¥®à¥¬  5. �®ª § â¥«ìáâ¢ã â¥®à¥¬ë 6 ¯à¥¤¯®è«¥¬¤¢¥ «¥¬¬ë ¨ ¢¢¥¤¥¬ ¥é¥ ¥áª®«ìª® ®¡®§ ç¥¨©. Ǒ®«®�¨¬(1.4) � = ln 28 ; g(z) = (sin�z�z )4(1− z12);ĝ(y) = 12� ∫ +∞

−∞
g(z) exp(−izy) dz:�á®, çâ® g ∈ L2(R) ¨ ï¢«ï¥âáï æ¥«®© äãªæ¨¥© íªá¯®¥æ¨ «ì®£® â¨¯  4�. Ǒ®íâ®¬ãsupp ĝ ⊂ [−4�; 4�℄;g(z) = ∫ +∞

−∞
ĝ(y) exp(iyz) dy = ∫ 4�

−4� ĝ(y) exp(iyz) dy:(2.4)�¥¬¬  3. maxy∈R

|ĝ(y)| = 83 ln 2 :



48 �.�. ������� , �.�. Ǒ�Ǒ���®ª § â¥«ìáâ¢®. Ǒ®«®�¨¬(3.4) G(y) = 




0; |y| > 4;
|y| − 416 ; 2 6 |y| < 4;4− 3|y|16 ; 0 6 |y| < 2:�¥âàã¤® ã¡¥¤¨âìáï ¢ á¯à ¢¥¤«¨¢®áâ¨ â®�¤¥áâ¢ 

∫ +∞

∞
G(y) exp(iyz) dy = sin4 zz2 ∀ z ∈ R:�«¥¤®¢ â¥«ì®,(4.4) G(y) = 12� ∫ +∞

−∞

sin4 zz2 exp(−iyz) dz:ǑãáâìG1(y) = ∫ y0 G(t) dt, â.¥.G1 { ¯¥à¢®®¡à § ï ¤«ïG, ª®â®à ï ®¡à é ¥âáï ¢ ã«ì¢ â®çª¥ y = 0. �â¥£à¨àãï ¯® y ¯®¤ § ª®¬ ¨â¥£à «  (4.4),  å®¤¨¬G1(y) = − 12�i ∫ +∞

−∞

sin4 zz3 exp(−iyz) dz:� ¤àã£®© áâ®à®ë, ¨â¥£à¨àãï (3.4), ¯®«ãç ¥¬ ï¢ãî ä®à¬ã«ã ¤«ïG1(y):(5.4) G1(y) = 



8y − 3y232 ; 0 6 y 6 2;(y − 4)232 ; 2 < y < 4;0; y > 4;
−G1(−y); y < 0:Ǒãáâì G2(y) = 12� ∫ +∞

−∞

(sin zz )4 exp(−iyz) dz:� ªª ªG2 { ¯à¥®¡à §®¢ ¨¥�ãàì¥ æ¥«®©äãªæ¨¨(sin zz )4 íªá¯®¥æ¨ «ì®£® â¨¯  4¨§ ª« áá  L2(R), â® suppG2 ⊂ [−4; 4℄. �¬¥¥¬ â ª�¥G′2(y) = −G1(y); G2(0) = 1=3:�¥£ª® ¢¨¤¥âì, çâ® äãªæ¨ï ĝ, ®¯à¥¤¥«¥ ï ¢ (1.4), ¢ëà � ¥âáï ç¥à¥§G1 ¨G2 á«¥Ä¤ãîé¨¬ ®¡à §®¬: ĝ(y) = 1�(G2( y�)+ i12�G1( y�)):



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 49�âáî¤   å®¤¨¬
|ĝ(y)| = 1�√G22( y�)+ ( 23 ln 2)2G21( y�):Ǒ®áª®«ìªã ĝ { ¥¯à¥àë¢ ï   R äãªæ¨ï, ®¡à é îé ïáï ¢ ã«ì ¢¥ (−4�; 4�), ïáÄ®, çâ® ¬ ªá¨¬ã¬ |ĝ(y)|   R áãé¥áâ¢ã¥â ¨ «¥�¨â   ¨â¥à¢ «¥ (−4�; 4�). �®, ª ª¬ë á¥©ç á ãáâ ®¢¨¬, äãªæ¨ï G22(y=�) + k2G21(y=�), k = 2=(3 ln 2), ¨¬¥¥â   ¨â¥àÄ¢ «¥ (−4�; 4�) ¥¤¨áâ¢¥ë© «®ª «ìë© íªáâà¥¬ã¬ ¢ â®çª¥ y = 0. �âáî¤  ¨ ¡ã¤¥âá«¥¤®¢ âì, çâ® maxy∈R

|ĝ(y)| = |ĝ(0)| = 1� |G2(0)| = 83 ln 2 :�â ª, ¯à®¢¥à¨¬, çâ® äãªæ¨ï H(x) = G22(x) + �G21(x) ¯à¨ 0 < � < 1 ¨¬¥¥â  ¨â¥à¢ «¥ (−4; 4) ¥¤¨áâ¢¥ë© «®ª «ìë© íªáâà¥¬ã¬ ¢ â®çª¥ x = 0. �¬¥¥¬:H ′(x) = 2G2(x)G′2(x) + 2�G1(x)G′1(x)= −2G2(x)G1(x) + 2�G1(x)G(x)= −2G1(x)(G2(x) − �G(x)):�§ (5.4) á«¥¤ã¥â, çâ®G1(x) ¨¬¥¥â   (−4; 4) ¥¤¨áâ¢¥ë© ã«ì ¢ â®çª¥x = 0. Ǒ®íâ®¬ã®áâ «®áì ¯®ª § âì, çâ®(6.4) H1(x) = G2(x) − �G(x) 6= 0 ∀x ∈ (−4; 4):Ǒà¨ x ∈ (4=3; 4) ¥à ¢¥áâ¢® (6.4) ®ç¥¢¨¤®, â ª ª ª   íâ®¬ ¨â¥à¢ «¥ G(x) < 0(á¬. (3.4)),   G2(x) > 0. (�á«¨ ¡ë   ¨â¥à¢ «¥ (0; 4)  è« áì â®çª  x0, ¢ ª®â®à®©G2(x0) 6 0, â® ¢¢¨¤ã â®£®, çâ® G2(0) > 0,  è« áì ¡ë ¨ â®çª  x1 ∈ (0; 4), ¢ ª®â®à®©G2(x1) = 0. �® â®£¤  ¯® â¥®à¥¬¥ �®««ï   ¨â¥à¢ «¥ (x1; 4) äãªæ¨ïG′2(x) = −G1(x)¨¬¥«  ¡ë ã«ì,   íâ®, ª ª ®â¬¥ç «®áì ¢ëè¥, ¥¢¥à®.) �  [0; 4=3℄ ¯à®¢¥à¨âì (6.4) â®�¥¥á«®�®. Ǒà¨ íâ¨å § ç¥¨ïå x ¨¬¥¥¬H1(x) > G2(x) −G(x) = H2(x) = H2(0) + ∫ x0 H ′2(t) dt= 13 − 14 + ∫ x0 (G′2(t)−G′(t)) dt = 112 + ∫ x0 ( 316 −G1(t)) dt:�§ (5.4) ¢¨¤®, çâ® G1(t) 6 3=16 ∀ t ∈ (0; 4=3). Ǒ®íâ®¬ãH1(x) > H2(x) > 0. � ª¨¬®¡à §®¬, ¬ë ãáâ ®¢¨«¨ (6.4) ¯à¨ ∀x ∈ [0; 4),   § ç¨â, ¨ ¯à¨ «î¡ëå x ∈ (−4; 4) ¢¢¨¤ãç¥â®áâ¨H1. �¥¬ á ¬ë¬ «¥¬¬  3 ¯®«®áâìî ¤®ª §  .�¥¬¬  4. �¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ¥à ¢¥áâ¢ :
|g(x)| < 0:8x+ 14:5 ∀x > 26;(7.4)
|g(x)| < 0:8

|x+ 14| ∀x 6 −40:(8.4)



50 �.�. ������� , �.�. Ǒ�Ǒ���®ª § â¥«ìáâ¢®. �¥à ¢¥áâ¢® (7.4) ãáâ ®¢¨¬ ¯® ®â¤¥«ì®áâ¨   ¯à®¬¥�ãâª åÆ1 = [26; 46℄ ¨ Æ2 = (46;+∞). �§ ®¯à¥¤¥«¥¨ï äãªæ¨¨ g (á¬. (1.4)) ¯®«ãç ¥¬
|g(x)| = a(x)(sin�x)412�4(x + 14:5) ;£¤¥ a(x) = x−4(x+ 14:5)(x− 12). �¥âàã¤® ã¡¥¤¨âìáï ¢ â®¬, çâ® ¯à¨ x > 20 äãªæ¨ïa(x) ¯®«®�¨â¥«ì  ¨ áâà®£® ã¡ë¢ ¥â. �¢¨¤ã áª § ®£® ¯à¨å®¤¨¬ ª ®æ¥ª ¬supx∈Æ2 |g(x)(x + 14:5)| 6

a(46)12�4 ;(9.4) maxx∈Æ1 |g(x)(x + 14; 5)| 6
a(26)12�4 ·maxx∈Æ1(sin4 �x):(10.4)�¥£ª® ¯à®¢¥à¨âì, çâ® maxx∈Æ1(sin4 �x) < 0:4, ¨ ¯®á«¥ íâ®£® ¥¯®áà¥¤áâ¢¥ë¬ ¯®¤Äáç¥â®¬ ãáâ ®¢¨âì, çâ® ¯à ¢ë¥ ç áâ¨ ¥à ¢¥áâ¢ (9.4) ¨ (10.4) ¬¥ìè¥ 0:8. �¥¬ á Ä¬ë¬ (7.4) ¤®ª § ®. � «®£¨çë¬ ®¡à §®¬ ¤®ª §ë¢ ¥âáï ¨ ¥à ¢¥áâ¢® (8.4). �¬¥¥¬:

|g(x)| = a1(x) sin4 �x
|x+ 14| · 12�4 6

a1(x)
|x+ 14| · 12�4 ;£¤¥ a1(x) = |x+ 14| |x− 12|x4. Ǒà¨ x 6 −20 äãªæ¨ï a1(x) áâà®£® ¢®§à áâ ¥â, á«¥¤®Ä¢ â¥«ì®, maxx6−40(|x+ 14| |g(x)|) 6
a1(−40)12�4 < 0:8;  íâ® ¨ ®§ ç ¥â á¯à ¢¥¤«¨¢®áâì (8.4). �¥¬¬  4 ¯®«®áâìî ¤®ª §  .� ¯®¬¨¬, çâ® ¢ â¥®à¥¬¥ 6 à áá¬ âà¨¢ ¥âáï á«ãç © � = 1=2. �â® ®§ ç ¥â, çâ®¢á¥ ¥âà¨¢¨ «ìë¥ ã«¨ �(s) «¥� â   ¯àï¬®© Re s = 1=2. � ¬ ¡ã¤¥â ã¤®¡® à á¯®Ä«®�¨âì ¨å ¢ ¯®á«¥¤®¢ â¥«ì®áâì {�n = 1=2 + in}n∈Z; n6=0 ¢ ¯®àï¤ª¥ ¢®§à áâ ¨ï ¨å¬¨¬ëå ç áâ¥©. �á«¨ ã«ì ®ª § «áï ªà âë¬, â® ® § ¯¨áë¢ ¥âáï ¢ ¯®«ãç¨¢èãîáï¯®á«¥¤®¢ â¥«ì®áâì áâ®«ìª® à §, ª ª®¢  ¥£® ªà â®áâì. � ª®¥æ, −n = −n ∀n ∈ N.Ǒ®«®�¨¬ '(t) = +∞∑n=−∞n 6=0 �−1n exp(int):�§ (27.2) á«¥¤ã¥â, çâ®(11.4) F(et)e−t=2 = '(t) (� = 1=2):



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 51�®ª § â¥«ìáâ¢® â¥®à¥¬ë6. Ǒ®áª®«ìªã¯à¨x > 2¨¬¥¥¬R0(x) = −F(x)+O(1),¤®áâ â®ç® ¤®ª § âì, çâ®(12.4) ∫ 2xx |F(u)| du > 51 · 10−4x3=2 (∀x > 1):� á¢®î ®ç¥à¥¤ì, (12.4) ¢ëâ¥ª ¥â ¨§ ¥à ¢¥áâ¢ (13.4) ∫ 2xx |F(u)|u−3=2 du > 51 · 10−4 (∀x > 1):�¤¥« ¥¬ ¢ ¨â¥£à «¥ § ¬¥ã ¯¥à¥¬¥®£® u = et. � à¥§ã«ìâ â¥ íâ®£®, ®¡®§ ç¨¢X = lnx+ 12 ln 2 ¨ ãç¨âë¢ ï (11.4), ¯à¨¤¥¬ ª á®®â®è¥¨î, íª¢¨¢ «¥â®¬ã (13.4):(14.4) J(X) = ∫ X+4�X−4� |'(t)| dt > 51 · 10−4; X >
12 ln 2:Ǒ®«®�¨¬ J1(X) = ∫ X+4�X−4� '(t)ĝ(t−X) exp{i1(X − t)} dt:�á¯®«ì§ãï à¥§ã«ìâ â «¥¬¬ë 3, ¯®«ãç ¥¬ ®æ¥ªã(15.4) |J1(X)| 6 J(X)maxy∈R

|ĝ(y)| = 83 ln 2 · J(X):�¤àã£®© áâ®à®ë, ¨â¥£à « J1(X) ¢ëç¨á«ï¥âáï ¢ ¢¨¤¥ àï¤ , ¬®¤ã«ì ª®â®à®£® ¥ ®ç¥ìá«®�® ®æ¥¨âì á¨§ã. �¬¥¥¬:4
|J1(X)| = ∣∣∣∣

∫ 4�
−4� '(y +X)ĝ(y) exp(−i1y) dy∣∣∣∣(16.4) = ∣∣∣∣
+∞∑n=−∞n6=0 exp(inX)�n ∫ 4�

−4� ĝ(y) exp{i(n − 1)y} dy∣∣∣∣= ∣∣∣∣
+∞∑n=−∞n6=0 exp(inX)�n g(n − 1)∣∣∣∣

>
|g(0)|
|�1| −

∞∑n=2 |g(n − 1)|
|�n| −

−1∑n=−∞

∣∣∣∣
g(n − 1)�n ∣∣∣∣= 1

|�1| − ∞∑n=2∣∣∣∣g(n − 1)�n ∣∣∣∣ −
∞∑n=1∣∣∣∣g(−(n + 1))�n ∣∣∣∣:4� ¢¥áâ¢® Z ba '(t)f(t) dt = +∞

Xn=−∞n6=0 �−1n Z ba f(t) exp(int)dt ¢ë¯®«ï¥âáï ¤«ï «î¡®© äãªÄæ¨¨ f ∈ L[a; b℄, 0 < a < b < +∞, â ª ª ª ç áâ¨çë¥ áã¬¬ë P0<|n|<N àï¤  +∞
Pn=−∞n6=0 �−1n exp(int)áå®¤ïâáï ª '(t) ¢ ª �¤®© â®çª¥ ®âà¥§ª  [a; b℄ ¨ ï¢«ïîâáï à ¢®¬¥à® ®£à ¨ç¥ë¬¨   íâ®¬ ®âÄà¥§ª¥ (á¬. [3, á. 122, (9){(10)℄).



52 �.�. ������� , �.�. Ǒ�Ǒ���á®, çâ® ¥á«¨ ¤®ª § âì ®æ¥ªã(17.4) � = 1
|�1| − ∞∑n=2∣∣∣∣g(n − 1)�n ∣∣∣∣ −

∞∑n=1∣∣∣∣g(−(n − 1))�n ∣∣∣∣ > 0:02;â® ¨§ (15.4){(17.4) ¯®«ãç¨¬ (14.4):
|J(X)| >

3 ln 28 |J1(X)| >
3 ln 28 � >

3 ln 28 · 50 > 51 · 10−4:�¥¬ á ¬ë¬ â¥®à¥¬  6 ¡ã¤¥â ¤®ª §  . � ª¨¬ ®¡à §®¬, ®áâ «®áì ¯à®¢¥à¨âì á¯à ¢¥¤Ä«¨¢®áâì ¥à ¢¥áâ¢  (17.4).�á¯®«ì§ãï ¯à¨¢¥¤¥ë¥ ¢ [31℄ (á¬. â ª�¥ [27℄) ¯à¨¡«¨�¥ë¥ § ç¥¨ï ®à¤¨ â ¯¥àÄ¢ëå è¥áâ¨ ã«¥© ¤§¥â -äãªæ¨¨ �¨¬  , á ¯®¬®éìî ª®¬¯ìîâ¥à 5 ¯®«ãç ¥¬ ®æ¥ª¨(18.4) 1
|�1| > 0:07; 6∑n=2∣∣∣∣g(n − 1)�n ∣∣∣∣ < 0:026; 3∑n=1∣∣∣∣g(−n − 1)�n ∣∣∣∣ < 0:002:�¥¯¥àì ®æ¥¨¬ á¢¥àåã áã¬¬ã�1 = ∞∑n=7∣∣∣∣g(n − 1)�n ∣∣∣∣+ ∞∑n=4∣∣∣∣g(−n − 1)�n ∣∣∣∣:Ǒà¨ n > 7 ¨¬¥¥¬ [31℄ n − 1 > 7 − 1 > 26,   ¥á«¨ n > 4, â® n + 1 > 4 + 1 > 40.Ǒ®íâ®¬ã ª ®æ¥ª¥ § ç¥¨© |g(n − 1)| ¨ |g(−(n − 1))| ¬®�® ¯à¨¬¥¨âì «¥¬¬ã 4.�ç¨âë¢ ï ¥à ¢¥áâ¢® 14:1 < 1 < 14:2, ¨§ «¥¬¬ë 4 ¯®«ãç ¥¬�1 6

∞∑n=7 0:8
|�n|(n − 1 + 14:5) + ∞∑n=4 0:8

|�n|(n + 1 − 14)(19.4) < ∞∑n=7 0:8
|�n|(n + 0:3) + ∞∑n=4 0:8

|�n|(n + 0:1)< 0:8( ∞∑n=7 1
|�n|2 + ∞∑n=4 1

|�n|2)= 0:8( ∞∑n=4 2
|�n|2 −

( 1
|�4|2 + 1

|�5|2 + 1
|�6|2)):5�ë ¨á¯®«ì§®¢ «¨ ¨§¢¥áâë¥ ¥à ¢¥áâ¢  an 6 n 6 bn, 1 6 n 6 7, £¤¥ an, bn { ¤¥Äáïâ¨çë¥ ¤à®¡¨, 0 < bb − an < 10−3. � «¥¥, ¤¥« « áì ®æ¥ª  ˛

˛

˛

˛

g(n − 1)�n ˛

˛

˛

˛

6
Mnan , £¤¥Mn = maxt∈Æn |g(t)|, Æn = [an − b1; bn − a1℄. Ǒ®«ãç¨âì £à ¨æã á¢¥àåã M ′n > Mn, £¤¥M ′n { ª®¥çë¥ ¤¥áïâ¨çë¥ ¤à®¡¨, ¬ «® ®â«¨ç îé¨¥áï ®âMn, ¥ ¯à¥¤áâ ¢¨«® âàã¤ . � «¥¥ ¡ëÄ«® ãáâ ®¢«¥®, çâ®P6n=2M ′n=an 6 0:026. � «®£¨ç® ®æ¥¨¢ «¨áì ¨ ¤àã£¨¥ ª®¥çë¥ áã¬¬ë,á¢ï§ ë¥ á �1; : : : ; �6. �  ª®¬¯ìîâ¥à¥ ¢¥«¨áì â®«ìª® â®çë¥ ¢ëç¨á«¥¨ï á à æ¨® «ìëÄ¬¨ ç¨á« ¬¨. � ª¨¬ ®¡à §®¬, ¢á¥ ¥à ¢¥áâ¢  áâà®£® ¤®ª § ë. �¤ ª®, ¢ëª« ¤ª¨ á«¨èª®¬£à®¬®§¤ª¨ ¤«ï â®£®, çâ®¡ë ¯à¨¢®¤¨âì ¨å §¤¥áì.



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 53�¬¥¥â ¬¥áâ® à ¢¥áâ¢® [3, á. 91{92℄
∑� 2��2 + 2 = 2 + C − ln 4� < 0:0465;£¤¥ C { ¯®áâ®ï ï �©«¥à , � = Re �,  = Im �. �á«¨ á¯à ¢¥¤«¨¢  £¨¯®â¥§  �¨¬  ,â®(20.4) ∑� 2��2 + 2 = +∞∑n=−∞n 6=0 1

|�n|2 = 2 ∞∑n=1 |�n|−2 < 0:0465:�¬¥¥¬ â ª�¥(21.4) 2(|�1|−2 + |�2|−2 + |�3|−2) > 0:0175;
|�4|−2 + |�5|−2 + |�6|−2 > 0:002:�§ (19.4){(21.4) ¯®«ãç ¥¬ �1 < 0; 022. �âáî¤  ¨ ¨§ (18.4)  å®¤¨¬� = 1

|�1| − 6∑n=2∣∣∣∣g(n − 1)�n ∣∣∣∣ −
3∑n=2∣∣∣∣g(−n − 1)�n ∣∣∣∣ − �1> 0:07− 0:026− 0:002− 0:022 = 0:02:�ë ¯®«ãç¨«¨ (17.4),   íâ®, ª ª ®â¬¥ç «®áì ¢ëè¥, ¤®ª §ë¢ ¥â â¥®à¥¬ã 6.�®ª �¥¬ áà §ã �¥ ¨ â¥®à¥¬ã 9, ¯®áª®«ìªã ¬¥â®¤ ¥¥ ¤®ª § â¥«ìáâ¢  ®ç¥ì ¡«¨§®ª ª¬¥â®¤ã, ¯à¨¬¥ï¢è¥¬ãáï â®«ìª® çâ® ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 6.�¥¬¬  5. Ǒà¥¤¯®«®�¨¬, çâ® á¯à ¢¥¤«¨¢  £¨¯®â¥§  �¨¬  . Ǒãáâì b > 0,'(t) = ∑+∞n=−∞ �−1n exp(int), Y > b. �®£¤  ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

∫ Y+bY−b |'(t)| dt >
4b�|�1| − �b +∞∑n=−∞n 6=0; n6=1 | os((n − 1)b)|

|(n − 1)2 − (�=2b)2| |�n| :�®ª § â¥«ìáâ¢®. Ǒ®«®�¨¬(22.4) g1(y) = os(�y2b ); |y| 6 b:�®£¤  [32, á. 357℄ ¨¬¥¥¬ĝ1(z) = ∫ b
−b os(�y2b ) exp(izy) dy = 4�a os(bz)�2 − 4z2b2 :�«¥¤®¢ â¥«ì®,(23.4) |ĝ1(z)| = �b ∣∣∣∣

os bzz2 − (�=2b)2 ∣∣∣∣:



54 �.�. ������� , �.�. Ǒ�Ǒ���§ (22.4) ¨ (23.4)  å®¤¨¬
∫ Y+bY−b |'(t)| dt >

∣∣∣∣
∫ Y+bY−b '(t)g1(Y − t) exp(i1(t− Y )) dt∣∣∣∣= ∣∣∣∣
∫ b
−b '(Y + y)g1(y) exp(−i1y) dy∣∣∣∣= ∣∣∣∣
+∞∑n=−∞n6=0 �−1n ∫ b

−b exp{−in(Y + y)}g1(y) exp(−i1y) dy∣∣∣∣= ∣∣∣∣
+∞∑n=−∞n6=0 einY�n ∫ b

−b g1(y) exp{iy(n − 1)} dy∣∣∣∣= ∣∣∣∣
+∞∑n=−∞n6=0 einY�n ĝ1(n − 1)∣∣∣∣

>

∣∣∣∣
ĝ1(0)�1 ∣∣∣∣ −

+∞∑n=−∞n6=0;n6=1∣∣∣∣ ĝ1(n − 1)�n ∣∣∣∣= 4b�|�1| − �b +∞∑n=−∞n 6=0;n6=1 | os((n − 1)b)|
|(n − 1)2 − (�=2b)2| |�n| :�¥¬¬  5 ¤®ª §  .�®ª § â¥«ìáâ¢® â¥®à¥¬ë 9. Ǒ®«®�¨¬b = 5�1 ; I(Y ) = ∫ Y+bY−b '(t) dt; J(Y ) = ∫ Y+bY−b |'(t)| dt; Y > b:�â¥£à « I(Y ) «¥£ª® ¢ëç¨á«ï¥âáï:I(Y ) = +∞∑n=−∞n 6=0 2einY sin(nb)�nn :�ç¨âë¢ ï ¢ë¡®à b,  å®¤¨¬(24.4) |I(Y )| 6 4 ∞∑n=2 | sin(5�n=1)||�n|n :� ®æ¥ª¥ á¨§ã ¨â¥£à «  J(Y ) ¯à¨¬¥¨¬ «¥¬¬ã 5. Ǒ®«ãç¨¬J(Y ) >

20
|�1|1 − 15 +∞∑n=−∞n6=0;n 6=1 | os(5�n=1)|

|�n| |(n − 1)2 − (1=10)2| :



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 55�á¯®«ì§ãï ¯à¨¡«¨�¥®¥ § ç¥¨¥ ¤«ï 1 ¨§ [31℄,  å®¤¨¬ 21 < 1|�1| < 200. Ǒ®íâ®¬ã(25.4) J(Y ) > 0:1− 15 +∞∑n=−∞n 6=0;n6=1 | os(5�n=1)|
|�n| |(n − 1)2 − 2 :�¥£ª® ¯à®¢¥àï¥âáï á¯à ¢¥¤«¨¢®áâì ¥à ¢¥áâ¢(26.4) (n − 1)2 − 2 > 2n ∀n > 2;(n − 1)2 − 2 = (−n + 1)2 − 2 > 2n > 21|n| ∀n 6 −2;15((21)2 − 2) < 3 · 10−4:�®®â®è¥¨ï (25.4) ¨ (26.4) ¢«¥ªãâ §  á®¡®© ®æ¥ªãJ(Y ) > 0:1− (110 + 1105) ∞∑n=2 | os(5�n=1)||�n|n − 3 · 10−4(27.4) > 0:0997− 1:56 ∞∑n=2 os(5�n=1)|�n|n :Ǒ®áª®«ìªã ¯à¨ «î¡ëå x1; x2; � ∈ R ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® |x1 os� + x2 sin�| 6√x21 + x22, ¨§ (24.4) ¨ (27.4)  å®¤¨¬J(Y )− |I(Y )| > 0:0997−√18:44 ∞∑n=2 1

|�n|n :Ǒà¨ n > 2 ¨¬¥¥¬ |�n|=n = √1 + 1=42n < √1 + 1=(4 · 212) < √1:001. �à®¬¥ â®£®,
|�1|−2 > 0:00499,   ¥á«¨ ¨ ¢¥à  £¨¯®â¥§  �¨¬   (á¬. ¤®ª § â¥«ìáâ¢® ¯à¥¤ë¤ãé¥©â¥®à¥¬ë), â® ∑∞n=1 |�n|−2 < 0:02325. �¢¨¤ã áª § ®£® ¯®«ãç ¥¬J(Y )− |I(Y )| > 0:0997−√18:44 ∞∑n=2 √1:001|�n|2(28.4) > 0:0997− 4:3 ∞∑n=2 |�n|−2> 0:0997− 4:3(0:02325− 0:00499) = 0:021182:Ǒ®«ãç¥®¥ ¥à ¢¥áâ¢® ¯®ª §ë¢ ¥â, çâ® ¬®¤ã«ì ¨â¥£à «  ®â '(t) ¯® ®âà¥§ªã[Y − b; Y + b℄ ¬¥ìè¥ ¨â¥£à «  ®â |'(t)|   ¥ª®â®àãî¢¥«¨ç¨ã, ®â¤¥«¥ãî ®â ã«ï.�âáî¤  § ª«îç ¥¬, çâ® ¨â¥£à «ë ®â ¯®«®�¨â¥«ì®© ¨ ®âà¨æ â¥«ì®© ç áâ¨ '(t)6¥ á«¨èª®¬ ¬ «ë. �  íâ®© ¨¤¥¥ ¨ ¯®áâà®¥  § ¢¥àè îé ï ç áâì ¤®ª § â¥«ìáâ¢ â¥®à¥¬ë 9.6� ¯®¬¨¬, çâ® ¢¢¨¤ã á¨¬¬¥âà¨ç®£® à á¯®«®�¥¨ï ®â®á¨â¥«ì® R ã«¥© �(s) äãªæ¨ï '¤¥©áâ¢¨â¥«ì®§ ç .



56 �.�. ������� , �.�. Ǒ�Ǒ��Ǒ®«®�¨¬ '+(t) = max(0; '(t)); '−(t) = −min(0; '(t));J+(Y ) = ∫ Y+bY−b '+(t) dt; J−(Y ) = ∫ Y+bY−b '−(t) dt:� ¯®¬¨¬, çâ® b = 5�=1. �¬¥¥¬ ®ç¥¢¨¤ë¥ à ¢¥áâ¢ (29.4) J(Y ) = J+(Y ) + J−(Y );I(Y ) = J+(Y )− J−(Y ):�§ (29.4) ¬®�® ¢ëà §¨âì J+(Y ) ¨ J−(Y ):(30.4) J+(Y ) = (J(Y ) + I(Y ))=2; J−(Y ) = (J(Y )− I(Y ))=2:�§ (30.4), (28.4) ¨ í«¥¬¥â àëå¥à ¢¥áâ¢ |x1+x2| > |x2|−|x1|, |x1−x2| > |x2|−|x1| å®¤¨¬(31.4) J+(Y ) > 0; 0105; J−(Y ) > 0; 0105 ∀Y > b:�á«¨ ¢¥à  £¨¯®â¥§  �¨¬  , â® '(t) = F(et)e−t=2. Ǒ®íâ®¬ã ¯à¨ x > 1
∫ 10xx F+(u) du >

∫ 10xx F+(u)(xu)3=2 du(32.4) = x3=2 ∫ ln 10+lnxlnx F+(et)e−t=2 dt= x3=2 ∫ Y+ 12 ln 10Y− 12 ln 10 '+(t) dt:(�¤¥áì ®¡®§ ç¥® Y = 12 ln 10 + lnx.) Ǒ®áª®«ìªã12 ln 10 > 1:15; b = 5�1 < 5 · 3:14214:13 < 1:12;¨§ (31.4) ¨ (32.4) ¢ë¢®¤¨¬(33.4) ∫ 10xx F+(u) du > 0:0105x3=2 ∀x > 1:� «®£¨ç®  å®¤¨¬(34.4) ∫ 10xx F−(u) du > 0:0105x3=2 ∀x > 1:�§ ®¯à¥¤¥«¥¨ï äãªæ¨©R0(x) ¨R(u) ¢¨¤®, çâ® ®¨ ¥ á®¢¯ ¤ îâ â®«ìª® «¨èì  áç¥â®¬ ¤¨áªà¥â®¬   [1;+∞) ¬®�¥áâ¢¥ â®ç¥ª. �«¥¤®¢ â¥«ì®, ¯à¨ «î¡®¬ x > 1¨¬¥¥¬(35.4) ∫ 10xx R+(u) du = ∫ 10xx R+0 (u) du; ∫ 10xx R−(u) du = ∫ 10xx R−0 (u) du:



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 57� ¯à¨ u > 2 ¢á«¥¤áâ¢¨¥ (28.2) ¨ (29.2) ¢ë¯®«ïîâáï ¥à ¢¥áâ¢ 
−F(u) > R0(u) > −F(u)− ln 2� > −F(u)− 1:84:�«¥¤®¢ â¥«ì®,(36.4) R+0 (u) > (F(u))− − 1:84;R−0 (u) > F+(u): (∀u > 2)�§ (33.4){(36.4)  å®¤¨¬, çâ® ¢ á«ãç ¥ á¯à ¢¥¤«¨¢®áâ¨ £¨¯®â¥§ë�¨¬   ¯à¨ ¢á¥åx > 2¨¬¥îâ ¬¥áâ® ®æ¥ª¨

∫ 10xx R−(u) du = ∫ 10xx R−0 (u) du >

∫ 10xx F+(u) du > 0:0105x3=2;
∫ 10xx R+(u) du = ∫ 10xx R+0 (u) du >

∫ 10xx (F−(u)− 1:84)du > 0:0105x3=2 − 16:56x:� ç áâ®áâ¨, ¯à¨ ¢á¥å x > 2 · 109
∫ 10xx R+(u) du > x3=2100 :�¥®à¥¬  9 ¤®ª §  .Ǒ¥à¥©¤¥¬ ª ¤®ª § â¥«ìáâ¢ ¬ ®æ¥®ª á¨§ã ¨â¥£à «®¢ ®â |R(u)|, R+(u), R−(u) ¢¯à¥¤¯®«®�¥¨¨, çâ® £¨¯®â¥§  �¨¬   ¥¢¥à . �§ á®®â®è¥¨© (23.3), (38.2) ¨ «¥¬Ä¬ë 2 á«¥¤ã¥â ã¯à®é¥ ï ä®à¬ã«  ¤«ï R(u) ¢ á«ãç ¥ � > 1=2:(37.4) R(u) = F2(�1; u) + o(u�1) (u→ +∞):(�ë ®¡®§ ç¨«¨ �1 = 1=4 + �=2.) �  ã¡¥�¤ ¥â  á ¢ â®¬, çâ® â¥®à¥¬ë 7 ¨ 8 ¥¯®Äáà¥¤áâ¢¥® ¢ëâ¥ª îâ ¨§ á«¥¤ãîé¥£® ãâ¢¥à�¤¥¨ï.Ǒãáâì �̃ = �̃ + ĩ { ¯à®¨§¢®«ìë© ã«ì �(s), ¢¥é¥áâ¢¥ ï ç áâì ª®â®à®£® �̃ ¡®«ìÄè¥ �1. �®£¤  ¤«ï «î¡®£® a > 1 áãé¥áâ¢ã¥â ¯®áâ®ï ï 43(a; �̃) > 0 â ª ï, çâ® ¯à¨¢á¥å x > 1 ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®(38.4) ∫ axx |F2(�1; u)| du > 43(a; �̃)x1+e� :�¥©áâ¢¨â¥«ì®, ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 7 ¢ë¡¥à¥¬ ã«ì á ¢¥é¥áâ¢¥®© ç áâìî�̃ > �− "=2 (® áãé¥áâ¢ã¥â ¯® ®¯à¥¤¥«¥¨î ç¨á«  �). � ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 8¢®§ì¬¥¬ �̃ = �+ ĩ.�®ª �¥¬ áä®à¬ã«¨à®¢ ®¥ ãâ¢¥à�¤¥¨¥. Ǒ®«®�¨¬(39.4) L(z) = ∏Re �>�1�6=e� (1− iz=�):



58 �.�. ������� , �.�. Ǒ�Ǒ��Ǒ®áª®«ìªã ª®«¨ç¥áâ¢® ã«¥© �(s) ¢ ¯àï¬®ã£®«ì¨ª¥ {�1 6 Re s 6 �, | Im s| 6 T}¥áâì O(T Æ1), 0 < Æ1 < 1, â® [33, á. 197℄ ¯à®¨§¢¥¤¥¨¥ (39.4) ¯à¥¤áâ ¢«ï¥â ¨§ á¥¡ïæ¥«ãî äãªæ¨î, ¨¬¥îéãî ®æ¥ªã à®áâ (40.4) |L(z)| 6 44 exp(45|z|Æ1) ∀ z ∈ C:�ã«¨ L(z) à á¯®«®�¥ë ¢ â®ç®áâ¨ ¢ â®çª å {−i�}, Re � > �1, � 6= �̃. Ǒ®áâ®ïë¥44, 45 ¨ Æ1, ¥áâ¥áâ¢¥®, § ¢¨áïâ ®â ¢®§¬®�®£® § ç¥¨ï �.�®à®è® ¨§¢¥áâ®, çâ®, ª ª®¢ë ¡ë ¨ ¡ë«¨ § ¤ ë¥ ç¨á«  � > 0 ¨ Æ ∈ (0; 1), áãÄé¥áâ¢ã¥â æ¥« ï äãªæ¨ï f , ¨¬¥îé ï íªá¯®¥æ¨ «ìë© â¨¯, à ¢ë© � , ¨ \¤®áâ â®ç®¡ëáâà®" ã¡ë¢ îé ï   ¤¥©áâ¢¨â¥«ì®© ®á¨:(41.4) |f(t)| = O(exp(−|t|Æ)); t ∈ R:� ª®© æ¥«®© äãªæ¨¥© ï¢«ï¥âáï,  ¯à¨¬¥à,f(z) = ∞∏k=1(sin dktdkt ); dk = �k−1=Æ2�(1=Æ2) ; Æ2 = 1 + Æ2 :�®§ì¬¥¬ â ªãî äãªæ¨î f ¤«ï � = 12 ln a ¨ Æ = (1 + Æ1)=2. Ǒ®«®�¨¬,  ª®¥æ,g(z) = 




f(z)L(z); ¥á«¨ f(−i�̃) 6= 0;f(z)L(z)(z + i�̃)q ; ¥á«¨ − i�̃ { ã«ì f(z) ªà â®áâ¨ q:�ç¥¢¨¤®, çâ®(42.4) g(−i�) = 0; Re � > �1; � 6= �̃;g(−i�̃) 6= 0:�à®¬¥ â®£®, ¨§ (40.4) ¨ (41.4) ¢ëâ¥ª ¥â, çâ® g ï¢«ï¥âáï æ¥«®© äãªæ¨¥© íªá¯®¥æ¨Ä «ì®£® â¨¯  � ¨ ¡ëáâà® ã¡ë¢ ¥â   ¤¥©áâ¢¨â¥«ì®© ®á¨. Ǒ®íâ®¬ã ¯à¥®¡à §®¢ ¨¥�ãàì¥ ĝ(y) = 12� ∫ +∞

−∞
g(z) exp(−izy) dz«¥�¨â ¢ ª« áá¥C∞(R) ¨ ¨¬¥¥â ®á¨â¥«ì ¢ãâà¨ ®âà¥§ª  [−�; � ℄ = [−12 ln a; 12 ln a℄.Ǒ®¤£®â®¢¨â¥«ì ï à ¡®â  § ¢¥àè¥  ¨ â¥¯¥àì ¬ë¬®�¥¬ ¯à¨áâã¯¨âì ª ®æ¥ª¥ á¨§ã¨â¥£à «  ∫ axx |F2(�1; u)| du. �¤¥« ¥¬ § ¬¥ã ¯¥à¥¬¥®£® u = et ¨ ®¡®§ ç¨¬X =lnx+ 12 ln a. �¬¥¥¬:

∫ axx |F2(�1; u)| du > x ∫ axx |F2(�1; u)|duu= x ∫ X+�X−� |F2(�1; et)| dt
>

xmaxy∈R |ĝ(y)| ∣∣∣∣∫ X+�X−� F2(�1; et)ĝ(t−X) dt∣∣∣∣= 46x∣∣∣∣∫ X+�X−� ( ∑Re �>�1 exp(�t)� )ĝ(t−X) dt∣∣∣∣:



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 59�¤¥« ¢ ¢ ¯®á«¥¤¥¬¨â¥£à «¥ § ¬¥ã t−X = y, ¯à®¨§¢¥¤ï ¯®ç«¥®¥ ¨â¥£à¨à®¢ ¨¥(íâ® ¢®§¬®�® ¢ á¨«ã à ¢®¬¥à®© áå®¤¨¬®áâ¨ àï¤  ¤«ïF2(�1; et)   «î¡®¬ ®âà¥§ª¥¢ R) ¨ ®¡®§ ç¨¢ � = −i�, ¯®«ãç ¥¬ ®æ¥ªã
∫ axx |F2(�1; u) du > 46x∣∣∣∣ ∑Re �>�1 exp(�X)� ∫ �

−� ĝ(y)ei�y dy∣∣∣∣= 46x∣∣∣∣ ∑Re �>�1 exp(�X)� g(�)∣∣∣∣:�¢¨¤ã á®®â®è¥¨© (42.4) ¢ ¯®á«¥¤¥© áã¬¬¥ ¢á¥ á« £ ¥¬ë¥, ªà®¬¥ á®®â¢¥âáâ¢ãîé¨å�̃ (ª®«¨ç¥áâ¢® ¨å à ¢® � { ªà â®áâ¨ ã«ï �̃), ®¡à é îâáï ¢ ®«ì. Ǒ®íâ®¬ã ¯à¨å®¤¨¬ª ¥à ¢¥áâ¢ ¬
∫ axx |F2(�1; u)| du > 46x∣∣∣∣ �̃� g(−i�)∣∣∣∣| exp{(�̃ + ĩ)X}| = 47x exp(�̃X) > 47x1+e� ;  íâ® ¨ ¤®ª §ë¢ ¥â âà¥¡ã¥¬®¥.�«ï ¤ «ì¥©è¥£®  ¬ ¯®âà¥¡ã¥âáï ¤®ª § âì áãé¥áâ¢®¢ ¨¥ ¥é¥ ®¤®£® ¢¨¤  ¥¯à¥Äàë¢ëå  R äãªæ¨© á ª®¥çë¬ ®á¨â¥«¥¬, ª®â®àë¥ ¢¬¥áâ¥ á® á¢®¨¬ ¯à¥®¡à §®¢ ¨Ä¥¬ �ãàì¥ ¨¬¥îâ ã�ë¥ ¤«ï  è¨å æ¥«¥© á¯¥æ¨ «ìë¥ á¢®©áâ¢ . � áá¬®âà¨¬ á¥¬¥©Äáâ¢® äãªæ¨© f(�; ; z) = 11 + (z=�)2 ·

h(2�� )− os(2�z )h(2�� )− 1 ;(43.4) �;  ∈ R; 12 < � < 1;  > 10; z ∈ C:(44.4)�¥¬¬  6. �â®á¨â¥«ì® «î¡®© äãªæ¨¨ ¢¨¤  (43.4) á ®£à ¨ç¥¨ï¬¨   ¯ Äà ¬¥âàë (44.4) á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à�¤¥¨ï :1) f { ç¥â ï æ¥« ï äãªæ¨ï íªá¯®¥æ¨ «ì®£® â¨¯  2�=, ¢¥é¥áâ¢¥ ï  R. �á¥ ¥¥ ã«¨ ¢ C ¨¬¥îâ ¢¨¤ m ± i�, m ∈ Z \ {0}.2) f(�; ; 0) = 1.3) 0 < f(�; ; z) < 1 ∀ z ∈ R \ {0}.4) �á«¨  > 2�|z|, â® à ¢®¬¥à® ¯® �, , z(45.4) f(�; ; z) = 1 +O((1 + |z|2)−2):5) Ǒà¥®¡à §®¢ ¨¥ �ãàì¥f̂(�; ; y) = 12� ∫ +∞

−∞
f(�; ; z) exp(−izy) dz¯®«®�¨â¥«ì® ¯à¨ ¢á¥å y ∈ (−2�; 2�) ¨ ®¡à é ¥âáï ¢ ã«ì ¢áî¤ã ¢¥ íâ®£®¨â¥à¢ « .Ǒà®¢¥àª ¨áâ¨®áâ¨ãâ¢¥à�¤¥¨© 1) ¨ 2) «¥¬¬ë6¯à¥¤®áâ ¢«ï¥âáï ç¨â â¥«î. �®Äª �¥¬ ãâ¢¥à�¤¥¨ï 3){5). �«ï ¢ëç¨á«¥¨ï ¯à¥®¡à §®¢ ¨ï �ãàì¥ äãªæ¨¨ f ¢®áÄ¯®«ì§ã¥¬áï ¨§¢¥áâ®© ä®à¬ã«®© [34, á. 391℄(46.4) ∫ +∞

−∞

os bxx2 + 1dx = �e−|b|; b ∈ R:



60 �.�. ������� , �.�. Ǒ�Ǒ���®ª § â¥«ìáâ¢®. �ç¨âë¢ ï ç¥â®áâì äãªæ¨¨ f ¨ ¨á¯®«ì§ãï (46.4),  å®¤¨¬f̂(�; ; y) = 12� ∫ +∞

−∞

h(2�� )− os(2�z )h(2�� )− 1 · os zy1 + (z=�)2 dz= �2�(h(2�� )− 1)
×

∫ +∞

−∞

os(�xy) h(2�� )− 12 os(�xy + 2��x )− 12 os(�xy − 2��x )x2 + 1 dx= h(2�� ) exp(−�|y|)− 12 exp(−�|y + 2� |)− 12 exp(−�|y − 2� |)2(h(2�� )− 1) :� áªàë¢ ï ¬®¤ã«¨ ¢ ¯®«ãç¥®¬ ¢ëà �¥¨¨ ¨ § ¯¨áë¢ ï áâ®ïé¨© ¢ ç¨á«¨â¥«¥ ¤à®¡¨£¨¯¥à¡®«¨ç¥áª¨© ª®á¨ãá ç¥à¥§ íªá¯®¥âë, ¯à¨å®¤¨¬ ª à ¢¥áâ¢ ¬f̂(�; ; y) = 



sh((�2� − |y|))2(h(2�� )− 1) ; |y| < 2� ;0; |y| >
2� :�â¢¥à�¤¥¨¥ 5) ¤®ª § ®. Ǒ®«®�¨â¥«ì®áâì äãªæ¨¨ f  R ®ç¥¢¨¤ ,   ¥à ¢¥áâ¢®f(�; ; z) < 1 ¯à¨ «î¡®¬ ¤¥©áâ¢¨â¥«ì®¬ z 6= 0 «¥£ª® á«¥¤ã¥â ¨§ 2), ¥®âà¨æ â¥«ì®áÄâ¨, ¥¯à¥àë¢®áâ¨ ¨ ç¥â®áâ¨   R ¯à¥®¡à §®¢ ¨ï �ãàì¥ f̂(�; ; y):f(�; ; z) = ∫ +∞

−∞
f̂(�; ; y) exp(iyz) dy = ∫ +∞

−∞
f̂(�; ; y) os zy dy< ∫ +∞

−∞
|f̂(�; ; y)| dy = ∫ +∞

−∞
f̂(�; ; y) dy = f(�; ; y) = 1:�¥¬ á ¬ë¬ ãáâ ®¢«¥® ¥à ¢¥áâ¢® 3). �«ï ¤®ª § â¥«ìáâ¢  4) § ¬¥¨¬ ¢ ¢ëà �¥¨¨¤«ï f(�; ; z) äãªæ¨¨ os ¨ h ¯® ¨§¢¥áâë¬ ä®à¬ã« ¬: osw = 1 − w2=2 + O(w4),hw = 1+w2=2+O(w4) (w > 1). �®£¤  ¯à¨  > 2�|z|, z =∈ (K1 ∪K2) (K1 = {z ∈ C |

|z − i�| < 0; 1},K2 = −K1) ¯®«ãç¨¬f(�; ; z) = 12((2�� )2 + (2�z )2 +O((1 + |z|4)−4))(1 + ( z� ))(12 (2�� )2 +O(−4)) :� §¤¥«¨¢ ç¨á«¨â¥«ì ¨ § ¬¥ â¥«ì íâ®© ¤à®¡¨   12 (2�� )2, ¯à¨å®¤¨¬ ª à ¢¥áâ¢ ¬f(�; ; z) = 1 + (z=�)2 +O((1 + |z|4)−2))(1 + (z=�)2)(1 +O(−2))= (1 +O( 1 + |z|42(1 + (z=�)2)))(1 +O(−2)):



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 61�âáî¤  áà §ã ¢¨¤®, çâ® ¯à¨ |z| < 0:1f(�; ; z) = 1 +O(−2);  ¯à¨ 0:1 < |z| < =2�, z =∈ (K1 ∪K2)(47.4) f(�; ; z) = 1 +O(z2−2):� ç áâ®áâ¨, ¨§ (47.4) á«¥¤ã¥â, çâ®   £à ¨æ å ªàã£®¢ K1 ¨ K2 ¢ë¯®«ï¥âáï ¥à Ä¢¥áâ¢® |f(�; ; z)− 1| 6 48−2. Ǒ®áª®«ìªã äãªæ¨ï f(�; ; z) æ¥« ï, â ª®¥ �¥ ¥à Ä¢¥áâ¢® ¢ë¯®«ï¥âáï ¯® ¯à¨æ¨¯ã ¬ ªá¨¬ã¬  ¨ ¯à¨ z ∈ (K1 ∪K2). �¥¬ á ¬ë¬ (45.4)¤®ª § ® ¯à¨ ¢á¥å |z| < =2�. �¥¬¬  ¯®«®áâìî ¤®ª §  .�®ª § â¥«ìáâ¢® â¥®à¥¬ë 10. �®§ì¬¥¬ ¯à®¨§¢®«ìë¥ " > 0, a > 1 ¨ § ä¨ªá¨Äàã¥¬ ¨å. �§ ¯«®â®áâëå â¥®à¥¬ ¢ëâ¥ª ¥â áå®¤¨¬®áâì àï¤  ∑Re �>�1 | Im �|−1, £¤¥�1 = 1=4 + �=2. �«¥¤®¢ â¥«ì®,limT→+∞

∑Re �>�1
|Im �|>N | Im �|−1 = 0:�® â ª ª ª á®£« á® ¯®áë«ª¥ â¥®à¥¬ë 10 � ¥¤®áâ¨�¨¬®, â® «¥£ª® á®®¡à §¨âì, çâ®¤«ï «î¡®£® ä¨ªá¨à®¢ ®£® T áãé¥áâ¢ã¥â Æ = Æ(T ) > 0 â ª®¥, çâ® ¯àï¬®ã£®«ì¨ª{s ∈ C | Re s > � − Æ(T ); | Im s| 6 T} ¥ á®¤¥à�¨â ã«¥© �(s). Ǒ®íâ®¬ã  ©¤¥âáïâ ª®¥ Æ = Æ(a), çâ®

∑Re �>�−Æ | Im �|−1 < ln a4� :Ǒà¨ íâ®¬, ¥áâ¥áâ¢¥®, ¬®�® ¢§ïâì Æ < ".�®§ì¬¥¬ �̃ = �̃ + ĩ { ã«ì �(s), «¥� é¨© ¢ ¯®«ã¯«®áª®áâ¨ Re s > � − Æ ¨ ¨¬¥Äîé¨© áà¥¤¨ â ª¨å ã«¥©  ¨¬¥ìèãî ¯®«®�¨â¥«ìãî ®à¤¨ âã (¥á«¨ ¨å ¥áª®«ìª®,â® ¢ë¡¥à¥¬ â®â, ã ª®â®à®£® ¡®«ìè¥ ¤¥©áâ¢¨â¥«ì ï ç áâì). �¥¯¥àì ¢á¥ à §«¨çë¥ ãÄ«¨ �(s), «¥� é¨¥ ¢ ¯®«®á¥ Re s > � − Æ, §  ¨áª«îç¥¨¥¬ ¤¢ãå �̃ ± ĩ § ã¬¥àã¥¬ ¢¯®á«¥¤®¢ â¥«ì®áâì {!n}, n ∈ Z, n 6= 0. �¥à¥§ �n ®¡®§ ç¨¬ ªà â®áâì ã«ï !n. �ãÄ«¨ ã¬¥àãîâáï, ª ª ®¡ëç®, ¢ ¯®àï¤ª¥ ¢®§à áâ ¨ï ¨å ¬¨¬ëå ç áâ¥©,   ¯à¨ à ¢ëå¬¨¬ëå ç áâïå { ¢ ¯à®¨§¢®«ì®¬ ¯®àï¤ª¥. � ª®¥æ, !−n = !n ∀n ∈ N. �®¬¥à \0" ¢ è¥© ã¬¥à æ¨¨ ¥ § ¤¥©áâ¢®¢ . �®£« á® ¢¢¥¤¥ë¬ ®¡®§ ç¥¨ï¬ ¨¬¥¥¬(48.4) F2(�− Æ; et) = �̃(e(e�+ie)t�̃ + ĩ + e(e�−ie)t�̃ − ĩ )+F3(et);£¤¥ �̃ { ªà â®áâì ã«ï �̃,   F3(x) = ∑

|n|>1 �nx!n!n :Ǒ¥à¥¤ â¥¬, ª ª ¯à¨áâã¯¨âì ª ®æ¥ª ¬ ¨â¥£à «®¢ ®âF+2 ¨ F−2 , ¤®ª �¥¬ ¥é¥ ®¤®¢á¯®¬®£ â¥«ì®¥ ãâ¢¥à�¤¥¨¥.



62 �.�. ������� , �.�. Ǒ�Ǒ���¥¬¬  7. �¡®§ ç¨¬7�n = Re!n; n = Im!n; q = ∞∑n=1 1n :�®£¤  áãé¥áâ¢ã¥â ¥®âà¨æ â¥«ì ï ¥¯à¥àë¢ ï   R äãªæ¨ï ĝ, ®¡à é îé Äïáï ¢ ã«ì ¢¥ ¨â¥à¢ «  (−2�q; 2�q), â ª ï , çâ®(49.4) ∫ 2�q
−2�q e(e�+ie)tĝ(t) dt 6= 0;  ¯à¨ «î¡®¬ Y ∈ R(50.4) ∫ Y+2�qY−2�q F3(et)ĝ(t− Y ) dt = 0:�®ª § â¥«ìáâ¢®. Ǒ®«®�¨¬gN (z) = N∏n=1 f(�n; n; z):� á¨«ã (45.4) ¯®á«¥¤®¢ â¥«ì®áâì äãªæ¨© gN (z) ¨¬¥¥â ¯à¥¤¥«g(z) = limN→∞

gN (z) = ∞∏n=1 f(�n; n; z);¯à¨ç¥¬ áå®¤¨¬®áâì   «î¡®¬ ª®¬¯ ªâ¥ ¢ C à ¢®¬¥à . �«¥¤®¢ â¥«ì® (á¬. ãâ¢¥à�Ä¤¥¨¥ 1) «¥¬¬ë 6), g(z) ï¢«ï¥âáï æ¥«®© ç¥â®© ¢¥é¥áâ¢¥®©   R äãªæ¨¥© ¨ ¢á¥ ¥¥ã«¨ ¢ C à á¯®«®�¥ë ¢ â®çª åmn ± i�n; m; n ∈ Z; mn 6= 0:�®£« á® ¢ë¡®àã ã«ï �̃ = �̃ + ̃ ¥â ¤àã£®£® ã«ï �(s) á ¯®«®�¨â¥«ì®© ¬¨¬®©ç áâìî, ¬¥ìè¥© ̃, ¨ á ¢¥é¥áâ¢¥®© ç áâìî �̃. Ǒ®íâ®¬ã ¥á«¨ ¡ë ¤«ï ª ª¨å-¨¡ã¤ìm;n ∈ Z ¨¬¥«® ¬¥áâ® à ¢¥áâ¢® ̃ − i�̃ = mn ± i�n, â® ¬ë ¯®«ãç¨«¨ ¡ë ̃ = |n|,� = �|n|, â.¥. �̃ = !|n|. �® ¢á¥ í«¥¬¥âë {!n} ®â«¨çë ®â �̃ ¯® ®¯à¥¤¥«¥¨î íâ®©¯®á«¥¤®¢ â¥«ì®áâ¨. �ª § ®¥ ®§ ç ¥â, çâ®(51.4) g(̃ − i�̃) 6= 0:Ǒ®áª®«ìªã ¯à¥®¡à §®¢ ¨¥ �ãàì¥ ¯à®¨§¢¥¤¥¨ï ¤¢ãå äãªæ¨© ï¢«ï¥âáï á¢¥àâª®©¨å ¯à¥®¡à §®¢ ¨© �ãàì¥, á¯à ¢¥¤«¨¢® á®®â®è¥¨¥ĝN (y) = f̂(�1; 1; y) ∗ · · · ∗ f(�N ; N ; y):7� áã¬¬¥ q ãç áâ¢ãîâ ã«¨ �(s), ¢¥é¥áâ¢¥ë¥ ç áâ¨ ª®â®àëå ¡®«ìè¥ ¨«¨ à ¢ë�−Æ > 1=2.�«¥¤®¢ â¥«ì®, ¯® ¯«®â®áâ®© â¥®à¥¬¥ [21, á. 237℄ ¨¬¥¥¬ q < +∞.



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 63Ǒ®íâ®¬ã (á¬. ãâ¢¥à�¤¥¨¥ 5) «¥¬¬ë 6)(52.4) ĝN (y) > 0; |y| < 2�qN ;ĝN (y) = 0; |y| > 2�qN ;£¤¥ qN = ∑Nn=1 −1n .�§ ãâ¢¥à�¤¥¨ï 3) «¥¬¬ë 6 á«¥¤ã¥â, çâ® ¢á¥ äãªæ¨¨ gN ¯®«®�¨â¥«ìë   R,¨ ¯à¨ «î¡®¬ ä¨ªá¨à®¢ ®¬ z0 ∈ R \ {0} ¯®á«¥¤®¢ â¥«ì®áâì gN (z0) ã¡ë¢ ¥â.� ª ®â¬¥ç «®áì ¢ëè¥, limN→∞ gN (z) = g(z) ∀ z ∈ Z. �à®¬¥ â®£®, g1(z) =f(�1; 1; · ) ∈ L(R). Ǒ®íâ®¬ã g ∈ L(R),(53.4) limN→∞

∫ +∞

−∞
|gN (z)− g(z)| dz = 0:�á«¥¤áâ¢¨¥ (53.4) ĝ ∈ C(R) ¨ ¯®á«¥¤®¢ â¥«ì®áâì ĝN (y) áå®¤¨âáï ª ĝ(y) à ¢®¬¥à®  R. �â® ¢¬¥áâ¥ á (52.4) ¢«¥ç¥â §  á®¡®© á¯à ¢¥¤«¨¢®áâì á®®â®è¥¨©(54.4) ĝ(y) > 0 ∀y ∈ R;supp ĝ ⊂ [−2�q; 2�q℄:Ǒ¥à¢ ï ç áâì «¥¬¬ë 7 ¤®ª §  . �áâ ®¢¨¬ á¯à ¢¥¤«¨¢®áâì á®®â®è¥¨© (49.4)¨ (50.4). Ǒ® ä®à¬ã«¥ ®¡à é¥¨ï ¯à¥®¡à §®¢ ¨ï �ãàì¥ ¨¬¥¥¬g(z) = ∫ +∞

−∞
ĝ(y) exp(izy) dy:�âáî¤ , ¨§ (51.4) ¨ (54.4)  å®¤¨¬0 6= g(̃ − i�̃) = ∫ +∞

−∞
ĝ(y) exp((�̃ + ĩ)y) dy= ∫ 2�q

−2�q ĝ(y) exp((�̃ + ĩ)y) dy:�¥¬ á ¬ë¬ (49.4) ¤®ª § ®. Ǒ®áª®«ìªã g(n − i�n) = 0 ¯à¨ «î¡ëå n ∈ Z \ {0},(55.4) ∫ 2�q
−2�q ĝ(y) exp((�n + in)y) dy = 0 ∀n ∈ Z \ {0}:�ï¤ ¤«ï F3(et) áå®¤¨âáï à ¢®¬¥à®   «î¡®¬ ®âà¥§ª¥ ¢ R ¨, á«¥¤®¢ â¥«ì®, ¤®¯ãáÄª ¥â ¯®ç«¥®¥ ¨â¥£à¨à®¢ ¨¥. Ǒ®íâ®¬ã, ãç¨âë¢ ï (55.4),  å®¤¨¬

∫ Y+2�qY−2�q F3(et)ĝ(t− Y ) dt = ∫ Y+2�qY−2�q ( ∑

|n|>1 �ne!nt!n )ĝ(t− Y ) dt= ∑

|n|>1 �ne!nt!n ∫ 2�q
−2�q e!nyĝ(y) dy = 0:



64 �.�. ������� , �.�. Ǒ�Ǒ���¥¬¬  7 ¯®«®áâìî ¤®ª §  .Ǒà®¤®«�¨¬¤®ª § â¥«ìáâ¢® â¥®à¥¬ë. �¡®§ ç¨¬X = lnx+ 12 ln a, ĝ(̃−i�̃) = �ei�(¬®�® ¢§ïâì � > 0, â ª ª ª ĝ(̃ − i�̃) 6= 0). �á«¨ Y ¯à®¡¥£ ¥â ¥ª®â®àë© ®âà¥§®ª¤¥©áâ¢¨â¥«ì®© ®á¨ ¤«¨ë 2�=̃, â® â®çª  exp(iY ̃) á®¢¥àè ¥â ¯®«ë© ®¡®à®â ¯® ¥¤¨Ä¨ç®© ®ªàã�®áâ¨ ¢ C. Ǒ®íâ®¬ã  ©¤ãâáï ¤¢  ç¨á«  X1; X2 ∈ [X − �=̃;X + �=̃℄â ª¨¥, çâ®(56.4) Re(exp(i(X1̃ + �))�̃ ) = 1
|�̃| ; Re(exp(i(X2̃ + �))�̃ ) = − 1

|�̃| :�¡®§ ç¨¬ ¤«ï ªà âª®áâ¨F2(u) = F2(�− Æ; u) ¨ ¯à¨áâã¯¨¬ ª ®æ¥ª¥ á¨§ã ¨â¥£Äà «  ∫ axx F+2 (u) du. �¬¥¥¬:(57.4) ∫ axx F+2 (u) du > x ∫ axx F+2 (u)duu = x ∫ X+ 12 lnaX− 12 lna F+2 (et) dt:Ǒ®áª®«ìªã 12 ln a > 2�( 1̃ + ∞∑n=1 1n) = 2�q + 2�̃−1;á¯à ¢¥¤«¨¢ë ¢ª«îç¥¨ï(58.4) [Xj − 2�q;Xj + 2�q℄ ⊂ [X − 12 ln a;X + 12 ln a℄; j = 1; 2:�§ (57.4) ¨ (58.4)  å®¤¨¬
∫ axx F+2 (u) du >

∫ X1+2�qX1−2�q F+2 (et) dt(59.4)
>

xmaxy∈R ĝ(y) ∫ X1+2�qX1−2�q F+2 (et)ĝ(t−X1) dt
> 49x ∫ X1+2�qX1−2�q F2(et)ĝ(t−X1) dt;£¤¥ 49 = 1=maxy∈R ĝ(y). �¤¥áì ¬ë ¨á¯®«ì§®¢ «¨, çâ® äãªæ¨ï ĝ ¥®âà¨æ â¥«ì ,¥¯à¥àë¢    R ¨ ¥ à ¢  ã«î â®�¤¥áâ¢¥® (á¬. (49.4)). �á¯®«ì§ãï ¯à¥¤áâ ¢«¥Ä¨¥ (48.4) äãªæ¨¨F2(et),   â ª�¥ à ¢¥áâ¢  (50.4) ¨ (49.4), ¯®«ãç ¥¬

∫ X1+2�qX1−2�q F2(et)ĝ(t−X1) dt= ∫ X1+2�qX1−2�q (�̃(e(e�+ie)t�̃ + ĩ + e(e�−ie)t�̃ − ĩ )+F3(et))ĝ(t−X1) dt= �̃ ∫ X1+2�qX1−2�q (e(e�+ie)t�̃ + ĩ + e(e�−ie)t�̃ − ĩ )ĝ(t−X1) dt= �̃ ∫ 2�q
−2�q(e(e�+ie)X1�̃ + ĩ e(e�+ie)yĝ(y) + e(e�−ie)X1�̃ − ĩ e(e�+ie)yĝ(y))dy= �̃e�X1(eieX1g(̃ − i�̃)�̃ + ĩ + e−ieX1�̃ − ĩ g(−̃ − i�̃)):



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 65Ǒ®áª®«ìªãäãªæ¨ï g ç¥â  ¨ ¢¥é¥áâ¢¥   R, ç¨á«  g(̃−i�̃) ¨ g(−̃−i�̃) ï¢«ïîâáïª®¬¯«¥ªá®-á®¯àï�¥ë¬¨¨, á«¥¤®¢ â¥«ì®, ¢ áª®¡ª å ¢ ¯®á«¥¤¥¬ ¢ëà �¥¨¨ áâ®¨âáã¬¬  ¤¢ãå ª®¬¯«¥ªá®-á®¯àï�¥ëå ç¨á¥«. �¢¨¤ã áª § ®£® ¯à¨å®¤¨¬ ª à ¢¥áâ¢ã(60.4) ∫ X1+2�qX1−2�q F+2 (et)ĝ(t−X1) dt = 2�̃e�X1 ·Re(eieX1g(̃ − i�̃)�̃ ):�á¯®¬¨ ï ®¡®§ ç¥¨¥ g(̃ − i�̃) = �ei�, � > 0, ¨ ¨áå®¤ï ¨§ ¢ë¡®à  X1, ¨§ (56.4),(59.4) ¨ (60.4)  å®¤¨¬
∫ axx F+2 (u) du > 50xee�X1 �

|�̃1| = 51x1+e� > 51x1+�−Æ:� ¯®¬®éìî á®¢¥àè¥®   «®£¨çëå à ááã�¤¥¨© ¯®«ãç ¥¬ ®æ¥ªã ¤«ï ¨â¥£à « ®âF−:
∫ axx F−2 (u) du > x ∫ X+ 12 lnaX− 12 lna F2(et) dt

> 49x ∫ X2+2�qX2−2�q F2(et)ĝ(t−X2) dt
> 49x ∫ X2+2�qX2−2�q −F2(et)ĝ(t−X2) dt= −249x�̃ee�X2 Re(eieX2g(̃ − i�̃)�̃ )= 51x1+e� > 51x1+�−Æ:�§ ¤®ª § ëå ®æ¥®ª ¨ á®®â®è¥¨ïR(x) = −F2(�− Æ; x) + o(x�−Æ) (x → +∞)(á¬. «¥¬¬ã 2 ¨ (38.2)) ¯®«ãç ¥¬

∫ Axx R+(u) du > 51x1+�−Æ + o(x1+�−Æ);
∫ Axx R−(u) du > 51x1+�−Æ + o(x1+�−Æ): (x → ∞)� ª ª ª Æ < ", â® ®âáî¤  ¯à¨ x > x1(") ¯®«ãç ¥¬ ¥à ¢¥áâ¢  (11.2).3 ���, â. 51, ¢ë¯. 6



66 �.�. ������� , �.�. Ǒ�Ǒ���®ª § â¥«ìáâ¢® â¥®à¥¬ë 11 ®á®¢ë¢ ¥âáï á®¢¥àè¥®   â®© �¥ ¨¤¥¥, çâ® ¨¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 10, â®«ìª® çãâì-çãâì ¯à®é¥. �ªà âæ¥, ®® á®áâ®¨â ¢ á«¥¤ãÄîé¥¬.Ǒ® «¥¬¬¥ 2 R(u) = F2(�; u) + o(u�) (u→ +∞):Ǒ®íâ®¬ã § ¤ ç  á¢®¤¨âáï ª ®æ¥ª ¬ ¨â¥£à «®¢ ®âF+2 (�; u) ¨F−2 (�; u). � ª ç¥áâ¢¥�̃ ¡¥à¥¬ ã«ì á  ¨¬¥ìè¥© ¯®«®�¨â¥«ì®© ®à¤¨ â®©, «¥� é¨©   ¯àï¬®© Re s = �(¢ íâ®© â¥®à¥¬¥ ¯à¥¤¯®« £ ¥âáï, çâ® � ¤®áâ¨�¨¬®). �áâ «ìë¥ à §«¨çë¥ ã«¨ �(s)  ¯àï¬®© Re s = � à á¯®«®�¨¬ ¢ ¯®á«¥¤®¢ â¥«ì®áâì !n ¯® â®¬ã �¥ ¯à¨æ¨¯ã, çâ® ¨à ¥¥. � «¥¥ ¤¥« ¥¬ ¢ â®ç®áâ¨ â¥ �¥ ¢ëª« ¤ª¨, çâ® ¨ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 10.�® â ª ª ª §¤¥áì �̃ = �, â® ¨ª ª®£® " ¥ ¯®ï¢«ï¥âáï.�®ª § â¥«ìáâ¢® â¥®à¥¬ë 13. �á«¨ á¯à ¢¥¤«¨¢  £¨¯®â¥§  �¨¬  , â® ¨§ (1),«¥¬¬ë 1 ¨ (35.2) ¯®«ãç ¥âáï á«¥¤ãîé ï ¯à¨¡«¨�¥ ï ï¢ ï ä®à¬ã«  ¤«ï P (u):(61.4) P (u) = −(lnu)−1(√u+∑� u�� )+O( √uln2 u); u > 2:�â¥£à¨àãï (61.4) ®â 2 ¤® x,  å®¤¨¬(62.4) ∫ x2 P (u) du = −
(23 u3=2lnu ∣∣∣∣

x2 + 23 ∫ x2 √uln2 u du+∑� ( u�+1�(�+ 1) lnu ∣∣∣∣
x2 + 1�(�+ 1) ∫ x2 u�duln2 u))+O(∫ x2 √uduln2 u ):Ǒ®áª®«ìªã � = 1=2 + i, ∫ x2 √u ln−2 u du = O(x3=2 ln−2 x) ¨(63.4) ∑� 1

|�(�+ 1)| = ∑� 1√4 + 2:52 + 9=16 = ! ¯à¨ � = 1=2;¨§ (62.4) ¨ (63.4) ¯®«ãç ¥¬
∫ x2 P (u) du = −23 x3=2lnx −

∑� x3=2+i�(�+ 1) lnx +O( x3=2ln2 x):�âáî¤  ¨ ¨§ ®¯à¥¤¥«¥¨ï äãªæ¨¨P  å®¤¨¬(64.4) P(x) = −23 −
∑� xi�(�+ 1) +O((ln x)−1):�§ (63.4) ¨ (64.4) «¥£ª® á«¥¤ãîâ âà¥¡ã¥¬ë¥ ®æ¥ª¨ L ¨ L. �¥à ¢¥áâ¢® L 6= L¢ëâ¥ª ¥â ¨§ â®£®, çâ® äãªæ¨ï v(t) = ∑� exp(it)�(�+ 1) ¥ ¨¬¥¥â ¯à¥¤¥«  ¯à¨ t → +∞.



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 67�â® { å®à®è® ¨§¢¥áâë© ä ªâ ¨§ â¥®à¨¨ ¯®çâ¨ ¯¥à¨®¤¨ç¥áª¨å äãªæ¨©. �¯à®ç¥¬, ¥£®«¥£ª® ¤®ª § âì. Ǒà¥¤¯®«®�¨¢, çâ® áãé¥áâ¢ã¥â(65.4) l = limt→+∞
v(t);¬ë ¯®«ãç¨«¨ ¡ë l = 0, â ª ª ª ¢¢¨¤ã â®£®, çâ® ¢á¥ ¯®ª § â¥«¨  ®â«¨çë ®â ã«ï ¨àï¤ (63.4)  ¡á®«îâ® áå®¤¨âáï, á¯à ¢¥¤«¨¢® á®®â®è¥¨¥

∫ T0 v(t) dt = ∑� eit − 1i�(�+ 1) = O(1):� ¤àã£®© áâ®à®ë, ∫ T0 v(t)e−i1t dt = T�1(�1 + 1) +O(1);® ¥á«¨ l = 0, â® ∫ T0 |v(t)| dt = o(T ) (T → ∞). Ǒ®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¯®ª §ë¢ ¥â,çâ® ¯à¥¤¥« (65.4) ¥ áãé¥áâ¢ã¥â. �¥®à¥¬  13 ¤®ª §  .�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ 14, 15, 17 ¨ 19  ¬ ¯®âà¥¡ãîâáï ¤¢  ¢á¯®¬®£ â¥«ìëåãâ¢¥à�¤¥¨ï. �¡®§ ç¨¬ ¢ ¯à¥¤¯®«®�¥¨¨ £¨¯®â¥§ë �¨¬  (66.4) S(y; h) = ∑>0 sin y sin hh ; y ∈ R; h > 0:�¢¨¤ã (36.2) àï¤ (66.4) ¯à¨ ¢á¥å y ∈ R ¨ h > 0 áå®¤¨âáï  ¡á®«îâ® ¨ à ¢®¬¥à® ¯®y ¯à¨ ä¨ªá¨à®¢ ®¬ h. �§ ¤ «ì¥©è¥£® ¡ã¤¥â ¢¨¤®, çâ® à ¢®¬¥à ï áå®¤¨¬®áâìàï¤  (66.4) ¯® á®¢®ªã¯®áâ¨ ¯¥à¥¬¥ëå (y; h) ¥ ¨¬¥¥â ¬¥áâ .�¥¬¬  8. �á«¨ ¢¥à  £¨¯®â¥§  �¨¬  , â® à ¢®¬¥à® ¯® x > 6 ¨ h ∈ (0; 1)(67.4) 12hx3=2 ∫ x exphx exp(−h)R(u) du = −2S(lnx; h) + w(x; h);
|w(x; h)| 6 52, ¯®áâ®ï ï 52 {  ¡á®«îâ ï ¨ íää¥ªâ¨¢ ï.�®ª § â¥«ìáâ¢®. �¢¨¤ã ®£à ¨ç¥¨©  x ¨h ¢ ¨â¥£à «¥ (67.4)u > 2. Ǒ®íâ®¬ã¨§ (35.2) ¨ (38.2)  å®¤¨¬x−3=22h ∫ x exphx exp(−h)R(u) du(68.4) = x−3=22h ∫ x exphx exp(−h)(−

∑ u1=2+i1=2 + i +O(1))du= x−3=22h (
−

∑ u3=2+i(1=2 + i)(3=2 + i) ∣∣∣∣x exphx exp(−h) + O(x shh))= 12h ∑ xi(e(3=2+i)h − e−(3=2+i)h)( + 3=2i)( + 1=2i) +O(1=√x)= 1h ∑ xi sh((3=2 + i)h)2 − 2i − 3=4 +O(x−1=2): 3*



68 �.�. ������� , �.�. Ǒ�Ǒ��Ǒ®áª®«ìªã ¯à¨ u; v ∈ R sh(u+ iv) = shu osv + i sin v hu;  ¯à¨  → ±∞ (2 − 2i − 3=4)−1 = −2 +O(−3);¨§ (68.4) ¯®«ãç ¥¬x−3=22h ∫ x exp hx exp(−h)R(u) du(69.4) = sh(3h=2)h ∑ os(h)xi2 − 2i − 3=4+ i h(3h=2)h ∑ (−2 +O(−3)) sin(h)xi +O(x−1=2)= i∑ xi sin hh +O(1):�ë ¢®á¯®«ì§®¢ «¨áì ®£à ¨ç¥®áâìî sh(3h=2)h ¨ h(3h=2)− 1h   (0; 1) ¨ à ¢®Ä¬¥à®© ®£à ¨ç¥®áâìî ¯® x ¨ h áã¬¬ë àï¤ 
∑ ∣∣∣∣

xi sin h3h ∣∣∣∣ 6
∑ 12 < +∞:�¥¯¥àì ®¡®§ ç¨¬ y = lnx ¨ ¢ àï¤¥

∑ xi · sin hh¯¥à¥©¤¥¬ ª áã¬¬¨à®¢ ¨î ¯®  > 0. �¬¥¥¬:(70.4) ∑ xi · sin hh = ∑>0 sin hh (eiy + e−iy
− ) = ∑ 2i sin y · sin hh :�§ (69.4) ¨ (70.4) ¯®«ãç ¥¬ ãâ¢¥à�¤¥¨¥ «¥¬¬ë 8.�¥¬¬  9. Ǒà¥¤¯®«®�¨¬, çâ® ¢¥à  £¨¯®â¥§  �¨¬  . �®£¤  áãé¥áâ¢ã¥âíää¥ªâ¨¢ ï  ¡á®«îâ ï ¯®áâ®ï ï 53 ∈ (0; 0:1) â ª ï , çâ® ¯à¨ «î¡ëå Y > 1¨ h ∈ (0; 53℄  ©¤ãâáï â®çª¨ y1; y2 ∈ [Y; Y exp(h−1(ln(1=h))5=2)℄, ¢ ª®â®àëå ¢ëÄ¯®«ïîâáï ¥à ¢¥áâ¢ (71.4) S(y1; h) > 0:1 ln(1=h);S(y2; h) < 0:1 lnh:



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 69�®ª § â¥«ìáâ¢®. Ǒ®«®�¨¬T (h) = h−1 ln(1=h); S1(y; h) = ∑0<6T (h) sin y · sin hh :�¢¨¤ã (29.2) ¨¬¥¥¬ ∑>T −2 = O(T−1 lnT ); T > 2:Ǒ®íâ®¬ã à ¢®¬¥à® ¯® y ∈ R, h ∈ (0; 1=3) á íää¥ªâ¨¢®© ¯®áâ®ï®© ¢ á¨¬¢®«¥ O¢ë¯®«ï¥âáï á®®â®è¥¨¥(72.4) S(y; h) = S1(y; h) + O(1):�á¯®«ì§ãï (36.2),  å®¤¨¬S1(h; h) = h ∑0<6T (h)(sin hh )2
> h ∑0<6�=2h(sin hh )2

> h( 2�)2 ∑0<6�=2h 1 = 4h�2N ( �2h)= 4h�2( 12h · �2h ln �2h +O( 1h)) = �−2 ln(1=h) +O(1);S1(−h; h) = −S1(h; h) 6 �−2 lnh+O(1):�®£« á® ¯¯à®ªá¨¬ æ¨®®©â¥®à¥¬¥�¨à¨å«¥ [15, á. 133℄¤«ï«î¡®£®X ∈ N ©¤¥âáï âãà «ì®¥ ç¨á«® k, 1 6 k 6 XN ,N = N (T (h)), â ª®¥, çâ® ¯à¨ ¢á¥åm = 1; 2; : : : ; N¢ë¯®«¥ë ¥à ¢¥áâ¢ (73.4) ∥∥∥∥
mY� k∥∥∥∥ < X−1:(�¤¥áì ¬ë § ã¬¥à®¢ «¨ ã«¨ �(s) â ª �¥, ª ª ¨ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 6,   ç¥à¥§

‖z‖ ®¡®§ ç¨¬ à ááâ®ï¨¥ ®â z ¤® ¡«¨� ©è¥£® æ¥«®£® ç¨á« .) Ǒ®«®�¨¬X = [ln2 h℄,(74.4) y1 = 2kY + h; y2 = 2kY − h;£¤¥ k ∈ N ¥áâì â® á ¬®¥ ç¨á«®, ¤«ï ª®â®à®£® á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢  (73.4). � ª ª ªY > 1, 0 < h < 1=3, â® ®ç¥¢¨¤®, çâ® yj > Y , j = 1; 2. � ¤àã£®© áâ®à®ë, yj 6 3XNY ,®âªã¤  ¨¬¥¥¬, çâ®yjY −1
6 3 exp{N (T (h)) lnX} 6 3 exp{54h−1 ln2 h ln | lnh|} < exp{h−1(ln(1=h))5=2}¯à¨ h ∈ (0; 55), j = 1; 2.



70 �.�. ������� , �.�. Ǒ�Ǒ��� ª¨¬ ®¡à §®¬, ¤«ï ¤®ª § â¥«ìáâ¢  «¥¬¬ë 9 ®áâ «®áì «¨èì ãáâ ®¢¨âì á¯à ¢¥¤Ä«¨¢®áâì á®®â®è¥¨© (71.4) ¤«ï yj , ®¯à¥¤¥«¥ëå ¢ (74.4), j = 1; 2, ¯à¨ 0 < h <53 < 55. �«ï j = 1; 2 ¨¬¥¥¬:
|S1(yj ; h)− S1(yj − 2kY; h)|(75.4) = ∣∣∣∣

∑0<<T (h) (sin yj − sin((yj − 2kY ))) · sin hh ∣∣∣∣= ∣∣∣∣
N∑m=1 2 sin((yj − kY )m) sin(kY m)m · sin mhmh ∣∣∣∣

6

N∑m=1∣∣∣∣2 sin(kY m)m ∣∣∣∣:� ª ª ª | sin��| 6 �‖�‖ (∀� ∈ R), â®, ãç¨âë¢ ï (73.4) ¯à¨ 1 6 m 6 N , ¯®«ãç ¥¬¥à ¢¥áâ¢ (76.4) sin(kY m)| 6 �∥∥∥∥
kY m� ∥∥∥∥ 6 �([ln2 h℄)−1 = O(ln−2 h):�§ (75.4), (76.4) ¨ (36.3)  å®¤¨¬(77.4) |S1(yj ; h)− S1(yj − 2kY; h)| 6 56 ln−2 h N∑m=1 −1m < 56; j = 1; 2:�¢¨¤ã (74.4) ¥à ¢¥áâ¢  (77.4) ¬®�® ¯¥à¥¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬:(78.4) |S1(y1; h)− S1(h; h)| < 57;

|S1(y2; h)− S1(−h; h)| < 57:Ǒ®«ãç¥ë¥ ¢ëè¥ ®æ¥ª¨ ¤«ï S1(±h; h) ¢¬¥áâ¥ á (72.4) ¨ (78.4) ¢«¥ªãâ §  á®¡®© á¯à Ä¢¥¤«¨¢®áâì ¥à ¢¥áâ¢ (71.4) ¯à¨ h ∈ (0; 53). �¥¬¬  9 ¤®ª §  .�®ª § â¥«ìáâ¢® â¥®à¥¬ë 14. Ǒ®áª®«ìªã ¯à¨ «î¡®¬ ¯®áâ®ï®¬ a > 1 ¨u ∈ [x; ax℄ ¨¬¥¥¬ (lnu)−1 = (ln x)−1 +Oa((ln x)−2);¨§ (61.4) ¨ (2.2)  å®¤¨¬(79.4) ∫ axx P (u) du = −(lnx)−1 ∫ axx (√u+∑� u�=�)du+O(x3=2(lnx)−2):



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 71�ëç¨á«ïï ¨â¥£à «, áâ®ïé¨© ¢ ¯à ¢®© ç áâ¨ (79.4), ¯à¨å®¤¨¬ ª á®®â®è¥¨ï¬
∫ axx P (u) du= −(lnx)−1(23((ax)3=2 − x3=2) +∑� (ax)�+1 − x�+1�(�+ 1) )+O(x3=2(lnx)−2)= x3=2lnx (

−23(a3=2 − 1)− ∑� xi(a3=2+i − 1)�(�+ 1) )+O(x3=2(lnx)−2)
6
x3=2lnx (

−23(a3=2 − 1) +∑� a3=2 + 1
|�(�+ 1)|)+O(x3=2(lnx)−2)= −23 x3=2(a3=2 − 1)lnx K(a) +O(x3=2(lnx)−2):Ǒ¥à¢ ï ç áâì â¥®à¥¬ë 14 ¤®ª §  . Ǒà¨áâã¯¨¬ ª ¤®ª § â¥«ìáâ¢ã ¢â®à®© ç áâ¨.Ǒ®«®�¨¬(80.4) h = 12 ln(1 + �); Y = h+ lnX:�á®, çâ® �=3 < h < �=2 ¯à¨ ¢á¥å � ∈ (0; 1=2) ¨ ¯à¨ 0 < � < min(e−50; 53) á®£« á®«¥¬¬¥ 9   ®âà¥§ª¥8

[Y; Y exp{h−1(ln(1=h))2:5}] ⊂ [Y; Y exp{12�−1 ln3(1=�)}] ©¤¥âáï â®çª  y2, ¤«ï ª®â®à®©S(y2; h) < 0:1 lnh < 0:1 ln�:Ǒ® «¥¬¬¥ 8 íâ® ®§ ç ¥â, çâ® á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® (x = exp y2)x−3=22h ∫ x exphx exp(−h)R(u) du > 0:2 ln(1=�) + O(1);â.¥. ¯à¨ ¬ «ëå � ¢¥à  ®æ¥ª (81.4) ∫ x exphx exp(−h)R(u) du > 0:2�x3=2 ln(1=�)− 58�x3=2á  ¡á®«îâ®© ¨ íää¥ªâ¨¢®© ¯®áâ®ï®© 57.�¢¨¤ã (1) ¨ «¥¬¬ë 1(82.4) P (u) = R(u)lnu +O( √ulnu) (� = 1=2; u > 2):8�â® ¢ª«îç¥¨¥ § ¢¥¤®¬® ¨¬¥¥â ¬¥áâ®, ¥á«¨ � < e−50.



72 �.�. ������� , �.�. Ǒ�Ǒ���¡®§ ç ï � = xe−h (â®£¤  xeh = � + ��), ¨§ (81.4) ¨ (82.4)  å®¤¨¬ (¯®áâ®ïë¥ ¢á¨¬¢®« åO  ¡á®«îâë¥)
∫ �+��� P (u) du= ∫ �+��� R(u)lnu du+O(��3=2ln � )= 1ln � ∫ �+��� R(u) du+ ∫ �+��� R(u)( 1lnu − 1ln �)du+O(��3=2ln � )> 0:2��3=2 ln(1=�)ln � − 59��3=2ln � −

[ maxu∈[�;�+�℄( 1ln � − 1lnu)]
·
∫ �+��� |R(u)| du> 0:2��3=2 ln(1=�)ln � − 60��3=2ln � > ��3=2 ln(1=�)6 ln �¯à¨ � ∈ (0; 24). �¥¬ á ¬ë¬ ¥à ¢¥áâ¢® (18.2) ¤®ª § ®. �áâ «®áì ãáâ ®¢¨âì,çâ® � ∈ [X;XB℄, £¤¥ B = exp(�−1 ln3(1=�)). �¬¥¥¬: ln � = lnx − h = y2 − h >Y − h = lnX . �à¥¡ã¥¬ ï ®æ¥ª  á¨§ã ¤«ï � ¯®«ãç¥ . � ¤àã£®© áâ®à®ë,ln � = y2 − h < Y B=2 = B(h + lnX)=2 < B lnX . Ǒ®íâ®¬ã � < XB . �â®à ï ç áâìâ¥®à¥¬ë 14 ¤®ª §  .Ǒ¥à¥©¤¥¬ ª ¤®ª § â¥«ìáâ¢ã âà¥âì¥© ç áâ¨ â¥®à¥¬ë 14. � ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 9¡ë«® ãáâ ®¢«¥® ¯à¥¤¥«ì®¥ á®®â®è¥¨¥: limh→+0 S(−h; h) = −∞. Ǒ®íâ®¬ã  ©Ä¤¥âáï h0 ∈ (0; 0:01), ¤«ï ª®â®à®£® ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®S(−h0; h0) < 1− 52;£¤¥ 52 { ¯®áâ®ï ï «¥¬¬ë 8. Ǒ®áª®«ìªã àï¤ ¯® á¨áâ¥¬¥ {sin ny}∞n=1 ¤«ï äãªæ¨¨S(y; h0)  ¡á®«îâ® áå®¤¨âáï, S(y; h0) ï¢«ï¥âáï ¯®çâ¨ ¯¥à¨®¤¨ç¥áª®© äãªæ¨¥© �®à .�«¥¤®¢ â¥«ì®, ¤«ï «î¡®£® " > 0 ¬®�¥áâ¢® "-¯®çâ¨ ¯¥à¨®¤®¢ S(y; h0) ®â®á¨â¥«ì®¯«®â® [30℄. �â® ®§ ç ¥â, çâ® ¤«ï «î¡®£® " > 0 áãé¥áâ¢ã¥â â ª®¥ ç¨á«® T ("), çâ®  «î¡®¬ ®âà¥§ª¥ ¢ R ¤«¨ë T (") ¨¬¥¥âáï ç¨á«® � , ¤«ï ª®â®à®£®supy∈R

|S(y + �; h0)− S(y; h0)| < ":�§ áª § ®£® ¥á«®�® ¢ë¢¥áâ¨, çâ® ¯à¨ ¥ª®â®à®¬ ¤®áâ â®ç® ¡®«ìè®¬ L ¨ ¯à¨«î¡®¬ � > 0   ®âà¥§ª¥ [�; �+ L℄ ®âëé¥âáï â®çª  ŷ = ŷ(�;L) â ª ï, çâ®S(ŷ; h0) < −0:9− 52:(�®áâ â®ç® ¢§ïâì " = 0; 1, L = T (0;1) ¨, ¯®«®�¨¢ y = −h0, ¯à¨¬¥¨âì áä®à¬ã«¨Äà®¢ ãî ¢ëè¥ â¥®à¥¬ã ®¡ "-¯®çâ¨ ¯¥à¨®¤ å ª ®âà¥§ªã [� + h0; � + L + h0℄.) �®£¤ ¯® «¥¬¬¥ 8 ¯®«ãç ¥¬, çâ® ¯à¨ �1 > 6   ®âà¥§ª¥ [�1; �1L1℄ (L1 = expL, �1 = exp�) ©¤¥âáï â®çª  z, ¤«ï ª®â®à®© ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®
∫ z exph0z exp(−h0)R(u) du > 3:6h0z3=2:



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 73� ª ª ª9 ∫ z exph0z exp(−h0)√udu = (4=3)z3=2 sh(3h0=2) < (7=3)z3=2h0;â®, ¢®á¯®«ì§®¢ ¢è¨áì ¯à¨¡«¨�¥®© ï¢®© ä®à¬ã«®© (61.4) ¤«ï P (u) (� = 1=2)¨ (38.2), ¯®«ãç ¥¬
∫ z exph0z exp(−h0) P (u) du > 1:2h0z3=2ln z +O( z3=2ln2 z):Ǒ®«®�¨¢ a1 = max(L1e2h0 ; 1=h0), ¯à¨å®¤¨¬ ª á«¥¤ãîé¥¬ã ãâ¢¥à�¤¥¨î. Ǒà¨ ¢á¥åx > x2 ∫ a1xx P+(u) du > h0x3=2(ln x)−1:�âáî¤   å®¤¨¬

∫ a21xa1x P+(u) du > h0a3=21 x3=2(ln(a1x))−1 > √a1 x3=2ln a1 + lnx > x3=2(ln x)−1:�¥¬ á ¬ë¬ ãâ¢¥à�¤¥¨¥ 3 â¥®à¥¬ë 14 ¤®ª § ®, ¨, á«¥¤®¢ â¥«ì®, â¥®à¥¬  14 ¤®ª § Ä  ¯®«®áâìî.�§ â¥®à¥¬ë 14 «¥£ª® ¯®«ãç¨âì á«¥¤áâ¢¨¥ 11. �¥à ¢¥áâ¢  (19.2) ¨ (20.2) ¢ëâ¥ª îâ¨§ (17.2) ¨ ¥¯®áà¥¤áâ¢¥® ¯à®¢¥àï¥¬ëå ®æ¥®ª K(1; 2) > 0:6, K(2) > 0:85. (� Ä¯®¬¨¬, çâ® ! < 0:0456. �â® ¡ë«® ®â¬¥ç¥® ¢ §2 ¯¥à¥¤ ä®à¬ã«¨à®¢ª®© â¥®à¥¬ë 13.)�¥à ¢¥áâ¢® (21.2) ï¢«ï¥âáï âà¨¢¨ «ìë¬ á«¥¤áâ¢¨¥¬ (20.2),   ãâ¢¥à�¤¥¨¥ 2 â¥®à¥Ä¬ë 14 ¥¬¥¤«¥® ¢«¥ç¥â §  á®¡®© (22.2).�®ª § â¥«ìáâ¢® â¥®à¥¬ë 12. � áá¬®âà¨¬ á ç «  á ¬ë© ¯à®áâ®© á«ãç ©:� > 1=2 ï¢«ï¥âáï ¤®áâ¨�¨¬ë¬. �§ (1) ¨ «¥¬¬ë 1  å®¤¨¬(83.4) P (u) = R(u)lnu +O�( u�ln2 u):�«¥¤®¢ â¥«ì®, ¯à¨ «î¡®¬ a > 1 ¨§ (83.4) ¨ â¥®à¥¬ë 8 ¯®«ãç ¥¬
∫ axx |P (u)| du = ∫ axx |R(u)|lnu du+O�(x1+�ln2 x )

> (ln ax)−1 ∫ axx |R(u)| du− 64x1+�(ln−2 x)
> 16(ln ax)−1x1+� − 64x1+� ln−2 x > 22x1+�(ln−1 x)¯à¨ x > 24. �¥à ¢¥áâ¢® (16.2) ¤®ª § ®.�¥¯¥àì ¯ãáâì � > 1=2 ¥¤®áâ¨�¨¬®. �¡®§ ç¨¬B(x) = R(x)lnx ; P(x) = B(x) + ∫ x2 B(t) dtt ln t :9�á«¨ 0 < q < 0:1, â® sh(3q=2) < (7=4)q.



74 �.�. ������� , �.�. Ǒ�Ǒ��Ǒ®áª®«ìªã P (x) = P(x) + O(√x= lnx), x > 2, ¤®áâ â®ç® ¤®ª § âì, çâ® ¯à¨ «î¡ëåa > 1, " > 0 ¨ x > x3(a; ") á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®(84.4) ∫ axx |P(u)| du > x1+�−"n :�®ª § â¥«ìáâ¢® ¯®¢¥¤¥¬ ®â ¯à®â¨¢®£®. Ǒà¥¤¯®«®�¨¬, çâ® áä®à¬ã«¨à®¢ ®¥  ¬¨â®«ìª® çâ® ãâ¢¥à�¤¥¨¥ ¥¢¥à®. �â® ®§ ç ¥â, çâ® áãé¥áâ¢ãîâ Æ > 0, a > 1 ¨ ¯®á«¥Ä¤®¢ â¥«ì®áâì xn → +∞ â ª¨¥, çâ®(85.4) ∫ axnxn |P(u)| du 6 x1+�−Æ :Ǒ®«®�¨¬
∫ xn2 B(t)t ln t dt = Dn; 'n(x) = Dn lnxnlnx ;Bn(x) = B(x) + 'n(x):�¥£ª® á®®¡à §¨âì, çâ® ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®(86.4) P(u) = Bn(u) + ∫ uxn Bn(t)t ln t dt; u > xn:�¡®§ ç¨¬�n(u) = ∫ uxn Bn(t)t ln t dt; Kn = {(u; t) ∈ R

2 | xn 6 u 6 axn; xn 6 t 6 u}¨ ®æ¥¨¬ á¢¥àåã In = ∫ axnxn |�n(u)| du:�¬¥¥¬: In 6

∫ axnxn ∫ uxn |Bn(t)| dtt ln t du = ∫∫Kn |Bn(t)|t ln t dt du(87.4) = ∫ axnxn |Bn(t)|(axn − t)t ln t dt 6
a− 1lnxn ∫ axnxn |Bn(t)| dt:�§ (86.4) ¨ (87.4)  å®¤¨¬, çâ® ¯à¨ n > n0

∫ axnxn |P(u)| du >
12 ∫ axnxn |Bn(t)| dt= 12 ∫ axnxn ∣∣∣∣

R(t) +Dn lnxnln t ∣∣∣∣ dt
>

12 ln(axn) ∫ axnxn |R(t) + kn| dt;



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 75£¤¥ kn = Dn lnxn. �ç¥¢¨¤®, çâ® ¥á«¨ f { ¯à®¨§¢®«ì ï äãªæ¨ï, ¨â¥£à¨àã¥¬ ï ¯®�¥¡¥£ã   ¬®�¥áâ¢¥ ª®¥ç®© ¬¥àë ! ⊂ R, â®infk∈R

‖f + k‖L(!) > min(
‖f+‖L(!); ‖f−‖L(!)):�¢¨¤ã áª § ®£® § ª«îç ¥¬, çâ® ¯à¨ n > n1 > n0 á¯à ¢¥¤«¨¢  ®æ¥ª 

∫ axnxn |P(u)| du > 0:4(lnxn)−1min(∫ axnxn R+(u) du; ∫ axnxn R−(u) du):�®£« á® â¥®à¥¬¥ 10 ¢ á«ãç ¥ ¥¤®áâ¨�¨¬®£® � ¯à¨ x > x1(Æ=2; a)
∫ axx R+(u) du > x1+�−Æ=2; ∫ axx R−(u) du > x1+�−Æ=2:�«¥¤®¢ â¥«ì®, ¯à¨ n > n2 > n1

∫ axnxn |P(u)| du > x1+�−Æn ;  íâ® ¯à®â¨¢®à¥ç¨â ¯à¥¤¯®«®�¥¨î (85.4). �¥¬ á ¬ë¬ (84.4),   § ç¨â, ¨ (20.2) ¤®ª Ä§ ®. �§ (21.2), (20.2) ¨ (18.2) ¯à¨ x > 19 ¯®«ãç ¥¬ ®æ¥ªã
∫ 2xx |P (u)| du > x3=2(lnx)−1¢¥ § ¢¨á¨¬®áâ¨ ®â § ç¥¨ï �. �á«¨ ¯à®á«¥¤¨âì ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 14 ¨ á«¥¤Äáâ¢¨ï 11, â® ¢¨¤®, çâ® ¢ á«ãç ¥ � = 1=2 ¯®áâ®ï ï 19 ï¢«ï¥âáï íää¥ªâ¨¢®©. �¥®Äà¥¬  12 ¯®«®áâìî ¤®ª §  .

§5. �®ª § â¥«ìáâ¢  â¥®à¥¬ 15{19�®ª § â¥«ìáâ¢® â¥®à¥¬ë 18. �®£« á® ®¯à¥¤¥«¥¨î R,R0,F, (37.2) ¨ (38.3)¯à¨ x > 2 ¨¬¥¥¬
∫ x+vxx R2(u) du = ∫ x+vxx R20(u) du = ∫ x+vxx (F(u) +O(1))2 du(1.5)

6 2 ∫ x+vxx F2(u) du+O(∫ x+vxx du)
6 2 ∫ x+vxx F2(u) du+ 65vx:



76 �.�. ������� , �.�. Ǒ�Ǒ���â¥£à¨àãï ¯®ç«¥® ¢®§¢¥¤¥ë© ¢ ª¢ ¤à â àï¤ (37.2) ¤«ïF(u),10 ¯®«ãç ¥¬111x2 ∫ x+vxx F2(u) du = 1x2 ∫ x+vxx ∑�1 ∑�2 u1+i(1+2)�1�2 du(2.5) = 1x2 ∑�1 ∑�2 (x+ vx)2+i(1+2) − x2+i(1+2)�1�2(2 + i(1 + 2))
6

∑�1 ∑�2 |(1 + v)2+i(1+2) − 1|
|�1�2|√4 + (1 + 2)2 := �(v):� á¢¥â¥ ¢¢¥¤¥®£® ®¡®§ ç¥¨ï ®áâ «®áì ¤®ª § âì, çâ® ¯à¨ v ∈ (0; 1=3)(3.5) �(v) = O(v ln4 v):Ǒ®«®�¨¬ T = [1=v℄ ¨ à §®¡ì¥¬ ¤¢®©®© àï¤ �(v)   \ ç «®" ¨ \®áâ â®ª":�(v) = �1(v) + �2(v);�1(v) = ∑

|1|6T ∑

|2|6T |(1 + v)2+i(1+2) − 1|
|�1�2|√4 + (1 + 2)2 ;�2(v) = �(v) − �1(v):� ç «® àï¤  ®æ¥¨¬, ¯®«ì§ãïáì ¥à ¢¥áâ¢ ¬¨ (s = 1 + i(1 + 2), 0 < v < 1)

∣∣∣∣
(1 + v)s+1 − 1s+ 1 ∣∣∣∣ = ∣∣∣∣

∫ v0 (1 + ts) dt∣∣∣∣ 6 v(1 + v)Re s = v(1 + v) < 2v:Ǒ®«ãç ¥¬ �1(v) 6 2v ∑

|1|6T ∑

|2|6T 1
|�1�2|(4.5) = 2v( ∑

||6T |�|−1)−2 = O(v ln4 T ) = O(v ln4 v):�¥¯¥àì ®æ¥¨¬ ®áâ â®ª àï¤ . �®á¯®«ì§ã¥¬áï ®ç¥¢¨¤ë¬ ¯à¥¤áâ ¢«¥¨¥¬(5.5) �2(v) = ∞∑N=T A(N);£¤¥ A(N) = ∑ ∑(1;2)∈�(N) |(1 + v)2+i(1+2) − 1|
|�1�2|√4 + (1 + 2)2 ;10� ª®®áâì íâ®© ®¯¥à æ¨¨ ¡ë«  ®¡®á®¢   ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1.11�¤¥áì ¬ë á®¢ , ª ª ¨ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1, ¥âà¨¢¨ «ìë¥ ã«¨ �(s) ¥ ã¬¥àã¥¬,  ç¥à¥§ �1 ¨ �2 ®¡®§ ç ¥¬ á®®â¢¥âáâ¢¥® ¯¥à¢ãî ¨ ¢â®àãî ª®¬¯®¥âë ¤¥ª àâ®¢  ª¢ ¤à â ¬®�¥áâ¢  {�}.



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 77�(N) = KN+1 \ KN ,   Kr { ª¢ ¤à â ¢ R2 á«¥¤ãîé¥£® ¢¨¤ : Kr = [−r; r℄ × [−r; r℄.�(N), ¢ á¢®î®ç¥à¥¤ì, à §®¡ì¥¬   ª¢ ¤à â¨ª¨ á® áâ®à® ¬¨¤«¨ë 1,¯ à ««¥«ìë¬¨ª®®à¤¨ âë¬ ®áï¬. � áã¬¬ åA(N) âà¨¢¨ «ì® ®æ¥¨¬ ç¨á«¨â¥«ì:
|(1 + v)2+i(1+2) − 1| 6 (1 + v)2 + 1 < 3:�§ á®®¡à �¥¨© á¨¬¬¥âà¨¨ ïá®, çâ® áã¬¬ë ®â |�1�2|−1(4 + (1 + 2)2)−1=2 ¯® «îÄ¡®¬ã ¨§ ç¥âëà¥å àï¤®¢ ª¢ ¤à â¨ª®¢ (¢¥àå¥¬ã ¨ ¨�¥¬ã £®à¨§®â «ìë¬, «¥¢®¬ã ¨¯à ¢®¬ã ¢¥àâ¨ª «ìë¬) á®¢¯ ¤ îâ ¬¥�¤ã á®¡®©. Ǒ®íâ®¬ã(6.5) A(N) < 12B(N);£¤¥ B(N) = N∑m=−1−N ∑(1;2)∈qm 1

|�1�2|√4 + (1 + 2)2 ;qm = {(y1; y2) ∈ R
2 | N < y1 < N + 1; m 6 y2 < m+ 1}:�®«¨ç¥áâ¢® í«¥¬¥â®¢ ¯®á«¥¤®¢ â¥«ì®áâ¨ (1; 2) ¢ ª¢ ¤à â¨ª¥ qm á®áâ ¢«ï¥âO(lnN · lnm), ¥á«¨ |m| > 14, ¨ à ¢® ã«î, ¥á«¨ |m| < 14. � â®¬ã�¥ |�1| > N . �¢¨¤ãáª § ®£® ¯à¨å®¤¨¬ ª ®æ¥ª ¬B(N) < lnNN ∑146|m|6N+1 lnmm · |max(2; N +m)|(7.5) < 2 lnNN ( lnNN + N−1∑m=14 lnmm(N −m)) < 66 ln3NN2 :�§ (5.5){(7.5)  å®¤¨¬(8.5) �2(v) 6 67T−1 ln3 T:�§ (1.5){(4.5) ¨ (8.5) ¯®«ãç ¥¬ (32.2). �æ¥ª  (33.2) áà §ã �¥ ¯®«ãç ¥âáï ¨§ (32.2) á¯®¬®éìî ¥à ¢¥áâ¢  �®è¨{�ãïª®¢áª®£®:

|R1(x;H(x))| 6 (H(x))−1 ∫ x+H(x)x |R(u)| du
6 (H(x))−1(∫ x+H(x)x R2(u) du)1=2

·
(∫ x+H(x)x du)1=2= O(H(x))−1√xH(x) ln4( xH(x)) √H(x)= O(√x ln2( xH(x))):



78 �.�. ������� , �.�. Ǒ�Ǒ���®ª § â¥«ìáâ¢® â¥®à¥¬ë 19 ¯®¢¥¤¥¬ ®â ¯à®â¨¢®£®. �®¯ãáâ¨¬, çâ® áãé¥áâ¢ãÄ¥â ¥ª®â®à ï äãªæ¨ïH(x), 1 6 H(x) = o(x) (x → +∞), â ª ï, çâ® ¢ëà �¥¨¥E(x) = 1√xH(x) ∫ x+H(x)x R(u) du®£à ¨ç¥® «¨¡® á¢¥àåã, «¨¡® á¨§ã. �ë à §¡¥à¥¬ á«ãç © ®£à ¨ç¥®áâ¨E(x) á¢¥àÄåã. �¥®£à ¨ç¥®áâì á¨§ãE(x) ¤®ª §ë¢ ¥âáï á®¢¥àè¥®   «®£¨ç®.�â ª, ¯à¥¤¯®«®�¨¬, çâ® áãé¥áâ¢ã¥â ¯®áâ®ï ïK > 1 â ª ï, çâ® ¯à¨ «î¡ëåx > 2(9.5) ∫ x+H(x)x R(u) du < K√xH(x):Ǒ®«®�¨¬ h = min(53; exp(−20K − 1052));£¤¥ 52, 53 { ¯®áâ®ïë¥ «¥¬¬ 8 ¨ 9 á®®â¢¥âáâ¢¥®. Ǒ® «¥¬¬¥ 9 áãé¥áâ¢ã¥â ¯®á«¥¤®Ä¢ â¥«ì®áâì tn → +∞ â ª ï, çâ® ¢ë¯®«¥ë ¥à ¢¥áâ¢ (10.5) S(tn; h) < 0:1 lnh 6 −2K − 52:�¡®§ ç¨¬ zn = exp(tn). �¥¬¬  8 ¢¬¥áâ¥ á (10.5) ¤ ¥â12hz3=2n ∫ znehzne−h R(u) du > 4K ∀n ∈ N:Ǒ®« £ ï zne−h = xn, � = e2h − 1 (ïá®, çâ® 2h > 3�=4), ¯®«ãç ¥¬(11.5) ∫ xn+�xnxn R(u) du > 3K�x3=2n :Ǒ®ª �¥¬, çâ® ®æ¥ª¨ (11.5) ¨ (9.5) ¯à¨ ¡®«ìè¨å xn ¥á®¢¬¥áâë. Ǒ®«ãç¨¢è¥¥áï¯à®â¨¢®à¥ç¨¥ ¨ ¡ã¤¥â ®§ ç âì ¥®£à ¨ç¥®áâì á¢¥àåã äãªæ¨¨ x−1=2R1(x;H(x)).� ¤ ¤¨¬ à¥ªãàà¥â® ¯®á«¥¤®¢ â¥«ì®áâ¨ ç¨á¥« xk;n. Ǒ®«®�¨¬(12.5) x0;n = xn; xk+1;n = xk;n +H(xk;n); k = 0; 1; 2; : : : :ǑãáâìN { â ª®© ®¬¥à, çâ® xN;n 6 xn + �xn < xN+1;n:�®¡ï§ â¥«ì® áãé¥áâ¢ã¥â, â ª ª ªH(x) > 1, ¨, á«¥¤®¢ â¥«ì®, limk→∞ xk;n = +∞.�§ (9.5)  å®¤¨¬(13.5) ∫ xk+1;nxk;n R(u) du = ∫ xk;n+H(xk;n)xk;n R(u) du < K√xk;nH(xk;n):



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 79�®, â ª ª ª ¯à¨ k 6 N ¨¬¥¥¬xk;n 6 xn+�xn < 2xn, â®√xk;n 6
√2xn, 0 6 k 6 N−1,¨, áª« ¤ë¢ ï ¥à ¢¥áâ¢  (13.5), ¯à¨å®¤¨¬ ª á®®â®è¥¨ï¬

∫ xN;nxn R(u) du < √2xnK N−1∑k=0 H(xk;n)(14.5) = √2xnK N−1∑k=0 (xk+1;n − xk;n)= √2xnK(xN;n − x0;n) 6 �xn√2xnK:�¡®§ ç¨¬ vn = (xn+�xn−xN;n)=xN;n. �§ (13.5) á«¥¤ã¥â, çâ® vn < H(xN;n)=xN;n.Ǒà¨¬¥ïï â¥®à¥¬ã 18,  å®¤¨¬
∣∣∣∣
∫ xn+�xnxN;n R(u) du∣∣∣∣ = ∣∣∣∣

∫ xN;n+vnxN;nxN;n R(u) du∣∣∣∣(15.5) = O(x3=2n vn ln2 vn) = o(x3=2n ) (n→ +∞);â ª ª ª limn→∞ vn = 0.�á«¥¤áâ¢¨¥ (14.5) ¨ (15.5) ¯à¨ ¤®áâ â®ç® ¡®«ìè¨å n ¯®«ãç ¥¬ ¥à ¢¥áâ¢®
∫ xn+�xnxN;n R(u) du < 2K�x3=2n ;ª®â®à®¥ ¯à®â¨¢®à¥ç¨â (11.5). � ª ®â¬¥ç «®áì ¢ëè¥, íâ® ¤®ª §ë¢ ¥â ¥®£à ¨ç¥Ä®áâì á¢¥àåã x−1=2R1(x;H(x)). �¥®£à ¨ç¥®áâì á¨§ã íâ®© äãªæ¨¨ ¤®ª §ë¢ ¥âáïá®¢¥àè¥®   «®£¨ç®. �ã�® «¨èì ¢¬¥áâ® ®æ¥ª¨ á¢¥àåã S(y2; h) ¢®á¯®«ì§®¢ âìáï®æ¥ª®© á¨§ã S(y1; h) ¨§ «¥¬¬ë 9. �¥®à¥¬  19 ¤®ª §  .�®ª § â¥«ìáâ¢® â¥®à¥¬ë17. � ç «  á ¯®¬®éìî«¥¬¬ë8¯¥à¥¯¨è¥¬ãâ¢¥à�Ä¤¥¨¥ â¥®à¥¬ë 17 ¢ ¡®«¥¥ ã¤®¡®¬ ¤«ï ¤®ª § â¥«ìáâ¢  ¢¨¤¥. Ǒ®«®�¨¬z = √x(x +H(x)); h0 = h0(x) = 12 ln(1 + H(x)x ):�®£¤  z exp(−h0) = x, z exp(h0) = x+H(x). Ǒ® «¥¬¬¥ 812h0z3=2 ∫ z exp(h0)z exp(−h0)R(u) du= H(x)=xln(1 +H(x)=x) · x−1=2(1 +H(x)=x)−3=4 1H(x) ∫ x+H(x)x R(u) du= (1 + o(1))√x R1(x;H(x)):�âáî¤  ¨ ¨§ (67.4)  å®¤¨¬ (®¯à¥¤¥«¥¨¥ äãªæ¨¨ S á¬. ¢ (66.4))R1(x;H(x)) = √x (1 + o(1))(S(ln z; h0) +O(1)):



80 �.�. ������� , �.�. Ǒ�Ǒ��Ǒ®íâ®¬ã âà¥¡ã¥âáï ¤®ª § âì, çâ®(16.5) S(y; a(y)) = 
±
(ln(a(y)));£¤¥ y = ln z; a(y) = 12 ln(1 + H(x)x )

∼ 1(2V (x)) (x → +∞):�§ ãá«®¢¨©,  «®�¥ëå   äãªæ¨îH , ¯®«ãç¨¬ ãá«®¢¨ï   äãªæ¨î a:a(y) ց 0 (y +∞); a ∈ C1(y(x0);+∞);(17.5) dady = dadx dxdy = dadx dxdz dzdy = O( 1x lnx)(1 + o(1))ey(18.5) = O(1= lnx) = O(1=y) (y → +∞);ln 1a(y2) = ln 1a(zln z) = lnV (zln z)(19.5) = O(ln V (z)) = O(ln(1=a(y))):�â ª, ®áâ «®áì ¤®ª § âì 
±-®æ¥ªã (16.5) ¤«ï «î¡®© äãªæ¨¨ a(y), ã¤®¢«¥â¢®àïÄîé¥© ãá«®¢¨ï¬ (17.5){(19.5). Ǒ®«®�¨¬T (h) = h−1 ln(1=h); h(Y ) = √a(Y ):Ǒà¨ Y > x4 > x3 ¢¢¨¤ã (17.5) ¨¬¥¥¬ h(Y ) < 52. Ǒ®íâ®¬ã á®£« á® ¥à ¢¥áâ¢ ¬,¤®ª § ë¬ ¢ «¥¬¬¥ 9, ¤«ï «î¡ëå Y > x4 ¨ h = h(Y )  ©¤ãâáï ç¨á«  y1; y2 ∈[Y; Y exp(h−1 ln2:5(1=h))℄, ¤«ï ª®â®àëå(20.5) S1(y1; h) > 0:1 ln(1=h);S1(y2; h) < 0:1 lnh:�§ (20.5) ¥á«®�® ¢ë¢¥áâ¨, çâ® ¯à¨ Y > x5 > x4(21.5) S2(y1; a(y); h) > 130 ln( 1a(Y ));S2(y2; a(y); h) < 130 ln(a(Y ));£¤¥ S2(y1; a(y); h) = ∑0<<T (h) sin y sin hh sin a(y)a(y) :(� ¯®¬¨¬, çâ® §¤¥áì h = √a(Y ) .) �¥©áâ¢¨â¥«ì®, ¯à¨ |z| < 1 ¨¬¥¥¬ 1− (sin z)=z =O(z2),   ¥á«¨  ∈ [0; T (h(Y ))℄ ¨ y > Y , â®0 < a(y) < T (h(Y ))a(Y ) = O(√a(Y ) ln(1=a(Y ))):



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 81Ǒ®íâ®¬ã
|S1(y; h)− S2(y; a(y); h)| = O(a(Y ) ln2(1=a(Y )) ∑0<<T (h)∣∣∣∣sin y sin hh ∣∣∣∣

)(22.5) = O(a(Y ) ln2(a(Y )) ∑0<<T (h) −1)= O(a(Y ) ln4(a(Y ))) = o(1) (y > Y → +∞):�¥¬ á ¬ë¬ ¨§ (20.5) ¨ (22.5) á«¥¤ãîâ ¥à ¢¥áâ¢  (21.5) ¯à¨ Y > x5.�¥¯¥àì ¯®ª �¥¬, çâ® S2(y; a(y); h) \¬ «® ®â«¨ç ¥âáï" ®â áà¥¤¥£® ¤«ï äãªæ¨¨S(t; a(t))   ®âà¥§ª¥ [y − h; y + h℄. �¬¥¥¬:12h ∫ y+hy−h S(t; a(t)) dt = 12h ∑>0∫ y+hy−h sin t sin a(t)a(t) dt(23.5) = 12h ∑>0 sin a(y)a(y) ∫ y+hy−h sin t dt+ 12h ∑>0∫ y+hy−h sin t (sin a(t)a(t) − sin a(y)a(y) )dt= S3(y; a(y); h) +O(S4(y; a(y); h));£¤¥ S3(y; a(y); h) = ∑>0 sin y sin hh sin a(y)a(y) ;S4(y; a(y); h) = h−1 ∑>0 −1 ∫ y+hy−h ∣∣∣∣
sin a(t)a(t) − sin a(y)a(y) ∣∣∣∣ dt:� ááã�¤ ï â ª �¥, ª ª ¨ ¢ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 9, ¯®«ãç ¥¬ á®®â®è¥¨¥(24.5) S2(y; a(y); h)− S3(y; a(y); h) = O(1):�æ¥¨¬ áã¬¬ã S4. � íâ®© æ¥«ìî à §®¡ì¥¬ ¥¥   ¤¢¥ ç áâ¨:S4 = S5 + S6; £¤¥ S5 = ∑6a−2(y); S6 = ∑>a−2(y) :� áã¬¬¥ S6 ®æ¥¨¬ ¨â¥£à « âà¨¢¨ «ì®:12h ∫ y+hy−h ∣∣∣∣

sin t − sin a(y)a(y) ∣∣∣∣ dt 6 maxt∈[y−h;y+h℄∣∣∣∣sin a(t)a(t) − sin a(y)a(y) ∣∣∣∣

6
2a(y + h) < 2a(y + 1) :



82 �.�. ������� , �.�. Ǒ�Ǒ��Ǒ®íâ®¬ã12S6 6
4a(y + 1) ∑>a−2(y) −2(25.5) = O(a2(y) ln(1=a(y))a(y + 1) ) = o( a(y)a(y + 1)) = o(1) (y → +∞):� áã¬¬¥ S5 ¤«ï f(t) = f(t) = sin a(t)a(t) ®æ¥¨¬ ¨â¥£à « á«¥¤ãîé¨¬ ®¡à §®¬:h−1 ∫ y+hy−h |f(t)− f(y)| dt 6 h−1 ∫ y+hy−h |(t− y)f ′(�(t; y))| dt

6 maxu∈[y−h;y+h℄ |f ′(u)| · h−1 ∫ y+hy−h |t− y| dt= h · maxu∈[y−h;y+h℄ |f ′(u)|:Ǒ®íâ®¬ã(26.5) S5 6 h ∑0<<a−2(y) −1 maxu∈[y−h;y+h℄ ddt(sin a(t)a(t) ):� ª ª ª dd�(sin�� )
6 min(�; 2=�) ∀� ∈ R¨, ª ª ã�¥ ®â¬¥ç «®áì, á¯à ¢¥¤«¨¢ë á®®â®è¥¨ïa(u) ∼ a(y); u ∈ [y − h; y + h℄; a′(u) = O(1=u);â® ¨§ (26.5) á ãç¥â®¬ (18.5) ¨ (36.2) ¯®«ãç ¥¬ ®æ¥ª¨S5 = O(hy−1 ∑0<<a−2(y)min(a(y); 1=(a(y))))(27.5) = O(hy−1 ln(1=a(y))a(y) ) = o(y−1 ln y ln ln y) = o(1) (y → +∞):�§ (23.5){(25.5) ¨ (27.5)  å®¤¨¬(28.5) S2(y; a(y); h) = 12h ∫ y+hy−h S(t; a(t)) dt+O(1); y > Y:�®®â®è¥¨ï (22.5) ¨ (28.5) ¯®§¢®«ïîâ § ª«îç¨âì, çâ®S(t; a(t)) = 
± ln(a(Y ));t ∈ [Y − h(Y ); h(Y ) + Y exp(h−1(Y )) ln2:5(h−1(Y ))]:(29.5)�®, ¨áå®¤ï ¨§ ¢ë¡®à  h(Y ) ¨ ¥à ¢¥áâ¢  a(Y ) > 1=4 lnY , ¥âàã¤® ¯à®¢¥à¨âì, çâ®¯à ¢ë© ª®¥æ ¯à®¬¥�ãâª  (29.5) ¥ ¯à¥¢®áå®¤¨â Y 2,   ¢¢¨¤ã (19.5) ¨ ¬®®â®®áâ¨a(t) ¯à¨ t ∈ [Y; Y 2℄ ¨¬¥¥¬ ln(a(t)) ≍ ln(a(Y )). Ǒ®íâ®¬ãS2(t; a(t)) = 
± ln(a(t));  íâ® ¤®ª §ë¢ ¥â â¥®à¥¬ã 17.12�§ (17.5){(18.5) «¥£ª® á«¥¤ã¥â, çâ® limy→+∞

`a(y)=a(y + 1)´ = 1:



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 83�¥¬¬  10. �¡®§ ç¨¬ A(x) = ∫ 2xx R(u) du. �®£¤ A(x) = 
±(x1+�−") ∀ " > 0;A(x) = 
±(x1+�); ¥á«¨ � ¤®áâ¨�¨¬®:�®ª § â¥«ìáâ¢®. �®à®è® ¨§¢¥áâ® [16, á. 50℄ ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥(30.5) − �′(s)s�(s) − 1s− 1 = ∫ +∞1 R(u)u−s−1 du; Re s > �:Ǒà®¨§¢¥¤ï ¢ ¯à ¢®© ç áâ¨ (30.5) ¨â¥£à¨à®¢ ¨¥ ¯® ç áâï¬, ¯à¨å®¤¨¬ ª á®®â®è¥¨î(R1(u) = ∫ u1 R(t) dt)(31.5) ∫ +∞1 R1(u)u−s−2 du = − 1s+ 1( 1s− 1 + �′(s)s�(s)); Re s > �:Ǒ®áª®«ìªã A(x) = R1(2x) − R(x), ¨§ (32.2) ¯®«ãç ¥¬   «¨â¨ç¥áª®¥ ¢ëà �¥¨¥ ¤«ï¯à¥®¡à §®¢ ¨ï �¥««¨  äãªæ¨¨ A(u):f(s) = ∫ +∞1 A(u)u−s−2 du(32.5) = ∫ +∞1=2 R1(2u)u−s−2 du−
∫ +∞1 R1(u)u−s−2 du−

∫ 11=2R1(2u)u−s−2 du= −2s+1 − 1s+ 1 ( 1s− 1 + �′(s)s�(s))+ æ¥« ï äãªæ¨ï:� ª¨¬ ®¡à §®¬, f(s) { ¯à¥®¡à §®¢ ¨¥ �¥««¨  äãªæ¨¨ A(u) { à¥£ã«ïà®   «ãç¥(0;+∞) ¨ ¢á¥ ®á®¡ë¥ â®çª¨ f(s) ¢ ¯®«ã¯«®áª®áâ¨ Re s > 0 { ¨§®«¨à®¢ ë¥, á®¢¯ Ä¤ îâ á ã«ï¬¨ �(s) ¨ ï¢«ïîâáï ¯®«îá ¬¨. �®á¯®«ì§ã¥¬áï â¥¯¥àì ®¤®© ¨§¢¥áâ®©â ã¡¥à®¢®© â¥®à¥¬®©.Ǒãáâì g(x) { ¢áî¤ãª®¥ç ï¨§¬¥à¨¬ ï¤¥©áâ¢¨â¥«ì®§ ç ïäãªæ¨ï   [1;+∞),g(x) = O(x�) (x > 1), £¤¥ � { ¥ª®â®à ï ¯®áâ®ï ï. Ǒãáâì § â¥¬ ¯à¥®¡à §®¢ ¨¥�¥««¨  äãªæ¨¨ g G(s) = ∫ +∞1 g(x)x−s−1 dx¨¬¥¥â ¢ C ¯®«îá ¢ â®çª¥ s = � + i,  6= 0, ¨ à¥£ã«ïà®   «ãç¥ [�;+∞). �®£¤ g(x) = 
±(x�) (x → +∞):�§ íâ®© â¥®à¥¬ë ¨ ¯à¥¤áâ ¢«¥¨ï (32.5) ¡¥§ âàã¤  ¯®«ãç ¥¬ ãâ¢¥à�¤¥¨¥ «¥¬¬ë 10.



84 �.�. ������� , �.�. Ǒ�Ǒ���®ª § â¥«ìáâ¢® â¥®à¥¬ë 16.I. � = 1=2. �¤¥ï ¤®ª § â¥«ìáâ¢  ®ç¥ì ¯à®áâ . Ǒà¥¤¯®«®�¨¢, çâ® «¨¡®(33.5) lim supx→+∞

R1(x;H(x))√x ln ln lnx 6 0;«¨¡®(34.5) lim infx→+∞
R1(x;H(x))√x ln ln lnx > 0;¬ë ¤«ï äãªæ¨¨H0(x) = x=√ln lnx ¨§ (33.5) ¯®«ãç¨¬(35.5) lim supx→+∞

R1(x;H0(x))√x ln ln lnx 6 0;  ¨§ (34.5)  å®¤¨¬, çâ®(36.5) lim infx→+∞
R1(x;H0(x))√x ln ln lnx > 0:�®, ¯à¨¬¥¨¢ ª R1(x;H0(x)) â¥®à¥¬ã 17 (äãªæ¨ï H0 ã¤®¢«¥â¢®àï¥â ¢á¥¬ ãá«®¢¨ï¬íâ®© â¥®à¥¬ë), ã¡¥�¤ ¥¬áï ¢ â®¬, çâ® ®¡  á®®â®è¥¨ï (35.5) ¨ (36.5) ¥¢¥àë. � Äç¨â, ¥¢¥àë ¨ á®®â®è¥¨ï (33.5) ¨ (34.5). �â® ¨ ®§ ç ¥â á¯à ¢¥¤«¨¢®áâì 
±-®æ¥-ª¨ (29.2).�áâ ®¢¨¬ á¯à ¢¥¤«¨¢®áâì ¨¬¯«¨ª æ¨¨ (33.5)⇒(35.5). � ª �¤ë¬ x > x0 á¢ï�¥¬¯®á«¥¤®¢ â¥«ì®áâì ç¨á¥« an(x):a0(x) = x; an(x) = an−1(x) +H(an−1(x)); n ∈ N:ǑãáâìN = N(x) { ®¬¥à, ¤«ï ª®â®à®£® ¢ë¯®«¥® ¥à ¢¥áâ¢®aN (x) 6 x+H0(x) < aN+1(x):�¢¨¤ã (33.5)  ©¤¥âáï ¬®®â®® áâà¥¬ïé ïáï ª ã«î ¯®«®�¨â¥«ì ï äãªæ¨ï "(z)â ª ï, çâ®(37.5) ∫ z+H(z)z R(u) du < "(z)√z H(z) ln ln ln z:Ǒà¨¬¥ïï (37.5) ª z = ak(x), k = 0; 1; : : : ; N − 1,  å®¤¨¬

∫ ak+1(x)ak(x) R(u) du < "(ak(x))√ak(x)H(ak(x)) ln ln ln(ak(x))= (ak+1(x)− ak(x))O("(x)√x ln ln lnx):�ª« ¤ë¢ ï íâ¨ ¥à ¢¥áâ¢ , ¯®«ãç¨¬(38.5) ∫ aN (x)x R(u) du = o(√xH0(x) ln ln lnx) (x → +∞):



����Ǒ���������� ���Ǒ��������� Ǒ������ ����� � ������� 85�áâ «®áì ®æ¥¨âì ¨â¥£à «R(u) ¯® \ª®à®âª®¬ã"®âà¥§ªã [aN (x); x+H0(x)℄. �£® ¤«¨Ä  l(x) ¬¥ìè¥, ç¥¬H(aN (x)) 6 H(2x). Ǒ® â¥®à¥¬¥ 18(39.5) ∫ x+H0(x)aN (x) |R(u)| du = O(x3=2'(x=l(x)));£¤¥ '(t) = t−1 ln2 t. � ª ª ª '(t) ã¡ë¢ ¥â ¯à¨ t > e2, â® ¢¬¥áâ® x=l(x) ¯à¨ ¡®«ìÄè¨å x ¢ (39.5) ¬®�® ¯®áâ ¢¨âì ®æ¥ªã á¨§ã íâ®© ¢¥«¨ç¨ë: x=l(x) > x=H(2x) >58 ln ln(2x). Ǒ®íâ®¬ã
∫ x+H0(x)aN (x) |R(u)| du = O(x3=2(ln ln(2x))−1(ln ln ln(2x))2)(40.5) = o(√xH0(x) ln ln lnx):�§ (38.5) ¨ (40.5) ¯®«ãç ¥¬ (35.5). �¬¯«¨ª æ¨ï (34.5)⇒(36.5) ¤®ª §ë¢ ¥âáï á®¢¥àÄè¥®   «®£¨ç®.II. � > 1=2 ¤®áâ¨�¨¬®. � ª ¨ ¢ëè¥, ¯®«®�¨¬(41.5) a0(x) = x; an(x) = an−1(x) +H(an−1(x)); n ∈ N:�® §¤¥áì ç¥à¥§ N = N(x) ®¡®§ ç¨¬ ®¬¥à, ¤«ï ª®â®à®£® ¢ë¯®«¥® ¥à ¢¥áâ¢®aN (x) 6 2x < aN+1(x). �§ â¥®à¥¬ë 2  å®¤¨¬

∫ 2xaN (x) |R(u)| du = O(x�(2x− aN (x))) = O(x�H(aN (x)))(42.5) = o(x�aN (x)) = o(x1+�) (x → +∞):Ǒà¥¤¯®«®�¨¢, çâ® lim supx→+∞ x−�R1(x;H(x)) 6 0, ¯®«ãç¨¬, çâ® áãé¥áâ¢ã¥â ¬®Ä®â®® áâà¥¬ïé ïáï ª ã«î ¯®«®�¨â¥«ì ï äãªæ¨ï "(x), ¤«ï ª®â®à®© á¯à ¢¥¤«¨¢®¥à ¢¥áâ¢® ∫ x+H(x)x R(u) du 6 "(x)x�H(x); x > x0:Ǒ®íâ®¬ã
∫ ak+1(x)ak(x) R(u) du 6

(ak+1(x)− ak(x))"(x)(ak(x))�(43.5)
6

(ak+1(x)− ak(x))"(x)(2x)�:�ª« ¤ë¢ ï ¥à ¢¥áâ¢  (43.5),  å®¤¨¬
∫ aN (x)x R(u) du 6

(aN (x)− a0(x))"(x)(2x)�(44.5)
6 2x1+�"(x) = o(x1+�) (x → +∞):
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x−�R1(x;H(x)) 6 0 =⇒ lim supx→+∞

x−1−�A(x) 6 0:� «®£¨ç® ¤®ª §ë¢ ¥âáï, çâ®lim infx→+∞
x−�R1(x;H(x)) > 0 =⇒ lim infx→+∞

x−1−�A(x) > 0:�® á®£« á® «¥¬¬¥ 10 ¯à ¢ë¥ ç áâ¨ íâ¨å ¨¬¯«¨ª æ¨© ¥¢¥àë. �«¥¤®¢ â¥«ì®, ¥Ä¢¥àë ¯®áë«ª¨. �â® ¨ ®§ ç ¥â, çâ® R1(x;H(x)) = 
±(x�). �¥®à¥¬  16 ¯®«®áâìî¤®ª §  .�§ â¥®à¥¬ë16 § ª«îç ¥¬,çâ® â¥®à¥¬ã15 ®áâ «®áì ¤®ª § âì â®«ìª® ¢ á«ãç ¥,ª®£¤ � ¥¤®áâ¨�¨¬®. �®¢ , â ª �¥ ª ª ¨ ¢ (41.5), ®¯à¥¤¥«¨¬ ak(x), 1 6 k 6 N + 1.Ǒà¥¤¯®«®�¨¢, çâ®
∫ x+H(x)x R(u) du 6 "(x)√xH(x) ln ln lnx (x > x0);£¤¥ limx→+∞ "(x) = 0, "(x) > 0 (¨, á«¥¤®¢ â¥«ì®, ¬®�® ¡¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨áç¨â âì, çâ® "(x) ↓ 0), ¯®«ãç ¥¬ â¥¬ �¥ â¥å¨ç¥áª¨¬ ¯à¨¥¬®¬, çâ® ¨ à ¥¥,(45.5) ∫ aN (x)x R(u) du = o(x3=2 ln ln lnx) (x→ +∞):Ǒ®«ì§ãïáì  ¡á®«îâ®© ®æ¥ª®©R(u) ¨§ â¥®à¥¬ë 2,  å®¤¨¬(46.5) ∫ 2xaN (x) |R(u)| du = o(x�H(aN (x))) = o(x1+�−Æ):�®§ì¬¥¬ â¥¯¥àì " = min(Æ=2;�=2− 1=4). �á®, çâ® ¨§ (45.5) ¨ (46.5) á«¥¤ãîâ ¨¬¯«¨Äª æ¨¨ lim supx→+∞
x−1=2−"R1(x;H(x)) 6 0 =⇒ lim supx→+∞

x"−1−�A(x) 6 0;(47.5) lim infx→+∞
x−1=2−"R1(x;H(x)) > 0 =⇒ lim infx→+∞

x"−1−�A(x) > 0:(48.5)�®£« á® «¥¬¬¥ 10 ¯à ¢ë¥ ç áâ¨ (47.5) ¨ (48.5) ¥¢¥àë ¨, á«¥¤®¢ â¥«ì®, ¥¢¥àë¯®áë«ª¨ íâ¨å ¨¬¯«¨ª æ¨©. Ǒ®íâ®¬ãR1(x;H(x)) = 
±(x1=2+") = 
±(√x ln ln lnx):�.�. Ǒ®¯®¢, ¯¨á ¢è¨© ®ª®ç â¥«ìë© ¢ à¨ â íâ®© à ¡®âë ¯®á«¥ á¬¥àâ¨ ¯à®ä¥áÄá®à  �.�. �â¥çª¨ , ¯à¨®á¨â ¡« £®¤ à®áâì ¤®ªâ®àã ä¨§¨ª®-¬ â¥¬ â¨ç¥áª¨å  ãª�.�. �®ï£¨ã §  ¯à®çâ¥¨¥ àãª®¯¨á¨ ¨ æ¥ë¥ § ¬¥ç ¨ï, ª®â®àë¥ ¯®¬®£«¨ § ç¨Äâ¥«ì® ã«ãçè¨âì ¨§«®�¥¨¥.
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