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� â¥¬ â¨ç¥áª¨¥ § ¬¥âª¨��� 58 ��Ǒ��� 2 ������ 1995
� �������� ��������������������� �����������.�. �®ï£¨, �.�. Ǒ®¯®¢ǑãáâìM(x) = ∑n6x�(n);  (x) = ∑n6x�(n); �(x) =  (x) − x; (1)� = sup{Re s | �(s) = 0}. �¤¥áì, ª ª ®¡ëç®, �-äãªæ¨ï �ñ¡¨ãá ,� { äãªæ¨ï� £®«ì¤â , � { ¤§¥â -äãªæ¨ï �¨¬  .�æ¥ª  à®áâ  äãªæ¨© � ¨M ¨  å®�¤¥¨¥ ¢¥«¨ç¨ë � ï¢«ï¥âáï ®¤Ä®© ¨§ æ¥âà «ìëå § ¤ ç   «¨â¨ç¥áª®© â¥®à¨¨ ç¨á¥«. � ç¥¨¥ � ¤®á¨å ¯®à ¥ ¨§¢¥áâ®. �®ª § ®, çâ® � ∈ [1=2; 1℄ ¨lim supx→+∞

ln |�(x)|lnx = lim supx→+∞

ln |M(x)|lnx = �: (2)Ǒ®áª®«ìªã ¬ë ¥ § ¥¬, ç¥¬ã à ¢® �, â® á®®â®è¥¨¥ (2) ¤ ¥â á«¨èª®¬¬ «® ¨ä®à¬ æ¨¨ ® ¯®¢¥¤¥¨¨ äãªæ¨© (1). � ¨«ãçè¨¥ ¯® ¯®àï¤ªã ¨§¨§¢¥áâëå íää¥ªâ¨¢ëå ®æ¥®ª á¢¥àåã ¤«ï ∣

∣�(x)∣∣ ¨ ∣

∣M(x)∣∣ ¯à¨¢¥¤¥ë¢ [1℄{[3℄. �íâ®©à ¡®â¥¬ë¡ã¤¥¬®æ¥¨¢ âì á¨§ã áà¥¤¨¥ § ç¥¨ïäãªÄæ¨© � ¨M . �¨ââ«¢ã¤ ¨ � ¤ ã ¤®ª § «¨, á®®â¢¥âáâ¢¥® (á¬. [2℄), çâ®�(x) = 
±

(√x ln ln lnx); M(x) = 
±

(√x):� ¯à¥¤¯®«®�¥¨¨ á¯à ¢¥¤«¨¢®áâ¨ £¨¯®â¥§ë �¨¬   (â.¥. � = 1=2)�à ¬¥à [4℄ ¯®«ãç¨«  á¨¬¯â®â¨ªã
∫ X1 �2(x)x−2 ds ∼ 1 lnX; X → +∞: (3)�ë¯®«¥¨¥ à ¡®âë �.�. �®ï£¨ë¬ ¯®¤¤¥à� ® £à â®¬ ò MC5000 �¥�Ä¤ã à®¤®£®  ãç®£® ä®¤  ¨ £à â®¬ ò 93-01-002400 �®áá¨©áª®£® ä®¤  äãÄ¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©. © �.�. �®ï£¨, �.�. Ǒ®¯®¢ 1995



244 �.�. �������, �.�. Ǒ�Ǒ��(�¥à¥§ 1, 2, 3 ¨ â.¤. ¬ë ®¡®§ ç ¥¬ ¥ª®â®àë¥ ¯®«®�¨â¥«ìë¥¯®áâ®ïë¥.) �®®â®è¥¨¥ (3) ®§ ç ¥â, çâ® ¥á«¨ � = 1=2, â® �(x)¢¥¤¥â á¥¡ï \¢ áà¥¤¥¬" â ª �¥, ª ª ¨ 1√x. � ááã�¤¥¨ï �à ¬¥à ¢ § ç¨â¥«ì®© áâ¥¯¥¨ ¨á¯®«ì§®¢ «¨ á¯¥æ¨ä¨ªã äãªæ¨¨ � ¨ ¤«ïäãªæ¨¨ M ¡ë«¨ ¥¯à¨£®¤ë. �® ¥¤ ¢¥£® ¢à¥¬¥¨ ¥ ¡ë«® ¤ Ä�¥ ¨§¢¥áâ®, áå®¤¨âáï ¨«¨ à áå®¤¨âáï ¨â¥£à « ∫ +∞1 M2(x)x−2 dx.�.�. �â¥çª¨ ¢ ¤®ª« ¤¥   á¥¬¨ à¥ ¤®ª § « à áå®¤¨¬®áâì íâ®£® ¨¥ª®â®àëå ¤àã£¨å ¨â¥£à «®¢. �£® ¤®ª § â¥«ìáâ¢® à áå®¤¨¬®áâ¨ ¨Äâ¥£à «  ∫ +∞1 M2(x)x−2 dx ®á®¢ë¢ «®áì   ¯à¨¬¥¥¨¨ ¯®«ãç¥®©¨¬ ®¢®© â ã¡¥à®¢®© â¥®à¥¬ë ª ¯à¥®¡à §®¢ ¨î �¥««¨ 1�(s) = s ∫ +∞1 M(x)x−s−1 dx; Re s > �:Ǒ®ïá¨¬ ¢ªà âæ¥ ®á®¢®¥ á®¤¥à� ¨¥ ã¯®¬ïãâ®© â ã¡¥à®¢®© â¥®à¥Ä¬ë �.�. �â¥çª¨ .ǑãáâìA ∈ L∞[1; b℄ ∀ b > 1, ¨ ¨â¥£à «f(s) = ∫ +∞1 A(x)x−s−1 dx (4) ¡á®«îâ® áå®¤¨âáï ¯à¨ Re s > �1 > 1=2. �®£¤ 1) ¥á«¨ ¨â¥£à « (4) à áå®¤¨âáï ¯à¨ ¥ª®â®à®¬ s0, Re s0 > 1=2, â® ¨¨â¥£à «
∫ +∞1 ∣

∣A(x)∣∣2x−2 dx (5)à áå®¤¨âáï;2) ¥á«¨ ¯à¨ «î¡®¬ " > 0A(x) = O(x1=2+"); x→ +∞;¨ ¯à¨ ¥ª®â®à®¬ t1 ∈ R

∣

∣f(� + it1)∣∣ > 2(� − 12)−1=2; � → 12 + 0;â® ¨â¥£à « (5) â ª�¥ à áå®¤¨âáï.



� �������� ������������ ��������� ���������� 245Ǒà¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï 2) �.�. �â¥çª¨ ãª § « ¬¥â®¤ ¤«ï ¯®«ãç¥Ä¨ï ®æ¥®ª áª®à®áâ¨ à áå®¤¨¬®áâ¨ ¨â¥£à «®¢ (5). Ǒà ¢¤ , íâ¨ ®æ¥ª¨¢ § ç¨â¥«ì®© áâ¥¯¥¨ § ¢¨á¥«¨ ®â á¯¥æ¨ä¨ª¨ äãªæ¨¨ A(x) ¨ ¯à¨ ¨å¤®ª § â¥«ìáâ¢¥ ¨á¯®«ì§®¢ « áì ¨ä®à¬ æ¨ï ® ¯®¢¥¤¥¨¨ f(s) «¨èì ¯à¨Re s > 1=2. �  á¢®¥¬  ãç®-¨áá«¥¤®¢ â¥«ìáª®¬á¥¬¨ à¥�.�. �â¥çª¨¯®áâ ¢¨« § ¤ çã ¯®«ãç¥¨ï íää¥ªâ¨¢ëå ®æ¥®ª áª®à®áâ¨ à áå®¤¨¬®áÄâ¨ ¨â¥£à «®¢ (5) ¢¨¤  ∫ X1 A2(u)u−2 du > 3 lnX (â.¥. ¥ åã�¥, ç¥¬ ¢ [4℄¯à¨ � = 1=2) ¯à¨  «¨ç¨¨ ¤®¯®«¨â¥«ì®© ¨ä®à¬ æ¨¨ ®¡   «¨â¨ç¥áÄª®¬ ¯à®¤®«�¥¨¨ äãªæ¨¨ f(s) ¨§ (4) §  ¯àï¬ãî Re s = 1=2. �  è¥©à ¡®â¥ íâ  § ¤ ç  à¥è¥ .�¥®à¥¬  1. Ǒãáâì A { ¨§¬¥à¨¬ ï   [1;+∞) ª®¬¯«¥ªá®§ ç ïäãªæ¨ï, ¨ ¯à¨ ¯®çâ¨ ¢á¥å x > 1
∣

∣A(x)∣∣ 6 4x5 ; 5 > 12 : (6)Ǒãáâì § â¥¬ ®â®á¨â¥«ì® ¯à¥®¡à §®¢ ¨ï �¥««¨  äãªæ¨¨Af(s) = ∫ +∞1 A(x)x−s−1 dx¨§¢¥áâ®, çâ® áãé¥áâ¢ã¥â t1 ∈ R â ª®¥, çâ® f(s) ¤®¯ãáª ¥â   «¨Äâ¨ç¥áª®¥ ¯à®¤®«�¥¨¥ ¢ ¥ª®â®àãî ®ªà¥áâ®áâì § ¬ªãâ®£® ¯®«ãÄªàã£ 
{s ∈ C |

∣

∣s− (5 + it1)∣∣ 6 5 − 1=2; Re s 6 5};¨§ ª®â®à®© ¢ëª®«®â â®çª  s1 = 1=2+it1,   ¢ á ¬®©â®çª¥ s1 äãªæ¨ïf(s) ¨¬¥¥â ¯®«îá. �®£¤ 
∫ X1 ∣

∣A(u)∣∣2u−2 du > 6 lnX; X > 7: (7)� ¬¥ç ¨¥ 1. �§ (6)  ¢â®¬ â¨ç¥áª¨ ¢ëâ¥ª ¥â, çâ® f(s)   «¨â¨ç ¢ ¯®«ã¯«®áª®áâ¨Re s > 5.� ¬¥ç ¨¥ 2. Ǒ®áâ®ïë¥ 6 ¨ 7 ¬®£ãâ ¡ëâì ¢ëç¨á«¥ë, ¥á«¨ ¨§Ä¢¥áâ  íää¥ªâ¨¢ ï ®æ¥ª  á¢¥àåã ¤«ï ¬ ªá¨¬ã¬ ¬®¤ã«ï f(s)   ª ª®©Ä«¨¡® ®ªàã�®áâ¨ ∣

∣s− (6 + Æ1+ it1)∣∣ 6 6 − 1=2+ Æ2, 0 < Æ1 < Æ2, ¢ãâÄà¨ ª®â®à®© ¥ á®¤¥à�¨âáï ¤àã£¨å ®á®¡ëå â®ç¥ª f(s), ªà®¬¥ s1 (á®£« á®ãá«®¢¨î â¥®à¥¬ë 1 â ª ï ®ªàã�®áâì áãé¥áâ¢ã¥â),   â ª�¥ íää¥ªâ¨¢Äë¥ ®æ¥ª¨ á¢¥àåã ¬®¤ã«¥© ª®íää¨æ¨¥â®¢ |Bk|, 1 6 k 6 m − 1, ¨ á¨§ã{ |Bm| ¢ à §«®�¥¨¨f(s) = m
∑k=1Bk(s− s1)−k + ∞

∑�=0B′�(s− s1)�¢ ®ªà¥áâ®áâ¨ â®çª¨ s1.



246 �.�. �������, �.�. Ǒ�Ǒ���«¥¤áâ¢¨¥ 1. �ãé¥áâ¢ãîâ íää¥ªâ¨¢ë¥ ¯®áâ®ïë¥ 8{11 â Äª¨¥, çâ® ¯à¨X > 8 ¢ë¯®«ïîâáï ¥à ¢¥áâ¢ 
∫ X1 ( (u)− u)2u−2 du > 9 lnX; (8)

∫ X1 M2(u)u−2 du > 10 lnX; (9)
∫ X1 B2(u)u−2 du > 11 lnX; (10)£¤¥B(u) = ∑n6u bn, bn = n−1 ∑d=n d�(n=d).�®ª § â¥«ìáâ¢®. Ǒà¨ Re s > 1 á¯à ¢¥¤«¨¢ë ¨â¥£à «ìë¥ ¯à¥¤Äáâ ¢«¥¨ï s−1 �′� (s) + 1s− 1 = ∫ +∞1 (x−  (x))x−s−1 dx;1s�(s) = ∫ +∞1 M(x)x−s−1 dx;�(s+ 1)s�(s) = ∫ +∞1 B(x)x−s−1 dx: (11)

�«ï äãªæ¨© x −  (x), M(x), B(x) ¢ë¯®«¥® ãá«®¢¨¥ (6) â¥®à¥¬ë 1 á5 = 1. � ª ç¥áâ¢¥ s1 = 1=2 + it1 ¬®�® ¢§ïâì ¯¥à¢ë© ã«ì äãªæ¨¨�(s)   «ãç¥ {Re s > 1=2; Im s > 0}. � ï¢«ï¥âáï ¯à®áâë¬, 14 < t1 < 15,¤àã£¨å ã«¥© �(s) ¯à¨ ∣

∣s−(1+it1)∣∣ 6 1=2 ¥ ¨¬¥¥â ¨¤ �¥¥ ¨¬¥¥â ã«¥©,®â«¨çëå ®â s1 ¢ãâà¨ ªàã£  ∣

∣s− (2+ it1)∣∣ 6 2 (á¬. [5℄). �  £à ¨æ¥ íâ®Ä£® ªàã£  ¬®�® ¤ âì ®æ¥ª¨ ∣

∣�(s)∣∣ > 12, ∣

∣�′(s)∣∣ 6 13 (á«¥¤®¢ â¥«ì®,
∣

∣Re s=�(s)∣∣s=1=2+it1∣∣ = ∣

∣1=�′(1=2+it1)∣∣ > 1=13) á íää¥ªâ¨¢ë¬¨¯®áâ®Äïë¬¨ 12 ¨ 13. � ª¨¬ ®¡à §®¬, ¤«ï äãªæ¨©, áâ®ïé¨å ¢ ®¡¥¨å ç áâïåà ¢¥áâ¢ (11) ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 1 ¢ë¯®«¥ë. Ǒ®íâ®¬ã ¥à ¢¥áâ¢ (8){(10) ï¢«ïîâáï ç áâë¬ á«ãç ¥¬ (7). �«¥¤áâ¢¨¥ ¤®ª § ®.�á«¨ � > 1=2, â® ¬®�® ¤®ª § âì ¥é¥ ¡®«¥¥ á¨«ìë¥ ¥à ¢¥áâ¢ .�¥®à¥¬  2. Ǒãáâì A { ®¤  ¨§ âà¥å äãªæ¨© �, B, M , F (x) =
∫ X1 ∣

∣A(u)∣∣2u−2 du. �®£¤  ¥á«¨ � > 1=2, â® ¯à¨ «î¡®¬ " > 0limX→+∞
F (X)X"+1−2� = +∞:



� �������� ������������ ��������� ���������� 247� ¬¥ç ¨¥3. �®â«¨ç¨¥ ®â â¥®à¥¬ë1, â¥®à¥¬  2 ï¢«ï¥âáï ¥íää¥ªÄâ¨¢®©. �«ï " < 2�− 1 ¬ë ¥ ¬®�¥¬ ãª § âìX0("; �) â ª®¥, çâ® ¯à¨ ¢á¥åX > X0 ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® F (X) > X2�−1−". �ää¥ªâ¨¢¨§ æ¨ïâ¥®à¥¬ë 2 ¯®§¢®«¨«  ¡ë ¯®«ãç¨âì  «£®à¨â¬ ®æ¥ª¨ � á «î¡®©  ¯¥à¥¤§ ¤ ®© â®ç®áâìî,   çâ® ¢  áâ®ïé¥¥ ¢à¥¬ï ¬ «®  ¤¥�¤ë. � â®¬ã�¥, ¥á«¨ ®ª �¥âáï, çâ® � = 1=2, â® â¥®à¥¬  2 ¡ã¤¥â ¡¥á¯®«¥§®©.�ë¯à¥¤¯®« £ ¥¬¢ë¢¥áâ¨â¥®à¥¬ë1¨2¨§®¡é¥©â ã¡¥à®¢®©â¥®à¥¬ë¤«ï ¨â¥£à «®¢ � ¯« á .�¥®à¥¬  3. Ǒãáâì � : [0;+∞) → C ¨ ¯à¨ «î¡®¬ x > 0V (x) = var�(u)∣∣x0 6 14 exp(Cx); C > 0: (12)Ǒãáâì § â¥¬ ®â®á¨â¥«ì® äãªæ¨¨1G(s) = ∫ +∞0 e−sx d�(x) (13)¨§¢¥áâ®, çâ® ¯à¨ ¥ª®â®à®¬ R > C ®  ¤®¯ãáª ¥â   «¨â¨ç¥áÄª®¥ ¯à®¤®«�¥¨¥ ¢ ¥ª®â®àãî ®ªà¥áâ®áâì § ¬ªãâ®£® ¯®«ãªàã£ 
{

|s− (R + it1)| 6 R; Re s 6 R} á ¢ëª®«®â®© â®çª®© s1 = it1,   ¢ â®çÄª¥ s1 äãªæ¨ï G(s) ¨¬¥¥â ¯®«îá ¯®àï¤ª  m ∈ N. �®£¤  ¯à¨ Y > 15á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®V (Y )− V (�Y ) > 16Ym;£¤¥ � = (1− Æ)2(1 + �)−1,   Æ ∈ (0; 1) ¨ � ∈ (0;+∞) { ¯à®¨§¢®«ìë¥ç¨á« , ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬Æ + ln(1− Æ)Æ − 1 > CR; � − ln(1 + �)1 + � > CR: (14)� ¬¥ç ¨¥ 4. �¨á«  Æ ¨ �, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬ (14) ¢á¥£¤  ©¤ãâáï, ¯®áª®«ìªãC=R < 1,  lim�→+∞

� − ln(1 + �)1 + � = 1; limÆ→1−0 Æ + ln(1− Æ)Æ − 1 = +∞:� ¬¥ç ¨¥5. Ǒ®áâ®ïë¥ 15 ¨ 16 íää¥ªâ¨¢® § ¢¨áïâ ®â 14,C,R,Æ, �,m, ª®íää¨æ¨¥â®¢ ¯à¨ ®âà¨æ â¥«ìëå s− s1�®à ®¢  à §«®�¥¨ïG(s) ¢ ®ªà¥áâ®áâ¨ s1 ¨ ¬ ªá¨¬ã¬  ¬®¤ã«ï G(s)   ª ª®©-«¨¡® ®ªàã�Ä®áâ¨ ∣

∣s− (R+ it1)∣∣ = R+ 17, ¢ãâà¨ ª®â®à®© ãG(s) ¥â ®á®¡ëå â®ç¥ª,ªà®¬¥ s1.1�§ (12) ¥¬¥¤«¥® ¢ëâ¥ª ¥â, çâ® ¯à¨ «î¡®¬ " > 0 ¨â¥£à « (13) à ¢®¬¥à®áå®¤¨âáï ¢ ¯®«ã¯«®áª®áâ¨ Re s > C + ", ¨, á«¥¤®¢ â¥«ì®, äãªæ¨ï G(s)   «¨Äâ¨ç  ¢ ®¡« áâ¨ Re s > C.



248 �.�. �������, �.�. Ǒ�Ǒ��� ¬¥ç ¨¥ 6. �á«¨ � ∈ (0; 1), C 6 �2R=27, â® ¥âàã¤® ¯à®¢¥à¨âì,çâ® (14) ¢ë¯®«ï¥âáï ¤«ï Æ = � = �=3, ¨ á«¥¤®¢ â¥«ì®, � > 1− �.�ë¢¥¤¥¬ â¥®à¥¬ã 1 ¨§ â¥®à¥¬ë 3. �ãªæ¨ï G(s) = f(s + 1=2) ¢ ¯®«ãÄ¯«®áª®áâ¨Re s > 5 − 1=2 ¬®�¥â ¡ëâì ¢ëà �¥  ¨â¥£à «®¬G(s) = ∫ +∞0 A(ex)e−x=2e−sx dx ≡
∫ +∞0 e−sx d�(x);£¤¥ �(x) = ∫ x0 A(et)e−t=2 dt,V (x) = ∫ x0 ∣

∣A(et)∣∣e−t=2 dt = ∫ ex1 ∣

∣A(u)∣∣u−3=2 du:�¥âàã¤® ã¡¥¤¨âìáï ¢ â®¬, çâ® ¢ë¯®«¥¨¥ ãá«®¢¨ï â¥®à¥¬ë 3 á C =5 − 1=2 ¨ ¥ª®â®àë¬R > C. Ǒ®íâ®¬ã ¯® â¥®à¥¬¥ 3  å®¤¨¬V (Y )− V (�Y ) = ∫ expYexp(�Y )∣∣A(u)∣∣u−3=2 du > 16Y; Y > 15;¨«¨, çâ® â® �¥ á ¬®¥,
∫ XX�∣

∣A(u)∣∣u−3=2 du > 16 lnX; X > 18: (15)�âáî¤ , ¨á¯®«ì§ãï ¥à ¢¥áâ¢® �®è¨, ¯®«ãç ¥¬(16 lnX)2 6

(
∫ X1 ∣

∣A(u)∣∣u−3=2 du)2
6

∫ X1 ∣

∣A(u)∣∣2u−2 du ·∫ X1 u−1 du:�«¥¤®¢ â¥«ì®, ∫ X1 ∣

∣A(u)∣∣2u−2 du > (16)2 lnX ,X > 18,   íâ® ¨ âà¥¡®Ä¢ «®áì ¤®ª § âì.�¥à ¢¥áâ¢® (15) ¯®§¢®«ï¥â â ª�¥ ¯®«ãç¨âì á«¥¤ãîé¥¥ ãâ¢¥à�¤¥Ä¨¥.�¥®à¥¬  4. Ǒãáâì ¢ ãá«®¢¨ïå â¥®à¥¬ë 1 5 = 1 ¨ ¢ ®¡« áâ¨
{s ∈ C | Re s > 1=2; ∣

∣Im(s− s1)∣∣ 6 T}; T > 48;äãªæ¨ï f(s) ¥ ¨¬¥¥â ®á®¡ëå â®ç¥ª. �®£¤  ¯à¨ «î¡ëå Q > 19 ∃x ∈[Q;Q1+4=T ℄â ª®¥, çâ® ∣

∣A(x)∣∣ > 20√x.�  áâ®ïé¥¥ ¢à¥¬ï [6℄ ¤®ª § ® ®âáãâáâ¢¨¥ ã«¥© �(s) ¢ ¯®«ã¯®«®á¥
{Re s > 1=2; | Im s| 6 5 · 108}. Ǒ®íâ®¬ã â¥®à¥¬  4 ¨ ¨â¥£à «ìë¥ ¯à¥¤Äáâ ¢«¥¨ï (11) ¯à¨¢®¤ïâ  á ª á«¥¤ãîé¥© â¥®à¥¬¥.



� �������� ������������ ��������� ���������� 249�¥®à¥¬  5. Ǒà¨ «î¡®¬Q > 21
∃xj ∈ [Q;Q1+10−8]; j = 1; 2; 3;â ª¨¥, çâ®

∣

∣B(x1)∣∣ > 22√x1; ∣

∣M(x2)∣∣ > 23√x2; ∣

∣ (x3)− x3∣∣ > 24√x3:�«ï¤®ª § â¥«ìáâ¢ â¥®à¥¬ë4¤®áâ â®ç® ¢§ïâìR = T 2+1=4. �®£¤ ¢ ªàã£¥ ∣

∣s − (R + 1=2 + it1)∣∣ 6 R ¥â ®á®¡ëå â®ç¥ª f(s), ªà®¬¥ s1 =1=2 + it1, ¯®áª®«ìªã ¢á¥ â®çª¨ íâ®£® ªàã£ , §  ¨áª«îç¥¨¥¬ s1, «¥� â ¢¯®«ã¯«®áª®áâ¨ Re s > 1=2, ¯à¨ç¥¬ ¯à¨ 1=2 < � 6 1, s = � + it, ¨¬¥¥¬(t− t1)2 + (R+ 1=2− �)2 6 R2, ®âªã¤ (t− t1)2 6 R2 − (R − 1=2)2 = R − 1=4 = T 2:�® ¯à¨ â ª¨å t äãªæ¨ï f(� + it) ¥ ¨¬¥¥â ®á®¡ëå â®ç¥ª ¯® ãá«®¢¨î â¥®Äà¥¬ë 4,   ¯à¨Re s > 1 f(s) ¥ ¨¬¥¥â ®á®¡ëåâ®ç¥ª ¯® ãá«®¢¨î â¥®à¥¬ë1.�«¥¤®¢ â¥«ì®, á¯à ¢¥¤«¨¢  ®æ¥ª  (15) á� = 1− � = 1− √27C=R = 1− √13:5=(T 2 + 1=4) > 1−√13:5=T:Ǒ®«®�¨¬ X� = Q, â®£¤  X = Q1=� < Q1+4=T ¯à¨ T > 48. �§ (15)¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â, çâ® ¤«ï ∀u ∈ [X�; X ℄ ¥à ¢¥áâ¢®
∣

∣A(u)∣∣ < 16 √u1− �¥ ¬®�¥â ¡ëâì ¢ë¯®«¥®. �«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â x ∈ [Q;Q1+4=T ℄â ª®¥, çâ® |A(x)| > 20√x.�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. Ǒãáâì0 < � < min(� − 1=2; "=3); R = 13:5=�2: (16)Ǒ®ª �¥¬, çâ® áãé¥áâ¢ã¥â â ª®© ã«ì s1 = �1 + it1 ¤§¥â -äãªæ¨¨, çâ®�1 > �−� ¨ � ¥¨¬¥¥â¤àã£¨åã«¥©¢ªàã£¥D = {

|s−(R+�1+it1)| 6 R}.�«ï íâ®£® ¢®§ì¬¥¬â ª®© ¯à®¨§¢®«ìë©ã«ì �0+ it0 ¤§¥â -äãªæ¨¨, çâ®�0 > �− �. � á¨«ã (16) �− � > 1=2, ¯®íâ®¬ã ¬ë ¬®�¥¬ ¢®á¯®«ì§®¢ âìáï¯«®â®áâ®© â¥®à¥¬®© [6℄, á®£« á®ª®â®à®©ª®«¨ç¥áâ¢® ã«¥© �(s) ¢ ¯àïÄ¬®ã£®«ì¨ª¥ | Im s| 6 T , Re s > � − �, ¥áâì o(T ) ¯à¨ T → +∞. � ç¨â¯à¨ ¥ª®â®à®¬ k > |t0| ¯àï¬®ã£®«ì¨ª k 6 Im s 6 k + R, Re s > � − �á¢®¡®¤¥ ®â ã«¥© �. �âáî¤  á«¥¤ã¥â, çâ® ¥á«¨ �(� + it) = 0, � > � − �¨ |t| > k, â® |t| > k + R. �à¥¤¨ ã«¥© ¤§¥â -äãªæ¨¨ ¢ ¯àï¬®ã£®«ì¨Äª¥ | Im s| 6 k, Re s > � − � ¢ë¡¥à¥¬ ã«ì s1 = �1 + it1 á  ¨¡®«ìè¥©



250 �.�. �������, �.�. Ǒ�Ǒ��¤¥©áâ¢¨â¥«ì®© ç áâìî ¨ ¯à®¢¥à¨¬, çâ® ® { ¨áª®¬ë©. �¥©áâ¢¨â¥«ì®,�1 > �0 > � − �. � «¥¥, ¥á«¨ ªàã£D á®¤¥à�¨â ¤àã£®© ã«ì s = � + it¤§¥â -äãªæ¨¨, â® � > �1, ®âªã¤  ¢ á¨«ã ¢ë¡®à  s1 ¯®«ãç ¥¬ |t| > k ¨§ ç¨â, |t| > k+R, ® â®£¤  ∣

∣s− (R+�1+ it1)∣∣ > |t− t1| > R, â.¥. s =∈ D.� «¥¥ ¬ë à ááã�¤ ¥¬ â ª �¥, ª ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1.� ª ã�¥ ®â¬¥ç «®áì, ¢ ãá«®¢¨ïå â¥®à¥¬ë 2 ¥à ¢¥áâ¢® (6) ¢ë¯®«¥® á5 = 1, ¯®íâ®¬ã ¯à¥¤áâ ¢«¥¨ï (11) á¯à ¢¥¤«¨¢ë ¯à¨ Re s > 1. �âáî¤ á«¥¤ã¥â, çâ® äãªæ¨ïG(s) = f(s+ �1); £¤¥ �(s) = ∫ +∞1 A(x)x−s−1 dx¢ ¯®«ã¯«®áª®áâ¨Re s > 1− �1 ¢ëà � ¥âáï ¨â¥£à «®¬G(s) = ∫ +∞0 e−sx d�(x);£¤¥ �(x) = ∫ x0 A(et)e−�1t dt. Ǒà¨ íâ®¬V (x) = ∫ ex1 ∣

∣A(u)∣∣u−1−�1 du¨ãá«®¢¨ïâ¥®à¥¬ë3¢ë¯®«¥ëáC = 1−�1 < 1=2¨R, § ¤ ë¬á®®â®Äè¥¨¥¬ (16). � á¨«ã § ¬¥ç ¨ï 6 ¤«ï � = 1− �,   «®£¨ç® ¥à ¢¥áâ¢ã(15), ¯®«ãç ¥¬
∫ XX�∣

∣A(u)∣∣u−1−�1 du > 16 lnX (X > 18):�á¯®«ì§ãï ¥à ¢¥áâ¢® �®è¨ ¯à¨X > 18  å®¤¨¬(16 lnX)2 6

∫ XX�∣

∣A(u)∣∣2u−2 du ∫ XX� u−2�1 du: (17)�æ¥¨¬ ¯®á«¥¤¨© ¨â¥£à « ¢ (17):
∫ XX� u−2�1 du 6 25X−�;£¤¥ � = �(2�1 − 1) > (1 − �)(2� − 1 − 2�) > 2� − 1 − 3� > 2� − 1 − ".Ǒ®íâ®¬ã ¨§ (17) á«¥¤ã¥â, çâ®

∫ XX�∣

∣A(u)∣∣2u−2 du > (16 lnX)2−125 X2�−1−":�¥¬ á ¬ë¬ â¥®à¥¬  2 ¤®ª §  .Ǒ¥à¥©¤¥¬ ª ¤®ª § â¥«ìáâ¢ã æ¥âà «ì®£® à¥§ã«ìâ â  { â¥®à¥¬ë 3.�¯¥à¢   ¬ ¯®âà¥¡ãîâáï ¤¢¥ «¥¬¬ë.



� �������� ������������ ��������� ���������� 251�¥¬¬  1. Ǒãáâì q ∈ (0; 1),   � ∈ (0;+∞) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î� − ln(1 + �)1 + � > q: (18)�®£¤  ¯à¨ ¥ª®â®à®¬ q1 < 1 ¨ «î¡®¬ n ∈ N, n > 26 (26 ¨ q1 íää¥ªÄâ¨¢® § ¢¨áïâ ®â � ¨ q) á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®Jn = ∫ +∞n(1+�) un exp((q − 1)u) du < n! qn1 :�®ª § â¥«ìáâ¢®. �¤¥« ¢ § ¬¥ã ¯¥à¥¬¥®£® u(1 − q) = x,  å®Ä¤¨¬ Jn = (1− q)−n−1J ′n; (19)£¤¥ J ′n = ∫ +∞Bn xne−x dx; B = (1 + �)(1− q):� ¬¥â¨¬, çâ® ¢á«¥¤áâ¢¨¥ (18)B > 1 + ln(1 + �) > 1. Ǒ®íâ®¬ã ¨¬¥¥¬J ′n = (Bn)n+1 ∫ +∞1 yne−Bny dy= (Bn)n+1e−Bn ∫ +∞1 yn exp(−Bn(y − 1)) dy< (Bn)n+1e−Bn ∫ +∞1 yn exp(−n(y − 1)) dy= Bn+1en(1−B)nn+1 ∫ +∞1 yne−ny dy= Bn+1en(1−B) ∫ +∞n xne−x dx< Bn! exp(n(1−B + lnB)): (20)�§ (19) ¨ (20)  å®¤¨¬ Jn < 27n! exp(n); (21)£¤¥  = 1−B + lnB − ln(1− q) = 1−B + ln(1 + �)= q − � + q� + ln(1 + �) = (1 + �)(q − � − ln(1 + �)1 + � ) < 0:Ǒ®á«¥¤¥¥ ¥à ¢¥áâ¢® ¢¬¥áâ¥ á (21) ¤®ª §ë¢ ¥â «¥¬¬ã 1.



252 �.�. �������, �.�. Ǒ�Ǒ���¥¬¬  2. Ǒãáâì w { ¥ã¡ë¢ îé ï   [0;+∞) äãªæ¨ï, w(0) = 0,  ¯à¨ ¢á¥å x > 0 á ¥ª®â®àë¬ q ∈ (0; 1) ¢ë¯®«ï¥âáï ®æ¥ª w(x) 6 28 exp(qx): (22)Ǒãáâì § â¥¬ � ∈ (0;+∞) ¨ Æ ∈ (0; 1) (á¬. ¢ëè¥ § ¬¥ç ¨¥ 4) ã¤®¢«¥Äâ¢®àïîâ ãá«®¢¨ï¬� − ln(1 + �)1 + � > q; Æ + ln(1− Æ)Æ − 1 > q:�®£¤  ¯à¨ ¥ª®â®à®¬ q2 < 1 ¨ «î¡ëå n ∈ N, n > 29 (¯®áâ®ïë¥ 29 ¨q2 íää¥ªâ¨¢® § ¢¨áïâ ®â 28, q, Æ ¨ �) á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 
∫En une−u dw(u) 6 n! qn2 ; (23)£¤¥En = [0; n(1− Æ)] ∪ [n(1 + �);+∞

).�®ª § â¥«ìáâ¢®. �¬¥¥¬In = ∫En une−u dw(u) = ∫ n(1−Æ)0 une−u dw(u) + ∫ +∞n(1+�) une−u dw(u)= une−uw(u)∣∣n(1−Æ)0 −
∫ n(1−Æ)0 w(u) d(une−u)+ une−uw(u)∣∣+∞n(1+�) − ∫ +∞n(1+�) w(u) d(une−u)

6 une−uw(u)∣∣u=n(1−Æ) − ∫ +∞n(1+�) w(u) d(une−u): (24)Ǒ®á«¥¤¥¥ ¥à ¢¥áâ¢® ¢ (24) ¯®«ãç¨«®áì ¯®á«¥ ®â¡à áë¢ ¨ï § ¢¥¤®¬®¥¯®«®�¨â¥«ìëå á« £ ¥¬ëå. �ë ¨á¯®«ì§ã¥¬ ¥à ¢¥áâ¢® w(u) > 0,  â ª�¥ â® ®¡áâ®ïâ¥«ìáâ¢®, çâ® äãªæ¨ïune−u ¢®§à áâ ¥â  ¯à®¬¥�ãâª¥[0; n℄ ¨ ã¡ë¢ ¥â   [n;+∞). �§ (22) ¨(24)  å®¤¨¬In 6 28une(q−1)u∣

∣u=n(1−Æ) + ∫ +∞n(1+�) 28equ d(−une−u)= 28((n(1− Æ))ne(q−1)(1−Æ)n + (n(1 + �))ne(q−1)(1+�)n)+ 28q ∫ +∞n(1+�) une(q−1)u du: (25)�§ (25) ¨ ®ç¥¢¨¤®£® ¥à ¢¥áâ¢  nn < n! en ¯®«ãç ¥¬In 6 28n!(exp(1n) + exp(2n))+ 28Jn; (26)



� �������� ������������ ��������� ���������� 253£¤¥ Jn { ¨â¥£à « ¨§ «¥¬¬ë 1,1 = 1 + (q − 1)(1− Æ) + ln(1− Æ);2 = 1 + (q − 1)(1 + �) + ln(1 + �):� ª�¥, ª ª ¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 1 ¯à®¢¥àïîâáï ¥à ¢¥áâ¢  1 < 0,2 < 0. Ǒ®íâ®¬ã ¨§ (26) ¨ «¥¬¬ë 1 á«¥¤ã¥â (23). �¥¬¬  2 ¤®ª §  .�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. Ǒà¨ Re s > C ¨¬¥¥¬G(n)(s) = ∫ +∞0 (−x)ne−sx d�(x): (27)Ǒ®«®�¨¬ � = R+ it1. �§ (27)  å®¤¨¬
∣

∣G(n)(�)∣∣ 6

∫ +∞0 xne−Rx dV (x): (28)Ǒ®áª®«ìªãG(s)   «¨â¨ç  ¯à¨ |s− �| 6 R, s 6= s1, â® íâ® § ç¨â, çâ®G   «¨â¨ç  ¢ ¥ª®â®à®¬ ¡®«ìè¥¬ ªàã£¥ |s− �| 6 R+ 17 á ¢ëª®«®â®©â®çª®© s1. �¡®§ ç¨¬ç¥à¥§G−(s) ç áâì�®à ®¢ à §«®�¥¨ïäãªæ¨¨G(s) ¢ ®ªà¥áâ®áâ¨ â®çª¨ s1, á®áâ®ïéãî ¨§ ®âà¨æ â¥«ìëå áâ¥¯¥¥© s−s1. �àã£¨¬¨ á«®¢ ¬¨,G−(s) = m
∑k=1Bk(s− s1)−k; Bm 6= 0;G1(s) = G(s)−G−(s) ∈ A(

|s− �| 6 R+ 17): (29)�¬¥¥¬ ®ç¥¢¨¤ë¥ á®®â®è¥¨ï
∣

∣G(n)1 (�)∣∣ 6
30n!(R+ 11)n ; 30 = max

|s−�|=R+17∣∣G1(s)∣∣;G−(n)(�) = m
∑k=1(−1)nBk (k + n− 1)!(k − 1)! (� − s1)−k−n: (30)�§ (29) ¨ (30) ¢ëâ¥ª ¥â ¥à ¢¥áâ¢®

∣

∣G(n)(�)∣∣ > 31R−nn!nm−1; n > 32: (31)Ǒà¨ íâ®¬ ¯®áâ®ïë¥ 31 ¨ 32 íää¥ªâ¨¢® § ¢¨áïâ ®â 17,R, 30, ®â ®æ¥Äª¨ á¨§ã¤«ï |Bm|¨®æ¥®ª á¢¥àåã¤«ï |Bk|, 1 6 k 6 m−1. �¤¥« ¢ § ¬¥ãx = u=R ¢ ¨â¥£à «¥ (28), á ãç¥â®¬ (31)  å®¤¨¬
∫ +∞0 une−u dV (u=R) > 31n!nm−1; n > 32: (32)



254 �.�. �������, �.�. Ǒ�Ǒ���«ï äãªæ¨¨ w(u) = V (u=R) ¢ë¯®«¥ë ¢á¥ ãá«®¢¨ï «¥¬¬ë 2 á q =C=R ∈ (0; 1). Ǒ®íâ®¬ã (á¬. (23) ¨ (14))
∫En une−u dV (u=R) 6 n! qn2 ; n > 29: (33)�à ¢¨¢ ï ®æ¥ª¨ (32) ¨ (33), ¯à¨å®¤¨¬ ª ¥à ¢¥áâ¢ã

∫ n(1+�)n(1−Æ) une−u dV (u=R) > 33n!nm−1; n > 34;¨«¨, çâ® â® �¥ á ¬®¥,
∫ n(1+�)=Rn(1−Æ)=R xne−Rx dV (x) > 33R−nn!nm−1; n > 34: (34)�¥¯¥àì ¨§ ¥à ¢¥áâ¢ (34) ¯®«ãç¨¬ ãâ¢¥à�¤¥¨¥ â¥®à¥¬ë 3. �«ï Y >0 ç¥à¥§K(Y ) ®¡®§ ç¨¬ ®âà¥§®ªK(Y ) = [�Y R=(1− Æ); RY=(1 + �)]:Ǒ®áª®«ìªã � = (1− Æ)2(1 + �)−1, â®K(Y ) = [(1− Æ)Y1; Y1]; £¤¥ Y1 = RY1 + � :�¥£ª® á®®¡à §¨âì, çâ® ¥á«¨ n ∈ K(Y ), â®�Y 6

n(1− Æ)R < n(1 + �)R 6 Y; (35)¨ ¯à¨ Y > 35 ¢ ®âà¥§ª¥ K(Y ) «¥� â â®«ìª® ç¨á«  n > 34. Ǒ®íâ®¬ã,¢¢¨¤ã (34) ¨ (35) ¯à¨ Y > 35 ¨ «î¡®¬ n ∈ K(Y ) ¨¬¥¥¬
∫ Y�Y xne−Rx dV (x) > 33R−nn!nm−1: (36)�¬®�¨¬ ®¡¥ ç áâ¨ ¥à ¢¥áâ¢ (36)  Rn=n! ¨ ¯à®áã¬¬¨àã¥¬¨å ¯® ¢á¥¬n ∈ K(Y ). Ǒ®«ãç¨¬

∫ Y�Y (

∑n∈K(Y ) (xR)nn! )e−Rx dV (x) > 33 ∑n∈K(Y )nm−1: (37)



� �������� ������������ ��������� ���������� 255�ç¥¢¨¤®, çâ®
∑n∈K(Y ) (xR)nn! < ∞

∑n=0 (xR)nn! = eRx; (38)
∑n∈K(Y )nm−1 > (ÆY1 − 1)((1− Æ)Y1)m−1 > 36Ym:�§ (37){(39)  å®¤¨¬

∫ Y�Y dV (x) > 36Ym; Y > 35:�¥®à¥¬  3 ¤®ª §  .�®áª®¢áª¨© £®áã¤ àáâ¢¥ë©ã¨¢¥àá¨â¥â ¨¬. �.�. �®¬®®á®¢  Ǒ®áâã¯¨«®01.12.94�Ǒ���� ������������ ����������[1℄Wal�sz A. Weylshe exponentialsummen in der Neueren Zahlentheorie.Berlin, 1963.[2℄ EllisonW. Mendes Frane M. Les nombres premiers. Paris, 1975.[3℄ � à æã¡ �.�. � á¯à¥¤¥«¥¨¥ ¯à®áâëå ç¨á¥« // ���. 1990. �. 45. ò5.�. 81{140.[4℄ Cramer H. Ein Mittelwertsatz der Primzahltheorie // Mat. Zeitshrift.1922. V. 12. P. 147{153.[5℄ Tithmarsh E. The theory of the Rieman Zeta-funtion. Seond Edition.Oxford, 1986.[6℄ �¨¡¥¡®©¬ �.�. �¥ª®à¤ë ¯à®áâëå ç¨á¥« // ���. 1987. �. 42. ò5.�. 119{176.


