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Lie Groups SH(2) and Lie Algebra sh(2)

SH(2) — The group of 3 DOF rotational and translational motions of a

rigid body moving on hyperbolic plane
Matrix Representation of the Lie group SH(2)

cosh¢g sinh¢ a
M =SH(2) = sinhg cosh¢g b |, ab,¢cR
0 0 1

Lie Algebra basis A; for Lie Algebra sh(2) are given as:
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Sub-Riemannian Problem on SH(2)

Sub-Riemannian problem on the Lie group SH(2) is stated as:

C.]:U1f1(q)+uzf2(q), qc M:SH(Q), (ulau2)ER2v (1)

q(0) =qo, q(t1)=aq, (2)
I:/\/uf+u§dt—>min, (3)

0
q:(X,y,Z), fl(Q):CIA:;, f2(q):qA1 (4)

A =span{f,f} and g(f;,f;) = &;

Structure (M, A, g) defines sub-Riemannian problem on the Lie group
SH(2)
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A Physical Model for SR Problem on SH(2)

In canonical coordinates of the second kind (Wei-Norman
transformation):

X coshz 0
g=\|y | =wmfi+wh=u| sinhz |+uw| O
z 0 1

From first principles, the model of a unicycle moving on hyperbolic
plane has same representation with:

(x,y) - position vector of point of contact with hyperbolic plane
z - orientation of position vector

up - translational velocity

uy - rotational velocity
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A Physical Model for SR Problem on SH(2)

SR Problem Modeled as Unicycle Moving on Hyperbolic Plane
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Q Obtain complete parametrization of extremal trajectories

Q Describe symmetries of the exponential mapping and corresponding
Maxwell sets

© Computation of conjugate loci

Obtain complete characterization of the cut locus

© ©

Describe the global structure of the exponential mapping and the
optimal synthesis

@ Geometric analysis of the cut locus and conjugate locus through 3D
plot of sub-Riemannian caustic, spheres and wavefronts
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Known Results for Sub-Riemannian Problems on

Lie Groups

3-Dimensional Lie Groups

Heisenberg group — A.Vershik, V.Gershkovich, 1986
S3, SO(3), SL(2) and Lens spaces — Ugo Boscain and F. Rossi, 2008
SE(2) - Yuri L. Sachkov, 2008

Contact Problems in R® — A. Agrachev, 1996, J. P. Gauthier, 1996

5-Dimensional nilpotent Lie group with growth vector (2,3,5) — Yuri L.
Sachkov, 2006

Euler Elasticae Problem — Yuri L. Sachkov, 2008

4-Dimensional nilpotent Lie group with growth vector (2,3,4) i.e.,
Engel group — A. A. Ardentov and Yu. L. Sachkov, 2011-2015
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Controllability and Existence of Minimizers

The Lie Algebra spanned by the distribution is:

Ly =span{fy,f,[fi, L]} =TaM Vge M

Rashevskii-Chow's Theorem - The system is completely controllable.

Fillipov's theorem

Existence of optimal trajectories g(t)
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Pontryagin Maximum Principle

Abnormal extremal trajectories are constant

Normal extremals:

Y=c, é=-—siny, (y.c)eC=(25)) xR,
Y

X = cos%/coshz7 y :cos%/sinhz7 Z=sin 5
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Decomposition of Phase Cylinder of the

Pendulum C=J>_, G,

Energy of the pendulum is given as E = % —cosy € [—1,4o0).

G = {AeC(ClEe(-1,1)},

G = {AeClEe(Le)},

G = {AeCl|E=1,c#0},

G = {AeClE=-1}={(y,c)eCly=2nn,c=0}}, neN,
G = {AeClE=1}={(v.c)eCly=2an+m.c=0}. neN.

s
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Parametrization of Extremal Trajectories

A= (}/,C) e
Xt
Yt
Zt
where w = m.
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Parametrization of Extremal Trajectories

: (m ~w) [E (wt)—E(w—kQ(w )]

Xt
(kw+ W) )[snwt—snw]
ve | =1 -3( i iy +w) [B(ve) — E(w) — K2y — )
z % (kW— ﬁ) [sny; —sny],
spIn[(dny; — ken yy).w,
where w = m
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Parametrization of Extremal Trajectories

Xt 21 [% (o — (p)+w(tanh(pt—tanh(p)]
( Vi ) = ( (L (¢— o) —w(tanh@; —tanh )] )
z; —s152 In[w sech @]
where w = cosh ¢.
A=(1c)eCa =

( X ) ( sgn(cosg)t)
y | = 0 .
z 0
X 0
0.0,
z sgn(sin%)t
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Optimality Analysis of Extremal Trajectories

The question whether g(t) is indeed optimal is one of the most
challenging questions in the sub-Riemannian problems

Every q(t) is locally optimal
q(t) can lose optimality due to existence of

Maxwell Points
Conjugate points

The set of points where g(t) loses optimality is called cut locus
Cut time

teut(q) =sup{t > 0] g(s) is optimal for s € [0, t]}.
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Maxwell Strata

The locus of the intersection points of geodesics of equal lengths

Jextremal trajectory §s Z qs:  qo = Go, Gt = G-

Qs

]

,t2>f

s

I
=

Gis 1

qo i
Jt, = 4ty

Maxwell Point t, < t;
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Conjugate Loci

Extremal trajectories g(t) lose local optimality (i.e., optimality with
respect to infinitesimally close extremal trajectories)

q(t) € envelope of family of extremal trajectories

At conjugate point extremal trajectories have envelope

Note that,

teut < Min (tMaX7 tconj) .
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Reflections ¢’ in the Phase Cylinder of Pendulum

and Maxwell Strata

Action of reflection symmetries € : § — &' on trajectories of the

pendulum
c
0 T 2 ¥
53 6‘1 57 55

Maxwell Set Max corresponding to reflections &’

MAX' = {v=(1,t)eN=CxR" | A#A1", Exp(A,t)=Exp(A.t)},
Max’ = Exp (MAX') C M.
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Description of Maxwell Strata

Maxwell points are located in hypersurfaces

Rlzycoshg—xsinhgzo, Rzzxcoshg—ysinhgzo, z=0.

First Maxwell time is bounded as:
rLeCG = tM"MXQ)=4K(k),
reGC = t"X(L)=4kK(k),

LeGUGUG = tHMXQ)

Theorem

+oo,
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Conjugate Locus

Exponential mapping

Exp: (A,t)=(v.c,t) > q(t) € M,
Exp: N=CxR;— M.

q: = Exp(A, t) — conjugate point for go<=-q —Critical value of Exp
dvExp : TyN— T4 M is degenerate,

Jacobian J of the exponential mapping i.e.,

Ixe  Ix  Ixt
dy dc ot
J= a(Xtvtht) | 9y dye Oy | _ 0
= T w A | 9y dc It |— VY
d(r.c.t) dzx dz  dz
dy dc ot
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Conjugate Locus

Theorem

The n*" conjugate times are bounded as:

LeG = 4nK(k) <t <2p{(k), 2p{(k) < 5" < 4(n+1)K(k),
LG = AnkK(K) <t < 2kpl(k), 2kpj(k) < £530 < 4(n-+1)KK(K
reC = £™(1)=2m
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Conjecture

Generalized Rolle’s Theorem

Between any two Maxwell points there is one conjugate point, along any
geodesic.

A. A. Agrachev, V.M. Zakalyukin

Conjecture holds for sub-Riemannian problem on Lie group SH(2)

th*(A) < 5M(A) < IH(A), neN.
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Stratifications in Preimage and Image of

Exponential Mapping

N={(A,t)eN | t<tunx(d)=U%,D;U(U2 N)}.
/\7’ = M\{qo} = U?:1MiU (Uj}glM;)

» Exp : D; — M;, i=1,2is a diffeomorphism
» Exp : N/ - M!, i=1,40is a diffeomorphism
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Stratification of Set M' = {z =0}
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teu(4) = tvax(4), A € C,
tw 0 € = ty, €' € G where G is the group of all reflections
teut - C — (0,+00] is a function of energy E of the pendulum

N
(&)
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Global Structure of Cut Locus

Cut = Max U (Conj N Cut) = Cutjoc U Cutgiob,
cl (CUtloc) 2 qo, d (quCUtloc) =2,
Cut C {z=0}.

10-
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Sub-Riemannian Sphere

R>0 — 5R§52,

Sub-Riemannian sphere:

Sr={q=Exp(A,R) e M|L €C, tuw(A)>R}
={qeM | d(q,q)=R}.
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Sub-Riemannian Sphere with Radius < 27 in

Coordinates (x,y,z)
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Sub-Riemannian Sphere with Radius = 27 in

Coordinates (x,y,z)
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Sub-Riemannian Sphere with Radius < 27 in
Rectifying Coordinates (R, R»,z)




Sub-Riemannian Sphere with Radius = 27 in
Rectifying Coordinates (R, R»,z)
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Sub-Riemannian Sphere with Radius > 27 in
Rectifying Coordinates (R, R»,z)
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Matryoshka of Sub-Riemannian Wavefront with
Radius 7 and 2rx




Matryoshka of Sub-Riemannian Wavefront with
Radius 7, 27 and 37




Sphere of Radius © and Intersection with Cut

Locus in Coordinates (x,y,z)

= o
N
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Sphere of Radius © and Intersection with Cut
Locus in Rectifying Coordinates (Ry, R,,z)




Wavefront of Radius 7 and Intersection with Cut
Locus in Rectifying Coordinates (R, R, z)
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Sphere of Radius 27 and Intersection with Cut
Locus in Rectifying Coordinates (R, R, z)
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Wavefront of Radius 27 and Intersection with Cut
Locus in Rectifying Coordinates (R, R, z)
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Sphere of Radius 37 and Intersection with Cut
Locus in Rectifying Coordinates (Ry, R,,z)
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Wavefront of Radius 37 and Intersection with Cut
Locus in Rectifying Coordinates (R, R, z)
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Sub-Riemannian Caustic
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Sub-Riemannian Caustic - Local Component

Local Component of the sub-Riemannian caustic
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Sub-Riemannian First, Second and Third Caustic
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Conclusion

Parametrization of extremal trajectories
Description of Maxwell strata and conjugate loci
Generalized Rolle’s theorem

Description of the global component of the sub-Riemannian caustic

Global explicit description of cut time and cut locus and optimal
synthesis
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And some concluding words

In continuation
of the yesterday banquet toasts . ..
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