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Lie Groups SH(2) and Lie Algebra sh(2)

I SH(2) � The group of 3 DOF rotational and translational motions of a

rigid body moving on hyperbolic plane

I Matrix Representation of the Lie group SH(2)

M = SH(2) =


 coshφ sinhφ a

sinhφ coshφ b
0 0 1

 , a,b,φ ∈ R

 .

I Lie Algebra basis Ai for Lie Algebra sh(2) are given as:

A1 =

 0 0 1

0 0 0

0 0 0

 , A2 =

 0 0 0

0 0 1

0 0 0

 , A3 =

 0 1 0

1 0 0

0 0 0

 .

Yuri. L. Sachkov, Y. A. Butt MCTM-2015 2 / 48



Sub-Riemannian Problem on SH(2)

I Sub-Riemannian problem on the Lie group SH(2) is stated as:

q̇ = u1f1(q) +u2f2(q), q ∈M = SH(2), (u1,u2) ∈ R2, (1)

q(0) = q0, q(t1) = q1, (2)

l =

t1∫
0

√
u21 +u22dt→min, (3)

q = (x ,y ,z), f1(q) = qA3, f2(q) = qA1. (4)

I ∆ = span{f1, f2} and g(fi , fj) = δij

I Structure (M,∆,g) de�nes sub-Riemannian problem on the Lie group

SH(2)
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A Physical Model for SR Problem on SH(2)

I In canonical coordinates of the second kind (Wei-Norman

transformation):

q̇ =

 ẋ
ẏ
ż

= u1f1 +u2f2 = u1

 coshz
sinhz
0

+u2

 0

0

1

 .

I From �rst principles, the model of a unicycle moving on hyperbolic

plane has same representation with:

I (x ,y) - position vector of point of contact with hyperbolic plane
I z - orientation of position vector
I u1 - translational velocity
I u2 - rotational velocity
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A Physical Model for SR Problem on SH(2)

Figure: SR Problem Modeled as Unicycle Moving on Hyperbolic Plane
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Objectives

1 Obtain complete parametrization of extremal trajectories

2 Describe symmetries of the exponential mapping and corresponding

Maxwell sets

3 Computation of conjugate loci

4 Obtain complete characterization of the cut locus

5 Describe the global structure of the exponential mapping and the

optimal synthesis

6 Geometric analysis of the cut locus and conjugate locus through 3D

plot of sub-Riemannian caustic, spheres and wavefronts
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Known Results for Sub-Riemannian Problems on
Lie Groups

I 3-Dimensional Lie Groups

I Heisenberg group � A.Vershik, V.Gershkovich, 1986
I S3, SO(3), SL(2) and Lens spaces � Ugo Boscain and F. Rossi, 2008
I SE(2) � Yuri L. Sachkov, 2008

I Contact Problems in R3 � A. Agrachev, 1996, J. P. Gauthier, 1996

I 5-Dimensional nilpotent Lie group with growth vector (2,3,5) � Yuri L.

Sachkov, 2006

I Euler Elasticae Problem � Yuri L. Sachkov, 2008

I 4-Dimensional nilpotent Lie group with growth vector (2,3,4) i.e.,

Engel group � A. A. Ardentov and Yu. L. Sachkov, 2011�2015
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Controllability and Existence of Minimizers

I The Lie Algebra spanned by the distribution is:

Lq∆ = span{f1, f2, [f1, f2]}= TqM ∀q ∈M

I Rashevskii�Chow's Theorem - The system is completely controllable.

I Fillipov's theorem

I Existence of optimal trajectories q(t)
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Pontryagin Maximum Principle

I Abnormal extremal trajectories are constant

I Normal extremals:

γ̇ = c , ċ =−sinγ, (γ,c) ∈ C ∼=
(
2S1

γ

)
×Rc ,

ẋ = cos
γ

2
coshz , ẏ = cos

γ

2
sinhz , ż = sin

γ

2
.
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Decomposition of Phase Cylinder of the

Pendulum C =
⋃5
i=1Ci ,

I Energy of the pendulum is given as E = c2

2 − cosγ ∈ [−1,+∞).

C1 = {λ ∈ C |E ∈ (−1,1)},
C2 = {λ ∈ C |E ∈ (1,∞)},
C3 = {λ ∈ C |E = 1,c 6= 0},
C4 = {λ ∈ C |E =−1}= {(γ,c) ∈ C |γ = 2πn,c = 0}}, n ∈ N,
C5 = {λ ∈ C |E = 1}= {(γ,c) ∈ C |γ = 2πn+ π,c = 0}, n ∈ N.
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Parametrization of Extremal Trajectories

I λ = (γ,c) ∈ C1 =⇒


xt

yt

zt

=



s1
2

(
w + 1

w(1−k2)

)
[E(ϕt)−E(ϕ)]+

s1
2

(
k

w(1−k2) −kw
)

[snϕt − snϕ]

1
2

(
w − 1

w(1−k2)

)
[E(ϕt)−E(ϕ)]−

1
2

(
k

w(1−k2) +kw
)

[snϕt − snϕ]

s1 ln [(dnϕt −kcnϕt).w ]


where w = 1

dnϕ−kcnϕ
.
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Parametrization of Extremal Trajectories

I λ = (γ,c) ∈ C2 =⇒


xt

yt

zt

=



1
2

(
1

w(1−k2) −w
)[

E(ψt)−E(ψ)−k ′2(ψt −ψ)
]

1
2

(
kw + k

w(1−k2)

)
[snψt − snψ] ,

− s2
2

(
1

w(1−k2) +w
)[

E(ψt)−E(ψ)−k ′2(ψt −ψ)
]

s2
2

(
kw − k

w(1−k2)

)
[snψt − snψ] ,

s2 ln[(dnψt −kcnψt).w ],


where w = 1

dnψ−kcnψ
.
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Parametrization of Extremal Trajectories

I λ = (γ,c) ∈ C3 =⇒ xt
yt
zt

=

 s1
2

[
1
w (ϕt −ϕ) +w (tanhϕt − tanhϕ)

]
s2
2

[
1
w (ϕ−ϕ0)−w (tanhϕt − tanhϕ)

]
−s1s2 ln[w sechϕt ]


where w = coshϕ .

I λ = (γ,c) ∈ C4 =⇒ x
y
z

=

 sgn
(
cos γ

2

)
t

0

0

 .

I λ = (γ,c) ∈ C5 =⇒ x
y
z

=

 0

0

sgn
(
sin γ

2

)
t

 .
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Optimality Analysis of Extremal Trajectories

I The question whether q(t) is indeed optimal is one of the most

challenging questions in the sub-Riemannian problems

I Every q(t) is locally optimal

I q(t) can lose optimality due to existence of

I Maxwell Points
I Conjugate points

I The set of points where q(t) loses optimality is called cut locus

I Cut time

tcut(q) = sup{t > 0 | q(s) is optimal for s ∈ [0, t]} .
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Maxwell Strata

I The locus of the intersection points of geodesics of equal lengths

∃ extremal trajectory q̃s 6≡ qs : q0 = q̃0, qt = q̃t .

Figure: Maxwell Point t2 < t1
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Conjugate Loci

I Extremal trajectories q(t) lose local optimality (i.e., optimality with

respect to in�nitesimally close extremal trajectories)

I q(t) ∈ envelope of family of extremal trajectories

�

� � � � � �

� �	�


 �


 �

� � �


� �����	�� � �

Figure: At conjugate point extremal trajectories have envelope

I Note that,

tcut ≤min
(
tMax, tconj

)
.
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Re�ections ε i in the Phase Cylinder of Pendulum
and Maxwell Strata

I Action of re�ection symmetries ε i : δ → δ i on trajectories of the

pendulum

I Maxwell Set Max corresponding to re�ections ε i

MAXi =
{

ν = (λ , t)∈N = C ×R+ | λ 6= λ
i , Exp(λ , t) = Exp(λ

i , t)
}
,

Maxi = Exp
(
MAXi

)
⊂M.
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Description of Maxwell Strata

I Maxwell points are located in hypersurfaces

R1 = y cosh
z

2
−x sinh z

2
= 0, R2 = x cosh

z

2
−y sinh z

2
= 0, z = 0.

Theorem

First Maxwell time is bounded as:

λ ∈ C1 =⇒ tMAX
1 (λ ) = 4K (k),

λ ∈ C2 =⇒ tMAX
1 (λ ) = 4kK (k),

λ ∈ C3∪C4∪C5 =⇒ tMAX
1 (λ ) = +∞.
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Conjugate Locus

I Exponential mapping

Exp : (λ , t) = (γ,c , t)→ q(t) ∈M,

Exp : N = C ×R+→M.

I qt = Exp(λ , t) � conjugate point for q0⇐⇒q �Critical value of Exp

dνExp : TνN→TqtM is degenerate,

I Jacobian J of the exponential mapping i.e.,

J =
∂ (xt ,yt ,zt)

∂ (γ,c , t)
=

∣∣∣∣∣∣∣
∂xt
∂γ

∂xt
∂c

∂xt
∂ t

∂yt
∂γ

∂yt
∂c

∂yt
∂ t

∂zt
∂γ

∂zt
∂c

∂zt
∂ t

∣∣∣∣∣∣∣= 0.
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Conjugate Locus

Theorem

The nth conjugate times are bounded as:

λ ∈ C1 =⇒ 4nK (k)≤ tconj
2n−1 ≤ 2pn1(k), 2pn1(k)≤ tconj

2n ≤ 4(n+1)K (k),

λ ∈ C2 =⇒ 4nkK (k)≤ tconj
2n−1 ≤ 2kpn1(k), 2kpn1(k)≤ tconj

2n ≤ 4(n+1)kK (k),

λ ∈ C4 =⇒ tconj
1 (λ ) = 2π.

Yuri. L. Sachkov, Y. A. Butt MCTM-2015 20 / 48



Conjecture

Generalized Rolle's Theorem

Between any two Maxwell points there is one conjugate point, along any

geodesic.

A. A. Agrachev, V.M. Zakalyukin

I Conjecture holds for sub-Riemannian problem on Lie group SH(2)

tMax
n (λ )≤ tconj

n (λ )≤ tMax
n+1(λ ), n ∈ N.
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Strati�cations in Preimage and Image of
Exponential Mapping

I N̂ =
{

(λ , t) ∈ N | t ≤ tMax(λ ) = ∪2i=1Di ∪
(
∪40i=1N

′
i

)}
.

I M̂ = M\{q0}= ∪2i=1Mi ∪
(
∪40i=1M

′
i

)
Theorem

I Exp : Di →Mi , i = 1,2 is a di�eomorphism

I Exp : N ′i →M ′i , i = 1,40 is a di�eomorphism
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Strati�cation of Set M ′ = {z = 0}
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Cut Time

I tcut(λ ) = tMax(λ ), λ ∈ C ,
I tcut ◦ ε i = tcut, ε i ∈ G where G is the group of all re�ections
I tcut : C → (0,+∞] is a function of energy E of the pendulum

0 1 2 3 4 5

2

4

6

8

10
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Global Structure of Cut Locus

I Cut = Max t (Conj ∩ Cut) = Cutloc∪Cutglob,
I cl(Cutloc) 3 q0, d (q0,Cutloc) = 2π,
I Cut⊂ {z = 0}.

-10 -5 0 5 10

-10

-5

0

5

10

x

y
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Sub-Riemannian Sphere

I R > 0 =⇒ SR ∼= S2,

I Sub-Riemannian sphere:

SR = {q = Exp(λ ,R) ∈M|λ ∈ C , tcut(λ )≥ R}
= {q ∈M | d(q0,q) = R} .
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Sub-Riemannian Sphere with Radius < 2π in
Coordinates (x ,y ,z)
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Sub-Riemannian Sphere with Radius = 2π in
Coordinates (x ,y ,z)
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Sub-Riemannian Sphere with Radius < 2π in
Rectifying Coordinates (R1,R2,z)
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Sub-Riemannian Sphere with Radius = 2π in
Rectifying Coordinates (R1,R2,z)
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Sub-Riemannian Sphere with Radius > 2π in
Rectifying Coordinates (R1,R2,z)
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Matryoshka of Sub-Riemannian Wavefront with
Radius π and 2π
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Matryoshka of Sub-Riemannian Wavefront with
Radius π, 2π and 3π
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Sphere of Radius π and Intersection with Cut
Locus in Coordinates (x ,y ,z)
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Sphere of Radius π and Intersection with Cut
Locus in Rectifying Coordinates (R1,R2,z)
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Wavefront of Radius π and Intersection with Cut
Locus in Rectifying Coordinates (R1,R2,z)
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Sphere of Radius 2π and Intersection with Cut
Locus in Rectifying Coordinates (R1,R2,z)
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Wavefront of Radius 2π and Intersection with Cut
Locus in Rectifying Coordinates (R1,R2,z)
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Sphere of Radius 3π and Intersection with Cut
Locus in Rectifying Coordinates (R1,R2,z)
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Wavefront of Radius 3π and Intersection with Cut
Locus in Rectifying Coordinates (R1,R2,z)
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Sub-Riemannian Caustic
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Sub-Riemannian Caustic - Local Component

Figure: Local Component of the sub-Riemannian caustic
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Sub-Riemannian Caustic with Boundary
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Sub-Riemannian First and Second Caustic

Figure: Sub-Riemannian �rst and second caustic
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Sub-Riemannian First, Second and Third Caustic
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Conclusion

I Parametrization of extremal trajectories

I Description of Maxwell strata and conjugate loci

I Generalized Rolle's theorem

I Description of the global component of the sub-Riemannian caustic

I Global explicit description of cut time and cut locus and optimal

synthesis
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And some concluding words

In continuation

of the yesterday banquet toasts . . .
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