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Ìàøèíà Äóáèíñà

ẋ = cos θ,

ẏ = sin θ,

θ̇ = u, |u| ≤ umax ∈ R,
q(0) = q0 = (0, 0, 0),

q(T ) = q1 = (x1, y1, θ1),

T → min .

q = (x , y , θ) ∈ SE(2) = R2 × S1.

Ðåøåíèå � ïóòü ñîñòîÿùèé èç ïðÿìûõ è äóã îêðóæíîñòè
ìèíèìàëüíîãî ðàäèóñà.1

1L.E. Dubins. On Curves of Minimal Length with a Constraint on
Average Curvature, and with Prescribed Initial and Terminal Positions
and Tangents // American Journal of Math., 1957, 79 (3), pp 497�516



Ìàøèíà Ðèäñà-Øåïïà2

(ìîáèëüíûé ðîáîò Õàéëàðà)

ẋ = v cos θ, q = (x , y , θ) ∈ SE = R2 × S1,

ẏ = v sin θ, v = ±1,
θ̇ = u, |u| ≤ 1.

2J.A. Reeds, L.A. Shepp. Optimal paths for a car that goes both
forwards and backwards // Paci�c J. Math., 1990, vol.145, No.2,
pp 367�393



Ìàøèíà Ðèäñà-Øåïïà

ñ ïåðåìåííîé ëèíåéíîé ñêîðîñòüþ

ẋ = v cos θ, ẏ = v sin θ,

θ̇ = u, (u, v) ∈ R2,

q(0) = q0 = (0, 0, 0), q(T ) = q1 = (x1, y1, θ1),

J =

∫
u2 + v 2

2
dt → min .

• Yu.L. Sachkov, I.Moiseev. Maxwell strata in sub-Riemannian problem on the
group of motions of a plane // ESAIM: COCV, 2010. vol.16, No.2, pp 380�399.

• Yu.L. Sachkov. Conjugate and cut time in the sub-Riemannian problem on the
group of motions of a plane // ESAIM: COCV, 2010. vol.16, No.4,
pp 1018�1039.

• Yu.L. Sachkov. Cut locus and optimal synthesis in the sub-Riemannian problem
on the group of motions of a plane // ESAIM: COCV, 2011. vol.17, No.2,
pp 293�321.
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Ìàøèíà Ðèäñà-Øåïïà

ñ ïåðåìåííîé ëèíåéíîé ñêîðîñòüþ

ẋ = v cos θ, ẏ = v sin θ,

θ̇ = u, |u| ≤ umax, |v | ≤ vmax,

q(0) = q0 = (0, 0, 0), q(T ) = q1 = (x1, y1, θ1),

J =

∫
u2 + v 2

2
dt → min .

Çàäà÷à ñ îãðàíè÷åíèåì íà óïðàâëÿþùèå ïàðàìåòðû
îñòàåòñÿ íå ðåøåííîé. Îäíàêî ñóùåñòâóåò ìàññà ñòðàòåãèé
óïðàâëåíèé ïðè îòñóòñòâèè ìèíèìèçèðóåìîãî
ôóíêöèîíàëà â òîì ÷èñëå ïðè íàëè÷èè ïðåïÿòñòâèé êàê
íåïîäâèæíûõ òàê è ïîäâèæíûõ.



Ìàøèíîïîäîáíûé ðîáîò
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Ñðàâíåíèå äâóõ ìåòîäîâ óïðàâëåíèÿ3

3J.-P. Laumond. Nonholonomic Motion Planning for Mobile Robots.
Tutorial notes, 1998, 112 p.



Äâà òèïà ìîáèëüíîãî ðîáîòà ñ ïðèöåïîì4

4J.-P. Laumond. Nonholonomic Motion Planning for Mobile Robots.
Tutorial notes, 1998, 112 p.



Äâà òèïà ìîáèëüíîãî ðîáîòà ñ ïðèöåïîì5

System A: System B:
ẋr = vr cos θr

ẏr = vr sin θr

θ̇r = wr

ϕ̇ = − vr
lt
sinϕ− wr


ẋr = vr cos θr

ẏr = vr sin θr

θ̇r = wr

ϕ̇ = − vr
lt
sinϕ− lrwr

lt
cosϕ− wr

ãäå |vr | ≤ vmax, |wr | ≤ wmax, |v̇r | ≤ v̇max, |ẇr | ≤ ẇmax,

5J.-P. Laumond. Nonholonomic Motion Planning for Mobile Robots.
Tutorial notes, 1998, 112 p.



Ýêñòðåìàëüíûå òðàåêòîðèè äëÿ çàäà÷è

óïðàâëåíèÿ ðîáîòà ñ ïðèöåïîì

Â ðàáîòå6 íàéäåíû ýêñòðåìàëüíûå
òðàåêòîðèè äëÿ çàäà÷è áûñòðîäåéñòâèÿ
� òðàåêòîðèè, ñîñòîÿùèå èç ïðÿìûõ,
äóã îêðóæíîñòè ìèíèìàëüíîãî ðàäèóñà
è ïëîñêîé ýëàñòèêè (merging curve).
Óòâåðæäàåòñÿ, ÷òî ïîñëåäíèå äâå
äåêàäû çàäà÷à îñòàâàëàñü îòêðûòîé,
íåñìîòðÿ íà çàìåòíûé ïðîãðåññ ×óáà è Ñåêõàâàòà7.

6Hamidreza Chitsaz, On Time-optimal Trajectories for a Car-like
Robot with One Trailer // SIAM Conf. on Control and its Applications,
2013, pp 114�120.

7M. Chyba and S. Sekhavat. Time optimal paths for a mobile robot
with one trailer // In IEEE/RSJ Int. Conf. on Intelligent Robots and
Systems, vol. 3, 1999, pp 1669�1674.
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ïîìîùüþ íèëüïîòåíòíîé àïïðîêñèìàöèè
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(À.Ì. Ïè÷óãèí)
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