QUASI-EXTREMALITY FOR CONTROL SYSTEMS

A. A. Agrachev and R. V. Gamkrelidze UDC 517.971:514.7

A full exposition of the authors' previously announced results about the
extremality index of controls in smooth control systems and a generalization
of these results to systems with constraints on the controls.

INTRODUCTION

This paper will present proofs of some results announced in {1}, as well as generaliza-
tions of these results to systems in which constraints are imposed on the control parameters,
as promised in [1].

Throughout the paper (and the following paper by S. A. Vakhrameev) the functional nota-
tion introduced in the first paper of this volume will be employed without special mention.

The main object of study will be the Hessian of the "input—output" map of a control
system at a certain critical point (extremal of the system). Let us recall, therefore,
the definition of the Hessian of a smooth map. Let ¢: & ~ M be a smooth map of some smooth
Barach manifold into a finite-dimensional manifold and let B, € #. The differential of ¢
at B, is the linear map DBOQ:TBO.$ > T@(BD)M of the tangent spaces. If we fix local coordi-

nates in the neighborhoods of g, and ®(B,), we can also define the second differential (a
symmetric bilinear map of a Banach space into a finite-dimensional space). However, this
procedure does not yield a well-defined bilinear map of 7Tp,% X7 # into T¢(BO)M, since the
quadratic part of a smooth map depends essentially on the choice of local coordinates (for
example, if DB°¢ is a surjective linear map, then by the Implicit Function Theorem ¢ will

be represented by a linear map in certain local coordinates). But if we restrict the second
differential to the kernel of the first differential and factorize its values modulo the
image of the first differential, the result is a well-defined symmetric bilinear map

gesp,@:ker Dg @ X ker Dg, 0> coker Dp,®,

where by definition DBO¢ = T¢(BO)M/imDBO¢. The map gesﬁoé-is known as the Hessian of ¢

at the point B,. Whenever the point at which point the Hessian and the differential are
being considered is clear from the context, we will use the abbreviated notation

gesﬁn (D” Dﬁn(p= Q,'

Remark. The definition of the Hessian is invariant to smooth changes in variables
both in #,and in M. If M is a linear space, M = R”, and nonlinear changes in variables
are allowed only in %, the second differential turns out to be a well-defined bilinear
map from T, HXTe, & into coker Dg,® (restriction to ker Dg,@ is not necessary).

The pairing of an arbitrary vector x € THM with a covector £ € Tu*M will be denoted
by £x — the product of a row and a column. If a covector ¥ is orthogonal to imDBO¢, P €
(imDg o)t c Tg(p,)*M, then

P gesg,@: ker Dg @ X ker Dg, 0> R

is a real symmetric bilinear form. We will need the concept of the index of such forms.
Recall that the Morse index (or simply index) of a real symmetric bilinear form q:B x B »

R , where B is a linear space, is the maximum dimension of a subspace of B on which the
quadratic form b + gq(b, b) is negative. Standard notation: indgq. We have 0 < indq < dimB.
If B is infinite-dimensional, then possibly indq = 4=,
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1. Smooth Control Systems

Let M be a smooth n-dimensional manifold and U a smooth r-dimensional manifold. Con-
sider the control system
Xx=xof(n), xe€M", ucU, ¢t€[0, T]. 0
Here fy(u) is an infinitely differentiable family, dependent on u € U, of complete nonstation-
ary vector fields on M.

An arbitrary map_gﬁ;)t[O, T] » U is said to be bounded on a subset E « [0, T} if the
closure of its image u(E) is compact and measurable if the preimage of every open subset
of U is measurable. We will say that a map u(:) is in L([0, T]; U) if it is measurable
and bounded on some subset of full measure in [0, T] (essentially bounded). The elements
of Lo({0, T]; U) will be called admissible controls. The set of admissible controls is
endowed with a topology as follows. If U is embedded as a closed submanifold in RY, then
obviously

Leo ([0, T); UYT Lo ([0, T]; Ré) = L.

The topology will be that induced by this embedding. In addition, Lo([0, Tl; U) is a smooth
Banach submanifold of Lod.

Together with this standard topology, we will sometimes find it useful to consider the
space of admissible controls Li([0, T]; U) with a stronger, finite-dimensional-open topology.
A given subset O < L,([0, T]; U) is open in the finite-dimensional-open topology if its
intersection with any finite-dimensional submanifold of Lo ([0, T]; U) is open in that top-
ology, we will always mention this explicitly.

Note that the collection of all control systems of type (1) with fixed manifolds M, U
and fixed time interval [0, T] forms a linear space; denote this space by CS(M, U, [0, T]).
This space CS(M, U, [0, T]) has a natural family of seminorms that make it into a Frechet
space. Indeed, the family of nonstationary vector fields fi(u) may be considered as a non-
stationary field on M! x U if we define, for any function a € C°(MD x U)

(f:0) (x, u) = (f: (u) a|u=const) (x), (x, u)eMrXU.

Thus, there is a natural embedding of CS(MZ, U, [0, T]) into the Frechet space of all non-
stationary fields on M! x U as a closed subspace. In particular, to each compact subspace
K € MB x U and nonnegative integer o there corresponds a seminorm IR, oo

Fix once and for all a point %, € M? and consider the map F:L,([0, T]; U) - M associat-
ing to each admissible control u(+) a point xp, where

.
r73 xt=¥t°ft @@®), 0<t<T.

T
Thus, F(u(+)) = x, o égalglft(u(t))dt.
o

Before moving on, let us describe the local invariants of smooth maps that will inter-
est us.

Let <) be a Banach manifold of class C® and @a€%#. LetCy (&, M") denote the set of germs
at the point @ of smooth maps from & into MR, Endow C7 (s#, M™) with the topology of strong
convergence of all derivatives at a. Suppose that & is modeled on a Banach space A. Recall
that the k-th derivative of a germ at a is defined only after choosing local coordinates in
MR and & , and is a multilinear map from A* to R» However, the property of convergence of
all derivatives at a, for a given directed family of germs, is independent of the prior
choice of local coordinates. The topology is not Hausdorff, but that need not trouble us
here.

In the subsequent definitions the expression "for almost every germ" means: '"for any
germ in some open, dense subset of the space of germs.”
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Definition 1. Let ¥ be a Banach manifold of class C* and C,~(s¢, M")3# a smooth germ
at a point a€sf . The germ is said to be extremal if there exist a neighborhood G of g in
and a representative H: O> MR of #, such that H(a)€0H(O), i.e., the point H(@) is on

the boundary of the set H(0O).

Definition 2. Again, let #66C7 ($¢, M.

i) Let gﬁbe an extremal germ. We will say thatJf has extremality index k > 0 if k is
the least number such that, for almost every germ ®EC%(, (M",R™%) the germ 0-066C, (£, R"*)
is not extremal.

ii) Let # be a germ that is not extremal. We will say that € has extremality index
9 < 0 if 2 is the least number such that, for almost every germ Y&C; (%, R™)), the germ
( #BXYECT (%, MXR™ is not extremal. If no such least 2 exists, the extremality index
is defined to be -—w.

Thus, the extremality index of an arbitrary germ H#EC: (£, M") lies in the interval
[~2, n]. A germ is extremal if its extremality index is positive.

We now return to the control system (1).

Definition 3. Let u(*) € Le([0, T]; U) be an admissible control. The local extremal-
ity index of the control u(:) with respect to system (1) with initial condition x, is the
extremality index of the germ of the map F at the "point" u(-). A control with positive
local extremality index is said to be locally extremal with respect to system (1) with
initial condition x,.

In the next definition we will have to consider, along with the control system (1),
systems close to it in the space CS(M?, U, [0, T]). The initial conditions, however, will
remain fixed.

Definition 4. The quasi-extremality index of an admissible control u(:) with respect
to system (1) is the maximum number k € [~=, n] such that, arbitrarily close to fy(u) in
cs(Mn, U, [0, T]), there exists a control system gi(u) with respect to which u(:) is of
local extremality index k. Controls which have positive quasi-extremality index will be
called quasi-extremal with respect to system (1).

Thus, the quasi-extremality index of a control with respect to a given system fi(u)
is the upper limit of the local extremality indices of u(-) with respect to systems g €
cs(Mn, U, [0, T] for g tending to f.* In particular, the quasi-extremality index of a
given control is an upper semicontinuous function of the system.

We now fix an admissible control u(:) once and for all and let Bt,T be the correspond-
ing family of flows in M.

d ~ ~ ~ ~
Ezptr'fzptﬂoft @), pr.=id.
This may be written differently as

pea=ex | fo @ (o) db.

. def ~ - ~ - ~
Denote pt= Pt,os Xt = X¢ © Pt. It is easy to see that py r = pr ' o pt.

Let u(+) be another admissible control and denote §f¢(u(t)) = fr(u(t)) — f¢(ult)).
We have the following representation:

e—;PbS.fr(ll(t))dr=5¢oe_x>pjAd;;;lcﬁf(u(r))dr, (2)
0

:
—_ -
where expj’Adpt’T'léf(u(T))dT is the right perturbing flow corresponding to the perturba-
8

tion §f(u(t)) of the field fy(u(t)).

*It is easy to see that the lower limit is always equal.to —e.

1851



Let ft' and ft(z), respectively, denote the first and second differentials of the
map u ~f(u) at the point u(t) € U. Then ft':Tﬁ(t)U + DerM? is a linear map of the tangent
space to U at u(t) into the space of vector fields on M; ft(z):Ta(t)U x Tg(¢)U > coker fy!
is a symmetric bilinear map of T{(t)U into the quotient space of Der (M") by the image of
ft'o

We recall that the tangent space to the Bananch manifold of admissible controls L, x
([0, T], U) at the "point" u(-) is the set of all measurable and essentially bounded maps
te>v(t), 0 £t < T such that v(t) e Ta(t)Us vt e [0, T]. We denote this space by zz.

Let F': &% ~» T;(TMn be the differential of the map F at the "point" u(-) and F":kerF' «x
ker ' -+ coker F' the Hessian of F. It readily follows from (2) and the identity

f YENE I .
&xp | AdB;L 8 f« (@) dr: =id+§ (exp of AdF7L6 o1 () de)oAd P8 e @) dr
0
that 87, (1 (t)=0
T
Fro() =% | Adpr 170 (t)dt.
0

def

In order to avoid needlessly cumbersome formulas, we introduce the notation Dtlv(t):= Ad x

pr,¢ E'v(t) and D2 (vy(t), v,(t)) = Adpp, ¢ E(2) (v (1), vy(t)), vi(+) € L2 Thus, F'v x
T

(+) =x7 0 S Dyiv(t)dt. Clearly, imF' = span{xy o D¢lv|v € Tj(¢)U, t is a Lebesgue point
b
of the map T » xy o D¢'}.

LEMMA 1. The Hessian F" of the map F at the "point" u(*) has the form
T

T 4
F" (0 (-), v2()=%ro D2 (v, (8), v, (t))dt + %o [:5 Dl (v), D}, (t)] dt4im F’,
1]

g
1 T
Vo, (-)6 ker Fl= {‘Uz ()eZS lchcS Do (t) dt=0}.
b
Proof. Let the family of admissible controls ug(*) be such that uy,(:) = a(+), 3/9e x
u(*)|g=o = v(+). Using the identity (3), we easily see that

2 - I T Tyt T
2 o [ A D787 < (e () = D20 ), 0 6) a2 (J DL o(®)dveDlv () dt = | D2 (v (t), v (&) dt -+
L 0 (V]

Tr ¢ 7 T
+0§ [g D v (v)dr, D}’o'(t)] dt-+ | Div () dto {Dlo(tyat.
0 0

Thus, if X7 o i Dilv(t)dt = 0, then
pe T T ?
b7 L=0F (e (+)=Xro| D} (2), v () dt + xrofo [fc Do (v)dv, Div (t)] dt.
0
For any covector ¥ € (cokerF')* = (imf")l c TiT*Mn, the product wﬁ" is a scalar quadratic
form; in particular, the Morse index ind(wﬁ") is defined.

THEOREM 1. If cokerF' = 0, then the quasi-extremality index of the admissible control
u(-) with respect to system (1) is —. If F' # 0, then the quasi-extremality index of the
control with respect to system (1) is

dim coker £ — min {ind (F") | pe(im F7)L\ 0}.

Proof. The condition coker F' = {0} means that u(:) is a regular point of the smooth
map F:Lo([0, T]; U) > M. Let % be a submanifold of finite Lo([0, Tl; U) such that u(-) e
% and the subspace Tg(.)¥y of £, is transversal to kerF' (i.e., Taafuﬁ—kerF”==5?§q, Then
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obviously u(+) is a regular point of the map F| %. At the same time, it follows from the
Implicit Function Theorem that the germ of an arbitrary smooth map at a regular point is
not_extremal. Using the definition of local order, we see that the local extremality index
of u(+) is —. Moreover, for any control system gi(u) suff1C1$ntly near fi(u) the control

u(+) is, as before, a regular point of the map u(*) » x, o e“’j g¢(u(t))dt. Consequently,

the quasi-extremality index of u(+) with respect to system (1) is also equal to —w,

The proof of theorem 1 in the case dim coker F' = k > 0 is based on the following asser-
tion.

Proposition 1. An admissible control ﬁ(’) is quasi-extremal if and only if there

exists a covector ¢ € (imF')™ c T“T ‘M, ¥ # 0 such that the scalar quadratic form )F" has

index at most k — 1.

Proof. I) Sufficieny. Suppose that for some nonvanishing covector ¢ € (imf')l the
form PF" has index £ < k — 1.

LEMMA 2. The quadratic form yD¢?(v, v), v € Ti(t)U is nonnegative for almost all t €
[0, T]. Indeed, this follows from the fact that the index of the form wﬁ" is finite and
from the following easily verified fact:

LEMMA 3. Let t € [0, T] be a Lebesgue point of the map t = Di?. Then any function

v(+) € ker ' which also satisfies the conditions v(t) = 0 for |t — E| > e, |v(t)| < 1 for
|t — T| < € admits a representation
+

F" (0 (-), 0 (-))=xro j DX (v (), v (¢)) df -+ o (e).

Using Lemma 2, it is easy to construct a control system arbitrarily close to fi(u),
say £:(u), such that the value and first differential of the map u~ £¢(u) at u(t) coincide,
respectively, with %t and ft', t € [0, T], but the second differential j% is such that
the quadratic form

$D} (0, 0)=p Ad P7Y F1 (9, ¥), 06T, U,

u(t)

is positive definite uniformly in t € [0, T].

Consequently, we may assume that the form yD+?(v, v), v € Tj(+)U is positive definite
uniformly in t € [0, T]. We will indeed adopt this assumption from now on.
T
The symmetric bilinear form Sw[ﬁ(vIUL vza»dtt;(vl(-)lvz(-)) determines a scalar pro-

duct in the space SFw ; hence, also in the subspace ker F' c 5?~ Using this scalar pro-
duct, we can express the bilinear form vF"(v,(*), v ,(*)) as
Y (@ () 02 () =(; (-] 02 (+)) (21 () | K0y (-))

where

T ¢
(@5 ()| Kop(-D={ v [g Diw,(v)dt, Divy (t)] dt
4]

K:ker F' > ker F' is a compact symmetric operator.

Let [ker F'] denote the completion of the space ker F' in the norm V (@(:)[v(*)). The
operator K can be extended in a unique manner to a compact selfadjoint operator [K] defined
in the Hilbert space [ker¥']; it is readily seen that im[K] ¢ ker¥'. By the Hilbert—
Schmidt Theorem, every nonzero point of the spectrum of this operator is an isolated eigen-
value of finite multiplicity. Clearly, any eigenvector belonging to a nonzero eigenvalue
is an element of Ker F'.

Now we may assume that —1 is not an eigenvalue of K. Indeed, otherwise, we need only
apply an arbitrarily small perturbation of the original system, leaving f and f' unchanged,
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in order to "correct" f" so that the form yD;? becomes (1 + €)yDi?, where € > 0 is small.
As the form thz determines our scalar product, it follows that the perturbation will trans-
form K into the operator (1/1 + €)'k, i.e., all eigenvalues of K are multiplied by 1/1 + €.

We may thus assume that the form YF"(v(:), v(*)) = (v()|v()) + (v(-)|Kv(-)) is non-
singular and has index % < k — 1, where k = codim (imF¥'). Let w,(*), ..., w,(*) € kerF'
be a complete system of eigenfunctions belonging to the eigenvalues of K less than ~1.
Denote W = span {w;, ..., wg} and let W4 cez and positive definite on W. and positive defin-
ite on Wi.

Now let X;, ..., Xy be bounded vector fields on M" such that
i) gT o) (in) =0, i=1, ..., &3
ii) the tangent vectors X7 0 Xy, ..., xp o Xg are linearly independent modulo im¥',

i.e., the subspace spanned by im F' and the vectors §T oX4,i=1, ..., &, is of codimen-
sion k — & in TQTMn.

It is not difficult to construct a control system arbitrarily close to fy(u), say gi(u),
such that gt(ﬁ(t)) = %t and the first differential ét' of the map u= gi(u) at u(t) has the
fform

!
go=Fiote 2 9Di(w, (8, v) Ad pr,Xi, VoeT 5, U,
Je=1
where ¢ € R

Let G:u(+) » x5 o é;ptf gr(u(t))dt be the map carrying every admissible control u(:) €
g

Leo([0, TI; U) to the end of the corresponding trajectory. Then G{u(:)) = xt and the differ-

ential G' of G at the "point" u(-) has the form
T

1
G'o() =% [ Adprlgio () dt=F'o(-)+ 6 2@, () [0 ( DE,eX.,
0 i==1
Vo (-)eZZ.
Consequently,
im G’ =im F gspan {xeXi,..., X0 X)),
ker G’ =W, cker F.

In particular, the Hessian G" of G at the "point" u(+) is a symmetric bilinear map defined
on W+,

G":W, X W, coker G".
In addition, the covector y is orthogonal to imG". Since g¢(u) is close to fy(u), it fol-
lows that the scalar quadratic form wG” is close to the form wF”|W+ Since YF" is positive
definite on Wy, the same is true of $G". Thus, to prove that u(:) is a quasi-extremal con-

trol we need only prove the following assertion.

Proposition 2. Let g € CS(MR, U, [0, T]) be a control system and G': S?a) > Tg(a(+)) *
M0 and G":ker G' x kerG' - cokerG' be the differential and Hessian, respectively, of the

map G:u(:) = x, oepr gi(u(t))dt at the "point" U(-) € Lo([0, Tl; U). If there exists a

covector ¥ € (imG' ) such that the scalar quadratic form wG" is positive definite [i.e.,
6" (v(+), v(+)) z o #v(-)I,? for some constant o > 0}, then u(*) is a locally extremal con-
trol for the system g¢(u) with initial condition x,.

Proof. Our assertion is purely local. Hence, by introducing suitable local coordi-
nates we can identify the set of admissible controls with the space 5?“) Ta(-)Lo([0, T];
U) and assume, moreover, that M1 = R” G(a(-)) = 0. We will prove slightly more than neces-
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sary, namely, we will show that there exists a (possibly nonpositive) constant c such that
for all v(+) € Z% .y sufficiently close to zero we have the inequality Ve(u + v) 2 clvie|G x

(u+ v)] To av01d notational complications we will write u, v, ... throughout instead of
u(+), v(-),
The Taylor expansion of G at the point u is
~ 192G 1—0
Gt =045 2L @)@, 0 )+§‘ L 9 (u-+0v) e, (4)
VoeZZ (U).

We also have G" = (32G/dv2?)-(u)|kerG' + imG'. It is readily deduced from the identity

~

G (1) = %o+ xoo§ exp | g (u(v) dvog(uit) dt, Va(),

]
that

25 G @ 0 9)|< c‘Sifv(tht—cl i3

for some constant c¢; and all u sufficiently close to u.

The space Z7 can be expressed as a direct sum Z7 = keré' ® V,, where the finite-
dimensional space V; is an arbitrary direct complement of ker G' in S?w dimV, = dim (im x
G'). Let v = v, + v,, where v, € V, v, € kerG'. As the linear map g is nondegenerate
on V; and the quadratic form (3?2 G/avz) (u) is positive definite on ker G', it follows from
(4) that

G @+0)[>20 (|2 |+l o) D= o (o121l

for all v sufficiently close to zero, where u > 0 is some constant. Multiplying (4) by v,
we get

YG @+ 0) =5 v 5t @ (2, v)+§ 5o @+ 09) (v, 0, ©)do>

> 95 @ (@ v+ g 9o @ (0, v) =3[0
> —a(lallol+ioR)> —eloh+oBo].>
> =g ol |G @t

and so on.
II) Necessity. Let codim(imF') = k > 0 and suppose that for some nonvanishing co-
vector y € (imf")L the form yF" has index at least k.

LEMMA 4. There exists a finite-dimensional subspace W ¢ ker F' such that for any non-
vanlshlng covector § € (imF')™ the scalar form wF”|W is of index at least k.

Proof. 1Indeed, for any v € (1mF ) , |w| 1, there is a k-dimensional subspace W
ker F' such that the form wF"{ww is negative definite. Clearly, for all § sufficiently near
Y the form wF"|W is negative definite. Choosing a finite cover of the sphere {|w| =1}
by neighborhoods 0¢1’ vees me, we can write W = le + ... F me

_Let Vc Z= (U) be a direct complement to ker F!' in the space <=, i.e., ZZ =V oe
ker ¥', dimV = k; in addition, let W c ker F' be the subspace whose existence is guaranteed
by Lemma 4.

Choose a (finite-dimensional) submanifold %c Lo([0, T]; U) such that u(+) € U and
T %L V%BWVCLQE* In the remaining part of the proof the Banach manifold of all admissible
controls Lo([0, T], U) will be replaced by the submanifold U Therefore, from this point
on until the end of the proof, only controls u(+) in% will be considered admissible.
Accordingly, we get

F=F lg:%—M", F:VOW->T; M,
ket F' =W, F”:W XW->coker F".
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LEMMA 5. Let N be a smooth manifold, &:N »R™ be a smooth map, q € N. Let ¢q', ¢q"

denote the differential and Hessian, respectively, of & at q. Then, for all 8:N >R, such
that 1§ - ¢H{q}’2 is sufficiently small,

i) codﬂniméq' < codhhiméq‘;
ii) if 1ndw¢ "o codnn1m¢q , Yy e (1m¢ ') \0, then also 1ndw¢ " > codimimd
v e (imdg 1.

q > VX

Part (i) of the lemma is obvious. The truth of part (ii) follows from the fact that

the quadratic form $," is close to some form Y&,", restricted to a subspace of codimension
4 q ; q

(codimiméq‘ - codimiméq') in ker g'.

Definition 5. Let N be a smooth manifold and ¢:N +> R” be a smooth map. We will say
that ¢ is essential at a point q € N if, for any neighborhood U; of the point, there exist
€ >0, m > 0 such that the image of any smooth map &: O,—~ R" satisfying the condition 11 —
¢l ¢,m < €& contains the point ¥(q), i.e., ®(q) € &(O,)..

LEMMA 6. If the differential of a smooth map ®:N -+ R" at q € N is of rank n, then @
is essential at q. This lemma is a simple corollary of the Implicit Function Theorem.

Since all our arguments are local, we will henceforth identify the manifold of admissi-
ble controls % with the vector space Tg(.) ¥ =W e V, assuming moreover that M =R"

LEMMA 7 ("Fundamental Lemma"). The map F: % » MD is essential at the "point" u(-).
3%

The as yet unproven part of Proposition 1 follows almost immediately from this lemma.
In fact, as F is essential at u(:), the control u{-:) cannot possibly be locally extremal.
On the other hand, if gi(u) is a control system sufficiently close to (1) and G:u(:) > x, o

T

— e ~

expj gy(u(-))dt; then, as follows from Lemma 5, the scalar projections yG" of the Hessian
0

G" of G at the "point" u(*) have index at least codimimG') — the codimension of the image
of the differential G' of G at u(+). Thus, the map G: % - M also falls under the sway of
the Fundamental Lemma and it is therefore essential at u(-).

Proof of the Fundamental Lemma. We reason by induction on k = codim (imF').

Induction Base, k = 1. In this case ¥ is uniquely determined to within a scalar fac-

tor, the form wF" does not have a fixed sign. Choose w,, w2 € W so that the numbers yF" x
(wy, w;) and yF"(w,, w,) have opposite signs, 9F"(w,, w,) = 0. Consider the map

0:(9, &) F'o+a?F" (wy, @) + (1 — 2)F" (s, wy),
where v € V, a € R.

The image of this map contains a neighborhood of the origin. Moreover, if #(v,, «,) =
0, then the differential of & at (v,, a,) is of rank n and, so, ¢ is essential at (v,, ay).

Let ¢ €R, and consider the map
(v, @)~F (E(')+E22—v+eocw,+s(1—-oc)wz).'
Expansion in Taylor series gives
F(E0)+ 5 o3 saw, o (1 —a) @) = F @) +5-0(0, @) 10 () (e-0).

It follows from this equality that F is essential at u(:).
Induction Step, k > 1 Arbitrary. Denote ker F" = {wy, € Wlf"(wo, w) =0, w e Wk

i) The quadratic map

‘Z@)v——»ﬁ” (‘ZU, 'ZU), ‘ZEJEW, (5)

is essential at any point w € W\ker F".
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Indeed, EheNdifferentlal of this map at w has the form w — 2F"(w, w). Consequently,
its image is F"(w, W). Since w ¢ ker F", it follows that dimF"(w, W) > 0 and, so, codim x
F'"(w, W) =k < k.

Let v € F"(w, W) and suppose that the projection of the Hessian of (5) at w in the
direction y c01nc1des with the quadratic form 29F", restricted to the subspace W, = {w €
W]F"(w, w) = Since the index of YF" on W is at least k and the codimension of W, in
W equals k — R, it follows that the index of the form 29F"|®, is at least k. Thus, by the
inductive hypothesis, the map (5) is essential at w.

ii) The quadratic map (5) from W to coker F' is surjective. To prove this, we consider
two cases: a) F'(w, w) # 0, Vw ¢ ker F". In this case the image of (5) is closed in coker x
F'. If (5) is not surjective, this image contains boundary points other than the origin in
coker F'. This contradicts the fact that (5) is an essential map at any point w & ker F'.
b) 3w ¢ ker F" such that F"(w, w) = 0. Since (5) is an essential map at w, its image must
contain a neighborhood of the origin. Since (5) is homogeneous of positive degree, it is
surjective.

iii) The map (5) is essential at w = 0. Let O be some neighborhood of the origin in
W. It follows from (ii) that the image of this neighborhood under the map (5) contains a
neighborhood of the point G(0). In addition, it can be shown that for all G close to (5)
the sets G( O) contain the balls centered at G(0) of the same radius p > O.
iv) The map
Q: (v, W)~F'v+F" (v, w)

from V ¢ W to R” is essential at (0, 0). This follows directly from (iii).

That the map F: #—R" is essential at u(-) follows from (iv) and the Taylor expansion:
-~ 2 - >
F@()+4 vtew)=F @(-)+3 0@, ©)+0 (),
eV, weW, (e—0).
This completes the proof of the Fundamental Lemma and, hence, also of Proposition 1.
We return to the proofyothhe theorem. Recall that dimcoker ' = k > 0. Denote ind x
F" = min {ind (W F")|v € (imF")7\0}.

i) Let ! be a submanifold of finite codimension in Lm([O T}; U), u( ) € % and suppose
that the subspace Tj(.) % is transversal to ker F' in (U) Let 1iu and qu s respect-
ively, denote the differential and Hessian of the map F|q¢ at the "point" u(+). Then, as is
readily seen, . -

y Fay=F'|T; 4, imFg—imF’;
F%=F”fT,;(_)°2lﬂkerF, 1ndF% mdF”—-codlmlt

Suppose now that £ = k — indf” < 0. If codimU< —%, then dimcoker Fér—indﬁél< 0. It
follows from the arguments in Part II of the proof of Proposition 1 that the ¢ germ of the map
F|% at u(+) is not extremal. Thus the local extremality index of the control u(:) with

respect to system (1) is at most %. Moreover, since dimcoker F' — ind F" is an upper semi-
continuous function of the system, it follows that the quasi-extremality index of u(-) with
respect to system (1) is at most 2.

The above inequality relating indF" 4 and ind F" may be written more accurately as
follows:

max ind Fo,=ind F”—a, Va-
codim@f=a u=_C ? @>0.

(This follows from the standard Courant—Fischer Theorem on the minimax representation of
eigenvalues.) In particular, there exists a manifold 4{ of codimension 1 — % such that

ind Fgy =ind F"+4+1—1,
dim coker Fa'ul-—ind ﬁ;u,'—‘ 1.
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It follows from the arguments in Part I of the proof of Proposition 1 that there is a sys-
tem g¢(u), arbitrarily close to fi(u), such that the germ at u(.) of the map G|U;:u(-)~
T

xyékpj gi(u(t))dt is extremal. Moreover, if U c Lo([0, T]; U) is a submanifold sufficiently

close to U, then the germ at u(+) of the map G|9 is also extremal. Thus the quasi-extrem-
ality index of the control u(:) is .

ii) Let 0 < d < k and let ¢:M? >R"™“be a smooth map which is regular at the point F x
(u(+)) and such that the differential ¢F(u) FF(u)Mn +Rrd of & at F(u(-)) satisfies the

condition: ker ¢p(g)' N imF' = 0. Let &7/ and @F~ denote the differential and Hessian,
respectively, of the map ¢ o F at the "point" u(-),

- def . " ’
ind ®F” =min {ind x(DoF” | x6(im®@eF )L\ 0}.
Then:
(DoF (DF( )oF’, codim im QoF ' =k —d;

- —~
Qo F¥ == CDF(;)oF”, md (I)oF” ind F.
A [
Suppose that £ = k — indF" > 0. If d 2 %, then dimcoker ®F'—ind®-F” < 0. It follows
from the arguments in Part "II of the proof of Proposition 1 that the germ of @ o F at u(+)
is not extremal. Thus the local extremality index of the control u( ) with respect to sys-

tem (1) is at most %. Since dimcoker F' — ind F" is upper semicontinuous, the quasi-extrem-
ality index of u(+) is also at most %.

If d < k = 1, the inequality ind q»FW 2 ind F" can be strengthened:
min (ind $eF” | @: M7 R4} =ind F", 0<d<k—
In particular, there exists a map &g:M! > R*7*, guch that
dim coker (Iﬁ’—ind (1),/01:"”: L.

By arguments in Part I of the proof of Proposition 1, arbitrarily close to f(u) there is
a system gi(u) such that the germ at u(*) of the map

OpG:u (), (xooexp (g (t))dt), u(-)eLw ([0, T}; U)
is extremal. Moreover, if the map @ € C*(MD, Rn’“) is sufficiently close to ¢y, the germ
at u(*) of ® o G is also extremal. Thus the quasi-extremality index of the control u(:) is
equal to R.

The proof of Theorem 1 is complete.

Remark. It is evident from the proof that the statement of the theorem remains in
force if the standard topology of the space of admissible controls is replaced by the fin-
ite-dimensional-open topology.

2. Control Systems with Constraints on the Controls

We have been studying control problems in which the set of admissible control para-
meters is a smooth manifold. We now proceed to consider problems with sets of control para-

meters of a more general nature, including manifolds with boundary and all possible "angles."

1°. We will be dealing with a comparatively narrow class of manifolds with angles,
whose properties we now proceed briefly to describe. For more details, see subsection 3.2
of the previous paper in this volume.

Definition 1. Let U be a smooth manifold. A closed subset R © U is called a manifold
with angles if every point u € R ¢ U has a neighborhood ¢ in M and local coordinates ¢:0—
R, ¢ (u) = 0, such that ¢(RNO) is a convex polyhedral cone in R’ with vertex at zero.

A vector £ € T;,U is said to be tangent to the subset R if there exists a smooth curve
v:[0, €] » R such that y(0) = u, (dyldg)lg=0 = £, The set of all vectors tangent to R at

a point u forms a cone in TyU, which we denote by T,R. It is clear that if R is a manifold
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with angles then TyR is a convex polyhedral cone. In addition, it follows from Definition
1 that there exists a diffeomorphism &: O > T, U of a neighborhood of u onto T U such that

Any convex polyhedral cone is given by a finite system of linear inequalities. In
particular, T R = { € TuU|<wi, £> <0, i=1, ..., N} for some w;, ..., wy € Ty*U. Conse-
quently, any manifcld with angles is given locally by a finite system of smooth inequalities.
Indeed, if the diffeomorphism ¢: O, » T, U satisfies condition (1), then

RNOu={ve0,|<wi, ®(v)><0, i=1,...,N}.

Definition 2. We will say that two manifolds with angles R;, R, ¢ U are transversal
at a point u € R, N R, if

(—TuR1)+TuRe=T,U.

In particular, a smooth submanifold N ¢ U is transversal to a given manifold with
angles R at a point u € NN R if and only if the plane TyN is not contained in a supporting
hyperplane of the cone T,R.

Definition 3. An open face of a manifold with angles R is any maximal smooth connected
submanifold of R (a submanifold is said to be maximal if it is not contained in any larger
proper submanifold of R). A closed face of a submanifold with angles R is the closure in
R of an open face.

It is not hard to show that the intersection of any two distinct open faces of a mani-
fold with angles R is empty. Consequently, every point u € R is contained in exactly one
open face, which we denote by I'y. In addition, any compact subset of R intersects only
finitely many faces. Furthermore, if I is an open face in R and T its closure in R, then
the set T\T is a union of whole faces of R; and, moreover, both the closed face T and the
set T\I' are themselves manifolds with angles. The set T\T is called the polyhedral boundary

of T and T (notation: 84T or 8,I).

The inclusion relation "C" defines a partial ordering of the set of all closed faces
of a manifold with angles. It also generates a partial ordering of the set of all open
faces: a face I'; is subordinate to a face I', if '} ¢ T,. As is readily seen, any closed
face is a topological manifold with boundary (the boundary need not be smooth) and the max-
imal closed faces are precisely the (connected) components of R.

Let u € R and let T,, ..., Ty be all the closed faces containing u. The map taking
each face T, onto the complex cone Tufl determines a one-to-one correspondence between the
closed faces of R containing u and the closed faces. of T ;R. This correspondence preserves
the inclusion relation. Moreover, TyT, = T, T, is a maximal subspace in T R.

Let h:U > M be a smooth map of the manifold U into a smooth manifold M, R be a manifold
with angles in U, and u € R, T, be the open face containing u.

Definition 4. The differential of the map h|R at u is the restriction to the cone T,R
of the differential h':TyU — Tp(y)M of h at u. The image of the differential of h|R at u
is a complex polyhedral cone h'(T,R).

Definition 5. The null-Hessian of the map h|R is the Hessian

(AT, :ker (&' | T, F,) X ket (&' |T T ,)—>coker (' |T,T,)

of the map h|I, at the point u.

Remark 1. Unlike the differential, the null-Hessian of h|R need not coincide with the
restriction of the Hessian h':ker h' x herh' + cokerh' to the appropriate subspace. In
fact, since it may well occur that h'(TyU) # h'(T,I'y), it follows that then also cokerh' #

coker h'|T, Iy, so that the quadratic maps h"|(Tyly N kerh') and (h|r,)" assume values in
different spaces.

Remark 2. We are using the term '"null-Hessian" (rather than simply '"Hessian") because
the corresponding quadratic map need not contain all the invariant information about the
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second derivatives of h|R. We will not present the definition of the "true'" Hessian here,
since the null-Hessian is quite sufficient for dealing with quasi-extremality in problems

with constraints. This situation is typical: the "true" Hessian almost always reduces to
the null-Hessian, except in a few exceptional cases.

2°. Let T > 0 be a number and R a manifold with angles in U. Let L,([0, T]; R) denote
the set of all maps u(*) € Lo([0, T]; R) such that u(Ey,) < R for some subset of full
measure Ey(.) in [0, T]. The subset Lo([0, T]; R) of the Banach manifold Lo([0, Tl; U) pos-
sesses properties analogous to those of submanifolds with angles in finite-dimensional mani-
folds.

Let & denote the set of all open faces in R. Clearly, 9 is an at most countable set.
Let t > Ty be an arbitrary measurable map of [0, T] into &, Then the set

P ={u(-)6L ([0, T]; R)|u(t)€T, for almost every f€[0, T']}
is called an open face of Lo([0, T]; R). Similarly,
Fﬁ=m0mmeLTkRHuUEEfuae. t6[0, T}

is a closed face of Lo([0, T]; R). It is easy to see that any open face I' is a Banach sub-
manifold of Lo([0, T]; U).

Any map u(+) € Lo([0, T]; R) is contained in a unique open face t » Iy(t), which will
be denoted by Ty(.). '

Recall that the tangent space to Lo{[0, T]; U) at a "point" u(+) is the set of all
measurable essentially bounded maps t ~ v(t) such that v(t) € Ty(t)Us vt € [0, T]. We will
denote this space by %, Accordingly, the tangent cone to the set L,([0, T]; R) at a
"point" u(+) is defined as the set of all measurable essentially bounded maps t = v(t) such
that v(t) € Ty(t)U, Vt € [0, T]. This cone will be denoted by £i,(R). A maximal sub-
space of Z5 . (R) is

Tuylucy={v ()L (R) | 0 (6T uiryTuery, VEE[O, T

The following definition of transversality is essentially the same as in the finite-dimen-
sional case.

Definition 6. Let <" be a smooth Banach submanifold of finite codimension in Lo([0, T];
U). We will say that 4 is transversal to the set Lo{([0, T]; R) at a "point" u(:) € 4~n
Lo([0, T]; R) if(7}0ymh+5?mﬁ(R»==5?ﬁd(in other words, if the subspace Ty(.). is not con-
tained in a supporting hyperplane of the cone Zu()(R).

Let H:Lo([0, T]; U) » MM be a map, twice continuously differentiable at a "point" u(:)e
Lo([0, T]; U) of the Banach manifold L. ([0, T]:; U) into a finite-dimensional manifold MR,
Let H': Z5) > Th(y(.))M? be the differential of H at u(+). Then the restriction H'|[Z3.)(R)
is called the differential of the map H|L,([0, T]; R).

The null-Hessian of the map Hle([O, T]; R) at the "point" u(*) is defined as the Hes-
sian
(H |y :ket H'|T ', X ker H"|T ,[',—~ coker H" |T,['y

of the map H|Iy at u(+).

Let Cy(.)"(Lo([0, T1; U); M?) € be a smooth germ at u(-) € Lo([0, Tl; R). We let
dr denote the germ # |Lo([0, T]; R). In the preceding section we defined the order of
extremality of a germ J6; an analogous notion can be defined for #xr

Definition 7. The germ 7z is said to be extremal if there exist a neighborhood O of
u(*) in Lo([0, T]; U) and a representative H: O » M of #, such that H(u(:)) € 3H( O 0 L, x
(fo, Tl; R)), i.e., the point H(u(+)) is on the boundary of the set H| ¢ n Lo([0, T]; R).

Definition 8. i) Let #rbe an extremal germ. We will say thatdrhas extremality index
k > 0 if k is the least number such that, for almost every germ ¢ € C ) (M", R"*) the germ

(® o #)r is not extremal. ii) Assume that g is not extremal. We will say that #z has
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extremality index & < 0 if p is the least number such that, for almost every germ % of a
submanifold of codimension —% at a point u(*), transversal to Lo([0, Tl; R), the germdbg|%nN
Lo({0, T]; R) is not extremal. If no such least & exists, the extremality index is defined
to be .

Remark 3. The transversality condition is necessary because in general it is not true
that almost every germ at a point u(+) of a submanifold of finite codimension in Lo ([0, T1;
U) is transversal to Lo([0, T]; R).

3°. Finally, let us consider a control system with the controls subjected to geometric

constraints:
x=xof; (1), XEM", uéRcU, t€[0, T].
(2)

All the symbols here are used in the same sense as for system (1.1) and R is a given subman-
ifold with angles in U. The elements of the set Lo([0, T]; R) will be called admissible
controls for system (2). The set of admissible controls is endowed with the topology in-
duced by the topology of the space L,([0, T}; U). The linear space of all control systems
of type (2) with fixed manifolds MM, U, time interval [0, T] and manifold with angles R,
will be denoted by CSR(M®, U, [0, T]). If we "forget about'" the set R, the control system
(2) becomes a system of type (1.1). In other words, the spaces CSp(M%, U, [0, T]) and CS x
(M0, U, [0, T]) consist of the same families fi(u), t € [0, T], u € U of nonstationary vec-
tor fields on MR, In particular, the seminorms [fllz.e, W& MD x U, ¢ < 0 (see p. 4) deter-
mine a Fréchet space structure in Csg(M1, U, [0, T1).

. : —>
Fixing a point x, € M%, let us consider the map Fr:u(:) > x, o expj'ft(u(t))dt of the
b

set of admissible controls Le({0, T]; R) into MR, Thus, FgR = F|Lo([0, T]; R) (see p. 110).

Definition. Let k € [—~, n]. An admissible control u(:) is said to have local extrem-
ality index k with respect to a control system (2) with initial condition x, if the germ of
the map FR:Lo([0, T]; R) » MM at the "point" u(‘) has extremality index k.

The definitions of quasi-extremality index and quasi-extremality carry over in a simi-
lar way to problems with constraints. As before, the quasi-extremality index of a control
u(+) with respect to a given system fy(u), u € R, is the upper limit of the local extremal-
ity indices of u(:) with respect to arbitrary systems gi(u), u € R; where g tends to t.

In particular, the quasi-extremality index of a given control is an upper semicontinuous
functions of the system f & CSg(M, U, [0, T]).

Fixing an admissible control u(:) once and for all, we introduce the following nota-
tion:

Fp': £7 (R) » Tz.M, is the differential of Fp at the "point" u(:);

T

FRo' = FR|T4ly is the restriction of FR' to a maximal subspace of 'Z2 (R);

Ro":ker Fp,' x ker FR,' - coker Fp,' is the null-Hessian of Fg at u(-).

Describing expressions for FR' and Fgp,", we will use the notation introduced when we

derived'the formulas for the differential and Hessian in the problem without constraints
(pp. 112-113), without further ado.

By the general definitions:
T
Fa=F'|ZZR), Fro()={xr-Dlv(®)dt, v()6ZTR),
]
im Fr=conv {xreD}v | 96T 5, R,

t is a Lebesgue point of the map t~ xp o D '}.

im Fpo= span {-’CT"D]’U | ’UETu(:) a(y?
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t is a Lebesgue point of the map T+~ xT o D '}.
Let

=@
Fr i TawTan XTan e~ Der M F (T

u(t) u(t) u(l))

be the second differential of a map u = ft(u) of the smooth manifold I'j(¢) into DerM? at
the point u(t) and

(t) ('vh ‘02) Ade tf ('U‘, UZ)’ Vvl’ '026Tu(¢) PN

Using Lemma 1.1 and the deflnition of the null-Hessian, we obtain
T

T ¢ .
Fro@ () w(N)=%ro[ D, (01(8), m(tat +5re| [ Divy@yar, D}fvz(z‘)] dt+im Fg,
b o Lo
Vo,eker Fro, i=1, 2.
Before stating our main result, we recall that the polar cone imF,' c T;(TMn is defined

by

{¢€T~ Iile'U <0, VoeT - (1)R for a.e.. t€[0, T]}

Clearly, (imFR')® c (imfRo')L = (coker Fg,')*.
At the same time, for any ¢ € (cokerFRo')* we have a well-defined scalar quadratic
form pFg,"

THEOREM 1. Let u(:) be an admissible control. If (imFp)° = {0}, then the quasi-extrem-
ality index of the control with respect to system (2) is

dim coker £ po— min {ind (£ zo) | YE(— im F)°\ 0}.

Proof. If cokerFp' = 0, then F'(Z7 (R)) = Ty(q)M?. The proof in this case differs

only slightly from that of the corresponding part of Theorem 1.1. We will therefore not
swell on it here, but go on at once to consider the case dimcokerFr,' = k > 0.

Proposition 1. An admissible control u( ) has positive quasi-extremality index if
and only if there exists a covector ¢ € (—1mFR )O, ¥ # 0, such that the scalar quadratic

form yFR," has index at most k — 1.

This proposition is the key to the proof of our theorem, which may be derived from it
in almost exactly the same way as in the proof of Theorem 1.1.

Proof of Proposition 1.

I) Sufficiency. Suppose that some nonvanishing covector § € Tr(u)*M" satisfies the
conditions: yF'v(:) 2 0, Vo (-)eZZ, the form VFRo" is of index % < k — 1.

If we have some Riemannian metric in U, we can identify the spaces T U and T,*U, u =
U. TFor any t € [0, T], the cone Ty(¢)R N (Tﬁ(t)rﬁ(t))l is acute-angled and any vector v €
Ta(t)R may be expressed uniquely as v = v, + v;, where v, € Ty(¢)Tu(t), Vo € Tg(t)R N
(Tu(t)ru(t))l Clearly, xr o (yDy'vy) = 0, xp o (PDy'vy) 2 0. Using the fact that the
cones Ty(¢)R N (Ty(¢)Ta(e))” are acute-angled, we easily construct a control system arbi-
trarily close to fy(u), say f¢(u), such that £i(u) = £fe(u) Vue ru(t)’ t € [0, T] and at
the same time, for some a > 0,

Xy (1pD¢fv) x °(1PAde tft'U) alol,
VEEl0, T], 06T 7, R0 (T L) =
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Consequently, -
Vo saf o dt=al o), ()
Vo()eZZ RIN(T;I7)*

(where ﬁ” is the differential of the map

T
1 (+) XpEXD f Fe®)dt=F (")

at the "point" u(-)). It follows from this inequality and the identity y FVlT Ty = vF' | T x
rg = 0, in particular, that ker FR kerFR n Ty fq-

It remains to "perturb" the map F|I'j = F|I'j in a suitable way. Since Iy, unlike Lo ([0,
Tl; R), is a Banach manifold, we can reason almost exactly as at the corresponding point in
the proof of Theorem 1.1, constructlng a control system gi(u), arbitrarily close to (u),

such that the differential G' and Hessian GRo' of the map G:u(:) =%, oexpj‘gt(u(t))dt at

u(+) satisfy the following relations:
a) &' (1t = B | (rarp)ts

b) JuGgro"(v(+), v(+))| 2 BIv(+)l,2 for some B > 0 and Vv(:) & kerG'. These two rela-
tions, together with inequality (3), imply that u(:) is locally extremal with respect to
the system g¢(u), u € R. The proof that this is indeed so is the same as the proof of Pro-
position 1.2.

II) Necessity. Let codim(im¥Fg,') = k > 0 and suppose that for every nonvanishing
covector ¢ € (imFR')O the form wﬁRo” has index at least k. We must prove that the quasi-
extremality index of u(+) is not positive.

The proof follows the same lines as that of the analogous statement in the problem
without constraints. We need only "adjust" the statements of the appropriate lemmas so as
to incorporate the constraints.

LEMMA 1.4'. There exists a finite-dimensional convex polyhedral cone K ¢ £7 (R) such
that W = K 0 kerFR0 is a linear space and for any nonvanishing ¢ € F'(K)° the quadratlc

form wi"|w has index at least k.

Let V ¢ Tyly be a subspace such that Tyl = V e kerFg,' and K be the cone whose exist-
ence is quaranteed by Lemma 4. Choose a (finite-dimensional) submanifold with angles c
Lo([0, T]; R) such that T;# = V e K. In the remainder of the proof, we will use only the
subset £ 1nstead of the set of all admissible controls.

Definition 1.5'. Let N be a smooth (finite-dimensional) manifold, N © S be a manifold
with angles and &:N > R” be a smooth map. We will say that the map ¢|S is essential at a
point q € S if, for any nelghborhood O, of this point in N, there exist € > 0, m > 0 such
that for any smooth map &: O,—~R", satisfying the condition ¢ — @MO n < € the set @(C? ns)
contains the point &(q).

LEMMA 1.6'. Let Qq':TqN > R" be the differential of the smooth map &:N » R” at the
point ¢ € S ¢ N. If ¢4'(TgS) = R* then ¢|S is essential at q.
LEMMA 1.7'. The map F| #:% > M is essential at the "point" u(-).

The as yet unproven part of Proposition 1 follows without difficulty from Lemma 1.7'.
The proof of the latter, like that of Lemma 1.7, is by induction on k. We mention only
that in the induction step the quadratic map (1.5) should be replaced by the map

(v, W)y~>v+ Fro(w, w),

where w € ker i'Ro' n T &,
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06 (F' (T ; B)+ im Fpo)coker F o

It is essential here that (F'(Ty %)+ imFgp,') is a polyhedral and, therefore, closed cone,
since it is a linear image of a polyhedral cone.
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SMOOTH CONTROL SYSTEMS OF CONSTANT RANK
AND LINEARIZABLE SYSTEMS

S. A. Vakhrameev UDC 517.977.1;514.7

An exposition of the results of the author and A. A. Agrachev concerning sys-
tems of constant rank and bang—bang theorems for these systems. The author
also presents a survey of results on the linearization of smooth systems and
points out the relationship between systems which are linearizable by smooth
feedback and systems of constant rank.

INTRODUCTION

This paper is devoted to a complete exposition of results partly announced in [1], [2],
[5}; we will be concerned mainly with the class of smooth control systems

x=f(x, u), x6M, ueU (1)

(or, in the notation of the first paper in this volume, g=fogy=bje R, i=1, ...,
m, £ o f = Af), which in the complexity of their structure most closely resemble linear
control systems in R and in fact inherit some of the latter's important properties.

A linear control system in R™ is a system
é=§°(f+2u,-gi)’ EEM=R", uER™, (2)
i=1

in which the fields g4, 1 =1, ..., m, are constant and the field f linear; & o gi = by €
R", i=1, ..., my £ o f =Af. The most important property of linear systems is that the
map Fgg,T which associates to an admissible control u(t), 0 < t < T, the right endpoint

£(T) = £(T; u, &,) of the trajectory of the system corresponding to that control and the
initial state £,, is an affine map; thus an affine change of variables in the image of this
map makes it linear.

Those smooth control systems of type (1) which are most naturally considered as 'near-
ly" linear are the systems whose map FEo,T (this map is frequently called the input—output
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