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Geometric formulation of the problem

Given:

ai,as € R?,

Yo C R2 connecting a; to as,
SeR, line L C R

Find:

1 C R? connecting as to aj,
s.t. y1 U =0D,

area(D) = S,

center of mass of D € L,
length(y1) — min.




Left-invariant sub-Riemannian problem

q=(z,y,2,0) € M =R*  (u1,uz) € R?

qg=u Xy + U2X2,
(0) = qo, ) =dq1,

t t1,,2 2
l—/ \/ul—l—u%dt—)mm & / ul—;uzdt—ﬂnin.
0




Known results for invariant sub-Riemannian problems
on Lie groups

Three-dimensional Lie groups
e Heisenberg group (A.M. Vershik, V.Ya. Gershkovich 1986);
e SL(2), SO(3), S? (U. Boscain, F. Rossi 2008);
e SE(2) (Yu.L. Sachkov 2010).
Classification of all 4-dimensional sub-Riemannian
homogeneous spaces of Engel Type (Almeida, 2013).

5-dimensional nilpotent Lie group with growth vector (2, 3, 5)
(Yu.L. Sachkov 2006).

6-dimensional nilpotent Lie group with growth vector (3, 6)
(O.M. Myasnichenko 2002).



Outline

Parameterization of normal geodesic.

Symmetries of exponential mapping and construction
of the Maxwell sets.

Description of the first Maxwell time, equivalence with
the cut time.

Parameterization of optimal solutions.

Studying of cut locus.



Nilpotent approximation of nonholonomic control systems

q=(z,y,0,0)" € M =R2 x S5 xS,
g =u1 X1 + u2Xo.

- T -

I DJ_ : VX I oL X1 X
_ o . T _ . o T
X1 = (cosf,sinh,0,—sinyp)”, X1 = (cosf,sinfh,0, —sinp)”,

X5 =(0,0,1,1)T. X5 =(0,0,1,—1 —cos ).



Nilpotent Lie algebra.
Controllability and existence of optimal curves

= [X1, X2] = (0,0,1,2), X, X,
= [X1, [X1, X2]] = (0,0,0,1)T, \ /
[X27[ Xao]] =0, 3
(X1, [Xa [Xl,Xz]H =0, /
[X2, [ X1, [X1, Xa]] = 0. X4

Growth vector (2, 3, 4).

Lie(Xl, XQ) = span(Xl, XQ, X3, X4),
dim Lie(X1, X2)(¢q) =4 = complete controllability.

Existence of optimal solutions is implied by Filippov's theorem.



Pontryagin's maximum principle:
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Pontryagin's maximum principle:
Coordinates for the normal case (1)) = —1)

1 1
hi = (Y, Xi) = H:§(h%+h%):§.

hy = cos(0 + g),

hy = sin(6 + g),

thC,

hy = .



Pontryagin's maximum principle:
Normal Hamiltonian system and symmetries

6=c, 9 e St
¢ = —asind, ceR,
a =0, a €R,
T = —sin6,
7 = cosf,

xcosf + ysind
=

22+ y?

v = cosf .
2

ﬁ, %,Mx,My,MQz,M?’v,Mt), M > 0.
0,c,a < 0,2,y,z,0,t) — (0 —7m,c,—a >0, —z, —y, 2, —v,t).

0,c,a,x,y,z,0,t) — (6,



Equation of pendulum and physical meaning of «
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Figure : Pendulum with o > 0 Figure : Pendulum with o < 0

2
E = % —acosf € [—|al,+00).



Stratification of phase cylinder of pendulum

C=TrMn{H=1/2} ={A=(0,c,0) |0 € 5", c,a €R}.

0

C=Ul,C;, CinCj=0,i#3j.

Ct =C;n{a>0}, C; =C;n{a <0}, ic{l,...,5},
Ci=Cfn{c>0}, CE=0Cfn{c<0}, ie{23}.

Figure : Stratification for a > 0
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Figure : Stratification for a < 0



Phase cylinder
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Projection on XY: Lines
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Projection on XY: Circles
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Critical type
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Elliptic coordinates (i, k) in the phase cylinder of pendulum

\/
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Equation of pendulum: ¢ =1, k=cd=0.

sn, cn, dn are elliptic Jacobi functions; F, E — elliptic integrals.



Elliptic Jacobi functions: sn(y) = sn(p, k)




Parameterization of extremal curves

oscillations of pendulum:

2ko 20
wt = — (en(ops) — en(o9)), vi = — (E(owr) — E(op)) —sgnart,
«@ «
2k okyy
st = = (sn(en) dn(oer) = sn(ow) dn(oe) = 22 (en(ogn) + en(o)) ).
| 2a
2’“2(2 (op0) dn(ope) sn(oe) — 2 en(op) dn(ore) sn(o) + e gr 2 =L (o)
v = — — cnlo n(o sn(o — — cnl(lo n(o sn(o o o —
t o 3 Pt Pt Pt 3 ¥ ¥ P 352 382 Pt

2 4k2
- E(w))) LY ﬁ en® (e )y — — en(op) (sn(owe) dn(owe) — sn(ow) dn(op)).

rotations of pendulum:

2 K2 —2 2
Ty = Zosenc (dn(U’d){) — dn(ow)) yt = w2 sgnat+ ‘1—2 ( E(oyt) — E(Jw)),
zt = — It;t i sgn:;in(o"d}) yt + 2Tgr|lc (cn(tﬂ/)t) sn(oyt) — cn(oy) sn(m/)))7
4 — k2 2_2
ve = (* cn(oyt) dn(oe) sn(oe) — — Cﬂ("w) dn(ov) sn(ovp) — WU T o ( E(ovt)—
4
- E(“d’))) — —— dn(o%)(cn(or) sn(oypr) — cn(oy) sn(owp)) 2y dn® (o).

ocak | \kz



Euler elasticae

Figure : Inflectional elasticae

Figure : Critical elastica Figure : Non-inflectional elastica



Exponential mapping, Maxwell points,
conjugate and cut time

Exp:C xR, — M =R*,
EXp(Aat) = i,
A=(l,c,a) eC, teRy, q € M.

teut(N) = sup{t > 0 | Exp(A, s) is globally optimal for s € [0, ]},
tl . (\) = sup{t > 0| Exp(), s) is locally optimal for s € [0,]},

conj

MAX = {()\,tMAX) | 35\ 75 )\,Exp()\,tMAx) = EXp(S\,tMAx)},

teut(A) = min(tmax (), teon; (A)), YAeC
= tcut()\) < tMAX(A)a tcut()\) < tionj(A)‘



Reflections of trajectories of pendulum

27



Reflections of Euler elasticae




Reflections as symmetries of Exp

Proposition
Reflection €' is a symmetry of exponential mapping for any
i=1,....7, e,
e’ o Exp(f,c,a,t) = Expoc'(6,c,a,t),
(0,c,a) € C, teRy.

MAX? = {(\,t) € C x Ry | A" # X\, Exp(\, t) = Exp(\, 1)},
A= (0,c,a), XN =(0c,a)=c(N).



Fixed points of €’ in the image of exponential mapping

Exp(\',t) = Exp(\, 1) <= &'(q) = ar.

Lemma
Lq) = z=0,
2 fry :E prd y
3(,) — 22 422 =,

22+ +02 =0,

22 +y? + 22 +02 =0,
v+ (2v — 22)? =0,
v+ 22 +02 =0,
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Fixed points of €’ in the preimage of exponential mapping

Proposition
If (\t) € C xRy, (A t) = (N, t) then:
1 ent=0ifAeC
L A=A { is impossible if \ € Cy U C3 U Cy
snt=0if\eC}
9 sntent =0 if A e Cy
2N =4 = T=0if\eCy
20 +ct =2mn if A € Cg

(A t) e CrUCs x Ry = T=0,

R —
(A1) € Cr x Ry = T=o0p



Bound of the cut time

Ae =  tyax = min(2pl, 4K)o,
A€ Cy = tiax = 2Kko,

2
)\ 6 06 = tI{AAX — ’?ﬂ-,
AeC3UCLUC,UCy = tll\/[AX:—FOO,

p‘l > (0 — 1-st root of dn(p)sn(p) + (p —2E(p)) en(p) = 0.

Theorem (A. A., Yu. Sachkov)
Forany A\ e C

Leut ()‘) < tll\/IAX()‘)-



Decomposition of the preimage and the image of
exponential mapping

Ly = {(\1) € C xR |0:(\) € (0,7), s (A) > 0},
Ly ={(\ 1) € C x R4 |0:(\) € (0,7), ¢ (\) < 0},
Ly = {(\1) € C x Ry[0: (\) € (—7,0),c¢ (M) < 0},
Li={(\1) € C x Ry[0:(\) € (—7,0),c¢ (M) > 0}.

My = {q = (z,y,2,v) € R*z <0,z > 0},
My = {q = (z,y,2,v) ER4\x<O,Z <0},
M; = {q = (z,y,2,v) € Rz >0,z < 0},
My ={q=(z,y,2z,v) € Rz >0,z > 0}.



The first conjugate time

Theorem (A. A., Yu. Sachkov)
For any A € C1

tllVlAX()‘) < tionj ()‘)

YA, A., Yu. L. Sachkov, Conjugate points in nilpotent sub-Riemannian
problem on the Engel group, Journal of Mathematical Sciences, Vol. 195,
No. 3, December, 2013.



Hadamard theorem on global diffeomorphism

L;, M; are smooth manifolds.
Exp : L; — M; is smooth mapping.

dim M; = dim L; = 4.

L; is connected, M, is connected.
M; is simply connected.

Exp : L; — M; is non-degenerate.

o s w b=

Exp : L; — M; is proper (preimage of compact is compact).

= Exp:L; — M, is diffeomorphism.



Cut time
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Theorem (A. A., Yu. Sachkov)
Forany A e C

teut ()\) = tll\/IAX ()‘) :



Scheme of the algorithm for finding an optimal solution

findRoot |

RN Ge



Scheme of the algorithm for solving the system function

ClosestRandom

"" +1
=

[a¢)-a <o) -al

Is = getlnverseList (V);
Is={(v[a@)-aplvelsy:
Is = SortBy[ls, Last];
V=Is 11 ;

getinverselList
Is={7}; Is=Join[Is,inverse(#1) &/ @Is];
Is = Join{ s, inverse(#,2) &/@Is]; s =Join s, inverse(#,3) &/ @1s]; /is/

] = =




where £ = 0

Cut locus on the plane
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Cut locus on the plane, where z =0
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Cut locus on the plane, where z =0
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Sphere 38 + |2> + v? = 1

R,




Cut locus on the sphere, where x =0




Cut locus on the sphere, where x =0
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Cut locus on the sphere, where x =0
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Cut locus on the sphere, where x =0
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Cut locus on the sphere, where x =0




Results

Sub-Riemannian geodesics were found.

Symmetries of exponential mapping and the corresponding
Maxwell points were computed.

The first Maxwell time was described. It was shown that this
time coincide with the cut time.

Finding of an optimal trajectory was was reduced to solving
the system of algebraic equations in elliptic Jacobi functions
and elliptic integrals.

The program for computing optimal curves for the problem
was developed for almost any boundary conditions.

The description of cut locus was started.



Plans

Global structure of cut locus.
Sub-Riemannian spheres and its singularities.
Program for constructing all optimal solutions.

Nilpotent approximation for a system modeling car with a
trailer.



Thank you for your attention!



