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Left-invariant optimal control problems on Lie groups

q̇ = f (q, u), q ∈ M, u ∈ U,

q(0) = q0 = Id, q(t1) = q1, t1 fixed,

Jt1 [u] =

∫ t1

0
g(u(t)) dt → min .

M Lie group, U smooth manifold,

f = qf (u), g = g(u) left-invariant.

Suppose: ∀ q1 ∈ Aq0(t1), optimal control u(·) ∈ L∞ exists.
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PMP for left-invariant problems

Trivialization T ∗M ∼= L∗ ×M, L = TIdM Lie algebra of M

F : L∗ ×M → T ∗M, F (x , q) = x̄q:
〈x̄q, qa〉 = 〈x , a〉, x ∈ L∗, a ∈ L

maximized normal Hamiltonian
H = maxu∈U (〈x , f (u)〉 − g(u)) = H(x) smooth,

normal Hamiltonian system triangular:

λ̇ = ~H(λ), λ ∈ T ∗M ⇔

{
ẋ =

(
ad d H

d x

)∗
x , x ∈ L∗,

q̇ = q d H
d x , q ∈ M
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Normal extremals and their optimality

Exponential mapping for time t:

Expt : N = L∗ → M, Expt(x) = π ◦ et~H(x , q0) = qt .

Cut time

tcut(x) = tcut(q·) = sup{t | qs optimal for s ∈ [0, t]}.

H smooth ⇒ tcut(x) > 0 ∀ x ∈ N.
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Maxwell points and cut points

q0

q̃s

qs

qt = q̃t, Jt[q, u] = Jt[q̃, ũ]

q1 = qt1 = q̂t1 , Jt1 [q, u] > Jt1 [q̂, û]

q̂s

-

-

-

Maxwell point qt : ∃ q̃s 6≡ qs : qt = q̃t , Jt [q, u] = Jt [q̃, ũ].
q·, q̃· — Maxwell pair.

qt is a Maxwell point ⇒ qs is not optimal for s > t.

Time t Maxwell set in N = L∗:

MAXt = {x ∈ N | ∃ x̃ ∈ N : Exp·(x), Exp·(x̃) — Maxwell pair }.

x ∈ MAXt ⇒ tcut(x) ≤ t
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Symmetries of the exponential mapping

Invertible Φ : N → N is a symmetry of Expt if ∃ϕ : M → M s. t.

Φ ◦ Expt = Expt ◦ϕ, Jt [q·] = Jt [ϕ(q·)].

Maxwell set corresponding to a group of symmetries
G = {Φ : N → N}:

MAXG
t = {x ∈ N | ∃ Φ ∈ G : x̃ = Φ(x) 6= x ,

Exp·(x), Exp·(x̃) — Maxwell pair } .

MAXG
t ⊂ MAXt .
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Construction of symmetries of Expt

ẋ =

(
ad

d H

d x

)∗
x , q̇ = q

d H

d x
, x ∈ N, q ∈ M. (1)

Take a diffeomorphism Φ : N → N.

∀x0 ∈ N, x̃0 = Φ(x0) ∈ N, find:
xs , x̃s ∈ N; qs , q̃s ∈ M the corresponding solutions to (1),

Suppose that Jt [q·] = Jt [q̃·].

Suppose that ∃ϕ : M → M such that q̃t = ϕ(qt).

Then Φ is a symmetry of Expt .
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Estimates of cut time and conjugate times

Expt1 : N = L∗ → M onto, with singularities and multiple points.

G — a group of symmetries of Expt1 ,

tG
Max(x) = min{t > 0 | x ∈ MAXG

t1}.
tcut(x) ≤ tG

Max(x) ∀x ∈ N.

N ′ = {x ∈ N | tG
Max(x) ≤ t1},

Expt1 : N ′ → M onto, with singularities and multiple points.

Suppose:

the first conjugate time tconj(x) ≥ tG
Max(x) ∀x ∈ N.
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Diffeomorphic domains in the preimage and image of Expt

N ′ = (∪kN
i=1Ni ) ∪ N ′′, cl(∪kN

i=1Ni ) ⊃ N ′,

Aq0(t1) = (∪kM
j=1Mj) ∪M ′′, cl(∪kM

j=1Mj) ⊃ Aq0(t1),

Ni , Mj open, connected, simply connected,
Expt1 : Ni → Mj(i) nondegenerate, proper ⇒ diffeomorphic,

Expt1(N
′′) = M ′′.

kN ≥ kM .
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Group G sufficient for deciding optimality

kN = kM ⇒

i 7→ j(i) bijective, Expt1(Ni ) = Mj(i),

∀q ∈ Mj ∃!x ∈ N ′, x ∈ Ni , j = j(i) : Expt1(x) = q.

⇒ qs = Exps(x) is optimal.
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Group G not sufficient for deciding optimality

kN > kM ⇒

i 7→ j(i) not bijective, Expt1(Ni ) = Mj(i),

∀q ∈ Mj ∃xi1 ∈ Ni1 , . . . xil ∈ Nil :
Expt1(xi1) = · · · = Expt1(xil ) = q,

Jt1 [qi∗] = min{Jt1 [qi1 ], . . . , Jt1 [qil ]},
qim(s) = Exps(xim), m = 1, . . . , l .

⇒ qi∗(s) is optimal.
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Main steps for deciding controllability

1 Construction of a group G of symmetries of Exp
(continuation of symmetries of adjoint system to symmetries of Exp).

2 Description of the Maxwell set MaxG
t

(bounds on Maxwell times and cut time).

3 Estimate of the first conjugate time tconj

w.r.t. the first Maxwell time tG
Max.

4 Study of the global structure of Exp
(diffeomorphic domains in the preimage and image).
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Euler’s elastic problem
Stationary configurations of elastic rod

a1

l
v1

a0

v0

γ(t) R2

Given: l > 0, a0, a1 ∈ R2, v0 ∈ Ta0R2, v1 ∈ Ta1R2, |v0| = |v1| = 1.
Find: γ(t), t ∈ [0, t1]:
γ(0) = a0, γ(t1) = a1, γ̇(0) = v0, γ̇(t1) = v1. |γ̇(t)| ≡ 1 ⇒ t1 = l

Elastic energy J =
1

2

∫ t1

0
k2 dt → min, k(t) — curvature of γ(t).
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1744: Leonhard Euler

Problem of calculus
of variations

Euler-Lagrange
equation

Reduction to
quadratures

Qualitative analysis
of the integrals

Types of solutions
(elasticae)
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Optimal control problem

ẋ = cos θ, ẏ = sin θ, θ̇ = u,

q = (x , y , θ) ∈ R2
x ,y × S1

θ , u ∈ R,

q(0) = q0 = (x0, y0, θ0), q(t1) = q1 = (x1, y1, θ1), t1 fixed,

J =
1

2

∫ t1

0
u2 dt → min .

Left-invariant problem on the group of motions of a plane

E(2) =


 cos θ − sin θ x

sin θ cos θ y
0 0 1

 | (x , y) ∈ R2, θ ∈ S1

 .
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Attainable set and existence of optimal solutions

AId(1) = {(x , y , θ) | x2 + y2 < 1 ∀ θ ∈ S1 or (x , y , θ) = (1, 0, 0)}.
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q1 ∈ Aq0(t1) ⇒ ∃ optimal u(t) ∈ L∞.
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Abnormal extremal trajectories

u(t) ≡ 0 ⇒ θ ≡ 0, x = t, y ≡ 0

q0 q1

J = 0 = min ⇒
⇒ abnormal extremal trajectories optimal for t ∈ [0, t1]

Unique trajectory from q0 to (t1, 0, 0) ∈ ∂Aq0(t1).
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Normal Hamiltonian system of PMP

ḣ1 = −h2h3, ḣ2 = h3, ḣ3 = h1h2,

ẋ = cos θ, ẏ = sin θ, θ̇ = h2.

r2 = h2
1 + h2

3 ≡ const ⇒ h1 = −r cos β, h3 = −r sin β

{
β̇ = c ,

ċ = −r sin β
-3 -2 -1 1 2 3
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β

c

π−π

j

Y

j

q

Y

i

θ(t), x(t), y(t) parametrized by Jacobi’s functions cn, sn, dn, E.
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Euler elasticae
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Euler elasticae

-3 -2 -1 0

0

0.5

1

1.5

2

2.5

3

3.5

-2 -1 0 1 2

0

0.5

1

1.5

2

-2 -1.5 -1 -0.5 0 0.5

0

0.2

0.4

0.6

0.8

1

1.2

-0.0004 -0.0002 0 0.0002 0.0004

0

0.0002

0.0004

0.0006

0.0008

0.001

Yu. Sachkov (PSI RAS) Optimal control on Lie groups Pontryagin-100 21 / 43



Symmetries of the pendulum β̈ = −r sin β

?
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Group of symmetries G = 〈ε1, ε2, ε3〉

ε1 ε2 ε3

ε1 Id ε3 ε2

ε2 ε3 Id ε1

ε3 ε2 ε1 Id
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Group of symmetries of exponential mapping

Action of reflections ε1, ε2, ε3 on elasticae:

pc

(xs, ys)

(x1

s
, y

1

s
)

�

� l⊥

(xs, ys)

(x2

s
, y2

s
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*
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(x3
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, y3

s
)

*

*

Group G = 〈ε1, ε2, ε3〉 continued to ϕ : M → M
and to symmetries of Expt .
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Maxwell points corresponding to the group G

Fixed points of reflections εi ∈ G ⇒ Maxwell times:

t = tn
εi , i = 1, 2, n = 1, 2, . . .

T = period of pendulum ⇒

tn
ε1 = nT ,

(
n − 1

2

)
T < tn

ε2 <

(
n +

1

2

)
T .

Upper bound of cut time:

tcut ≤ tG
Max = min(t1

ε1 , t
1
ε2) ≤ T .
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Estimate of conjugate time in elastic problem

Non-inflectional elasticae ⇒ no conjugate points.

Inflectional elasticae ⇒ tconj ∈ [t1
ε1 , t

1
ε2 ]:
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Plots of t = t1
ε1 , t = t1

ε2 , t = tconj.
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Global structure of Exp in Euler’s elastic problem
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Figure: N ′ = ∪4
i=1Ni ∪ N ′′

Expt1−→

M2

M1

Figure: Aq0(t1) = ∪2
j=1Mj ∪M ′′

Expt1 : N1, N3 → M1 diffeo, Expt1 : N2, N4 → M2 diffeo
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Deciding optimality

q0

q1 ∈ M1

q2(t) = Exp
t
(x2)

x2
∈ N3

q1(t) = Exp
t
(x1)

x1
∈ N1

? : J[q1
· ] ≶ J[q2

· ]
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Additional Maxwell stratum in Euler’s elastic problem

Figure:
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Sub-Riemannian problem on E(2)

ẋ = u cos θ,

ẏ = u sin θ,

θ̇ = v ,

q = (x , y , θ) ∈ E(2) ' R2
x ,y × S1

θ ,

(u, v) ∈ R2,

q(0) = q0, q(t1) = q1,

l =

∫ t1

0

√
u2 + v2 dt → min .
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Extremals, symmetries, and cut time

Normal Hamiltonian system of PMP

γ̇ = c , ċ = − sin γ, γ ∈ 2 S1 = [0, 4π], c ∈ R,

ẋ = sin
γ

2
cos θ, ẏ = sin

γ

2
sin θ, θ̇ = − cos

γ

2

integrated in Jacobi’s functions cn, sn, dn, E.

Symmetries of Exp:
reflections of the pendulum G = 〈ε1, ε2, ε3〉.
tG
Max = min(t1

ε1 , t
1
ε2) completely described.

tconj estimated.

G sufficient to decide controllability.

tcut = tG
Max.
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Estimate of conjugate time in SR problem on E(2)

non-inflectional trajectories ⇒ t1
ε2 = +∞, tconj +∞.

inflectional trajectories ⇒ tconj ∈ [t1
ε2 , t

1
ε1 ]:
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Plots of t = t1
ε1 , t = t1

ε2 , t = tconj.
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Global structure of Exp for SR problem on E(2)
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Exp : Ni → Mi diffeo,

i = 1, . . . , 8.
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Nilpotent (2, 3, 5) sub-Riemannian problem

Lie algebra L = span(X1, . . . ,X5) with

[X1,X2] = X3, [X1,X3] = X4, [X2,X3] = X5,

M — the corresponding connected simply connected Lie group,

SR structure on M: ∆ = span(X1,X2), 〈Xi ,Xj〉 = δij , i , j = 1, 2,

SR problem:

q̇ = u1X1(q) + u2X2(q), q ∈ M, u = (u1, u2) ∈ U = R2,

q(0) = q0, q(t1) = q1,

l =

∫ t1

0

√
u2
1 + u2

2 dt → min .
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Optimal control problem

q̇ = u1X1 + u2X2, q = (x , y , z , v ,w) ∈ M = R5, u = (u1, u2) ∈ R2,

q(0) = q0 = 0, q(t1) = q1,

l =

∫ t1

0

√
u2
1 + u2

2 dt → min,

X1 =
∂

∂ x
− y

2

∂

∂ z
− x2 + y2

2

∂

∂ w
,

X2 =
∂

∂ y
+

x

2

∂

∂ z
+

x2 + y2

2

∂

∂ v
.
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Normal extremals

Normal Hamiltonian system of PMP:

λ̇ = ~H(λ) ⇔



θ̇ = c ,

ċ = −α sin(θ − β),

α̇ = 0,

β̇ = 0,

q̇ = (cos θ) X1(q) + (sin θ) X2(q),

λ = (θ, c , α, β; q) ∈ T ∗M ∩ {H(λ) = 1/2}.

(xt , yt) Euler elasticae

Symmetries of the exponential mapping:

rotations er~h0 : β 7→ β + r ,

reflections of the pendulum εi , i = 1, 2, 3.
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Maxwell time and cut time

G = 〈er~h0 , ε1, ε2, ε3〉 group of symmetries of Exp,

MAXG computed,

for any extremal trajectory q·, the first Maxwell time is evaluated :

tG
Max(q·) ∈ (0,+∞].

Conjecture: tcut(q·) = tG
Max(q·).
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Estimate of conjugate time in (2,3,5) SR problem

non-inflectional elasticae ⇒ t1
ε1 = +∞, tconj ≥ t1

ε2 .

inflectional elasticae ⇒ tconj ∈ [t1
ε1 , t

1
ε2 ]:
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Plots of t = t1
ε1 , t = t1

ε2 , t = tconj.
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The ball-plate problem

ẋ = u, ẏ = v , Ṙ = R(vA1 − uA2),

A1 =

 0 0 0
0 0 −1
0 1 0

 , A2 =

 0 0 1
0 0 0
−1 0 0

 ,

q = (x , y ,R) ∈ R2 × SO(3), (u, v) ∈ R2,

q(0) = q0 = Id, q(t1) = q1,

l =

∫ t1

0

√
u2 + v2 dt → min .
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Results of V.Jurdjevic (1993)

vertical subsystem of the Hamiltonian system of PMP:

θ̇ = c , ċ = −A sin θ, α̇ = 0,

ẋ = cos(θ + α), ẏ = sin(θ + α),

Ṙ = R(sin(θ + α)A1 − cos(θ + α)A2).

projections (x , y) of extremal trajectories are Euler elasticae,

Hamiltonian system of PMP integrable in quadratures (elliptic
functions and their integrals).
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Symmetries and Maxwell points in the ball-plate problem

Symmetries of Exp:

G = 〈ε1, ε2, ε3, er~h0〉, er~h0 : θ 7→ θ + r .

Maxwell strata corresponding to reflections

Maxε1 = {fε1 = 0}, Maxε2 = {fε2 = 0}.

Implicit description tG
Max = min{t > 0 | fε1fε2 = 0}.

Upper bound tcut ≤ tG
Max.

Conjecture: tcut = tG
Max.
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Asymptotics near the stable equilibrium of pendulum

Sphere rolling along sinusoids of small amplitude.
Asymptotics of Exp, fεi computed.
Complete description of t1

εi , tG
Max.

tconj ∈ [t1
ε1 , t

1
ε2 ].
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Movies with optimal curves
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