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Summary of the talk

@ Symmetries and optimality

© Euler's elastic problem

© Sub-Riemannian problem on E(2)

@ Nilpotent (2,3,5) sub-Riemannian problem

© The ball-plate problem
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Left-invariant optimal control problems on Lie groups

q = f(q,uv), geM, wvelU,
q(O) =qo = Id7 q(tl) = q1, t1 ﬁxed?

Jtl[u]:/olg(u(t))dt—>min.

@ M Lie group, U smooth manifold,
o f=qf(u), g =g(u) left-invariant.

Suppose: V q1 € Ag,(t1), optimal control u(-) € Lo, exists.
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PMP for left-invariant problems

@ Trivialization T"M = L* x M, L = T\yM Lie algebra of M
o F: L*xM— T*M, F(x,q) = Xq:
(Xq,qa) = (x,a), x € L*, aec L
@ maximized normal Hamiltonian
H = maxucy ({x, f(uv)) — g(u)) = H(x) smooth,
@ normal Hamiltonian system triangular:

A=HQ}), \eTM = {'_
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Normal extremals and their optimality

Exponential mapping for time t:

—

Expe : N=L"— M, Exp(x) = 7o e™(x, q0) = qs.
Cut time
teut(X) = teut(q.) = sup{t | gs optimal for s € [0, t]}.

H smooth = tu(x) >0 VxeN.
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Maxwell points and cut points

qs
” G =G, = Qrys Julg,u] > Ty, (G, 4]
Qt:at: Jt[Q?“‘] :Jt[av’lﬂ
qs
o Maxwell point g¢: 39s#Z3qs: gt = qr, Ji[q,u] = Ji[q, 1]

q., g. — Maxwell pair.
@ q: is a Maxwell point = g5 is not optimal for s > t.
@ Time t Maxwell set in N = L*:

MAX; ={xe N|3Ixe N : Exp.(x), Exp.(x) — Maxwell pair }.

e x e MAX; = tu(x) <t
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Symmetries of the exponential mapping

o Invertible & : N — N is a symmetry of Exp, if 3p : M — M s. t.

® o Exp, = Exp, oy, Jela] = Jele(q.)].

@ Maxwell set corresponding to a group of symmetries
G={d: N— N}

MAXS = {xeN|Tdec G : Xx=d(x) #x,
Exp.(x), Exp.(x) — Maxwell pair } .

o MAXS c MAX;.
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Construction of symmetries of Exp,

. dH\" . dH
X = (addx> X, q—qa, XGN, qEM (1)

o Take a diffeomorphism & : N — N.

e Vxp € N, xo = ®(xp) € N, find:
xs,Xs € N; gs,qs € M the corresponding solutions to (1),

@ Suppose that Ji[q.] = Ji[q.]
@ Suppose that 3p : M — M such that g: = ¢(q:).

Then & is a symmetry of Exp,.
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Estimates of cut time and conjugate times

Exp,, : N =L* — M onto, with singularities and multiple points.

G — a group of symmetries of Exp, ,

tG.(x) = min{t > 0| x € MAXE}.

teut(x) < t5.(x) Vx € N.

N' ={xeN|t5, (x) <t}

Exp,, : N — M onto, with singularities and multiple points.

Suppose:

the first conjugate time teonj(x) > tGa(x) Vx € N.
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Diffeomorphic domains in the preimage and image of Exp,

N = (UK N U N, (UK NG) D N,
k k
Ago(t1) = (U M) UM, cl(Us2y Mj) © Agy(ta),

N;, M; open, connected, simply connected,
Exp,, : Ni — M;(;) nondegenerate, proper = diffeomorphic,

Expy, (N") = M.
kn > k.
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Group G sufficient for deciding optimality

kn = ky =
o i+ j(i) bijective, Exp, (N;) = M,
oeVge M;Ixe N, xe N, j=j(i): Expy(x)=gq.
e = ¢gs= Exp,(x) is optimal.
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Group G not sufficient for deciding optimality

kn > ky =
e i+ j(i) not bijective, Exp,, (N;) = M;(;,
e Vg€ Mj E|X,'1 € N,'l,...X,', € N,',:
Expy, (%) = -+ = Expyy (%) = g,
o Jy [qi*] = min{Jtl [qi1]a sy dn [qi/]}'
g (s) = Exps(x;,), m=1,... 1.
@ = gj(s) is optimal.
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Main steps for deciding controllability

@ Construction of a group G of symmetries of Exp

(continuation of symmetries of adjoint system to symmetries of Exp).
@ Description of the Maxwell set Max®

(bounds on Maxwell times and cut time).
© Estimate of the first conjugate time tcop;

w.r.t. the first Maxwell time tl\c,l;ax.

@ Study of the global structure of Exp
(diffeomorphic domains in the preimage and image).
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Euler’s elastic problem

Stationary configurations of elastic rod

7(t) R?
Vo
ai
ao
U1 l
Given: >0, ag,a1 € R?, v € THR2 vi € T,R?, |w| = |vi| = 1.
Find: ~(t), te0,t]:
7(0) =20, v(t)) = a1, 4(0) = w0, J(t) =wv1.  [W(I=1 = h=/
1 1
Elastic energy J = 2/ k? dt — min, k(t) — curvature of y(t).
0
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1744: Leonhard Euler

@ Problem of calculus
of variations

o Euler-Lagrange
equation

@ Reduction to
quadratures

@ Qualitative analysis
of the integrals

@ Types of solutions
(elasticae)
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Optimal control problem

X = cos¥f, y =sind, 6= u,
q:(X7y79)€R)2<,yXSga ueR,
q(0) = go = (%0, 0, 00), q(t1) = g1 = (x1,¥1,61), t1 fixed,

1 [a
J:/ U2 dt — min.
2 Jo

Left-invariant problem on the group of motions of a plane

cosf —sinf x
E(2) = sinf  cosf® y | |(x,y)eR? e St
0 0 1
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Abnormal extremal trajectories

u(t) =0 = 0=0, X =t, y=0

q0 q1

J=0=min =

= abnormal extremal trajectories optimal for t € [0, t;]

Unique trajectory from go to (t1,0,0) € 0.Aq,(t1).
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Normal Hamiltonian system of PMP

hy = —hoh3, hy=hs, h3= hihy,
x=cosl, y=sinh, 6= ho.

rzzhf—i—hgzconst = hy=—rcosf3, h3=—rsinf

0(t), x(t), y(t) parametrized by Jacobi's functions cn, sn, dn, E.
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Euler elasticae
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Euler elasticae
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Symmetries of the pendulum 3 = —rsin 3

3 1
Vs s
Group of symmetries G = (¢!, 2, ¢3)
el]e? &3
TTid[ e3¢
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Group of symmetries of exponential mapping

Action of reflections €1, €2, £3 on elasticae:

(s, ys)

(22, 92)

(%5, 9s)

(@2, 42)
Group G = (e!,£2,3) continuedto p - M — M
and to symmetries of Exp,.
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Maxwell points corresponding to the group G

Fixed points of reflections ¢/ € G =  Maxwell times:

t=t, i=1,2, n=12,...

T = period of pendulum =

1 1
tEnl:nT7 (n—2>7—<t£2<(n+2> T.

Upper bound of cut time:

teut < toa = min(th, th) < T.
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Estimate of conjugate time in elastic problem

@ Non-inflectional elasticae = no conjugate points.

o Inflectional elasticae = teonj € tell,t812]:

14

0.2 0.4 0.6 0.8 1

Plots of t = tsll’ t= t€127 t= tconj-
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Global structure of Exp in Euler's elastic problem

M,

M,

EXPtl

Figure: Ag(t1) = UJ?ZIMJ- umM”
Figure: N’ = Ut N; U N”

EXpt1 : Nl, N3 - Ml diffeo, EXpt1 : NQ, N4 - M2 diffeo
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Deciding optimality

70 Jlgl] s Jlg?]

q*(t) = Exp,(z?)
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Sub-Riemannian problem on E(2)

X = ucosb,

y = usind,

0=v,

a=(x.y.0) € B2) ~ B, x S},
(u,v) € R?

q(0) =qo,  q(t1) = q1,

t1
/—/ v u? 4+ v2dt — min.
0
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Extremals, symmetries, and cut time

@ Normal Hamiltonian system of PMP

y=c, &=-siny, ye€25'=[0,41], ceR,
v

k:sin%cosﬁ, y:sin%sinQ, éz—cosi

integrated in Jacobi's functions cn, sn, dn, E.

Symmetries of Exp:
reflections of the pendulum G = (e!,£2,¢3).

tiax = Min(th, th) completely described.
tconj €stimated.

G sufficient to decide controllability.

teut =t -
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Estimate of conjugate time in SR problem on E(2)

@ non-inflectional trajectories = 1.“51 = 400, teonj + 0.

o inflectional trajectories = tconj € [t612, tgl]:

0.2 0.4 0.6 0.8 1

Plots of t = f§1, t= t12; t= tconj-

£
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Global structure of Exp for SR problem on E(2)

Exp : N; — M; diffeo,
i=1,...,8.
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Nilpotent (2,3,5) sub-Riemannian problem

o Lie algebra L = span(Xj, ..., Xs) with

[X1, X2] = X37 [Xla X3] — X47 [X27 X3] = X57

@ M — the corresponding connected simply connected Lie group,
@ SR structure on M: A = span(Xy, Xo), (X;, Xj) =dj, i, j=1, 2,
@ SR problem:

g = u1 X1(q) + v2Xa(q), geM, u=(u,uw)eU=R?
q(0) =qo,  q(t1) = qu,

/_/ \/u%—i—ugdtamm
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Optimal control problem

q:U1X1+UQX2, q:(Xv.y’zv v, W)G MZRS, U:(Ul,UQ)ERz,
0) = qo =0, q(t1) = qi,

l—/ u1+u dt — min,

9 yd X4y 0
1_8x 20z 2 ow’

0 x9 x2+y?0
Xo = o+ 22 =

oy 20z 2 Odv
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Normal extremals

Normal Hamiltonian system of PMP:

0=c,

o ¢ = —asin(f — 0),

A=H0)) & <{a=0,

5 =0,

(g = (cos ) X1(q) + (sin6) X2(q),
A= (0,c,a,B;q) € T"MN{H(\) =1/2}.

(xt, yt) Euler elasticae

Symmetries of the exponential mapping:
e rotations e : B B+,

o reflections of the pendulum ¢', i = 1,2, 3.
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Maxwell time and cut time

o G = (e’ﬁ0,61,62,53> group of symmetries of Exp,
o MAXC® computed,

o for any extremal trajectory g., the first Maxwell time is evaluated :
G
tMax(q') € (0¢ +OO]

o Conjecture: teu(q.) = tﬁax(q-)-
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Estimate of conjugate time in 5) SR problem

@ non-inflectional elasticae = te1 = +00, teonj = t€12_

o inflectional elasticae = teonj € [t th]:

14

)

0.2 0.4 0.6 0.8 \/1

Plots of t = tgll, t =t}

225 t= tconj-
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The ball-plate problem

X=u, y=v, R=R(VA —uA),
00 O 0 01
AA=|00 -1 |, Ay = 0 00|,
01 0 -1 00
q=(x,y,R) € R? x SO(3), (u,v) € R?,

q(o) =4qo = Id7 Q(tl) = q1,

t1
I:/ \V u? 4+ v2dt — min.
0
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Results of V.Jurdjevic (1993)

@ vertical subsystem of the Hamiltonian system of PMP:

0= c, ¢ = —Asinb, a =0,
x = cos(f + ), y =sin(0 + ),
R = R(sin(6 + a)A; — cos(f + a)Ay).

@ projections (x, y) of extremal trajectories are Euler elasticae,

@ Hamiltonian system of PMP integrable in quadratures (elliptic
functions and their integrals).
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Symmetries and Maxwell points in the ball-plate problem

Symmetries of Exp:

— —

G = (51,52,53,e’h°>, e . 9 —0+r.

Maxwell strata corresponding to reflections

Max. = {f.1 = 0}, Max. = {f.> = 0}.

Implicit description tG. = min{t > 0| faf.> = 0}.

Upper bound tey: < t,\c,;lax.

Conjecture: teyt = t,aax.
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Asymptotics near the stable equilibrium of pendulum

Sphere rolling along sinusoids of small amplitude.
Asymptotics of Exp, f.; computed.

Complete1 deicription of tg,-, t,\ﬁax.

teonj € [to1, 1]

Plots of t =t} t = th.
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Movies with optimal curves

leleke}
55U
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