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Problem statement:
Optimal motion of a mobile robot in the plane
Yy

@1 = (z1,y1,01)

“q0 = (%0, Yo, bo)

T
t1 -
9(0)=q, q(a)=a, /:/ mdt—»min
0




Optimal control problem

X = ucos, y = usinf, 0=v,
(x,y) eR?%  fecS'=R/(2n7Z),
qg=(x,y,0) e M=R?x St,

(u,v) € R?,

q(0) = q,  q(t1) = a1,

t1
/:/ vV u?+v2dt — min.
0



Continuous symmetries of the problem

e rotations

e translations




Group of motions (rototranslations) of a plane

cosf —sinf x
SE(2) = R2xSO(2) = sinf cosf y | |(x,y)eR? geSt
0 0 1

Left-invariant frame on SE(2):

X1(q) = qE13, X2(q) = q(E21 — E12), X3(q) = [X1, X2](q) = —qEs.



Left-invariant sub-Riemannian problem on SE(2)

g = uXi(q) + vXa(q), q€SE(2), (u,v) € R?,
q(0) =qo,  q(t1) = q1,

t1
/:/ (G, )2 dt — min,
0
<X,-,Xj> = (5,-J-, i, j=1,2.

‘ {” ‘ §(t) € Agqey
(0) Aq!(t) 2(t:) {(g(-)})) = min

q



Known results
on 3-dimensional sub-Riemannian problems

Left-invariant problem on the Heisenberg group: global
solution (A.Vershik, V.Gershkovich, 1987),

Contact problems in R3: local study (A.Agrachev, 1996;
J.-P.Gauthier, 1996),

Martinet case: global solution (A.Agrachev, B.Bonnard,
M.Chyba, |.Kupka, 1997),

Left-invariant problems on SO(3), SU(2), SL(2): global
solution (U.Boscain, F.Rossi, 2008).



Existence of solutions

° g =uXi(q) + vX2(q),
span(Xi(q), X2(q), [X1, X2](q)) = T4M Vgqe M

= complete controllability (Rashevskii-Chow theorem)

e Filippov's theorem

= existence of optimal trajectories q(t).



Pontryagin maximum principle

e Abnormal extremal trajectories constant.

e Normal extremals:

y=c¢, &=-siny,  (1,0) € C=(25)) xR,

k:sin%cos@, y:sin%sinﬁ, 6= —cos%.

e Arc length parametrization:

P+y24+602=1 = =t —min



Decomposition of phase cylinder of pendulum C = U>_, C;

e Energy integral E = ¢?/2 — cosy € [~1, +00)
G={\NeC|Ee(-1,1)},
G={NeC|Ee(l,+)},
G={ e C|E=1, c#0},
G={\Ne(C|E=-1},
G={\NeC|E=1, c=0}.




Parametrisation of extremal trajectories

e A=(v,0)e G =
0 = si(amp — am ;) (mod 27),
xt = (s1/k)[enp(dn o —dnp:) +snp(t + E(p) — E(v1))],
ye = (1/k)[snp(dnp —dnp:) —cnp(t + E(p) — E(p1))]-

e A=(7,0)ea =

cos 0y = k?sn1psnipy + dn e dn iy,

sinf = k(snydnty — dnipsniy),

x¢ = spk[dnp(cnp —enipy) +snp(t/k + E(v) — E(¥r))],
Ye = s2[k?snap(enp — enpe) — dnop(t/k + E(v) — E(3r))]-

e A=(7,0)e GUGUG = hyperbolic and linear
functions.



Extremal trajectories: generic cases

Figure: A e (4 Figure: A € G,



Extremal trajectories: special cases

Figure: A € G3 Figure: A € G4
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Figure: A € Gs



Optimality of extremal trajectories

q(t) is locally optimal:

Je >0 Vtrajectory g: ||g—gqllc <e¢,
q(0) =4q(0), g(t1) =q(t1) = t<h

q(t) is globally optimal:

V trajectory g1 q(0) =q(0), q(t1) =q(t) = u<h



Loss of optimality

e Strong Legendre condition:
9%h;1
ou?

<0 = short arcs g(t) are optimal.

e Cut time:

teut(q) = sup{t > 0| g(s) is optimal for s € [0, t]}.



Reasons for loss of optimality:
(1) Maxwell point

Maxwell point g;:

3 extremal trajectory s Z gs : g0 = Qo, Gr = Gt

qs

o B =, = qu

g = G

s

Figure: t, <ty



Reasons for loss of optimality:
(2) Conjugate point

g: € envelope of the family of extremal trajectories

teut < min(tl\/laxa tconj)



Reflections €' in the phase cylinder of pendulum % = —sin~

e Group of symmetries of parallelepiped
G = {ld,&"l,...,éj} :Zz X Zg X Z2.

e Action of reflections e : & — &' on trajectories of pendulum:

52 4 58 54




Action of reflections €’ on curves (x, y;) modulo rotations

Figure: !, &2
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Figure: €2, ¢



Maxwell points corresponding to reflections
e Fixed points of reflections &'

t=1t" i=1,2,...,7, n=1,2,...

8i’
e Upper bound of cut time: te <t := min(t:,).

e Plot of function t = t(E):
t

e




Exponential mapping and conjugate points

Exponential mapping

Exp o (A1) = (7,6, 8) — q(b),
Exp : N=CxRy —- M

e g — conjugate point <= g — critical value of Exp

Exp(y,c,t) = (x,y,0)

. d(x,y,0)

(v, ¢, t)



Bounds of conjugate time

e Trajectories without inflexion points:

AEGUGUGUG = th(A) = +oo.

e Trajectories with inflexion points:

AeG = th(\) > tha(\) > () = t(N).



Stratifications in preimage and image
of exponential mapping

N={(\t)e CxRy|t<t(N)},  M=M\{q}
Exp : N— M surjective

N = Uie N;, N;NN;=0fori#jel

M = Uje/M;, I=JUK, JNK=10
Vitgjed MM =0
VieK3jeK, j#i: M=M,

N;, M; smooth manifolds of dim € {0,...,3}

#] =66, #J=32, #K=34



Global structure of exponential mapping

Exp : N; — M; diffeomorphism Vi€ /.

M = Max UM, Max = Ujex M;, M = Uje s M;
N = Nuax U N, Nmvax = Uiek Nj, N = UiesN;
Exp: N— M bijection

Exp : Nmax — Max double mapping



o
SN
</ /'/ >W/
G
R

ﬁ%,ﬂ

= ﬂ-

gn”””/fﬂﬂdhh F4Q A
AN

AN

Global structure of exponential mapping



Figure: A € (4

Cut time and cut points

th = 2K(k) = T /2, Ne G,
t, = 2kpi(k) € (T,2T), e G,
+00, e GU G,
th=n=T/2, AE G

cn(p, k)(E(p, k) — p) — dn(p, k) sn(p, k) =0
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Maxwell strata

Max = Max|oc U Maxgop
Maxgiob ={q € M | 0 = 7}

I\/Iaxloc = {q eM ‘ NS (—7T,7T), Ry = 07 ‘Rl| > Rll(‘e‘)}'

_ 0 einb [
F\’l—ycos2 xsin 5, 50

R1(0) = 2(pi(k) — E(pi(K), k),
k = ki (0) inverse of & = ksn(p}(k), k).

R, :xcosg—i-xsin

q1 € Max = 2 optimal trajectories,

g1 € M\ Max =1 optimal trajectory.



Cut locus

Cut = {Exp(\, t) | A €N, t = teue(N)}
Cut = cl(Max) \ {qo} = Cutjoc U Cutgop

Cutloc = CI(MaX|OC) \ {qO}

CUthob = Maxgk,tJ



Cut locus in rectifying coordinates (Ry, Rz, 6)




Cut locus: global view




Optimal solutions

x1 # 0, y1 =0, 6,=0

e

x1 =0, y1 =0, 01 #0




Optimal solutions

Xl#oa )’1:0, 61:77



Optimal solutions

X1:07 Y17é0, 91:0



Optimal solutions

Generic boundary conditions:
systems of equations in Jacobi's functions =

= software (MATHEMATICA).



Sub-Riemannian caustic {Exp(X,t) | A € N, t = t3,,(A)}




Sub-Riemannian spheres

d(qo, q1) = inf{l/(q(-)) | 9(0) = qo, q(t1) = a1},
Sk ={q€ M|d(q,q) =R},

R=0 = Srgr={q}

Re(0,71) = Sgp=S?

R=n = Sg=S%/{N=S},

R>m = Sp=T2



Global structure of sub-Riemannian spheres:




Application: Antropomorphic restoration of curves
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Neurogeometry and sub-Riemannian problem on R? x RP?

e J.Petitot, The neurogeometry of pinwheels as a
sub-Riemannian contact structure, J. Physiology - Paris 97
(2003), 265-309.

o J.Petitot, Neurogeometrie de la vision — Modeles
mathematiques et physiques des architectures fonctionnelles,
2008, Editions de |'Ecole Polytechnique.

X = ucosf, y = usinf, 6=v,
qg=(x,y,0), (x,y) €R%, 0 eRP=R/(r2Z),
(u,v) € R?,

q(0) =qo,  q(t1) = q,

t1
/:/ vV u? +v2dt — min.
0



Optimal solution for the problem on R? x RP!
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Smooth and non-smooth arcs
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