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Part 1:
Nilpotent sub-Riemannian problem on the Engel group
Problem Statement
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q:(X7)/aZaV)€R4, u:(ul)u2)ER2‘

q(0) = g0 = (0,0,0,0)", qg(t1) = q1 = (x1,1,21,11) ",
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Results obtained

Parameterisation of extremal trajectories,

discrete symmetries and their fixed points (Maxwell points),
bounds on conjugate time,

diffeomeorphic domains in preimage and image of exponential
mapping,

global structure of exponential mapping,

cut time and cut locus,

explicit solutions for some special boundary conditions,

reduction of optimal control problem to solving systems of
algerbaic equations in Jacobi's functions,

software for computation of sub-Riemannian length minimisers
for arbitrary boundary conditions.



Known results
for invariant sub-Riemannian problems
on Lie groups

Heisenberg group (A.Vershik, V.Gershkovich 1986) and its
genertlizations (D.Barilari, U.Boscain; O. Myasnichenko),

SL(2), SO(3), S* (U. Boscain, F. Rossi 2008),
SE(2) (Yu.S. 2010)

5-D nilpotent Lie group with the growth vector (2,3,5) (Yu.S.
2006).



Nilpotent sub-Riemannian problem on the Engel group

t1
g € span(X1,X2), q(0) =qo, q(t1) = q1, / (q,4)"/? dt — min
0

2 2
Xl - (1707_%70)7—7 X2 - (0,1,%,)( —;y )T7

(Xi, Xj) = 6ij.

Lie(X1, X2) = span(Xi, Xz, X3, Xa),
dim Lie(X1, X2)(q) = 4,

[X1,X2] = X3, [Xq,X3] = Xa,
[X1, Xa] = [X2, X5] = [X2, Xa] = 0.

Growth vector (2, 3, 4).

Nilpotent approximation to nonholonomic systems in 4-D space
with 2-D control (e.g. a mobile robot with trailer).



Existence of optimal controls and PMP

X1(q), - .., Xa(q) linearly independent Vg € R* = complete
controllability by Rashevskii-Chow theorem.

Existence of optimal trajectories (sub-Riemannian length
minimizers) follows from Filippov's theorem.

Pontryagin maximum principle

Abnormal extremal trajectories are normal ( = smooth).



Normal Hamiltonian system
of Pontryagin maximum principle

=c, 9 e St
¢ = —asind, c e R,
a =0, a€cR,

g = cosf X1(q) +sin6 Xa(q).

2

E= % —acosf € [—|a|, +00).



Equation of pendulum and physical meaning of parameter «

6 = —asiné, a:g:consteR

L

m mg

L

mg m

Figure: Pendulum for a > 0 Figure: Pendulum for a < 0



Stratification of phase cylinder of pendulum

C=T;Mn{H=1/2}={A=(0,c,a) |0 €S, c,a € R}.

0

C:U,?:1C,', Ciﬁq:@,i#j.

Cr =G n{a>o0}, C =G n{a<0}, ie{1,...,5},
CGi=Cn{c>0}, CE=CGn{c<0}, ie{23}
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Figure: Stratification for o > 0 Figure: Stratification for « < 0



Elliptic coordinates (i, k) in phase cylinder of pendulum
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Parameterisation of extremal trajectories for o = 1

A € Cf (oscillations of pendulum) =

x¢ = 2k(cn pr —cn ),
ye = 2(E(pr) — E(p)) — t,

zr = 2k(snprdnpy —snpdnp — %(cn ot +cn)),

3
ve = % +2k? en? oy — 4k cn (s e dn e — s dn )+

2 (2 d 2 1— k?
+2 3 e ngptsnapt—gcngodngosncp—i—STH—
2k% — 1

2 B ).



Symmetries of Hamiltonian system

Dilation of a:
c
(97 cC,a,X,y,z,V, t) = (97 ﬁa 17\/5)(7 \/ayaazua%‘/?\/at))

(0, k) = (Vap, k. 1).

Inversion of a:
(95 c,a,X,y,z,V, t) = (9 - mC —Q,—X,—y,z,—V, t)7
(¢7k7a) = (907k7_a)'



Parameterisation of extremal trajectories
in generic case for A € U3, G

51 1

51
Yot; —5Zot, ;Vat)(awa ka 1)a

51
(Xtvytaztavt)(soakaa) = (;XUI'?; 02

where 0 = /|a, s1 = sgn a.



General case for a #£ 0

re G =

%= 2 en(opr) - enlo))

ye= 2 (E(ope) ~ E()) — sgnat,

22 = o(sn(ee) dnlange) = sn(o) dn(ore) -
okyt

2 (en(oer) + (),

Ve = ...



Parameterisation of extremal trajectories for degenerate

cases
t3
Ae(G = x=0, yr=tsgna, z =0, vt:€sgna.
t3

Ael = x=0, yp=—-tsgna, 2z =0, vt:—gsgna.
Ae (G =

cos(ct + ) — cos @ sin(ct +0) —sin0
Xt = ) Y = ’

c c

ct — sin(ct) 2ccosf t — 4sin(ct + 0) + sin(2ct + 6)

Zy= ———", V= — .
2¢? 4c3
: 0

Ae (G = xg=—tsinl, y=tcosl, 2z =0, vt:£3.
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Exponential mapping, Maxwell points, and cut points

Exp: C xRy — M =R*
Exp(A, t) = qc = (x¢, Ye, Ze, Vi),
A=(0,c,a)e C, teRy, g€ M.

MAX = {(\, t) | 3% # X\, Exp(\, t) = Exp(}, t)},

teut(A) = sup{t > 0| Exp(\,s) optimal for s € [0, t]},
teut(N) < t for any (A, t) € MAX.



Symmetry group of exponential mapping

CTa (23 [ A 5107
el [Id |32 |t ]e”|ef
€2 Id [ el [®|el[e?]ed
3 Id [ e [P ]| et
et Id [l |e?|e®
e Id [ €3] ¢?
e® Id | et
ef Id

Table: Multiplication in G = {Id, 1,2 3 % &5 6,7}



Reflection of trajectories of pendulum

27



Reflection of Euler elasticae
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Reflections as symmetires of Exp

Proposition
All mappings €' are symmetries of exponential mapping,
i=1,...,7, i e
elo Exp(f,c,a,t) =Expo si(e, c,a,t),
(0,c,a) € C, teR,.

MAX' = {(\,t) € C x Ry | N # X, Exp(N, t) = Exp(), 1)},
A=(0,c,a), N =(0c a)=E(N).



Fixed points of reflections ' in image of exponential
mapping

Exp(\',t) = Exp(\,t) <= €'(qe) = qr.

Lemma
el(q) = z=0,
e(q) =gq x=0,
e(q)=gq x>+ 22 =0,

X2 +y?+vi=0,

2 +y?+22+v2 =0,
y2+(2v—xz)?2 =0,
y2+z224+v2=0.

1110111



Fixed points of reflections ¢’ in preimage of exponential
mapping

Proposition
If(\t) € C xRy, (N t) = (N, t) then:
ecnT=01i/FAl¢e C1

is impossible if A\ € G U GG U Gg
snt=0ifle (G

sntenTt=0ifAe G

T=0ifAe G
20+ ct =2mnif A e Gy

1. Alz)\(:>{

2.2 =)\ =

(M) € GLUG xRy N T:(fcw;got’




Complete description of Maxwell sets for e!, &

Theorem

1. MAX'!n Ny = {(\t) € Ny | p= pl(k),n € N,en(r) # 0},

2. MAX! N Np = MAXY N N3 = MAXE N Ng = 0,
3. MAX2N N, = {(\t) € Ny | p=2Kn,n € N,sn(r) # 0},
4. MAX2N Ny = {(\,t) € N2 | p= Kn,n € N,sn(7)cen(r) # 0},
5. MAX2 N N3 =0,
6. MAX?2 N Ng = {(\, t) € Ng | tc = 27n, 0 # mk, n, k € 7}
ot
()\,t)GClUC3X]R+ = p:7,
ot
(A,t)ECzXR.;_ = p_ﬂ

p2(k) > 0 — n-th root of dn(p)sn(p) + (p — 2E(p)) cn(p) = 0.



First Maxwell time and cut time

A€ G = tiax = min(2pk, 4K)o,
N e G = tax = 2Kko,

2
ANECo= thax = —

]’

)\€C3UC4UC5UC7:>t1%/IAX:+OO.

Theorem
Forany A e C

teur(A) = tipax (N)-



Decomposition in preimage of exponential mapping

C:U?leia

DinG={re
DinG=A{re
D> N G = {7 € (K,2K),p € (0, Pmin), k € (0, 1)},

(0.K),p € (0, Pmin), k € (0,1)},
(
(
DoNG ={re€(—K,0),pe (0,K),ke(0,1),sgnc =1},
(
(
(
(=

0
0,K),pe (0,K),k €(0,1),sgnc =1},
D3N G = {7 € (2K,3K),p € (0, p-;.), k € (0,1)},
DsNG ={re(0,K),pe(0,K), ke (0,1),sgnc =1},
DyN G = {7 € (3K,4K),p € (0, p-;.), k € (0,1)},

DynNG ={r€(—K,0),pe (0,K),k €(0,1),sgnc =1},

where pl. = min(p}, 2K).



Correspondence between domains

in preimage and image of exponential mapping
C

Dy D,
- 0 i 0
z
D3 D> My My
Ex
c p 0 X
Ds Ds M> ( M3
0 Ed Zna
De D,

Exp : Di — M; and Exp : Diya — M; are diffeomorphisms for
ie{l...4}.



Conjugate points

d,Exp : T,N — T4, M is degenerate,

A(x,y,z,v)

(0, c,a,t) (v) =0.

tgonj =min{t > 0 | t conjugate time along Exp(\,s), s > 0}.

Theorem
Forany A e C

tl%/IAX()‘) < t(}onj ()‘)



Numerical solution: reduction to system of equations

Y=27=% V=% donotdepend on a.
t X X7
v, =2 21:%, Vlz‘%-
X1 X1 Xl
Y(Tapa k) = Yl,
Z(T7p7k) :Zla
\/(T,p,k) = V1.

Software for solving the system = computation of
sub-Riemannian length minimizers



What next?
Invariant sub-Riemannian structures on 3D Lie groups
(A.Agrachev)
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Plan of part 2

Image inpainting

Model of the primary visual cortex of a human brain
(J.Petitot, G.Citti, A.Sarti).

Problems of sub-Riemannian geometry (A.Agracheyv,
U.Boscain, F.Rossi) and their solution (Yu.S.)

Image inpainting via sub-Riemannian length minimizers (Yu.S.,
A.Ardentov, A.Mashtakov)

Curve cuspless reconstruction (U.Boscain, R.Duits, F.Rossi,
Yu.S.)

Image inpainting via hypoelliptic diffusion (J.-P.Guthier,
U.Boscain, F.Rossi).



Image inpainting

M. Bertalmio, G. Sapiro, V. Caselles, C. Ballester

DA



Image inpainting




Neurophysiology of vision

& - Primary Visual
Cortex (V1)

A Groups of neurons of the primary visual cortex V1 of human
brain are sensible both to position and orientation. Thus V1
lifts images from the plane of image R? to the projective
tangent bundle PTR? = R? x P!,

B During inpainting of images, there is minimized the activation
energy for neurons not activated by the image at PTR?.



Al. Hubel and Wiesel (Nobel prise 1981):
Groups of neurons sensible to direction




Model of visual cortex V1
“Pinwheel” model:

~ connections among orientation columns in the same hypercolumn

| (vertical) . orientation columns
. hypercolumns =
visual cortex V1 5 l
4 IR
y i
" b
V4 [ 1
/ :\ : :
I T .
I gl
*y T = L
/ | B T
7 ) y | : ; :
i | connections among orientation columns
¥ : T " belonging to different hypercolumns
/1 curve [ and sensible to the same orientation
S/ !._ (horizontal)

iy =

P
&

/’ Plane of the image



A2. Lift to PTR?

e Brain saves image as a set of positions and directions, i.e., it
lifts images to PTR? = R? x P!,
\ Jpl
0~ mr

a |

¥ T ae [0,x]/ ~

e PTR? is a bundle with base R? and fiber P!.



A3. Lift of a curve

« R?5 (x(t),y(t)) = (x(t), y(t),0(t)) € PTR?,
0(t) = arctan(y(t)/x(t)) € Pt =[0,7]/ ~.
Example: (cost,sin t):

e any regular curve in R? has a lift to PTR?,

e not any curve in PTR? is a lift of some curve in R2.



A4. Which curves in PTR? are lifts of planar curves?

0(t) = arctan(y(t)/x(t)) —
x=ucosf, y=uisind, 0 =: up,
q:(X,y,G) 6 P7-IK27 U:(U17U2) ERz

g = w1 X1(q) + uXa(q),

cost 0
Xi(q) = ( sin 6 ), X2(q) = (0)
0 1



B1. Which functional is minimized?

brain minimizes a functional (internal or external for the
brain),

when moving a hand, the brain minimizes a compromise
between energy and strength of muscles (exterior functional),

when reconstructing a curve, the brain minimizes the
activation energy of neurons (interior functional),

easily activated are the neurons close one to another both in
position and in orientation (i.e., close in PTR?).



Problem of sub-Riemannian geometry on PTIR?

[(v? +a2u3) dt — min < [\/u? + a2u3 dt — min

(:7:U1X1(q)+U2X2(Q), q:(X>y79) € PTR27 U:(u1,u2) €R27
q(0) = qo, q(t1) = q1,

h
/ u? 4+ a2u2 dt — min.
0

6c P =R/(xZ)=[0,7]/ ~ .



Problem of sub-Riemannian geometry on SE(2)

cosf —sinf x
SE(2) = sinf cosf y | |0eS=R/(2nZ), x,y €R p =
0 0 1

~ R? x St
9 cS'=R/(27Z) = [0,27]/ ~ .

(:7: U1X1(q)+U2X2(q)v q= (X>y79) ESE(Q), u= (U],Uz) €R2’
q(0) = qo, q(t1) = q1,

cosf 0
Xl(q)(sinﬁ), Xg(q)(O),
0 1

h
/ u? 4+ a2u2 dt — min.
0



Sub-Riemannian problem
on the group of motions of a plane, or

Problem on optimal motion of a mobile robot in the plane
y

q1 = (xlvylvel)

“qo = (20, Yo, bb)

T

t1 -
9(0) =qo.  q(t1) = qu, l=/ \/>'<2+y'2+a292dt—>min
0



Results on sub-Riemannian problems on SE(2) and PTR?

Existence of optimal trajectories,

Parameterisation of extremal trajectories
(via Pontryagin maximum principle),

Description of optimal trajectories:
o Arbitrary boundary conditions =
reduction to systems of algebraic equations,

e Special boundary conditions = explicit solutions,

Structure of optimal synthesis and Maxwell set,

Sub-Riemannian spheres,

Applications: reconstruction of curves,
Parallel software for image inpainting.



Sub-Riemannian problem on SE(2):
generic extremal trajectories

Parameterisation by Jacobi's functions cn, sn, dn, E.



Sub-Riemannian problem on SE(2):
special extremal trajectories

Y
\/

Parameterisation by elementary functions.



Maxwell points on extremal trajectories:
optimality loss




Optimal trajectories

x1 # 0, y1 =0, 6 =0




Optimal trajectories

Xl#oa )/1:0, 61:77



Optimal trajectories

x1 =0, y1 #0, th =0

— -



Maxwell set

Max = {gq1 € G| 3 > 1 optimal trajectories q(-) : q(t1) = g1}




Sub-Riemannian metric and spheres

d(qo,q1) = inf{/(q(-)) | 9(0) = qo, q(t1) = a}
Sk ={g9€ G|d(q,q) =R}

R=0 = Sgr={q}

Re(0,7) = Sg=S?

R=r = Sg~S%/{N=S5)

R>n = Sp=T?



Global structure of sub-Riemannian spheres in SE(2)
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Reconstruction of corrupted curve
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Reconstruction of corrupted curve
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Parallel software tOptimallnpainting
for corrupted images reconstruction

/// ;, S
//o

%

4/::._ :

/%

Time quantzation = (20000




Original, corrupted, and reconstructed

grayscale image




Original, corrupted, and reconstructed

binary image
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Problem 1: non-uniqueness of level sets




Problem 2: cusp points




Problem 3: extraction of isophotes (level lines of brightness)
from half-tone image

Problem 4: critical points of brightness



Image inpainting via hypoellpitic diffusion on PTR?
Corrupted image | : D\ Q — [0, 4+00)
1. Smoothing f = I * G,:
f(x,y) = [Jp2 1(X,¥) Go(x =X,y —y) dx dy,
Go(x,y) = 55z exp (Jzﬂz)
2. Lift f : R2 5 Rto f : PTR? - R:
- {f(x,y), if 6 is the slope of {f = const},

Flxy. 0) = 0 else

3. Hypoelliptic (anisotropic) diffusion
0e(g. t) = (X{ + X3)(q, 1),
®(q,0) = f(q)

4. Projection to R?:

fx,y) = max d(x,y,0,T).



Isotropic diffusion in R3
e Heat equation
O d(x,y,z,t) = (02 + 5)% +92)d(x,y,z, t),
d(x,y,2z,0) = ¢(x,y, z).
e Fundamental solution (heat kernel)

atg(xa)/7z> t) - (8)2< +a}2/ +6§)5(x,y,z, t) = 5(X7)/7z> t)a

o(t x? +y?+ 22
E(x,y,z,t) = (2(\/7%)3exp <_4t> ,
d=p=x&.
e Propagation of isotropic diffusion along Riemannian geodeics
X u
)7 = (7)) = u16x + Uzay + U3az,
z u3

/ u? + u3 + u3 dt — min.



Anisotropic diffusion in PTR?

e PDE of anisotropic diffusion
0:9(q,t) = (X{ + X3)(q, t),
®(q,0) =¢(q), g=(x,y,0) € PTR> =R*> x P".
e Fundamental solution (kernel of anisotropic diffusion)
0:£(q,t) = (X7 + X3)E(q,t) = 8(q. 1),

E(g,t)=...,
d=pxE.

e Propagation of anisotropic diffusion along sub-Riemannian
geodeics

g = u1X1(q) + u2Xa2(q),

/\/uf—l—ugdt—)min.



Anisotropic diffusion: experiments




Anisotropic diffusion: experiments




Anisotropic diffusion: experiments
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