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�Ǒ����������� ���������� �������� ��������� �Ǒ���������� Ǒ������������ ��������.�. � çª®¢1. �¢¥¤¥¨¥. � áá¬®âà¨¬ á«¥¤ãîéãî ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã:_x = (A+ uB)x; (1)£¤¥ x ∈ R

n,A ¨B { ¯®áâ®ïë¥ ¢¥é¥áâ¢¥ë¥ n× n ¬ âà¨æë, u: R → R{ ªãá®ç®-¯®áâ®ï®¥ ¥®£à ¨ç¥®¥ ã¯à ¢«¥¨¥.�«ï «î¡®© â®çª¨ x ∈ R
n ®¡®§ ç¨¬ç¥à¥§R(x) ¬®�¥áâ¢® ¢á¥å â®ç¥ª¢ R

n, ¤®áâ¨�¨¬ëå ¨§ x §  ¯à®¨§¢®«ì®¥ ¥®âà¨æ â¥«ì®¥ ¢à¥¬ï, â.¥.R(x) = {(T ) : (·) { âà ¥ªâ®à¨ï á¨áâ¥¬ë (1); (0) = x; T > 0}:Ǒ®«®�¨â¥«ìë© ®àâ â R
n+ ¨ ®âªàëâë© ¯®«®�¨â¥«ìë© ®àÄâ â ◦

R
n+ ®¯à¥¤¥«¨¬ à ¢¥áâ¢ ¬¨

R
n+ = {x ∈ R

n : x > 0}; ◦

R
n+ = {x ∈ R

n : x > 0}:�«¥¤ãîé¥¥ ®¯à¥¤¥«¥¨¥ ¡ë«® ¯à¥¤«®�¥® �.�. �ãâ¡¨ ¢ [1℄:�¯à¥¤¥«¥¨¥ 1. �¨áâ¥¬  (1)  §ë¢ ¥âáï ã¯à ¢«ï¥¬®© ¢ ¯®«®�¨Äâ¥«ì®© ®àâ â¥, ¥á«¨ ¤«ï «î¡®£® x ∈ R
n+ \ {0} ¨¬¥¥¬R(x) ⊃ ◦

R
n+.� [1℄ ®â¬¥ç¥®, çâ® á¢®©áâ¢® ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (1) ¢ ¯®«®�¨Äâ¥«ì®¬ ®àâ â¥ ¨¬¥¥â á¬ëá«à áá¬ âà¨¢ âì, «¨èì ¥á«¨ ¢á¥ âà ¥ªâ®à¨¨íâ®© á¨áâ¥¬ë,  ç¨ îé¨¥áï ¢R

n+ \ {0}, ¥ ¢ëå®¤ïâ ¨§ íâ®£® ¬®�¥áâ¢ ,â.¥. ª®£¤ ¢á¥ ¢¥¤¨ £® «ìë¥ í«¥¬¥âëA = (aij) ¥®âà¨æ â¥«ìë¨B ¤¨ £® «ì : B = diag(b1; : : : ; bn): (2)©�.�. � çª®¢ 1995



420 �.�. �������¤ ®© à ¡®â¥ ¨§ãç ¥âáï ¢®¯à®á ®¡ ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (1) ¢ ¯®Ä«®�¨â¥«ì®¬ ®àâ â¥ ¢ ¯à¥¤¯®«®�¥¨¨ ãá«®¢¨© (2) ¯à¨ n > 2. Ǒ®ª Ä§ ®, çâ® ¢ á«ãç ¥ ®¡é¥£® ¯®«®�¥¨ï ®â¢¥â   íâ®â ¢®¯à®á ®âà¨æ â¥«¥.�â® á«¥¤ã¥â ¨§ áãé¥áâ¢®¢ ¨ï £¨¯¥à¯®¢¥àå®áâ¥©, à §¤¥«ïîé¨å ◦

R
n+  ¤¢¥ ç áâ¨ ¨ ¯¥à¥á¥ª ¥¬ëå ¢á¥¬¨ âà ¥ªâ®à¨ï¬¨ á¨áâ¥¬ë (1) â®«ìª® ¢ ®¤Ä®¬  ¯à ¢«¥¨¨. Ǒ®«ãç¥ë© à¥§ã«ìâ â ï¢«ï¥âáï ®¡®¡é¥¨¥¬ âà¥åÄ¬¥à®£® à¥§ã«ìâ â   ¢â®à  ¢ [2℄.�«ïn = 2 íâ®â ¢®¯à®á ¡ë« ¨áá«¥¤®¢  ¯®«®áâìî�. � çç¨®ââ¨ ¢ [3℄.�¤¢ã¬¥à®¬á«ãç ¥¬®�¥áâ¢®¯ à¬ âà¨æ(A;B)ã¤®¢«¥â¢®àïîé¨å(2),¤«ï ª®â®àëå á¨áâ¥¬  (1) ã¯à ¢«ï¥¬  ¢ ¯®«®�¨â¥«ì®¬ ®àâ â¥, ¨¬¥¥â¥¯ãáâãî ¢ãâà¥®áâì ¨ ¥ ï¢«ï¥âáï ¢áî¤ã ¯«®âë¬.2. Ǒà¥¤¢ à¨â¥«ìë¥«¥¬¬ë. � áá¬®âà¨¬á ç « á«ãç ©®¡é¥£®¯®«®�¥¨ï, ª®£¤   ¨¡®«ìè¥¥ ¨  ¨¬¥ìè¥¥ á®¡áâ¢¥ë¥ç¨á« ¬ âà¨æëB ®â«¨çë ®â ¢á¥å ®áâ «ìëå:B = diag(b1; : : : ; bn); b1 < b2 6 · · · 6 bn−1 < bn: (3)� áá¬®âà¨¬ á«¥¤ãîéãî äãªæ¨î, ®¯à¥¤¥«¥ãî   ◦

R
n+:H(x) = n−1

∑i=2 xi1 xixdin ;£¤¥ ¯à¨ i = 1; : : : ; n ª®íää¨æ¨¥âë i ¨ di ®¯à¥¤¥«ïîâáï à ¢¥áâ¢ ¬¨i = bi − bnbn − b1 ; d1 = b1 − bibn − b1 :�â¬¥â¨¬ á«¥¤ãîé¨¥ á¢®©áâ¢  íâ¨å ª®íää¨æ¨¥â®¢:1 = dn = −1; n = d1 = 0;
−1 < i < 0; −1 < di < 0; i = 2; : : : ; n− 1;i + di = −1; i = 1; : : : ; n;b1i + bi + bndi = 0; i = 1; : : : ; n: (4)



�Ǒ����������� ���������� ������ �� ��������� �Ǒ��������� 421�¥¬¬  2.1. Ǒãáâì ¢ë¯®«¥ë ãá«®¢¨ï (3). �®£¤  äãªæ¨ï H(x)ï¢«ï¥âáï ¯¥à¢ë¬ ¨â¥£à «®¬ ãà ¢¥¨ï _x = Bx ¢ ◦

R
n+.�®ª § â¥«ìáâ¢®. �ëç¨á«¨¬ ¯à®¨§¢®¤ãîH(x) ¢ á¨«ã íâ®£® ãà ¢Ä¥¨ï. � á¨«ã à ¢¥áâ¢  (4):dHdt = n−1

∑i=2 (ib1 + bi + dibn)xi1 xixdin ≡ 0:�â ª, ¢¥ªâ®à®¥ ¯®«¥ Bx ª á ¥âáï «î¡®© £¨¯¥à¯®¢¥àå®áâ¨
{H(x) = C} ¢® ¢á¥å ¥¥ â®çª å ◦

R
n+. � ¯à ¢«¥¨¥ ¯¥à¥á¥ç¥¨ï £¨Ä¯¥à¯®¢¥àå®áâ¨ {H(x) = C} ¯®«¥¬ Ax ®¯à¥¤¥«ï¥âáï § ª®¬ äãªæ¨¨f(x) = 〈gradH(x); Ax〉:�¥¬¬  2.2. Ǒãáâì n > 2,A = (aij) { n× n¬ âà¨æ  â ª ï, çâ®:a1n > 0; an1 > 0;a1j > 0; anj > 0; a1j + anj > 0; j = 2; : : : ; n− 1:Ǒãáâìâ ª�¥¢ë¯®«¥® ãá«®¢¨¥ (3). �®£¤  ¯à¨ ¤®áâ â®ç® ¡®«ìè¨åC ¢ë¯®«¥® ¥à ¢¥áâ¢®

(f(x)∣∣H(x)=C) < 0:�®ª § â¥«ìáâ¢®. �¢¥¤¥¬®¤®à®¤ë¥ª®®à¤¨ âëu= (u2; : : : ; un):ui = xi=x1, i = 2; : : : ; n, ¨, ªà®¬¥ â®£®, ¯®«®�¨¬ u1 ≡ 1. � ®¢ëå ª®®àÄ¤¨ â å ¨¬¥¥¬:f(u) = n−1
∑i=2 n

∑j=1ujudin (ia1jui + aij + dianj uiun); H(u) = n−1
∑i=2 uiudin :�ë å®â¨¬ ¯®ª § âì, çâ®¤«ï ¤®áâ â®ç® ¡®«ìè¨åC (f(u)∣∣H(u)=C) < 0: (5)



422 �.�. �������¥£ª® ¢¨¤¥âì, çâ®f(u) = P1(u) +N1(u) + P2(u) +N2(u) + P3(u) +N3(u);£¤¥ Ni(u) { ®âà¨æ â¥«ìë¥ ç«¥ë,   Pi(u) { ç«¥ë á ¥®¯à¥¤¥«¥ë¬§ ª®¬:N1(u) = a1n n−1
∑i=2 iuiudi+1n ; N2(u) = an1 n−1

∑i=2 diuiudi−1n ;N3(u) = n−1
∑i;j=2(ia1juiujudin + dianjuiujudi−1n );P1(u) = a11 n−1

∑i=2 iuiudin ; P2(u) = n−1
∑i=2 n

∑j=1 aijujudin ;P3(u) = ann n−1
∑i=2 diuiudin :�®ª �¥¬ ãâ¢¥à�¤¥¨¥ (5), à §¤¥«ïï ®¡« áâì ¨§¬¥¥¨ï u   âà¨ç áâ¨ ¨ ¤¥« ï ¥®¡å®¤¨¬ë¥ ®æ¥ª¨ ¢ ª �¤®© ç áâ¨.�) � ç «  ¤®ª §ë¢ ¥¬, çâ®

∃ " > 0 ∀C > 0 (f(u)∣∣H(u)=C;un<") < 0:�¥©áâ¢¨â¥«ì®, ¤«ï ¬ «ëå un § ª (f(u)|H(u)=C) ®¯à¥¤¥«ï¥âáï ç«¥®¬N2(u): «¥£ª® ¢¨¤¥âì, çâ®Pk(u) = o(N2(u)); un → 0; k = 1; 2; 3:�) � â¥¬ ¤¥« ¥¬   «®£¨çë¥ ®æ¥ª¨ ¤«ï ¡®«ìè¨å un, â.¥. ¯®ª §ë¢ Ä¥¬, çâ®
∃K > 0 ∀C > 0 (f(u)∣∣H(u)=C;un>K) < 0;¨á¯®«ì§ãï â®, çâ® ¯à¨ ¡®«ìè¨å un § ª (f(u)|H(u)=C) ®¯à¥¤¥«ï¥âáïç«¥®¬N1(u).�) Ǒ®á«¥ íâ®£® ¤®ª §ë¢ ¥¬, çâ®

∀ " > 0 ∀K > 0 ∀ ¤®áâ â®ç® ¡®«ìè¨å C (f(u)∣∣H(u)=C;"6un6K) < 0:�¥©ç á £« ¢ë¬ ï¢«ï¥âáï ç«¥N3(u): ¯à¨ " 6 un 6 K ¨ ¤®áâ â®ç®¡®«ìè¨å C ¢á¥ ç«¥ë Pk(u), k = 1; 2; 3, ¯®¤ ¢«ïîâáï ®âà¨æ â¥«ìë¬ç«¥®¬N3(u).�¥¯¥àì (5) ®ç¥¢¨¤® á«¥¤ã¥â ¨§ �), �), ¨ �).



�Ǒ����������� ���������� ������ �� ��������� �Ǒ��������� 4233. �á«®¢¨ï ¥ã¯à ¢«ï¥¬®áâ¨. � íâ®¬ à §¤¥«¥ ¤ îâáï ¤¢  ãá«®Ä¢¨ï, ¤®áâ â®çë¥¤«ï¥ã¯à ¢«ï¥¬®áâ¨á¨áâ¥¬ë(1)¢¯®«®�¨â¥«ì®¬®àÄâ â¥. Ǒ¥à¢ë© à¥§ã«ìâ â ®å¢ âë¢ ¥â á«ãç © ®¡é¥£® ¯®«®�¥¨ï:�¥®à¥¬ 3.1. Ǒãáâìn > 2 ¨ ¢ë¯®«¥ë ãá«®¢¨ï (2). Ǒãáâìâ ª�¥¨¬¥îâ¬¥áâ® á«¥¤ãîé¨¥ ¥à ¢¥áâ¢ :a1n > 0; an1 > 0;a1j + anj > 0; j = 2; : : : ; n− 1;b1 < b2 6 · · · 6 bn−1 < bn:�®£¤  á¨áâ¥¬  (1) ¥ ï¢«ï¥âáï ã¯à ¢«ï¥¬®© ¢ ¯®«®�¨â¥«ì®¬ ®àÄâ â¥.�®ª § â¥«ìáâ¢®. �«ï ¢á¥å ¤®áâ â®ç® ¡®«ìè¨å C £¨¯¥à¯®¢¥àåÄ®áâì{H(x) = C} ¯¥à¥á¥ª ¥âáï ¢á¥¬¨âà ¥ªâ®à¨ï¬¨ á¨áâ¥¬ë (1) â®«ìª®¢ ®¤®¬ ¯à ¢«¥¨¨ {  ¯à ¢«¥¨¨ã¡ë¢ ¨ïH(x) (á¬. «¥¬¬ë2.1 ¨ 2.2).�®ª �¥¬ ¥é¥ ®¤® ãá«®¢¨¥, ¤®áâ â®ç®¥ ¤«ï ¥ã¯à ¢«ï¥¬®áâ¨; ®®ª á ¥âáï ¥ª®â®àëå ¢ëà®�¤¥ëå á«ãç ¥¢, ¥ ®å¢ ç¥ëå ãá«®¢¨ï¬¨â¥®à¥¬ë 3.1.�¥®à¥¬  3.2. Ǒãáâì n > 2 ¨ ¢ë¯®«¥ë ãá«®¢¨ï (2). Ǒãáâì ¤«ï¥ª®â®àëå i, j, â ª¨å çâ® 1 6 i < j 6 n, ¨¬¥¥¬:bi = bj ;(∀ k 6= i aik > 0) ¨«¨ (∀ k 6= j ajk > 0):�®£¤  á¨áâ¥¬  (1) ¥ ï¢«ï¥âáï ã¯à ¢«ï¥¬®© ¢ ¯®«®�¨â¥«ì®¬ ®àÄâ â¥.�®ª § â¥«ìáâ¢®. Ǒà¥¤¯®«®�¨¬, çâ® ¢ë¯®«¥® ¯¥à¢®¥ ãá«®¢¨¥,(∀ k 6= i aik > 0); ¥á«¨ ¢ë¯®«¥® ¢â®à®¥, § ¬¥¨¬ j   i.� áá¬®âà¨¬ äãªæ¨îG(x) = xj=xi ¨ ¯®ª �¥¬, çâ® ¯à¨ ¤®áâ â®ç®¡®«ìè¨åC £¨¯¥à¯«®áª®áâì{G(x) = C} ¯¥à¥á¥ª ¥âáï ¢á¥¬¨ âà ¥ªâ®à¨Äï¬¨ á¨áâ¥¬ë (1) ¢ ◦

R
n+ â®«ìª® ¢ ®¤®¬  ¯à ¢«¥¨¨.�¥©áâ¢¨â¥«ì®, ¯®«¥ Bx ª á ¥âáï £¨¯¥à¯«®áª®áâ¨ {G(x) = C} ¢á¨«ã à ¢¥áâ¢  bi = bj . � ¯à ¢«¥¨¥ ¯¥à¥á¥ç¥¨ï íâ®© £¨¯¥à¯«®áª®áÄâ¨ ¯®«¥¬ Ax ®¯à¥¤¥«ï¥âáï § ª®¬ äãªæ¨¨p(x) = 〈gradG(x); Ax〉:



424 �.�. �������¢¥¤¥¬ ®¤®à®¤ë¥ ª®®à¤¨ âë: v = (v1; : : : ; vi−1; vi+1; : : : ; vn), £¤¥vk = xk=xi ¯à¨ k 6= i. � íâ¨å ª®®à¤¨ â å ¨¬¥¥¬:G(v) = vj ;p(v) = ∑k 6=i;j(ajk −G(v)aik)vk + aji + ajjG(v) −G(v)aii −G2(v)aij :�¥â®¤®¬, ¯à¨¬¥¥ë¬ ¢ «¥¬¬¥ 2.2, «¥£ª® ¯®ª §ë¢ ¥âáï, çâ® ¤«ï¤®áâ â®ç® ¡®«ìè¨å C ¨¬¥¥¬
(p(v)∣∣G(v)=C) < 0:Ǒ®íâ®¬ã ¤«ï ¤®áâ â®ç® ¡®«ìè¨å C ¢á¥ âà ¥ªâ®à¨¨ á¨áâ¥¬ë (1) ¯¥Äà¥á¥ª îâ £¨¯¥à¯«®áª®áâì {G(x) = C} ¢ ◦

R
n+ â®«ìª® ¢ ®¤®¬  ¯à ¢«¥Ä¨¨ {  ¯à ¢«¥¨¨ ã¡ë¢ ¨ïG(x).�®âï ¯à¨ n > 2 ¯®çâ¨ ¢á¥ á¨áâ¥¬ë (1), ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬(2), ¥ ï¢«ïîâáï ã¯à ¢«ï¥¬ë¬¨ ¢ ¯®«®�¨â¥«ì®¬ ®àâ â¥, ¯à¨ n = 3¬®�®¯à¨¢¥áâ¨¯à¨¬¥àëâ ª¨åã¯à ¢«ï¥¬ëå¢¯®«®�¨â¥«ì®¬®àâ â¥á¨áâ¥¬ ¨ ¢®®¡é¥ ¤ âì ¥ª®â®àë¥ ¤®áâ â®çë¥ ãá«®¢¨ï ã¯à ¢«ï¥¬®áâ¨(ª á îé¨¥áï «¨èì ¢ëà®�¤¥ëå á«ãç ¥¢).�¢â®à ¢ëà � ¥â ¡« £®¤ à®áâì ¯à®ä¥áá®àã�.�. �¨«¨¯¯®¢ã §  ¢¨Ä¬ ¨¥ ª à ¡®â¥.�áâ¨âãâ Ǒà®£à ¬¬ëå �¨áâ¥¬ ��� Ǒ®áâã¯¨«®25.05.94�Ǒ���� ������������ ����������[1℄ Boothby W.M. Some omments on positive orthant ontrollability ofbilinear systems // SIAM J. Control Optim. 1982. V. 20. ò5. P. 634{644.[2℄ � çª®¢ �.�. �¯à ¢«ï¥¬®áâì ¤¢ã¬¥àëå ¨ âà¥å¬¥àëå ¡¨«¨¥©ëåá¨áâ¥¬ ¢ ¯®«®�¨â¥«ì®¬ ®àâ â¥ // �¨ää¥à¥æ. ãà ¢¥¨ï. 1993. �. 29.�. 361{363.[3℄ Baiotti A. On the positive orthant ontrollability of two-dimensionalbilinear systems // Systems and Control Lett. 1983. V. 3. P. 53{55.


