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Abstract

The classical Euler’s problem on optimal configurations of elastic rod
in the plane with fixed endpoints and tangents at the endpoints is consid-
ered. The global structure of the exponential mapping that parameterises
extremal trajectories is described. It is proved that open domains cut out
by Maxwell strata in the preimage and image of the exponential map-
ping are mapped diffeomorphically. As a consequence, computation of
globally optimal elasticae with given boundary conditions is reduced to
solving systems of algebraic equations having unique solutions in the open
domains. For certain special boundary conditions, optimal elasticae are
presented.
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1 Introduction

This work is devoted to the study of the following problem considered by Leon-
hard Euler [5,7]. Given an elastic rod in the plane with fixed endpoints and
tangents at the endpoints, one should determine possible profiles of the rod
under the given boundary conditions. FEuler’s problem can be stated as the
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following optimal control problem:

& = cosb, (1.1)
y =sinb, (1.2)
0 = u, (1.3)
q:(w,y,H)EM:Rinyel, u € R, (1.4)
q(0) = g0 = (0, Y0,60), q(t1) = q1 = (21,91,01), t fixed,  (1.5)
J= ;/Otl u?(t) dt — min. (1.6)

where the integral J evaluates the elastic energy of the rod (x(t),y(t)).

This paper is an immediate continuation of the previous works [10,11], which
contained the following material: history of the problem, description of attain-
able set, proof of existence and boundedness of optimal controls, parameterisa-
tion of extremals by Jacobi’s functions, description of discrete symmetries and
the corresponding Maxwell points, bounds on cut time and conjugate time. In
this work we widely use the notation, definitions, and results of work [10, 11].

The upper bound of cut time on extremal trajectories via Maxwell points
obtained in [10,11] allows to get rid of necessarily non-optimal candidates in the
search of optimal trajectories. There were left open questions on the number of
remaining candidates for optimal trajectories, and on the number of optimal tra-
jectories with given boundary conditions. This paper answers these questions.
We show that for generic boundary conditions there remain two candidates for
optimal trajectories that satisfy the upper bound on cut time obtained in [10,11].
We prove that the search of these two candidates can be reduced to solving sys-
tems of algebraic equations having unique solutions in certain domains. After
these candidates are computed, it remains to compare their costs and find the
trajectory with the smallest cost. For generic boundary conditions (where the
costs of two candidates differ one from another) there is a unique optimal tra-
jectory. If the two candidates have the same cost, then there are two optimal
trajectories with the given boundary conditions.

Further, we consider several families of special boundary conditions and
specify optimal trajectories for them. Examples of boundary conditions with
1, 2, and 4 optimal trajectories are presented. We believe no other numbers
of optimal trajectories occur, although additional study is required in order to
clarify this point.

The structure of this paper is as follows. In Sec. 2 we recall some necessary
results of the previous works [10,11]. In particular, we recall definition of the
exponential mapping that parameterises endpoints of extremal trajectories at
a given instant of time. In Sec. 3 we introduce decompositions of preimage
and image of the exponential mapping into certain open domains and their
boundary, and prove some topological properties of this decomposition. In Sec. 4
we show that restriction of the exponential mapping to these open domains is
a diffeomorphism, which guarantees unique solvability of algebraic equations
for candidates for optimal trajectories. In Sec. 5 we describe the action of the



exponential mapping on the boundary of the diffeomorphic domains. Finally,
in Sec. 6 we describe optimal trajectories for various boundary conditions.

This paper completes our planned study of Euler’s elastic problem via geo-
metric control techniques [2]. The theoretical analysis describes the structure
of optimal solutions and yields effective computation algorithms for numerical
evaluation of these solutions for given boundary conditions. We believe that the
approach developed in the study of Euler’s problem would be useful for other
symmetric optimal control problems, e.g. invariant sub-Riemannian problems
on 3-D Lie groups [1], nilpotent sub-Riemannian problems [3,9], problems on
rolling sphere [8], and others.

2 Previous results on Euler’s problem

In this section we recall some necessary results of the previous works [10,11].

By virtue of parallel translations and rotations in the plane Ri,y (prob-
lem (1.1)—(1.6) is left-invariant on the group of motions of the plane), we can
assume that

q0 = (0,%0,00) = (0,0,0). (2.1)

Moreover, due to the following one-parameter group of symmetries (dilations in
the plane R2  ):

(z,y,0,t,u,t1,J) — (5;,;;,9”, L, by, J) = (e%x, ey, 0, e’t, e u, e’ty, e ),
(2.2)
we can assume that the terminal time (length of elastica) is t; = 1.
Attainable set of system (1.1)—(1.4) from the point go = (0,0,0) for time
t=1is

see Th. 4.1 [10]. For any ¢; € A, there exists an optimal trajectory that satisfies
Pontryagin maximum principle (Th. 5.3 [10]).

It was shown in [10] that abnormal extrtemal trajectories are projected to
straight lines in the plane (z,y), thus they are optimal. Although, these tra-
jectories are simultaneously normal, thus we can restrict ourselves by normal
trajectories.

Denote the vector fields in the right-hand side of system (1.1)—(1.3) and their
Lie bracket:

X3 = [Xl,XQ] = sin@i—COSHi.

X4 =cos9i+sim€i 4 B y

Xy = —
x oy’ 2700

Consider the corresponding Hamiltonians, linear on fibers in the cotangent bun-
dle T*M:
hl()‘):<>‘aXl>v )‘GT*Ma 1=1,2,3.



The normal Hamiltonian of Pontryagin maximum principle for the elastic prob-

1
lem is H = hy + ghg, and the corresponding normal Hamiltonian system of
PMP reads

hy = —hahs,
ha = ha,

hs = hihs,

g = X1+ haXo.

A=H(\) & (2.3)
The vertical subsystem of system (2.3) has an obvious integral:
h? 4+ h% = r* = const > 0,

and it is natural to introduce the coordinates

hi = —rcosf3, hsy = —rsin 3, hs = c.
Then the normal Hamiltonian system (2.3) takes the following form:
G-
¢ = —rsinfg,
7 =0,
T = cosb,

7 = sin 6,
0=c.

The total energy of the equation of pendulum

0 (2.5)

=.
I

B:c, ¢ = —rsinf,
is
2
E= 5 rcos 3 € [—r, +00). (2.6)

The normal Hamiltonian system (2.4) was integrated in [10].
The time ¢ exponential mapping for the problem is defined as follows:

Exp, : N=T.M — M,  Exp,(Ao) = 7o (N) = q(t).

We will denote the exponential mapping for time ¢; = 1 as Exp.
Preimage NN of the exponential mapping admits the following decomposition



into disjoint subsets:

7
N=|]|N, (2.7)
=1
Ni={ANeN|r#£0, E€(-rr)}, (2.8)
No={NeN|r#0, E€ (r,+00)} = N UN;, (2.9)
N3={ANeN|r#0, E=r, B#7}=NUN;, (2.10)
Ny={AeN|r#0, E=—r}, (2.11)
Ns={ANeN|r#0, E=r, B=m}, (2.12)
Ne={NeN|r=0, c#0} =N UNg, (2.13)
Nz ={AeN|r=c=0}, (2.14)
NE=N,n{Ae N|sgnc=+1}, =2, 3,6. (2.15)

In Sec. 7 [10] were introduced elliptic coordinates (¢, k,r) in the domain
N; U N3 U N3 which rectify the flow of pendulum (2.5):

p=1, k=7=0. (2.16)

These coordinates have the following ranges:

A= (p,k,r)eNy = r>0, ke (0,1), peR (mod4K/r),
A= (p,k,r) €Ny = r>0, ke (0,1), ¢€R (mod2Kk/\r),
A=(p,k,r)eENs = r>0, k=1, peR,

where K (k) is the complete elliptic integral of the first kind [13].
Further, in [10] were introduced coordinates (p, 7, k) in the domain Ny UNaU
N3 as follows:

1

AeEN, = p:g>o7 T\/i(@+2>eR (mod 4K), k€ (0,1),
1

AEN, = p:§>07 T:\/k;(<p+2>€R (mod 2K), k€ (0,1),

1
AEN; = p=§>07 T:\/F<¢+2>ER7 E=1.

In [10,11] was obtained the upper bound (3.1) of the cut time

teus = sup{t1 > 0| extremal trajectory ¢(t) is optimal on [0,#1]}



in terms of the following function:

t: N — (0,+o0], A= t(N), (2.17)

2
AEN = t= Wpl(k), (2.18)

, 2K (k), k€ (0, ko]
k) = 2K (k),pi(k)) = ’ ’ 2.19
pa(k) = min(2K (k) p} ) {p}(,{)’ o)
AeNy = t= Ko (k) = K (k) (2.20)
2 = ﬁm ; P1(k) = ; :
AeENg = t= 21,

lc]

AEN3UNL,UNsUN; =  t=+0c0. (221)
Here p = pi(k) is the first positive root of the equation

fi(p, k) = snp dnp — (2E(p) — p)enp =0, p € (K,3K), (2.22)

(see Propos. 11.6 [10]), where snp, cnp, dnp are Jacobi’s elliptic functions,
E(p) = [, dn®tdt, and ko is the unique root of the equation 2E(k) — K (k) = 0
(see Propos. 11.5 [10]). Here and below E(k) is the complete elliptic integral of
the second kind [13].

3 Decompositions in preimage and image
of exponential mapping

Existence of optimal controls implies that the mapping Exp : N — A is surjec-
tive. Theorem 5.1 [11] states that

YAEN  tew(N) < t(N). (3.1)

Thus for any A € N with t(\) < 1, the extremal trajectory ¢(t) = Exp,(A) is
not optimal at the segment ¢ € [0, 1]. Consequently, for any ¢; € A there exists

an optimal trajectory q(t) = Expt(X), A€ N, tel0,1], such that ¢(1) = ¢1, so
t(A\) > 1. Define the corresponding set
N={\xeN|t(\)>1}.

Then the mapping Exp : N Ais surjective.



3.1 Definition of decomposition in preimage
of exponential mapping

Introduce the following decomposition of the set N:
N=Nun/,
N={\xe U N/ |t(A\)>1, ecuntsnT #0},
N’ =N}_4UN,;UNsUNgU Ny,
N{ s={\c U N;|t(\)=1or ecn7sn7 =0},

Ng = NgN N.

Moreover, the set N naturally decomposes as follows:

» 4
N=|]|L,
=1

with the sets L; defined by Table 1.

Li| I Ly Ls L,
x| N N, N N,
7| (0,K) | (K,2K) | (2K,3K) | (3K,4K)
p | (0,p1) | (0,p1) | (0,p1) (0,p1)
k (0,1) (0,1) (0,1) (0,1)
A|ONT Ny, Ny Ny

7| 0,K) | (-K,00| (0,K) | (-K,0)
p| (0,K) | (0,K) | (0,K) (0, K)
k|l (01 | (0,1) | (01) (0,1)
AN Ny Ny Ny

7 | (0,400) | (—00,0) | (0,+00) | (—00,0)
p | (0,400) | (0,400) | (0,+00) | (0,+00)
k 1 1 1 1

Table 1: Definition of domains L;

(3.2)

(3.3)

(3.4)

Table 1 should be read by columns. For example, the first column means

that

Ly = (L1 " Ny) U (Ly N NS U (Ly N N5,

LiNn Ny ={(r,p,k) € N1 | 7 € (0, K(k)), p € (0,p1(k)), k€ (0,1)},
Lin NS ={(r,p,k) € Ny | 7€ (0,K), pe (0,K(k)), ke (0,1)},
Lin Ny ={(r,p,k) € Nj | 7 €(0,+00), p € (0,+00), k= 1}.

Decomposition (3.4) is schematically shown at Fig. 1. At this figure the
horizontal plane is the state space of pendulum (2.5), the vertical separating
planes are defined by equations sn7 = 0, cn7 = 0, the vertical axis is p, and
the upper surface is defined by the equation t(\) = 1.



Figure 1: Decomposition in N

3.2 Auxiliary lemmas

Lemma 3.1. Let k € (0,1), and let p = pi(k) be the root of equation (2.22).
Then

pe(0,p1) = filp) >0,
pe(p1,3K) = fi(p) <O.

Proof. The function g1 (p) = fi(p) is increasing at each interval (K +2Kn, 3K+
cnp

9 2 d 2 3
2Kn), n € Z, since G BLPMP 5 ). We have g1(p) = LA o(p?) as
op cn?p 3

p — 0,50 g1(p) > 0 for p € (0, K), thus f1(p) > 0 for p € (0,p}). Further, the
function g1 (p) changes sign at pi, thus fi(p) changes its sign at pi as well. [0

Lemma 3.2. The function p = pi(k), k € (0,1), defined by (2.22) satisfies the
following properties:

(1) pi(k) is continuous on the interval (0, 1),
(2) pi(k) is smooth on the intervals (0, ko) U (ko,1).
Proof. Follows by the implicit function theorem. O

A plot of the function pi (k) is given in Fig. 2. Notice the vertical tangent at
the point (k,p) = (ko, 2K (ko)), ko ~ 0.902, and the vertical asymptote k = 1.

Corollary 3.1. The function p; : (0,1) — (0,+00) given by (2.19) is continu-
ous.
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Figure 2: Plot of the function p} (k) Figure 3: Plot of the function
am(py (k), k)

Proof. For k € [kg, 1), the function p; (k) = pi(k) is continuous by Lemma 3.2.
And for k € (0, ko], the function p; (k) = 2K (k) is continuous as well. O

Lemma 3.3. Consider sequences k™ € (0,1), k™ — 1 —0 and p" € (0, K(k™)),
p" — 4o00. Then am(p™, k™) — w/2 as n — oo.

Here and below am(p, k) is Jacobi’s amplitude [13].

Proof. On any converging subsequence of the sequence u™ = am(p", k") €
(0,7/2) we have u"m — @ € [0,7/2]. If u < 7/2, then p"™ = F(u"m k"m) —
F(u,1) < +00, a contradiction. O

Define the function ui(k) = am(pi(k),k). By definition (2.22) and Pro-

pos. 11.6 [10], the function u = ui(k) is the first positive root of the equation

fulu, k) =sin uV/1 — k?sin®u — cos u(2E(u, k) — F(u, k)),
moreover,
ke (0,ko) = wuie€ (3r/2,7),
k=ky = wuj=m,
ke (ko) = ule(mn/2).
Lemma 3.4. The function ui(k) satisfies the following properties:
(1) ui(k) decreases as k € (ko, 1),
(2) limg_1_oui(k) =7/2.
Proof. (1) For k € (ko,1), u € (7/2,7) we have

12
Wul it g
du |; o cos u
0 fu 77\/17k251n2u sinu — cosu F(u, k) <0
Ok |p_o 2k(1 — k2) ’



thus
duy  0f./0k
dk — Of./Ou
(2) The function u} (k) is decreasing for k € (ko, 1), thus there exists a limit
limg .1 oui(k) = @ € [r/2,7). Assume by contradiction that @ > 7/2. Then
for any € > 0 the domain {(u,k) € R? | u € (u,i+¢), k € (1 —¢,1)} contains
points such that f,(u, k) = 0. On the other hand, we have:

F(u,k) > klirln 0F(7T/2, k) = 400

<0

lim
(u,k)—(a,1-0)
lim w(u, k) = —o0,
(uyk)—>(ﬂ71—0)f (k)
a contradiction. O

A plot of the function ui (k) is given in Fig. 3. Notice the vertical tangents
at the points (u, k) = (7, ko) and (u, k) = (7/2,1).

Denote by R the completed real hne [—00, +00] = {—oc0} URU {+00}, with
the basis of topology consisting of intervals (a, b) and completed rays [—o0, b),
(a,+o0] for a,b € R. In the following lemmas we consider a continuous function
from a topological space to the topological space R.

Lemma 3.5. The function t : N1 U Ny U N3 — R given by (2.17)—(2.21) is
continuous.

Proof. Notice first that the set
NiUN;UNs ={A€ N |r>0, (8,c) #(0,0), (m,0)}

is open.

If X € Ny, then the function t(\) = 2p;(k)/+/r is continuous by Cor. 3.1.

If A € Ny, then the function t(\) = 2kK (k)/+/r is continuous as well.

Let A = (p,k,r) € N3, k =1, and let A\, — X as n — oo. We show that
t(A\n) — t(A\) = +oo.

1) Let A, = (pn, kn, ) € Ny for all n € N. Then k,, — 1, thus K(k,) —
+o00, so (K(ky),2K(ky)) > pi(k,) — +oo; moreover, r,, — T as n — o0.
Consequently, t(A\,) = 2p1(ky)/\/Tn — +00.

2) Let A\, = (¢n,kn,rn) € Nz for all n € N, then similarly t(\,) =
2k, K (ky)/\/Tn — +00.

3) Let A\,, € N3 for all n € N, then t(A,) = 400 — +o0.

Thus for any sequence A\, € Ny U No U N3 with A\, — XA € N3 we have
t(\,) — 400, so the function t is continuous on Njs. O

Define the following subset in the preimage of the exponential mapping:
Ki={A=(8,¢,1) e N|B€(0,m), ¢>0, r>0, t(A) >1}.
Lemma 3.6. The set K is open.

Proof. The set K1 C N1UN3UN3 is determined by a system of strict inequalities
for continuous functions, thus it is open (the function t(A) is continuous by
Lemma 3.5). O

10



3.3 Properties of decomposition in preimage
of exponential mapping

In this subsection we prove some topological properties of decomposition (3.4).
Lemma 3.7. The set Ly is open.

Proof. Consider the vector field P = ca% — rsin 6% € Vec(N) determined by
the equation of pendulum (2.5). We show that

L1 = 671/213(K1)7 (39)

where e=1/2P . N — N is the flow of the vector field P for the time —1/2.
Since energy (2.6) is an integral of pendulum, then PE = 0, thus eZ(N;) =
N;, i = 1,2,3. Further, the coordinates (@, p, k) rectify the flow of the vector
field P (see (2.16)), so in these coordinates P = é%. Since
LiNN; = {)\ e N ‘ (RS (—1/2,K/\/77“— 1/2), pE (0,p1(/€)), ke (0,1)},
KiNnNy={Ae N, |pe€(0,K/Vr), pe (0,pi(k)), ke (0,1)},

it is obvious that L1 N Ny = 6—1/213([(1 N Nyp).
Similarly it follows that L; N N; = e~ /2P (K, N N;) for i = 2, 3.
Then equality (3.9) follows. Since the set K; is open and the flow e~
N — N is a diffeomorphism, then the set L is open as well. O

1/2P .

Lemma 3.8. The set L1 is arcwise connected.

Proof. 1t is obvious from equalities (3.6)—(3.8) that the sets L1 N N;, i = 1,2,3,
are arcwise connected. Since any point in L; N N3 can be connected with some
close points in Ly N Ny and L; N Ny by a continuous curve, then the set Ly is
arcwise connected. O

In Sec. 9 [10] were defined discrete symmetries of the elastic problem —
reflections ¢!, €2, €3 that act both in preimage and image of the exponential
mapping, and commute with it. Now we recall the conctruction of these sym-
metries.

First the action of reflections on the normal extremal trajectories

e {qs = (057‘r57y8) ‘ s € [O,t}} = {q; = (vaxéﬂy;) | s € [Oat]}

is defined as follows:

1 .
1 _ Ty \ cost; sinb, Ty — Li—g
(1) 05 =0es = ( Us ) - ( —sinb; cosd, ) ( Yt = Ye-s >
2 .
oo x5\ [ cosfy —sinb; Ty — Li—_s
(2) 95 _et Qt,& ( yf ) - ( Sinet COSGt ) ( Yis — Ut )7

11



@a=-o. (5)=(")

Modulo inversion of time on elasticae and rotations of the plane (z,y), the action
of the reflections €’ on the elastica {(zs,ys) | s € [0,]} have the following visual
meaning: ¢! is the reflection of elastica in the center of its chord; €2 is the
reflection of elastica in the middle perpendicular to its chord; &3 is the reflection
of elastica in its chord.

Further, in work [10] action of the reflections was continued to the preimage
N and image M of the exponential mapping. The reflections act in N as follows:

Ei : <ﬁ7c7r> = (5iaci7r)7

where (8,¢,7) = (Bo, co,7), (B, c',7) = (Bi,ci,r) are the initial points of the
vertical parts of extremals (B3s,cs,r) and (8%, ci,r). The explicit formulas for
(B¢, ct) are as follows:

(B8, ¢") = (B, —er), (3.10)
(6%,¢%) = (=B, o), (3.11)
(8%, ¢%) = (=0, —co)- (3.12)

Action of reflections in the state space M = Ri)y x S4 as the action on endpoints
of extremal trajectories

e M — M, & : qtr—>qf,
with the following explicit formulas for this action:

—0
— xcosf + ysinf , (3.13)
—xsinf + ycos 6

0
xcosf +ysing |, (3.14)
xsinf — ycos
—0
— x |. (3.15)
-y

™
L E IR DTIERE D

It was proved in Proposition 9.2 [10] that thus defined reflections € commute
with the exponential maping Exp,.

Lemma 3.9. (1) The mappings € : N — N, i = 1,2,3, are diffeomor-
phisms.

(2) The reflections €' permute the sets L;j as shown by Table 2.

12



L; | Li| Ly | Ls | La
61(Lj) Lg L1 L4 L3
52(Lj) L4 Lg L2 L1
63(Lj) L3 L4 L1 L2

Table 2: Action of £ on L,

Proof. (1) By virtue of (3.10), we have ¢! : (8,¢,7) — (B1,—c1,7), where
ef(B,¢,7) = (B1,c1,7). Since ef’ is smooth, then e! is smooth as well. Moreover,
we have e! o ¢! = Id, thus €' is a diffeomorphism. Similarly, €2 and £ are
diffeomorphisms by virtue of (3.11) and (3.12).

(2) The reflection ¢! preserves the coordinates k, p and acts as follows on

the coordinate 7 of a point A = (p, 7, k) € Ny U Ny U Ns:

AeN, = ¢el:i7—2K -1,

AeEN,UNs = &l':7 -1

Thus e'(Ly N N;) = Lo N Ny, i = 1,2,3. So (L) = Lo.

Similarly one proves the remaining entries of Table 2. O
Proposition 3.1. The sets L;, i = 1,...,4, are open and arcwise connected.
Proof. Follows from Lemmas 3.7-3.9. O

3.4 Decomposition in image of exponential mapping
Recall that the time 1 attainable set of system (1.1)—(1.3) is
A= {(2,y,0) € M | 2> +y* < 1or (z,y,0) = (1,0,0)}.
Consider the following decomposition of this set:
A=MuM, (3.16)
M = {q € A| P(g)sin(6/2) # 0},
M'={q € A| P(q)sin(6/2) = 0},
My ={qgeM|0ec(0,2r), 2 +y* < 1, sgn P(q) = +1},
M=M,_UM._. (3.17)

The function P(q) = zsin(6/2) — y cos(#/2) was introduced in [10], it is defined
on M up to sign. If § € (0,27) as in My, then the function P(q) is well-defined.
Decomposition (3.17) is shown in Fig. 4.

Lemma 3.10. The sets M, and M_ are open, arcwise connected, and simply
connected.

Proof. Obvious. O

13
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/X N

%%
4 Z

M o~

Table 3: Action of €% on My

Lemma 3.11. The reflections €' permute the sets M+ as shown by Table 3.

Proof. Action of reflections &® in My is given by formulas (3.13)—(3.15), with
appropriate choice of the branch of 6 € (0, 27):

0 2r — 0

gl x | — xcosf + ysind ) (3.18)
Y —xsinf 4 ycos 6
0 0

g z | — | zcosf+ysinb |, (3.19)
Y xsinf — ycosf
0 2r — 0

Sl z | = x . (3.20)
Y Y

These formulas show that the reflections € preserve the restrictions 6 € (0, 27)
and 22 +y? < 1, and imply the following transformation rules for the function P:

el P— —P, g2 : P —P, e : P—P.

Then e! (M) = e*(My) = My and e3(M) = My, which gives Table 3. O

Lemma 3.12. The mappings ' : M — M, i =1,2,3, are diffeomorphisms.

14



Proof. The reflections &’ are smooth by formulas (3.13)—(3.15) and satisfy & o
el =1d. O

Lemma 3.13. The action of the exponential mapping on the sets L; is shown
by Table 4.

L; Ly | Ly | Ly | Ly
Exp(Ly) | My | M_ | M, | M-

Table 4: Action of Exp on L;

Proof. First we show that Exp(L1) C M.
Let A € N;. It follows from the parameterisation of extremal trajectories
obtained in [10] that

.0 2ksnpdnpcenT
sin- = ——M———
2 A
dksnt doT f1(p)
P = A .

Let A € L1 N Ny. Then 7 € (0,K), thus sn7 > 0, dn7 > 0, ecn7 > 0.
Moreover, since p € (0,p1(k)), then fi(p) > 0 (see Lemma 3.1) and snp > 0,
dnp > 0. Thus sing > 0, P > 0, so Exp(L; N N;) C M.

Let A € Ny. Then

A=1-k*sn’psn’r, (3.21)

(3.22)

6 2cnpsnpdnT

Sin g = ——————, (3.23)
dksnT enT fo(p)

P= .24

VA ’ (3.24)

fa(p) = (K*snp enp + dnp (2 — k*)p — 2E(p))) /k-

Similarly to the case A € L1N N7, these formulas imply that Exp(L1NN2) C M.

If A € N3, then formulas (3.23), (3.24) remain valid with & = 1, and similarly
to the case A € Ly N Ny it follows that Exp(Ly N N3) C M.

Thus Exp(Lq) C M.

We have ¢ o Exp = Expoe® on N (see Propos. 9.2 [10]). Then by virtue of
Lemmas 3.9 and 3.11 we get

Exp(Ly) = Expoe! (L) = e' o Exp(L;) C ' (M) = M_.

Similarly it follows that Exp(Ls) C My, Exp(Ly) C M_. O
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4 Diffeomorphic properties
of exponential mapping
In this section we prove the main result of this work.

Theorem 4.1. The following mappings are diffeomorphisms:
Exp: Ly —- My, Exp:Ls—M,, Exp:L3s—M;, Exp:Ly— M_.

By virtue of Lemmas 3.9, 3.12, 3.11, it is enough to prove the following
statement.

Proposition 4.1. The mapping Exp : Ly — My is a diffeomorphism.

We prove this statement by applying the following Hadamard’s global inverse
function theorem.

Theorem 4.2 (Th. 6.2.8 [6]). Let X, Y be smooth manifolds and let F : X —
Y be a smooth mapping such that:

1. dim X =dimY,

2. X andY are arcwise connected,

8. Y is simply connected,

4. F is nondegenerate,

5. F is proper (i.e., preimage of a compact is a compact).
Then F is a diffeomorphism.

Now we check hypotheses 4 and 5 of Th. 4.2 for the mapping Exp : L; —
M.

Proposition 4.2. The mapping Exp : Ly — My is nondegenerate.

Proof. Theorem 5.1 [11] gives the following lower bound on the first conjugate

conj

time ¢7°™ () along extremal trajectory Exp,(A):
YAe N 520 > t(\).

Let A € Ly, then t(\) > 1, thus £S°™(\) > 1. This means that the differential
Exp,, : TnN — T,M, ¢ = Exp(}), is nondegenerate. O

Proposition 4.3. The mapping Exp : Ly — My is proper.

Proof. Let K C My be a compact. Denote the function R(q) = 2% + y? — 1.
There exists € > 0 such that for any g € K

sing > g, P(q) > e, —& > R(q) > —1. (4.1)
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We prove that the preimage S = Exp_l(K) C L; is compact, i.e., bounded and
closed.

By contradiction, suppose first that S is unbounded, then it contains a
sequence A" = (7", p", k™) — oo.

If k™ is separated from 1, then the sequences 7 € (0, K(k™)) and p" €
(0,2K (k™)) are bounded, thus A" is bounded, a contradiction. Thus k™ — 1
on a subsequence of A\ (we keep the notation A" for this subsequence). Then
(7", p") — oo.

1) Let A € N; for all n € N. Then we have decompositions (3.21), (3.22)
and obtain from parameterisation of extremal trajectories [10]

_ 16E(p)(E(p) — p) n 16k%*snp dnp fi(p)sn? T
B r rA '

1.1) Let 7™ — 7 € [0,+00), p* — oo, k" — 1. By Lemmas 3.3, 3.4, we
have am(p", k™) — 7/2, thus sn(p") — 0, sn(7") — sn(7,1) = tanh 7 < 1, A —
1 — tanh®# > 0, dn(p", k™) — 1. By virtue of (3.21), we have sin("/2) — 0,
which contradicts (4.1).

1.2) The case 7" — +o00, p"™ — p € [0, 00) is considered similarly to the case

R (4.2)

1.1).
1.3) Let 7" — 400, p" — +oo, k" — 1. Then am(rt" k") — w/2,
am(p", k™) — 7/2 by Lemmas 3.3, 3.4.

We have E(p) = E(p", k™) = E(am(p", k™), k") — E(7/2,1) = 1, thus
E(p)(p — E(p))
4p?
subsequence A" on which R(¢"™) — —e; < —e. Then the second term in (4.2)

tends to —eg1 < 0, which is impossible since this term is positive.

So the set S N Ny does not contain sequences A™ — o0, i.e., it is bounded.

2) Similarly it follows that the sets S N N5 and SN N3~ are bounded. Thus
the set S N N5 is bounded.

3) The sets SN Ny, SﬂN;, SON3+ are bounded, thus S is bounded as well.

Now we prove that S is closed. Let A\ € S, A" = (p", 7", k") — (p, 7, k) =
A € cl(Ly). We show that A € S.

1) Let A" € SN N

1.1) If A € Ly, then § = Exp()\) € M, on a subsequence Exp(\") — g, thus
geKand A€ S.

1.2) Let A ¢ Ly, thus

— 0. By virtue of the inequalities (4.1) for R, there exists a

k=0 v k=1 v 7=0 Vv =K V p=0 V p=p. (43)

Each of these conditions leads to a contradiction with inequalities (4.1). For
example, let &k = 0. Then k" — 0, p" — p, 7% — 7, thus A — 1. By (3.21),
sin(0/2) — 0, which contradicts (4.1). All other cases in (4.3) are considered
similarly. Thus A € S in the case A\ € SN Nj.

2) Similarly, the inclusion A € S follows in the cases A" € S N N, and
A" e SN N;.

We proved that the set S is closed. Since it is bounded as well, it is compact.
Thus the mapping Exp : Ly — M is proper. U
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Now we can prove Proposition 4.1.

Proof. We check hypotheses of Th. 4.2 for the mapping Exp : L1 — M. The
sets Ly and M, are open subsets in a 3-dimensional linear space (Lemmas 3.7
and 3.10). Moreover, we have:

1. dim L; =dim M, = 3,
2. L, and M, are arcwise connected (Lemmas 3.8 and 3.10),
3. M, is simply connected (Lemma 3.10),
4. the mapping Exp : L1 — M, is nondegenerate (Propos. 4.2),
5. the mapping Exp : Ly — M, is proper (Propos. 4.3).
By Theorem 4.2, the mapping Exp : L; — M, is a diffeomorphism. O

By virtue of Lemmas 3.9, 3.12, 3.11, Theorem 4.1 follows. This theorem
implies that

Exp(N) = M. (4.4)

5 Action of exponential mapping
on the boundary of diffeomorphic domains

Define the following subsets in the boundary of the set M:
Mp ={q€ A|P(q) =0},
My ={q e A|sin(6/2) =0},
V= {(z,y,0) = (1,0,0)}.
Proposition 5.1. We have
Exp(N') = M'. (5.1)

Proof. Recall decomposition (3.3) of the set N'.
It follows from definitions (2.11)—(2.14) and the parameterisation of extremal
trajectories [10] that

Exp(Ny) = Exp(N;) = Exp(N7) =V, (5.2)
Exp(Ng) € Mp C M'. (5.3)

Further, it follows from formulas (3.21)—(3.24) that
Exp(Ny_3) C MgUMp C M'. (5.4)

Then we obtain from (5.2)-(5.4) that Exp(N’) € M’. But the mapping
Exp : N — A is surjective, then equalities (3.2), (3.16), (4.4) imply equal-
ity (5.1). 0
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6 Optimal elasticae
for various boundary conditions

In this section we describe optimal trajectories for various terminal points q; =
(171, y1,91) e A.

6.1 Generic boundary conditions

let g1 € My, then by Th. 4.1 there exist a unique A\; € L; and a unique A3 € L3
such that Exp(A;) = Exp(A3) = ¢1. Since Exp(Ls) = Exp(L4) = M_ and
Exp(N’) = M’, the equation

Exp(A\) =q1, A€N, (6.1)

has only two solutions, A\; and A3. By virtue of existence of optimal trajectory
connecting go to ¢y, it should be ¢'(t) = Exp,(A1) or ¢*(t) = Exp,(\3). In order
to find the optimal trajectory, one should compare the costs J[¢] = % fol (ch)? dt,
i = 1,3, of the competing candidates ¢'(¢) and ¢3(¢) and choose the smallest
one, see Fig. 5.

Figure 5: Competing elasticae with
the same boundary conditions

If J[q'] # J[q¢?], then the optimal trajectory is unique.

If J[q'] = J[¢%], then there are two optimal trajectories coming to the point
¢1. (An example of the corresponding elasticae shown in Fig. 6 was computed
numerically). Such points ¢; are Maxwell points that arise due to some unclear
reason different from the reflections &°.
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Figure 6: Two optimal non-
symmetric elasticae with the same
boundary conditions

If ¢ € M_, then the analysis of optimal trajectories is similar to the case
¢ € My,

A. Ardentov designed a software in Mathematica [14] for numerical compu-
tation of optimal elasticae for ¢; € M by solving the equation (6.1), the software

and algorithm are described in [4]. An example of a sequence of optimal elas-
ticae computed by this software for a given sequence of boundary conditions is
given in Fig. 7.

6.2 Thecasey, =0,60, =

6.2.1 The case z; >0

We have P(q1) = 1 > 0, thus ¢ € M. As shown in Subsec. 6.1, the equa-
tion (6.1) has solutions \; € Ly and A3 € Ls. By (3.20), €3(q1) = q1, thus
e3(A\1) = X3. Then the trajectories qi(t) = Exp,(\1) and g3(t) = Exp,()\3)
have the same cost, thus they are both optimal. The corresponding optimal
inflectional elasticae are symmetric w.r.t. the line y = 0, see Fig. 8.

6.2.2 The case 21 <0

This case is similar to the case x; > 0, see Fig. 9.

6.2.3 The case 1 =0

It follows from results of Secs. 11.6-11.10 [10] that in the case (z1,y1,61) =
(0,0,7) the equation (6.1) has solutions A = (p,7,k) € Ny with snT = 0,
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Figure 7: Sequence of optimal elas-
ticae

1—2k%sn?p =0, 2E(p) —p = 0. Then there exists a unique optimal elastica
shown in Fig. 10.

Figure 8: Optimal elasticae for Figure 9: Optimal elasticae for
(z1,91,01) = (21,0,7), 21 >0 (x1,91,01) = (21,0,0), 21 <0

6.3 The case y; =60, =0
6.3.1 The case 1 =0

This case was studied in [12], it was shown that there exist two optimal elasticae
— circles symmetric w.r.t. the line y = 0.
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Figure 10: Optimal elastica for
(371’ Y1, 91) = (07 07 71')

6.3.2 The case x1 #0

One can show that in the case z; > 0 there are two or four optimal elasticae:
there exists x, € (0.4,0.5) such that

o if ;1 € (0,z.), then there are two optimal non-inflectional elasticae, see
Fig. 11,

e if x1 = x,, then there are four optimal elasticae (two inflectional and two
non-inflectional ones), see Fig. 13,

e if 1 € (x4,1), then there are two optimal inflectional elasticae, see Fig. 12.

Figure 11: Optimal elasticae for Figure 12: Optimal elasticae for
(z1,11,61) = (21,0,0), 0 < 21 < z» (z1,11,01) = (21,0,0), z,. < x1 < 1

In the case 1 < 0 there are two optimal non-inflectional elasticae, see
Fig. 14.
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Figure 13: Optimal elasticae for
(xlaylvel) = (x*,(),())

Figure 14: Optimal elasticae for
(1’171/1791) = (371,0,0), 1 < 0
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6.4 Thecasex;=1,y;,=0,60,=0

In this case there exists a unique optimal elastica — the straight line.
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