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(x0, y0), (x1, y1) ∈ R
2 " (*&#@ 5N8.-.@?-.-.AB@_-.@?0c&#)�&#C.&#bt0.C.8$#

/#&#b
γ0 ⊂ R

2 " 7.8G( EG& S ∈ R
" +h),+�01O
@�)�&#7.01+ c = (cx, cy) ∈ R

2 "�%'@?&#R6p�&45N8Ge &
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γ ⊂ R
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(x0, y0)
8

(x1, y1)
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q̇ = u1X1 + u2X2, q = (x, y, z, v, w) ∈M = R
5, u = (u1, u2) ∈ U = R

2,

q(0) = q0 = 0, q(t1) = q1,

l =

∫ t1

0

√

u2
1 + u2

2 dt → min,

d 5N@'/#@?0.)�&#C.-.AB@'a.&�E.`�a.C.8�Dca.CG+�/�EG@?-.81`1p 8Ge @!�_)t/#8c50/

X1 =
∂

∂ x
− y

2

∂

∂ z
− x2 + y2

2

∂

∂ w
, X2 =

∂

∂ y
+
x

2

∂

∂ z
+
x2 + y2

2

∂

∂ v
.
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q̇ ∈ ∆q,

q(0) = q0, q(t1) = q1,

l =

∫ t1

0

√

〈q̇, q̇〉 dt→ min .

d 5N@
∆q = span(X1(q), X2(q)), q ∈M,
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〈Xi, Xj〉 = δij , i, j = 1, 2.
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X1
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Lie(X1, X2) = span(X1, X2, X3, X4, X5)

" d 5N@

X3 = [X1, X2] =
∂

∂ z
+ x

∂

∂ v
+ y

∂

∂ w
,

X4 = [X1, X3] =
∂

∂ v
, X5 = [X2, X3] =

∂

∂ w
,

TqM = span(X1, X2, X3, X4, X5)(q).

:
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[X1, X2] = X3, [X1, X3] = X4, [X2, X3] = X5,

)�&�@4(*)�F
Lie(X1, X2)
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∆
/

∆ ⊂ ∆2 = [∆,∆] ⊂ ∆3 = [∆,∆2] ⊂ · · · ⊂ TM,

8Ge @?@?)P/#8c50/

∆ = L1 = span(X1, X2),

∆2 = L1 ⊕ L2 = span(X1, X2, X3),

∆3 = L1 ⊕ L2 ⊕ L3 = span(X1, X2, X3, X4, X5).
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(n1, n2, . . . , nN), ni = dim ∆i(q), nN = dim Lie(∆)(q)
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(2, 3, 5)
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(2, 3, 5)
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{

θ̇ = c, θ ∈ S1,

ċ = − sin θ, c ∈ R.
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ε1 : (θ, c) 7→ (θ,−c),
ε2 : (θ, c) 7→ (−θ, c),
ε3 : (θ, c) 7→ (−θ,−c),
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D2 = {Id, ε1, ε2, ε3}
(Q),+�R�EG8.u.@?b�D1e -.&6O
@?-.81`

ε1 ε2 ε3

ε1 Id ε3 ε2

ε2 ε3 Id ε1

ε3 ε2 ε1 Id
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Exp ◦εi = εi◦Exp "(?e�".a.C.@ 5GEG&6O
@?-.8.@3<1" j."
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γ = {(θs, cs) | s ∈ [0, t]}
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@4(*)�Ftd EN+65N01+,`�0.C.8./�+,`�-G+5 �+�2?&#/#&�e�u.81EG8.-c5NC.@
(*),+�-c5�+�C.)�-.&#d?&tef+,`.)�-.8.01+
S1 × R
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^_a.C.@ 5N@*EG8Ge�&#)�&#R#CG+,O
@?-.81`r0.C.8./#A�p�( EG@ 5ND��_l�8Ge�&#R#CG+�2?&�e�/

ε1 : γ 7→ γ1 = {(θ1s , c1s) | s ∈ [0, t]} = {(θt−s,−ct−s) | s ∈ [0, t]},
ε2 : γ 7→ γ2 = {(θ2s , c2s) | s ∈ [0, t]} = {(−θt−s, ct−s) | s ∈ [0, t]},
ε3 : γ 7→ γ3 = {(θ3s , c3s) | s ∈ [0, t]} = {(−θs,−cs) | s ∈ [0, t]}.
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. �%,�0/$�����21�3 � ��"� - $'C.@ 5GEG&6O
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d

d s
θ1s =

d

d s
θt−s = −θ̇t−s = −ct−s = c1s,

d

d s
c1s =

d

d s
(−ct−s) = ċt−s = − sin θt−s = − sin θ1s .
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γ
1 )�CG+�@?0.)�&#C.81`�ef+,`.)�-.8.01+ " )�&�8 0.C.8./#AB@

γ1 " γ2 " γ3
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θ̇ = c, θ ∈ S1,

ċ = −α sin(θ − β), c ∈ R,

α̇ = 0, α > 0,

β̇ = 0, β ∈ S1.
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� +#(?(?e &#)�C.8Ge�d EN+65N0.8.@'0.C.8./#AB@�/#8c5�+

γ = {(θs, cs, α, β) | s ∈ [0, t], α, β = const}
/  �+�2?&#/#&�e�a.C.&�(*)�CG+�-G(*)�/#@t&#R#&#R#l�@?-.-.&#d?&�ef+,`.)�-.8.01+."�$'C.&45N&�E.Ot8Ge�5N@?bG(*)�/#8.@t&#),#
CG+,O
@?-.8.b

εi -G+P(*@4e @?bG(*)�/#&t),+�0.81pr0.C.8./#A�p�( EG@ 5ND��_l�8Ge�&#R#CG+�2?&�e�/

ε1 : γ 7→ γ1 = {(θ1s , c1s, α, β1)} = {(θt−s,−ct−s, α, β)},
ε2 : γ 7→ γ2 = {(θ2s , c2s, α, β2)} = {(−θt−s, ct−s, α,−β)},
ε3 : γ 7→ γ3 = {(θ3s , c3s, α, β3)} = {(−θs,−cs, α,−β)}.
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λ =
(h1, . . . , h5; q) ∈ T ∗M

/�a.&45�(*8G(*)�@4ef+_5GE.`P0c&#&#C#5N8.-G+�)'/3( EG&#@�0c&#01+#(?+�)�@*EGF#-.&#d?&QCG+#( #
( EG&#@?-.81`

(h1, . . . , h5) ∈ T ∗
q M

-.@h24+�/#8G(*8.)�&#)�)�&#7.0.8
q ∈ M

� -G+�a.&�e -.8Ge " 7.)�&
hi(λ) = 〈λ,Xi(q)〉

� "M�M),+h-.@?24+�/#8G(*8Gef+,`�/#@?C.)�8.01+,EGF#-G+,`�a.&45�(*8G(*)�@4ef+k-G+ha.&#/#@?C�p�#
-.&�(*)�8 DcC.&#/#-1` d*+#e 81EGF,)�&#-.8G+�-G+

H = (h2
1 + h2

2)/2 = 1/2
24+�a.8G(*AB/�+�@?)#( `x/�0c&3#

&#C#5N8.-G+�),+,p
(θ, c, α, β) ∈ T ∗

q M
01+�0�&#R#&#R#l�@?-.-.ABb�ef+,`.)�-.8.0

(2) " d 5N@ h1 = cos θ "
h2 = sin θ " h3 = c " h4 = α sinβ " h5 = −α cosβ
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@ #
-.8.b
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ν = (λ, t) ∈ N = C×R+
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@?-.81`
Exp : N →M " Exp(λ, t) = π◦et ~H(λ) = qt

" d 5N@ C = {H = 1/2}∩
T ∗

q0
M

1 -G+67G+,EGF#-.ABb�u.81EG8.-c5NC�5GE.`kq?01(*)�C.@4ef+,EG@?b�"���&#d 5�+
λs = es ~H(λ) " s ∈ [0, t] "@4(*)�F�(*&#&#)�/#@?)#(*)�/#D��_l
+,`k-.&#CGef+,EGF#-G+,`hq?01(*)�C.@4ef+,EGF " Exp(ν) = π(λt) = qt
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λs = (θs, cs, α, β; qs)
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λ̇s = ~H(λs) :































θ̇s = cs,

ċs = −α sin(θs − β),

α̇ = 0,

β̇ = 0,

q̇s = cos θs X1(qs) + sin θs X2(qs).
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εi : {(θs, cs, α, β)} 7→ {(θi
s, c

i
s, α, β

i)}, i = 1, 2, 3, s ∈ [0, t].
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e A

(3)
/

εi : {λs} = {(θs, cs, α, β; qs)} 7→ {λi
s} = {(θi

s, c
i
s, α, β

i; qi
s)}, i = 1, 2, 3, s ∈ [0, t],

d 5N@'0.C.8./�+,`
qi
s

@4(*)�FtC.@!&�@?-.8.@'24+65�+67.8 �'& &�8t5GE.`�&#)�CG+,O
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q̇i
s = cos θi

s X1(q
i
s) + sin θi

s X2(q
i
s), s ∈ [0, t],

qi
0 = q0.
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D2 = {Id, ε1, ε2, ε3} � ����������	��� � �� 
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@?-.8.b
εi -G+Q-.&#CGef+,EGF3#

-.AB@'q?01(*)�C.@4ef+,EG8
λs = es ~H(λ) " s ∈ [0, t] "

εi : λs 7→ λi
s, s ∈ [0, t].
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Exp(λ, t) = π ◦ et ~H(λ)
"

KM@?b.7G+#(3e A &#a.C.@ 5N@*EG8Ge�5N@?bG(*)�/#8.@�&#)�CG+,O
@?-.8.bh/ a.C.&#&#R#CG+�2?@�q?01(*a.&#-.@?-.u.8G+,EGF3#
-.&#d?&
&#)�&#R#CG+,O
@?-.81`�".$'&�EG&6Ot8Ge

εi : C × R+ → C × R+, (λ, t) 7→ (λi, t),

d 5N@
λi = λi
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@4(*)�F�-G+67G+,EG&�(*&#&#)�/#@?)#(*)�/#D��_l�@?b�&#)�CG+,O
@?-.-.&#b�q?01(*)�C.@4ef+,EG8
(4)

" (
0c&#&#C#5N8.-G+�),+,p /

ε1 : (θ, c, α, β, t) 7→ (θ1, c1, α, β1, t) = (θt,−ct, α, β, t),
� T��

ε2 : (θ, c, α, β, t) 7→ (θ2, c2, α, β2, t) = (−θt, ct, α,−β, t),
� j��

ε3 : (θ, c, α, β, t) 7→ (θ3, c3, α, β3, t) = (−θ,−c, α,−β, t). � n �

��@?a.@?C.F�e A p�&#)�@*EG8 R#A &#a.C.@ 5N@*EG8.)�Fk5N@?bG(*)�/#8.@r&#)�CG+,O
@?-.8.b /�&#R#CG+�2?@tq?01(*a.&3#
-.@?-.u.8G+,EGF#-.&#d?&
&#)�&#R#CG+,O
@?-.81`r01+�0

εi : M →M, qt 7→ qi
t.

^B5N-G+�0c&h+�a.C.8.&#C.8 -.@r&#7.@?/#8c5N-.& " 7.)�&�)�&#7.01+ qi
t

&45N-.&#2?-G+67.-.&k&#a.C.@ 5N@*E.`.@?)#( `�)�&#7$#
0c&#b

qt
"��')�&#R#A DcR#@ 5N8.)�F�( ` /�q?)�&�e " 8G(?( EG@ 5ND#@4e�5N@?bG(*)�/#8.@Q&#)�CG+,O
@?-.8.b -G+3d?@?&45N@?2?8$#

7.@4(*0.8.@#"

	���� � ������ ������� � � ��� ��	����� � � ��������
$'D�(*)�F

qs = (xs, ys, zs, vs, ws)
" s ∈ [0, t] " @4(*)�FPd?@?&45N@?2?8.7.@4(*01+,` " +

qi
s = (xi

s, y
i
s, z

i
s, v

i
s, w

i
s), s ∈ [0, t], i = 1, 2, 3,

(*Dc)�F�@?@�&#R#CG+�2?A a.&45 5N@?bG(*)�/#8.@�&#)�CG+,O
@?-.8.b " (?e�"_a.Dc-.0.)�<1" IG"��'C.8./#AB@
(xs, ys)8

(xi
s, y

i
s)
`./�E.`'�_)#( `�q?b1EG@?C.&#/#A e 8�q*EN+#(*)�8.01+#e 8 " (?e�"�) n!+ " ) s.+ "���@?bG(*)�/#8.@P&#)�CG+,O
@ #

-.8.b
εi -G+
q*EN+#(*)�8.0.8�&#a.8G(?+�-.&
/ ( EG@ 5ND��_l�@4e a.C.@ 5GEG&6O
@?-.8.8�"

� Y ��� �f�c[������ ��U�� � �
1) (x1

s , y
1
s) = (xt − xt−s, yt − yt−s) � s ∈ [0, t] �

2) (x2
s , y

2
s) = (xt − xt−s, yt−s − yt) � s ∈ [0, t] �

3) (x3
s , y

3
s) = (xs,−ys), s ∈ [0, t] -

v



. �%,�0/$�����21�3 � ��"� - �kA�CG+#(?(?e &#)�C.8Ge�)�&�EGF#0c&r5N@?bG(*)�/#8.@
ε1 " &�(*),+,EGF#-.AB@
&#)�CG+,O
@ #-.81`

ε2 " ε3 8.2?Dc7G+3�_)#( `�+�-G+,EG&#d?8.7.-.&G"1=�e @?@4e

x1
s =

∫ s

0

cos θ1r dr =

∫ s

0

cos θt−r dr =

∫ t

t−s

cos θr dr.

$'C.8.-.8Gef+,`�/#&P/#-.8Gef+�-.8.@ " 7.)�&

xt−s =

∫ t−s

0

cos θr dr,

a.&�EGDc7G+�@4e

x1
s + xt−s =

∫ t

0

cos θr dr = xt,

)�&P@4(*)�F
x1

s = xt − xt−s, s ∈ [0, t].
� -G+,EG&#d?8.7.-.&Pa.&�EGDc7G+�@4e

y1
s = yt − yt−s, s ∈ [0, t].

� � ! ����������� - ^_)#e @?)�8Ge�-G+�d E.`c5N-.ABbx(?e A ( E 5N@?bG(*)�/#81`�&#)�CG+,O
@?-.8.b�-G+�q*EN+#(*)�8.0.8
{(xs, ys) | s ∈ [0, t]} /t( EGDc7G+�@ (xt, yt) 6= (x0, y0)

"
( (*81EGD CG+�/#@?-G(*)�/�+

ε1 :

(

xs

ys

)

(1)7→
(

xt−s

yt−s

)

(2)7→
(

xt − xt−s

yt − yt−s

)

=

(

x1
s

y1
s

)

,

&#)�CG+,O
@?-.8.@
ε1
@4(*)�F 0c&�e a.&#2?8.u.81`Q5N/#D�p'a.C.@?&#R#CG+�2?&#/�+�-.8.b�/ �Ãÿ ��&#R#CG+�l�@?-.81`'/#C.@4e @?-.8

-G+�q*EN+#(*)�8.0c@ " 8 � <��P&#)�CG+,O
@?-.81`�a1EG&�(*0c&�(*)�8
(x, y)

/ u.@?-.)�C.@
pc = (xt/2, yt/2)p�&#C#5NA q*EN+#(*)�8.0.8 " )6" @#"�&#)�C.@?2?01+ " (*&#@ 5N8.-1`'�_l�@?d?&�@?@�-G+67G+,EG& (x0, y0) = (0, 0)

8
0c&#-.@?u

(xt, yt)
 G(?e�".C.8G(�".:."

�3E.`�&#)�CG+,O
@?-.81`
ε2
8Ge @?@4exCG+�2*EG&6O
@?-.8.@

ε2 :

(

xs

ys

)

(1)7→
(

xt−s

yt−s

)

(2)7→
(

xt

yt

)

+

(

− cos 2χ − sin 2χ
− sin 2χ cos 2χ

) (

xt−s

yt−s

)

(3)7→

(3)7→
(

cos 2χ sin 2χ
− sin 2χ cos 2χ

) [(

xt

yt

)

+

(

− cos 2χ − sin 2χ
− sin 2χ cos 2χ

) (

xt−s

yt−s

)]

=

=

(

xt − xt−s

yt−s − yt

)

=

(

x2
s

y2
s

)

,

d 5N@
χ
1 a.&�E.`.C.-.ABb�Dcd?&�E�)�&#7.0.8

(xt, yt)
/

cosχ =
xt

√

x2
t + y2

t

, sinχ =
yt

√

x2
t + y2

t

.

��&
@4(*)�F
&#)�CG+,O
@?-.8.@
ε2
5N@?bG(*)�/#D#@?)3-G+�q*EN+#(*)�8.0.8r01+�0r0c&�e a.&#2?8.u.81` )�C.@*pra.C.@?&#R#CG+,#

2?&#/�+�-.8.b�/��Ãÿ �~&#R#CG+�l�@?-.81`�/#C.@4e @?-.8�-G+ q*EN+#(*)�8.0c@ " � <���&#)�CG+,O
@?-.81`3a1EG&�(*0c&�(*)�8 (x, y)

ÿ
	



/t(*@?C.@ 5N8.-.-.&�e a.@?C.a.@?-c5N8.0.D4E.`.C.@
l⊥

0�p�&#C#5N@Q8 � :���a.&#/#&#C.&#),+3-G+
Dcd?&�E
(−2χ)

 .(?e�"
C.8G(�".IG"

^_)�CG+,O
@?-.8.@
ε3
a.C.@ 5�(*),+�/�E.`.@?)#( `�( EG@ 5ND��_l�8Ge�&#R#CG+�2?&�e�/

ε3 :

(

xs

ys

)

(1)7→
(

cos 2χ sin 2χ
sin 2χ − cos 2χ

) (

xs

ys

)

(2)7→

(2)7→
(

cos 2χ sin 2χ
− sin 2χ cos 2χ

) [(

cos 2χ sin 2χ
sin 2χ − cos 2χ

) (

xs

ys

)]

=

=

(

xs

−ys

)

=

(

x3
s

y3
s

)

,

q?)�&�0c&�e a.&#2?8.u.81` �Ãÿ � &#)�CG+,O
@?-.81`�a1EG&�(*0c&�(*)�8
(x, y)

/rp�&#C#5N@�q*EN+#(*)�8.0.8�8 � <��_a.&3#
/#&#C.&#),+�-G+
Dcd?&�E

(−2χ) " )�&t@4(*)�FP&#)�CG+,O
@?-.81`�/
p�&#C#5N@ l  .(?e�".C.8G(�"NT1"='),+�0 " a.&re &45ND4E � &#R#CG+�l�@?-.81`�/#C.@4e @?-.8k-G+tq*EN+#(*)�8.01+,p�8k/#CG+�l�@?-.8.b�a1EG&�(*0c&3#
(*)�8

(x, y) " 8Ge @?@4e�/

• ε1
@4(*)�FP&#)�CG+,O
@?-.8.@�q*EN+#(*)�8.0.8�/tu.@?-.)�C.@'p�&#C#5NA  

• ε2
@4(*)�FP&#)�CG+,O
@?-.8.@�q*EN+#(*)�8.0.8�/ (*@?C.@ 5N8.-.-.&�e a.@?C.a.@?-c5N8.0.D4E.`.C.@30�p�&#C#5N@� 

• ε3
@4(*)�FP&#)�CG+,O
@?-.8.@�q*EN+#(*)�8.0.8�/Pp�&#C#5N@#"

pc

(xs, ys)

(x1

s
, y

1

s
)

�

� l⊥

(xs, ys)

(x2

s
, y2

s
)

-

*

� 8G(�"f:'/f^_)�CG+,O
@?-.8.@
ε1

q*EN+#(*)�8.0.8 /
u.@?-.)�C.@'p�&#C#5NA

pc

� 8G(�" I /�^_)�CG+,O
@?-.8.@
ε2

q*EN+#(*)�8.0.8 /
(*@?C.@ 5N8.-.-.&�e�a.@?C.a.@?-c5N8.0.D4E.`.C.@

l⊥

	���� � ������ ������� ��	�����	�� ����	 � � ������� ����� �
^_a.8'&�@4et5N@?bG(*)�/#8.@�&#)�CG+,O
@?-.8.b

εi -G+B0c&#-.u.A�d?@?&45N@?2?8.7.@4(*0.81p qt = (xt, yt, zt, vt, wt)
"

� Y ��� �f�c[������ ��U�� ]��
1) (x1

t , y
1
t , z

1
t , v

1
t , w

1
t ) = (xt, yt,−zt, vt−xtzt, wt−ytzt) �

2) (x2
t , y

2
t , z

2
t , v

2
t , w

2
t ) = (xt,−yt, zt,−vt + xtzt, wt − ytzt) �

3) (x3
t , y

3
t , z

3
t , v

3
t , w

3
t ) = (xt,−yt,−zt,−vt, wt) -

ÿ;ÿ



l

(xs, ys)

(x3

s
, y3

s
)

*

*

� 8G(�"�T$/�^_)�CG+,O
@?-.8.@
ε3

q*EN+#(*)�8.0.8�/
p�&#C#5N@

l

. �%,�0/$�����21�3 � ��"� - ��&#01+,O
@4e CG+�/#@?-G(*)�/#&³ÿ � " &�(*),+,EGF#-.AB@35N/�+rCG+#(?(?ef+�)�C.8./�+3�_)#( `
+�-G+,EG&#d?8.7.-.&G" � +�/#@?-G(*)�/#&

(x1
t , y

1
t ) = (xt, yt)

( EG@ 5ND#@?)_8.2�a.C.@ 5GEG&6O
@?-.81`P<1" IG"?�
+,EG@?@ "
Dc7.8.)�AB/�+,`'q?)�&�O
@�a.C.@ 5GEG&6O
@?-.8.@f8�/#8c53-.&#CGef+,EGF#-.&#bQd*+#e 81EGF,)�&#-.&#/#&#b'(*8G(*)�@4e A

(3)/P0c&#&#C#5N8.-G+�),+,p
(x, y, z, v, w) " a.&�EGDc7G+�@4e

z1
t =

1

2

∫ t

0

(− cos θt−s(yt − yt−s) + sin θt−s(xt − xt−s)) ds =

=
1

2

∫ t

0

(− cos θt−syt + sin θt−sxt) ds−

− 1

2

∫ t

0

(− cos θt−syt−s + sin θt−sxt−s) ds =

= −1

2
xtyt +

1

2
ytxt +

1

2

∫ 0

t

(− cos θsys + sin θsxs) ds =

= −zt.

� -G+,EG&#d?8.7.-.&�5N&#01+�2?AB/�+3�_)#( ` CG+�/#@?-G(*)�/�+
v1

t = vt − xtzt
8
w1

t = wt − ytzt
"

$'C.@ 5GEG&6O
@?-.8.@�<1" TBa.&#01+�2?AB/�+�@?) " 7.)�&Q0c&#-.@?u3&#)�CG+,O
@?-.-.&#b3d?@?&45N@?2?8.7.@4(*0c&#b qi
t

&45 #
-.&#2?-G+67.-.&t&#a.C.@ 5N@*E.`.@?)#( `k0c&#-.u.&�ex8G( p�&45N-.&#b�d?@?&45N@?2?8.7.@4(*0c&#b

qt
"N$'&#q?)�&�e D�e &6Ot-.&

&#a.C.@ 5N@*EG8.)�F�5N@?bG(*)�/#8.@�&#)�CG+,O
@?-.8.b�-G+P0c&#-.u.A�d?@?&45N@?2?8.7.@4(*0.81p 01+�0�&#)�&#R#CG+,O
@?-.81`

εi : M →M, εi : qt 7→ qi
t.

$'C.@ 5GEG&6O
@?-.8.@�<1" T &#a.8G(*AB/�+�@?)x5N@?bG(*)�/#8.@�q?)�&#d?&�&#)�&#R#CG+,O
@?-.81` /�0c&#&#C#5N8.-G+�),+,p
(x, y, z, v, w)

-G+
M
"

� � ! ����������� - ^_)�CG+,O
@?-.8.@

ε3 : (x, y, z, v, w) 7→ (x,−y,−z,−v, w)

ÿ6<



@4(*)�Fr(*8Gefe @?)�C.81`�-.81EGF#a.&#)�@?-.)�-.&#b�(*DcR#C.8Gef+�-.&#/#&#b�(*)�C.Dc0.)�DcC.A
(∆, 〈·, ·〉) " 24+65�+�/�+,#@4e &#b a.&�E.`Ge 8

X1
" X2

01+�0 &#C.)�&#-.&#CGe 8.C.&#/�+�-.-.A e�R�+�2?8G(*&�e�"1�M)�&�&#)�CG+,O
@?-.8.@B5N@?b$#
(*)�/#D#@?)
-G+
R�+�2?8G(Q01+�0

ε3∗ : (X1, X2) 7→ (X1,−X2),
)6" @#".q?)�& 1 &#)�CG+,O
@?-.8.@'a1EG&�(*0c&�(*)�8

∆
/Pa.C�`Ge &#b

RX1
"

	���� � ������ ������� ����� ��� � � �������� � � � ��	�������������������	�� 	
	��	������� �������

='2t&#a.C.@ 5N@*EG@?-.81`�5N@?bG(*)�/#81`�&#)�CG+,O
@?-.8.b
εi /ka.C.&#&#R#CG+�2?@P8�&#R#CG+�2?@tq?01(*a.&#-.@?-.u.8$#

+,EGF#-.&#d?& &#)�&#R#CG+,O
@?-.81`h( EG@ 5ND#@?) " 7.)�&r&#)�CG+,O
@?-.81`h`./�E.`'�_)#( `�(*8Gefe @?)�C.81`Ge 8�q?01( #
a.&#-.@?-.u.8G+,EGF#-.&#d?&�&#)�&#R#CG+,O
@?-.81`�".$'&�EGDc7G+�@4e ( EG@ 5ND��_l�@?@�Dc)�/#@?C�O
5N@?-.8.@#"
� Y ��� �f�c[������ ��U�� � ��� 1	��(0��� 8���� (0���$* ��� ! ! �&%� ! ! �������&��"������

C × R+
Exp−−−−→ M





yεi





yεi

C × R+
Exp−−−−→ M

(λ0, t)
Exp−−−−→ qt





yεi





yεi

(λi
0, t)

Exp−−−−→ qi
t

�& � � �&3

εi ◦ Exp = Exp ◦εi, i = 1, 2, 3.

� � �
	��
����M�����m�  ���
��������������
��������������M�
�  �������'	�������

%�+�C�`c5ND�(k5N8G(*0.C.@?)�-.&#bmd?C.Dca.a.&#b�(*8Gefe @?)�C.8.b
D2 = {Id, ε1, ε2, ε3} " q?01(*a.&#-.@?-$#u.8G+,EGF#-.&#@�&#)�&#R#CG+,O
@?-.8.@�8Ge @?@?)�-.@?a.C.@?C.AB/#-.D�� 5N/#D�p1aG+�CG+#e @?)�C.8.7.@4(*0.D���d?C.Dca.a.D

(*8Gefe @?)�C.8.b
eR~h0 ◦ eRZ " d 5N@

h0(λ) = 〈λ,X0(q)〉, X0 = −y ∂
∂ x

+ x
∂

∂ y
− w

∂

∂ v
+ v

∂

∂ w
,

Z = ~hY + e, hY (λ) = 〈λ, Y (q)〉,

Y = x
∂

∂ x
+ y

∂

∂ y
+ 2z

∂

∂ z
+ 3v

∂

∂ v
+ 3w

∂

∂ w
, e =

5
∑

i=1

hi
∂

∂ hi
.

��@?bG(*)�/#8.)�@*EGF#-.& " (*&#d EN+#(*-.&�Dc)�/#@?C�O
5N@?-.8'� IG" < ) s.+ "

es~h0 ◦ erZ ◦ et ~H(λ) = et′ ~H ◦ es~h0 ◦ erZ(λ), t′ = ter,

&#)�0.D?5�+ (3a.&�e &#l�F � 01+�-.&#-.8.7.@4(*0c&#b�a.C.&#@?0.u.8.8
π : T ∗M → M " π(λ) = q " a.&�EGD #7G+�@4e

esX0 ◦ erY ◦ Exp(λ, t) = Exp(es~h0 ◦ erZ(λ), t′).
� s��

ÿ4:



^_a.C.@ 5N@*EG8Ge�@4(*)�@4(*)�/#@?-.-.&#@�5N@?bG(*)�/#8.@M-.@?a.C.@?C.AB/#-.A�p3(*8Gefe @?)�C.8.b
/_a.C.&#&#R#CG+�2?@�q?01( #
a.&#-.@?-.u.8G+,EGF#-.&#d?&�&#)�&#R#CG+,O
@?-.81`�/

es~h0 : C × R+ → C × R+, (λ, t) 7→ (es~h0(λ), t),

erZ : C × R+ → C × R+, (λ, t) 7→ (erZ(λ), ter).

='2Mq?)�&#d?& &#a.C.@ 5N@*EG@?-.81`�83CG+�/#@?-G(*)�/�+
(8)

a.&�EGDc7G+�@4ek( EG@ 5ND��_l�@?@�Dc)�/#@?C�O
5N@?-.8.@#"
� Y ��� �f�c[������ ��! � ����� 1	��(0��� 8&���#(0���$* ��� ! !	� %� ! ! �������&��"�� � �

C × R+
Exp−−−−→ M





yes~h0





yesX0

C × R+
Exp−−−−→ M

C × R+
Exp−−−−→ M





yerZ





yerY

C × R+
Exp−−−−→ M

�& � � �&3

es~h0 ◦ Exp = Exp ◦es~h0 , erY ◦Exp = Exp ◦erZ .
='),+�0 " d?C.Dca.aG+ " a.&#C.&6O
5N@?-.-G+,`r&#)�CG+,O
@?-.81`Ge 8 " /#CG+�l�@?-.81`Ge 8�8r5N81EN+�),+�u.81`Ge 8

G = 〈ε1, ε2, ε3, es~h0 , erZ〉
(*&6p1CG+�-1`.@?)kq?01(*a.&#-.@?-.u.8G+,EGF#-.&#@t&#)�&#R#CG+,O
@?-.8.@#" %�+�bc5N@4e 0c&�efe Dc),+�u.8.&#-.-.AB@r(*&#&#),#
-.& &�@?-.81`h/rd?C.Dca.a.@

G
"~$'&#)�&#0.8ka.&�EG@?b ~h0

8
Z
0c&�efe Dc)�8.C.D��_)�e @*O
5NDh(*&#R#&#b ) s,+ "

^_)�CG+,O
@?-.81`
εi ),+�01O
@Q0c&�efe Dc)�8.C.D��_)te @*O
5ND�(*&#R#&#b " (?e�".),+�R�EG8.u.DtD1e -.&6O
@?-.81`r/

a.Dc-.0.)�@�<1" ÿ#"���(*),+�-.&#/#8Gema.CG+�/#81EN+k0c&�efe Dc)�8.C.&#/�+�-.81`�5N8G(*0.C.@?)�-.A�p 8 -.@?a.C.@?C.AB/3#
-.A�p�(*8Gefe @?)�C.8.b�"
� Y ��� �f�c[������ �k! � U�����
��	��7'���0/$����% � 
��������������1�3����*+#��&�7'�������������

C ×R+

� 
����$"$��( 1���" � %� ! ! �������������� � � � ���&��	��������� �

es~h0 ◦ ε1 = ε1 ◦ es~h0 , es~h0 ◦ ε2 = ε2 ◦ e−s~h0 , es~h0 ◦ ε3 = ε3 ◦ es~h0 ,

erZ ◦ εi = εi ◦ erZ , i = 1, 2, 3.

. �%,�0/$�����21�3 � ��"� - $'C.@ 5GEG&6O
@?-.8.@�5N&#01+�2?AB/�+�@?)#( `�-.@?a.&�(*C.@ 5�(*)�/#@?-.-.A e�/#AB7.8G( EG@ #
-.8.@4ek(�8G(*a.&�EGF#2?&#/�+�-.8.@4er/#ABCG+,O
@?-.8.b_5GE.`'5N@?bG(*)�/#81`3&#)�CG+,O
@?-.8.b

(5) 
 (7)
83-.@?a.C.@ #

C.AB/#-.A�p�(*8Gefe @?)�C.8.b

es~h0 : (θ, c, α, β, t) 7→ (θ + s, c, α, β + s, t),

erZ : (θ, c, α, β, t) 7→ (θ, ce−r, αe−2r, β, ter)

/Pa.C.&#&#R#CG+�2?@Qq?01(*a.&#-.@?-.u.8G+,EGF#-.&#d?&�&#)�&#R#CG+,O
@?-.81`�"
� �f������X1�N� �P! � ����� �7'���0/$����% � 
��������������1�3����*+���&�7'�������������

M � 
����$"$��( 1���" �%� ! ! �������������� � � � ���&��	��������� �

esX0 ◦ ε1 = ε1 ◦ esX0 , esX0 ◦ ε2 = ε2 ◦ e−sX0 , esX0 ◦ ε3 = ε3 ◦ esX0 ,

erY ◦ εi = εi ◦ erY , i = 1, 2, 3.

ÿ?I



� � ! ����������� - ^_R#&#2?-G+67.8Geka.C.&#&#R#CG+�2�q?01(*a.&#-.@?-.u.8G+,EGF#-.&#d?&Q&#)�&#R#CG+,O
@?-.81` N = C×
R+

" � +#(?(?e &#)�C.8Ge  �+�0.)�&#C$# a.C.&�(*)�CG+�-G(*)�/�+ a.C.&#&#R#CG+�24+ 8�&#R#CG+�24+rq?01(*a.&#-.@?-.u.8G+,EGF3#
-.&#d?&
&#)�&#R#CG+,O
@?-.81` " +
),+�01O
@�(*&#&#)�/#@?)#(*)�/#D��_l�8.@'01+�-.&#-.8.7.@4(*0.8.@'a.C.&#@?0.u.8.8�/

N ′′ = N/G~h0,Z , π′′
0 : N → N ′′,

M ′′ = M/GX0,Y , π′′
1 : M →M ′′,

d 5N@
G~h0,Z =

〈

es~h0 , erZ
〉 8

GX0,Y =
〈

esX0 , erY
〉 (*Dc)�Fh5N/#D�p1aG+�CG+#e @?)�C.8.7.@4(*0.8.@

d?C.Dca.a.A -.@?a.C.@?C.AB/#-.A�p (*8Gefe @?)�C.8.bx/
N

8
M

(*&#&#)�/#@?)#(*)�/#@?-.-.& ) s,+ "f$'C.@ 5GEG&6O
@ #
-.8.@�:." <�8�( EG@ 5�(*)�/#8.@M:." ÿ a.&#2?/#&�E.`'�_)�&#a.C.@ 5N@*EG8.)�F�5N@?bG(*)�/#8.@�&#)�CG+,O
@?-.8.b'/  �+�0.)�&#C$#
a.C.&�(*)�CG+�-G(*)�/�+,p /

εi : N ′′ → N ′′, εi : M ′′ →M ′′

),+�0 " 7.)�&#R#Am( EG@ 5ND��_l
+,`r5N8G+�d?CG+#efef+
R#A�EN+�0c&�efe Dc),+�)�8./#-.&#b�/

N
Exp ��

π′′

0

��

εi

�� ���
���

�� M

π′′

1

��

εi

�� ���
���

��

N
Exp ��

π′′

0

��

M

π′′

1

��

N ′′
Exp′′ ��

εi �	 ���
���

�� M ′′

εi

�� ���
���

��

N ′′

Exp′′

�� M ′′


 � � ��  � ���S�  ���'	�����
� � �����3����������
������������
��������������M� �  �������'	�������

( CG+�R#&#)�@ ) s,+ R#A�EG8�/#/#@ 5N@?-.A ),+�0x-G+�2?AB/�+�@4e AB@rq*E.EG8.a.)�8.7.@4(*0.8.@k0c&#&#C#5N8.-G+�)�A /
a.&45N&#R�EN+#(*)4`1p  �+�2?&#/#&#d?&�a.C.&�(*)�CG+�-G(*)�/�+hef+,`.)�-.8.01+."f�M)�8�0c&#&#C#5N8.-G+�)�A a.&#C.&6O
5N@ #
-.A 0c&#&#C#5N8.-G+�),+#e 8��?5N@?bG(*)�/#8.@



Dcd?&�E��t5GE.`�(*),+�-c5�+�C.)�-.&#d?&�ef+,`.)�-.8.01+."�^B5N-G+r8.2

q?)�81p�0c&#&#C#5N8.-G+�) 1m/#C.@4e�`�-G+ )�CG+�@?0.)�&#C.81`1p�ef+,`.)�-.8.01+ " +B/#)�&#CG+,` 1�a.@?C.@?aG+�CG+#e @?),#
C.8.2?&#/�+�-.-G+,`�q?-.@?C.d?81`�ef+,`.)�-.8.01+." ( q?)�&�e�a.Dc-.0.)�@re A -G+�a.&�e -.8Gem0c&#-G(*)�C.Dc0.u.8'�
q*E.EG8.a.)�8.7.@4(*0.81p 0c&#&#C#5N8.-G+�) � (_-.@?0c&#)�&#C.A e 8r8G(*a.CG+�/�EG@?-.81`Ge 8r8t5N&#a.&�EG-.@?-.81`Ge 8�� "
+B24+�)�@4eh(�a.&�e &#l�F � q?)�81p�0c&#&#C#5N8.-G+�)B&#a.8'&�@4er5N@?bG(*)�/#8.@M&#)�CG+,O
@?-.8.b3/_a.C.&#&#R#CG+�2?@
q?01(*a.&#-.@?-.u.8G+,EGF#-.&#d?&�&#)�&#R#CG+,O
@?-.81`�"

��/�+65NuG+�)�F &�@4(*),+,` 8.2��.4�@?0.u.8.b�a.&k5N8.-G+#e 8.0c@�� �P" �Q0c&#R#8 ) ÿ4:.+B-G+�2?AB/�+�@?)#( `
�#��E.EG8.a.)�8.7.@4(*0.8.@�0c&#&#C#5N8.-G+�)�A� 8�-G+67.8.-G+�@?)#( `�8.2?/#@4(*)�-.A e 8m( EG&#/�+#e 8�/�����EN+�/3#
-G+,`�)�C.D?5N-.&�(*)�F a.C.8�8.-.)�@?d?C.8.C.&#/�+�-.8.8r5�+�-.-.A�pt5N8  � '@?C.@?-.u.8G+,EGF#-.A�prDcCG+�/#-.@?-.8.b
(*&�(*)�&#8.)�/#&'/#/#@ 5N@?-.8.8tD?5N&#R#-.A�p
a.@?C.@4e @?-.-.A�p " 5GE.`tCG+�2?A (*01+�-.81`P0c&#)�&#C.A�p
-.@?)�-.8$#
01+�0c&#d?&B&#R#l�@?d?&�a.CG+�/#81EN+."4$'&#q?)�&�e D'e A�5N&�E.Ot-.A�8c5N)�8�&#R#CG+�)�-.A e�a.Dc)�@4e�8 " -G+�bc5G`

ÿ6T



01+�0.D�� # -.8.R#D?5NF�24+#e @?7G+�)�@*EGF#-.D��ma.&45�(*),+�-.&#/#0.D " CG+�2?A (*0.8./�+�)�F�24+65�+67.8 " /
0c&#)�&#C.A�p
&#-G+�e &6O
@?)kR#AB)�Fka.C.8Ge @?-.@?-G+ �6"f^_)#e @?)�8Ge " 7.)�&h0c&#&#C#5N8.-G+�)�A " /#/#@ 5N@?-.-.AB@t-.81O
@ "
-.@�8Ge @!�_)'&#)�-.& &�@?-.81`
0
q*E.EG8.a.)�8.7.@4(*0.8Ge�0c&#&#C#5N8.-G+�),+#e �Q0c&#R#8�" � &�EG@?@�)�&#d?& " -G+3&
p�&45�R#A�E a.C.&#)�8./#&#a.&�EG&6Ot-.A em8.2*EG&6O
@?-.-.&�e D �Q0c&#R#8�/�-G+3&�8 q*E.EG8.a.)�8.7.@4(*0.8.@�0c&3#
&#C#5N8.-G+�)�Ama.C.8'&3EG&�(*Ft/#/#&45N8.)�F (*a.@?u.8G+,EGF#-.&�5GE.`h)�&#d?& " 7.)�&#R#AmaG+�CG+#e @?)�C.8.2?&#/�+�)�F
(*DcR#C.8Gef+�-.&#/#A�d?@?&45N@?2?8.7.@4(*0.8.@ ) s,+c8�-G+�b.)�8�)�&#7.0.8 �h+�01(*/#@*E.EN+�) ÿ
	.+ " ) ÿ;ÿ + "���E.EG8.a.)�8$#
7.@4(*0.8.@30c&#&#C#5N8.-G+�)�Ama.C.8.a.&45N-.8Gef+3�_)t24+�/#@4(*D�( EG&6Ot-.&�(*)�8k-G+65h24+65�+67G+#e 8 " Dca.CG+�/3#
E.`.@4e A e 8kDcCG+�/#-.@?-.8.@4e ef+,`.)�-.8.01+ " 8k&#)�0.C.AB/�+3�_)t-G+3&�@4e Drd EN+�2?Dr81p�C.@!&�@?-.8.@�1
(?e�"�C.8G(�"cj." �G5N@4(*F38Ge @?@?)#( `r/�+,Ot-G+,`t)�&#7.01+�a.@?C.@4(*@?7.@?-.81`r(��Q0c&#R#8�/#-G+3&�8t0c&#&#C#5N8$#
-G+�)�Am/#/#&45G`.)#( `�('a.&�e &#l�F � q*E.EG8.a.)�8.7.@4(*0.81p  'Dc-.0.u.8.b �Q0c&#R#8 ) I3+ " ) ÿ6<-+ "c��C.Dcd?8Ge
(*Dcl�@4(*)�/#@?-.-.A e e &�e @?-.)�&�e R#D?5N@?)�8G(?( EG@ 5N&#/�+�-.8.@r(*&#a.C�`1O
@?-.-.A�p�)�&#7.@?0 " )�&�@4(*)�F
C.@!&�@?-.8.b�DcCG+�/#-.@?-.81` �Q0c&#R#8 " /,5N&�EGFPd?@?&45N@?2?8.7.@4(*0.81p ) ÿ;ÿ + "

-3 -2 -1 1 2 3

-4

-2

2

4

θ

c

� 8G(�"Gj'/NKM@?)�01+
q*E.EG8.a.)�8.7.@4(*0.81p�0c&#&#C#5N8.-G+�)

� ��� � ��� ���������� ������� ��	�	������������ ����������������	 � ��� � ����� ���
%�+�a.&�e -.8Ge�) s.+ " 7.)�&ke -.&6O
@4(*)�/#&r-G+67G+,EGF#-.A�pk)�&#7.@?0�q?01(*)�C.@4ef+,EG@?b�@4(*)�F�u.81EG8.-c5NC
1  �+�2?&#/#&#@_a.C.&�(*)�CG+�-G(*)�/#&P&#R#&#R#l�@?-.-.&#d?&
ef+,`.)�-.8.01+

(2)

C = T ∗
q0
M ∩H−1(1/2) = {(θ ∈ S1, c ∈ R, α > 0, β ∈ S1)},

ÿ4j



+
q?-.@?C.d?81`�&#R#&#R#l�@?-.-.&#d?&�ef+,`.)�-.8.01+PCG+�/#-G+

E =
c2

2
− α cos(θ − β) ∈ [−α,+∞).

( a.&45�e -.&6O
@4(*)�/�+,ptu.81EG8.-c5NCG+

C1 = {λ ∈ C | α > 0, E ∈ (−α, α)},
C2 = {λ ∈ C | α > 0, E ∈ (α,+∞)},
C3 = {λ ∈ C | α > 0, E = α, c 6= 0}

q*E.EG8.a.)�8.7.@4(*0.8.@�0c&#&#C#5N8.-G+�)�A
(k, ϕ, α, β)

/#/#&45G`.)#( `�( EG@ 5ND��_l�8Ge�&#R#CG+�2?&�e�"

C1 =

{

k ∈ (0, 1), ϕ

(

mod
4K√
α

)

, α > 0, β(mod2π)

}

,

k =

√

E + α

2α
=

√

sin2 θ − β

2
+
c2

4α
∈ (0, 1),







sin
θ − β

2
= s1 k sn(

√
αϕ),

c

2
= k

√
α cn(

√
αϕ),

s1 = sgn cos
θ − β

2
.

( q?)�&�ex( EGDc7G+�@

cos
θ − β

2
= s1 dn(

√
αϕ).

^_R�EN+#(*)�F
C2

CG+�2?&#R#F#@4e�-G+35N/#@�(*/�`.2?-.AB@'0c&�e a.&#-.@?-.)�A

C±
2 = {λ ∈ C | α > 0, E ∈ (α,+∞), sgn c = ±1}.

��&#d 5�+

C±
2 =

{

k ∈ (0, 1), ϕ

(

mod
2Kk√
α

)

, α > 0, β(mod2π)

}

,

k =

√

2α

E + α
=

1
√

sin2 θ−β
2 + c2

4α

∈ (0, 1),











sin
θ − β

2
= s2 sn

√
αϕ

k
,

c

2
= s2

√
α

k
dn

√
αϕ

k
,

s2 = sgn c.

( q?)�&�ex( EGDc7G+�@

cos
θ − β

2
= cn

√
αϕ

k
.

( &#R�EN+#(*)�8
C2

R#D?5NDc)t),+�01O
@�8G(*a.&�EGF#2?&#/�+�)�F�( `r0c&#&#C#5N8.-G+�)�A
(k, ψ, α, β) " d 5N@ ψ =

ϕ

k
" )�&#d 5�+

C±
2 =

{

k ∈ (0, 1), ψ

(

mod
2K√
α

)

, α > 0, β(mod2π)

}

.

ÿ,n



�k-.&6O
@4(*)�/#&
C3

),+�01O
@'CG+�2?R#8./�+�@4e�-G+35N/#@�(*/�`.2?-.AB@'0c&�e a.&#-.@?-.)�A

C±
3 = {λ ∈ C | α > 0, E = α, sgn c = ±1}.

��&#d 5�+

C±
3 = {ϕ ∈ R, α > 0, β(mod2π)} ,











sin
θ − β

2
= s1 s2 th(

√
αϕ),

c

2
= s2

√
α

ch(
√
αϕ)

,
s1 = sgn cos

θ − β

2
, s2 = sgn c.

( q?)�&�ex( EGDc7G+�@

cos
θ − β

2
= s1

1

ch(
√
αϕ)

.

%�+rC.8G(�"�jr8.2?&#R#CG+,O
@?-G+ (*@?)�01+rq*E.EG8.a.)�8.7.@4(*0.81p�0c&#&#C#5N8.-G+�) /  �+�2?&#/#&#bka1EG&�( #
0c&�(*)�8h(*),+�-c5�+�C.)�-.&#d?& ef+,`.)�-.8.01+ �

α = 1 " β = 0
� " ( &#R�EN+#(*)�8

C1
� 0c&�EG@?R�+�-.81`�ef+,#

`.)�-.8.01+�(�ef+,EG&#b�q?-.@?C.d?8.@?b
E < 1

� -G+�C.8G(*&#/�+�-.A 0.C.8./#AB@
k = const " ϕ = const

 
/�&#R�EN+#(*)�8

C2
� /#CG+�l�@?-.81`�ef+,`.)�-.8.01+�(rR#&�EGF &�&#b q?-.@?C.d?8.@?b

E > 1
�3-G+�C.8G(*&#/�+,#

-.A 0.C.8./#AB@
k = const " ψ = const

 fq?)�8 &#R�EN+#(*)�8�CG+�2 5N@*EG@?-.A e -.&6O
@4(*)�/#&�e
C3� 5N/#81O
@?-.81`�ef+,`.)�-.8.01+�(r0.C.8.)�8.7.@4(*0c&#b q?-.@?C.d?8.@?b

E = 1
� " (*&�(*)�&6`.l�8Gem8.2 5N/#D�p

(*@?aG+�CG+�)�C.8G(
k = 1

"

� �
	 � ��� ���������� ������� ��	�	������������ � ����	�	�����0� �
� � � ��	�������������������	�� 	 	��	������� �������

( (*&#&#)�/#@?)#(*)�/#8.8�('/#/#@ 5N@?-.-.A e /PCG+�R#&#)�@ ) s.+�CG+�2?R#8.@?-.8.@4e -G+67G+,EGF#-.&#d?&�u.81EG8.-c5NCG+

C =

7
⋃

i=1

Ci,

CG+#(?(?e &#)�C.8Ge�CG+�2?R#8.@?-.8.@Qa.C.&#&#R#CG+�24+�q?01(*a.&#-.@?-.u.8G+,EGF#-.&#d?&�&#)�&#R#CG+,O
@?-.81`

N =

7
⋃

i=1

Ni, Ni = Ci × R+.

� -G+,EG&#d?8.7.-.& " -G+�C�`c5NDr(QCG+�2?R#8.@?-.8.@4e -G+t(*/�`.2?-.AB@Q0c&�e a.&#-.@?-.)�A

Ci = C+
i ∪ C−

i , C±
i = Ci ∩ {sgn c = ±1}, i = 2, 3, 6,

R#D?5N@4e CG+#(?(?ef+�)�C.8./�+�)�FPCG+�2?R#8.@?-.81`

Ni = N+
i ∪N−

i , N±
i = C±

i × R+, i = 2, 3, 6.
^_a.C.@ 5N@*EG8Ge�q*E.EG8.a.)�8.7.@4(*0.8.@30c&#&#C#5N8.-G+�)�A�/ta.&45�e -.&6O
@4(*)�/�+,p

N1
" N2

" N3
/

N1 = {(k, ϕ, α, β, δ)},
N2 = {(k, ψ, α, β, δ)},
N3 = {(ϕ, α, β, δ)},
δ = t

√
α.

ÿ4s



� � ! ����������� - ��E.EG8.a.)�8.7.@4(*0.8.@30c&#&#C#5N8.-G+�)�Ama.C.8G(*a.&�(*&#R�EG@?-.A�0�5N@?bG(*)�/#8'� -.@?a.C.@ #
C.AB/#-.A�p�(*8Gefe @?)�C.8.b   /hq?)�81p�0c&#&#C#5N8.-G+�),+,p�/#CG+�l�@?-.81`�8�5N81EN+�),+�u.8.8�/#ABd E.`c5G`.)
&�(*&#R#@?-.-.&�a.C.&�(*)�&G"c��@?bG(*)�/#8.)�@*EGF#-.& " /P0c&#&#C#5N8.-G+�),+,p N = {(θ, c, α, β, t)} 8Ge @?@4e

~h0 =
∂

∂ θ
+

∂

∂ β
, Z = −c ∂

∂ c
− 2α

∂

∂ α
+ t

∂

∂ t
,

a.&#q?)�&�e D /P0c&#&#C#5N8.-G+�),+,p
Nj = {(k, ϕ, α, β, δ)}

~h0 =
∂

∂ β
, Z = −2α

∂

∂ α
.

� Dc-.0.u.8.8
(k, ϕ, δ)

`./�E.`'�_)#( `r0c&#&#C#5N8.-G+�),+#e 8t/2 �+�0.)�&#C$# a.C.&�(*)�CG+�-G(*)�/�+,p
N ′′

j
" j =

1, 2, 3
"

� ��� � � � �������� 	������� ������� �
N

^_a.8'&�@4e�5N@?bG(*)�/#8.@
&#)�CG+,O
@?-.8.b
εi : Nj → Nj

/rq*E.EG8.a.)�8.7.@4(*0.81p�0c&#&#C#5N8.-G+�),+,p~"
$'D�(*)�F

ν ∈ N " &#R#&#2?-G+67.8Ge νi = εi(ν) ∈ N
"

� Y ��� �f�c[������ �h� � ���
1) � � 1�� ν = (k, ϕ, α, β, t) ∈ N1 �

�&

νi = (k, ϕi, α, βi, t) ∈ N1 � i = 1, 2, 3 �

��	� ��� !

ϕ1 + ϕt =
2K√
α

(

mod
4K√
α

)

, β1 = β,

ϕ2 + ϕt = 0

(

mod
4K√
α

)

, β2 = −β,

ϕ3 − ϕ =
2K√
α

(

mod
4K√
α

)

, β3 = −β.

2) � � 1�� ν = (k, ψ, α, β, t) ∈ N2 �
�&

νi = (k, ψi, α, βi, t) ∈ N2 � i = 1, 2, 3 �7�+1	��� �&�*+
�

ν ∈ N±
2 ⇒ ν1 ∈ N∓

2 , ν
2 ∈ N±

2 , ν
3 ∈ N∓

2 ,


��	� ��� !

ψ1 + ψt = 0

(

mod
2K√
α

)

, β1 = β,

ψ2 + ψt = 0

(

mod
2K√
α

)

, β2 = −β,

ψ3 + ψ = 0

(

mod
2K√
α

)

, β3 = −β.

3) � � 1�� ν = (ϕ, α, β, t) ∈ N3 �
�&

νi = (ϕi, α, βi, t) ∈ N3 � i = 1, 2, 3 �
7�+1	���

�&�*+
�

ν ∈ N±
3 ⇒ ν1 ∈ N∓

3 , ν
2 ∈ N±

3 , ν
3 ∈ N∓

3 ,

ÿ4v




��	� ��� !

ϕ1 + ϕt = 0, β1 = β,

ϕ2 + ϕt = 0, β2 = −β,
ϕ3 + ϕ = 0, β3 = −β.

$'C.@ 5GEG&6O
@?-.8.@�IG" ÿMa.C.&#81E.E �Q(*)�C.8.C.&#/�+�-.& -G+ C.8G(�"�n


v � /Q( EGDc7G+�@

α = 1 " β = 0
� "

ϕ = 0, 4K

ϕ = K

ϕ = 2K

ϕ = 3K

ϕ

ϕt

ϕ1

ϕ1

t

ϕ2

t

ϕ2

ϕ3

ϕ3

t

R

	
I

�

� 8G(�"�n�/N^_)�CG+,O
@?-.81`�/
C1

ψ = 0, 2K

ψ = K

ψ = K

ψ = 0, 2K

ψ = K

ψ = K

ψ

ψt

ψ1

ψ1

t

ψ2

t

ψ2

ψ3

ψ3

t

j

�
Y

*

� 8G(�"Gs'/N^_)�CG+,O
@?-.81`�/
C2

. �%,�0/$�����21�3 � ��"� - ��&#01+,O
@4e )�&�EGF#0c&ta.Dc-.0.)�ÿ ��)6" 0�"N&�(*),+,EGF#-.AB@_5N/�+Pa.Dc-.0.),+
5N&3#01+�2?AB/�+3�_)#( `�+�-G+,EG&#d?8.7.-.&G"

< 	



ϕ = 0

ϕ → +∞

ϕ → −∞

ϕ = 0

ϕ → −∞

ϕ → +∞

ϕ

ϕt

ϕ
1

ϕ
1

t

ϕ
2

t

ϕ
2

ϕ
3

ϕ
3

t

R

	
I

�

� 8G(�"Gv'/N^_)�CG+,O
@?-.81`�/
C3

^_)�CG+,O
@?-.81`
εi (*&6p1CG+�-1`'�_)
&#R�EN+#(*)�F N1

/ (*81EGD )�&#d?& " 7.)�&

εi : E 7→ E, ε1, ε3 : c 7→ −c, ε2 : c 7→ c,

q?)�&t( EG@ 5ND#@?)P8.2�CG+�/#@?-G(*)�/
(5) 
 (7)

"
�
+,EG@?@ " 8.2�CG+�/#@?-G(*)�/�+ (5)

a.&�EGDc7G+�@4e
θ1 = θt

" c1 = −ct " &#)�0.D?5�+�(�Dc7.@?)�&�e0c&#-G(*)�C.Dc0.u.8.8�q*E.EG8.a.)�8.7.@4(*0.81p�0c&#&#C#5N8.-G+�) � a.Dc-.0.)PIG" ÿ �M8Ge @?@4e
sn(

√
αϕ1) = sn(

√
αϕt), cn(

√
αϕ1) = − cn(

√
αϕt),

a.&#q?)�&�e D
ϕ1 + ϕt =

2K√
α

(

mod
4K√
α

) " ( ABCG+,O
@?-.81` 5GE.`x5N@?bG(*)�/#81`x&�(*),+,EGF#-.A�p
&#)�CG+,O
@?-.8.b�/Pq*E.EG8.a.)�8.7.@4(*0.81p�0c&#&#C#5N8.-G+�),+,pta.&�EGDc7G+3�_)#( `k+�-G+,EG&#d?8.7.-.&G"

� � � ��  � ���S�  ���'	�����
� � ����������
������������
��������������M� �  �������'	�������

����� � ����	 � ��	���������� � ��	�	������������ �
M

�
M

′′

�3E.`k)�&#d?& " 7.)�&#R#A a.&�EGDc7.8.)�F a.C.&�(*)�&#@�&#a.8G(?+�-.8.@'5N@?bG(*)�/#81`h&#)�CG+,O
@?-.8.bh/r&#R#CG+�2?@
q?01(*a.&#-.@?-.u.8G+,EGF#-.&#d?&h&#)�&#R#CG+,O
@?-.81` " D?5N&#R#-.&�8G(*a.&�EGF#2?&#/�+�)�F�(*a.@?u.8G+,EGF#-.AB@r0c&#&#C$#
5N8.-G+�)�Am/

M " a.C.8G(*a.&�(*&#R�EG@?-.-.AB@�0r5N@?bG(*)�/#8'��(*8Gefe @?)�C.8.b
X0

8
Y
"~^_a.8'&�@4e�81p

0c&#-G(*)�C.Dc0.u.8'��"
%�+�a.&�e -.8Ge " 7.)�&

M = {q} = R
5
x,y,z,v,w, q0 = (0, 0, 0, 0, 0).

( /#@ 5N@4e a.&�E.`.C.-.AB@'0c&#&#C#5N8.-G+�)�A�/Pa1EG&�(*0c&�(*)4`1p
(x, y)

8
(v, w)

/

x = r cosχ, y = r sinχ, v = ρ cosω, w = ρ sinω.

<0ÿ



( &#R�EN+#(*)�8 {r > 0, ρ > 0} &#a.C.@ 5N@*EG@?-�Dcd?&�E

γ = χ− ω.

� +#(?(?e &#)�C.8Gex( EG@ 5ND��_l�8.@'a.&45�e -.&6O
@4(*)�/�+�/
M
/

M = M0 ∪ {q0}, M0 = M \ {q0} = {r2 + z2 + ρ2 > 0},
M0 = M1 ∪M2 ∪M+

3 ∪M−
3 ,

M1 = {r > 0}, M2 = {ρ > 0}, M±
3 = {±z > 0}.

^_a.8'&�@4e�8G(*0c&�e AB@'0c&#&#C#5N8.-G+�)�A�/P01+�C.),+,p
M1

" M2
" M±

3

e -.&#d?&#&#R#CG+�2?81`
M0

"

M1 = {(r > 0, χ ∈ S1, P,Q,R)},

P =
z

2r2
, Q =

xv + yw

r4
=

ρ

r3
cos γ, R =

−yv + xw

r4
=

ρ

r3
sin γ.

M2 = {(ρ > 0, ω ∈ S1, P ′, Q′, R′)},

P ′ =
z

2ρ2/3
, Q′ =

xv + yw

ρ4/3
=

r

ρ1/3
cos γ, R′ =

−yv + xw

ρ4/3
=

r

ρ1/3
sin γ.

M±
3 = {(r′ > 0, χ ∈ S1, ρ′ > 0, ω ∈ S1)},

r′ =
r

|z|1/2
, ρ′ =

ρ

|z|3/2
.

�'C.&�e @')�&#d?& "

M±
3 = {(±z > 0, χ ∈ S1, r′ > 0, ρ′ > 0, γ ∈ S1)} =

= {(±z > 0, χ ∈ S1, P ′′, Q′′, R′′)},

P ′′ =
r′2 − ρ′2

√

r′2 + ρ′2
, Q′′ =

r′ρ′
√

r′2 + ρ′2
cos γ, R′′ =

r′ρ′
√

r′2 + ρ′2
sin γ.

( 0c&#&#C#5N8.-G+�),+,p
(r, χ, z, ρ, ω)

/�&#R�EN+#(*)�8
M1 ∩M2 = {r > 0, ρ > 0} -.@?a.C.@ #C.AB/#-.AB@�(*8Gefe @?)�C.8.8ka.C.8.-.8Gef+3�_)t/#8c5

X0 =
∂

∂ χ
+

∂

∂ ω
, Y = r

∂

∂ r
+ 2z

∂

∂ z
+ 3ρ

∂

∂ ρ
.

( 0c&#&#C#5N8.-G+�),+,p
(r, χ, P,Q,R)

/P&#R�EN+#(*)�8
M1

a.&�EGDc7G+�@4e

X0 =
∂

∂ χ
, Y = r

∂

∂ r
,

a.&#q?)�&�e D  �+�0.)�&#C$# a.C.&�(*)�CG+�-G(*)�/#&
M ′′

1

aG+�CG+#e @?)�C.8.2?D#@?)#( `'0c&#&#C#5N8.-G+�),+#e 8
(P,Q,R)

"
� -G+,EG&#d?8.7.-.& " /P&#R�EN+#(*)�8 M2 = {ρ, ω, P ′, Q′, R′)} 8Ge @?@4e

X0 =
∂

∂ ω
, Y = 3ρ

∂

∂ ρ
,

<#<



a.&#q?)�&�e D
M ′′

2 = {(P ′, Q′, R′)} " +
/P&#R�EN+#(*)4`1p M±
3 = {z, χ, P ′′, Q′′, R′′)} 8Ge @?@4e

X0 =
∂

∂ χ
, Y = 2z

∂

∂ z
,

a.&#q?)�&�e D
M±

3

′′
= {(P ′′, Q′′, R′′)} "

� +#(?(?e &#)�C.8Ge�CG+�2?R#8.@?-.8.@
M

-G+�8.-./�+�C.8G+�-.)�-.AB@he -.&6O
@4(*)�/�+�d?C.Dca.a.A -.@?a.C.@ #
C.AB/#-.A�pr8r5N8G(*0.C.@?)�-.A�p�(*8Gefe @?)�C.8.b

G
/

M = {q0} ∪M1 ∪M4 ∪M±
5 ,

d 5N@'&#R�EN+#(*)�F
M1 = M \ {q0} = {r > 0} R#A�EN+
&#a.C.@ 5N@*EG@?-G+
/#A &�@ " +

M4 = M2 \M1 = {r = 0, ρ > 0},
M±

5 = M±
3 \ (M1 ∪M4) = {r = 0, ρ = 0,±z > 0}.

�'&#&#C#5N8.-G+�)�A�/
M1

8
M ′′

1

&#a.8G(?+�-.A�/#A &�@ " +

M4 = {(ρ > 0, ω ∈ S1, P ′)}, M ′′
4 = {P ′},

M±
5 = {±z > 0}, M±

5

′′
= {z = ±1}.

���
	 � � � �������� 	������� ������� �
M

^_a.8'&�@4e�5N@?bG(*)�/#8.@�&#)�CG+,O
@?-.8.b

εi : M →M, q = (x, y, z, v, w) 7→ qi = (xi, yi, zi, vi, wi)

/P0c&#&#C#5N8.-G+�),+,p " /#/#@ 5N@?-.-.A�p /Pa.C.@ 5NA�5NDcl�@4e�a.Dc-.0.)�@#"
� Y ��� �f�c[������ ��]�� ���

1) q = q0 ⇒ qi = q0 � i = 1, 2, 3 -

2) q = (r, χ, P,Q,R) ∈ M1 ⇒ qi = (r, χi, P i, Qi, R) ∈M1 �

��	� ��� !

χ1 = χ(mod2π), P 1 = −P, Q1 = Q− 2P,

χ2 + χ = 0(mod2π), P 2 = P, Q2 = −Q+ 2P,

χ3 + χ = 0(mod2π), P 3 = −P, Q3 = Q− 2P.

3) q = (ρ, ω, P ′) ∈ M4 ⇒ qi = (ρ, ωi, P ′i) ∈M4 �

��	� ��� !

ω1 = ω(mod2π), P ′1 = −P ′,

ω2 + ω = π(mod2π), P ′2 = P ′,

ω3 + ω = π(mod2π), P ′3 = −P ′.

4) q = z ∈ M5 ⇒ qi = zi ∈M5 �

��	� ��� !

q ∈M±
5 ⇒ q1 ∈ M∓

5 , q
2 ∈ M±

5 , q
3 ∈ M∓

5 ,

z1 = −z, z2 = z, z3 = −z.

<�:



. �%,�0/$�����21�3 � ��"� - ( (*81EGDta.C.@ 5GEG&6O
@?-.81`�<1" T " &#)�CG+,O
@?-.81`t5N@?bG(*)�/#D��_)�/ M ( EG@ #
5ND��_l�8Ge�&#R#CG+�2?&�e�/

ε1 : (x, y, z, v, w) 7→ (x, y,−z, v − xz, w − yz),

ε2 : (x, y, z, v, w) 7→ (x,−y, z,−v + xz, w − yz),

ε3 : (x, y, z, v, w) 7→ (x,−y,−z,−v, w).

�_)�/#@?C�O
5N@?-.8.@ a.Dc-.0.),+·ÿ � &#7.@?/#8c5N-.& " 5N&#01+,O
@4e�a.Dc-.0.)�<�� " %'@?a.&�(*C.@ 5�(*)�/#@?-.-.&�/#8c5 #
-.& " 7.)�&P&#)�CG+,O
@?-.81`�(*&6p1CG+�-1`'�_)�CG+#(?(*)�&6`.-.8.@ r " +�a.&#)�&�e Dt8�&#R�EN+#(*)�F M1

"��
+,EG@?@ "
&#)�CG+,O
@?-.8.@

ε1
-.@'8.24e @?-1`.@?)t/#@?0.)�&#C

(x, y) " +
a.&#)�&�e Dr8�Dcd?&�E χ " %�+�0c&#-.@?u "

P 1 =
−z
2r2

= −P,

Q1 =
x(v − xz) + y(w − yz)

r4
=
xv + yw

r4
− (x2 + y2)z

r4
= Q− 2P,

R1 =
−y(v − xz) + x(w − yz)

r4
=

−yv + xw

r4
= R.

^Q(*),+,EGF#-.AB@QDc)�/#@?C�O
5N@?-.81`r5N&#01+�2?AB/�+3�_)#( `r+�-G+,EG&#d?8.7.-.&G"
� � ! ����������� - ='2�a.Dc-.0.),+�<���a.C.@ 5GEG&6O
@?-.81` T1" ÿ�/#8c5N-.& " 7.)�&�/�&#R�EN+#(*)�8 M1

� &#),#
0.C.AB)�&�e /�( ��5ND�a1EG&#)�-.&�e a.&45�e -.&6O
@4(*)�/#@

M
�
&#)�CG+,O
@?-.81`

εi &�(*&#R#@?-.-.&�a.C.&�(*)�&
a.C.@ 5�(*),+�/�E.`'�_)#( `�/t( EG@ 5ND��_l�81p�0c&#&#C#5N8.-G+�),+,pt/  �+�0.)�&#C$# a.C.&�(*)�CG+�-G(*)�/#@

M ′′
1

/

P =
z

2r2
, Q− P =

xv + yw − zr2/2

r4
, R =

−yv + xw

r4
,

+
8Ge @?-.-.& /

ε1 : P 7→ −P, Q− P 7→ Q− P, R 7→ R,

ε2 : P 7→ P, Q− P 7→ −Q+ P, R 7→ R,

ε3 : P 7→ −P, Q− P 7→ Q− P, R 7→ R.

��&�@4(*)�F�/�a1EG&�(*0c&�(*)�8
(P,Q − P )

5N8G(*0.C.@?)�-.AB@�(*8Gefe @?)�C.8.8
εi 5N@?bG(*)�/#D��_)�01+�0

&#)�CG+,O
@?-.81`k/r&�( `1p�0c&#&#C#5N8.-G+�)
P = 0 " Q − P = 0

"~�M)�&r&#R��~`G(*-1`.@?)t)�Dk/�+,Ot-.D��
C.&�EGF " 0c&#)�&#C.D��yR#D?5NDc)�8.d?CG+�)�F�a.&#/#@?C�p1-.&�(*)�8

z = 0
8
V = xv + yw − z

r2

2
=

0
a.C.8x8G(?( EG@ 5N&#/�+�-.8.8x(*)�CG+�)�&#/ �h+�01(*/#@*E.EN+."M�M)�&�e D�8G(?( EG@ 5N&#/�+�-.8'� a.&�(*/�`.l�@?-.A

a.&�( EG@ 5ND��_l�8.@'CG+�R#&#)�A�) ÿ
	.+ " ) ÿ;ÿ + "

� � ��� 	 ��������	�����
� /#)�&#Ck/#ABCG+,OP+�@?)PR�EN+�d?&45�+�C.-.&�(*)�F �3" �3"�� d?CG+67.@?/#Dr24+ta.&�(*),+�-.&#/#0.Dr24+65�+67.8�8ha.&3#
EG@?2?-.AB@'&#R�(*D�O
5N@?-.81`�/#&P/#C.@4e�`�CG+�R#&#)�A�"
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@?-.8.@

ε1
q*EN+#(*)�8.0.8�/Pu.@?-.)�C.@'p�&#C#5NA

pc
"�"�"'"�"'"�"'"�"�"'"�"�ÿ;ÿ

I ^_)�CG+,O
@?-.8.@
ε2
q*EN+#(*)�8.0.8�/t(*@?C.@ 5N8.-.-.&�e�a.@?C.a.@?-c5N8.0.D4E.`.C.@

l⊥
"'"�"�ÿ;ÿ

T ^_)�CG+,O
@?-.8.@
ε3
q*EN+#(*)�8.0.8�/
p�&#C#5N@

l
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