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5+6 5[Z\;�I?@�;�J^]_@�U+FG`2NGA<AR@<a(9<E2I<Ecb
PRNOD<D<JdNW`2I?@�e�NOD<=+f?> =�=�E2;�I?@Bb
NOD<=+f?> =hg
5+6 ikj�@�U<;�E2I<=<SQ@�l<=+f�FG;�I?@�;�E2`m]_@�U+FG`2NGA<AR@86�6W6�6W6�6�6W6�6W6�6W6�6�6W6�6 n

!po�q -+*+��rs�t*<&?u�/��wv�/0)�x &?� ����y�� -(1 zR� &?{2&,&?*<&R|?q -+'�������} ~
i<6 �$��Jd`2EQP��(I?@�`2D<NOD<=<�mP?A<f�U<I?@�;�D<J�K�;�E2T<NOUt6W6�6W6�6�6W6�6W6�6W6�6�6W6�6��
i<6 5���@�L�A<f(PRD<Jd��FO> J�F�AtU<I?@�;�D<J�KM;�E2T<NOUw6W6�6W6�6W6�6�6W6�6W6�6W6�6�6W6�6 �Q�
i<6 i��WD<`�@�I<=?@�D<;�D<Jd��FO> J�F�AtU<I?@�;�D<J�K�;�E2T<NOU�6W6�6W6�6�6W6�6W6�6W6�6�6W6�6 � �

i<6 i<6 ���WD<`�@�I<=?@�D<;�D<E2N�E29<=?FO@�D<=<NWLO=<9<NOI<9<E2`2NOI�K+D<E�FG;�=
z = 0

6�6W6�6 �c5
i<6 i<6 5��WD<`�@�I<=?@�D<;�D<E2N�E29<=?FO@�D<=<NWLO=<9<NOI<9<E2`2NOI�K+D<E�FG;�=

V = 0
6�6W6�6 �c5

i<6 i<6 i��WD<`�@�I<=?@�D<;�D<E2N�E29<=?FO@�D<=<NWU<I<=<`2E2�
r2 + ρ2 = 0

6�6W6�6�6W6�6 �Q�

48�t��x &2�3�R��'���rs�t*<&?u�/��w)�� �W�W��*+q������,x�q &R&R|?q -+���
v�/0)�x &?� ����y�� -(1 zR� &?{2&�&?*<&R|?q -+'�������} �+~
X?6 �$�WNO9<EQPR`2=+bsD<JdN�;�E2T<U<=�`2I?@�e�NOD<=<��`

N
6�6W6�6W6�6�6W6�6W6�6W6�6�6W6�6 �Q�

X?6 5��WNO9<EQPR`2=+bsD<JdN�;�E2T<U<=�E2;�I?@Bb
NOD<=<��`
N1

6W6�6W6�6�6W6�6W6�6W6�6�6W6�6 �Q�
X?6 i��WNO9<EQPR`2=+bsD<JdN�;�E2T<U<=�E2;�I?@Bb
NOD<=<��`

N2

6W6�6W6�6�6W6�6W6�6W6�6�6W6�6 �Q�
X?6 X[�WNO9<EQPR`2=+bsD<JdN�;�E2T<U<=�E2;�I?@Bb
NOD<=<��`

N3

6W6�6W6�6�6W6�6W6�6W6�6�6W6�6�5 �
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NOD<=<��`

N6
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� @�D<D?@BfwI?@��2E2;B@�9<E�FG`�f<e�NOD?@�=?FOF�A?N�PRE2`�@�D<=�� E29<;�=?>3@BA?C2D<E�FG;�= LONOEQPRNOSO=<T<NQFGU<=+K�`
E	�2E	�2e�NOD<D<E2��SQ@cP�@cT<N � =(PRE2D<J�
 > EQPRNGA?=,D<=+A?C29<E2;�NOD<;�D<E2��FG���2I<=?>3@�D<E2`2E2� SQ@cP�@
�
T<=�F�`2NOU<;�E2I<E�>,I<E�FG;B@�� 5+a i<a g	��6��\;B@�SQ@cP�@cT?@ E29<;�=?>3@BA?C2D<E2LOE��(9<I?@�`�A?NOD<=+f�FG;B@�`2=<;2F f
F�A?N�PR���:e�=?>�E	�2I?@�SOE�>�� �����

q̇ = u1X1 + u2X2, q = (x, y, z, v, w) ∈M = R
5, u = (u1, u2) ∈ U = R

2,

q(0) = q0 = 0, q(t1) = q1,

l =

∫ t1

0

√
u2

1 + u2
2 dt → min,

L PRNW`2NOU<;�E2I<D<JdNW9<E�A<f�9<I<=��(9<I?@�`�A?NOD<=+f+Km=?> N��:;s`2=(P��

X1 =
∂

∂ x
− y

2

∂

∂ z
− x2 + y2

2

∂

∂ w
, X2 =

∂

∂ y
+
x

2

∂

∂ z
+
x2 + y2

2

∂

∂ v
.
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� a�� �Q��� a
� � ��� 60�.I?@��2E2;B@BK � �Q���\=!� � ���\D?@��(PRNOD<J FGE2E2;�`2NO;2FG;�`2NOD<D<E�LOI<�(9<9<J D<NO9<I<NOI<Jd`2D<J�K�=
PR=?FGU<I<NO;�D<J�K�FG=?>3> NO;�I<=<� `dE	�2E	�2e�NOD<D<E2��SQ@cP�@cT<N � =(PRE2D<J"�G=?> NONO;2F f�PR`2��K+9?@�I?@2> NO;
�
I<=<T<NQFGU+@Bf
D<NO9<I<NOI<Jd`2D?@Bf
LOI<�(9<9?@�FG=?>3> NO;�I<=<�#� `2I?@�e�NOD<=+fH=�PR=+AR@�;B@�l<=<=$��a2@�;B@�U+b
N
PR=?FGU<I<NO;�D?@Bf�LOI<�(9<9?@dFG=?>3> NO;�I<=<� 9<E2I�f(PRU+@�X%� E2;�I?@Bb
NOD<=+f$��6Q��I?@��2E2;�N&� �
��9<E�A?�(T<NOD?@
9?@�I?@2> NO;�I<=<SQ@�l<=+fsFG���2I<=?>3@�D<E2`2J�K�LONOEQPRNOSO=<T<NQFGU<=+K'�(�OU+FG;�I<NQ>3@BA?C2D<J�K
;�I?@�NOU<;�E2I<=<�$�
�GA<A?=<9<;�=<T<NQFGU<=?> =�)W�(D<U<l<=+f?> =�*�U(E	�2=06,+�D<E2I?>3@BA?C2D<JdN\LONOEQPRNOSO=<T<NQFGU<=<N\E29<;�=?>3@BA?C��
D<J�PRE-�2NQFGU(E2D<NOT<D<E�FG;�=0ac@:D<E2I?>3@BA?C2D<JdN�
 `2E2E	�2e�N�LOE2`2E2I�f0aOD?@:U(E2D<NOT<D<J�K�E2;�I<NOSOU+@BK
`2I<NQ> NOD<=06
. E2T<U+@<a?`sU(E2;�E2I<E2��LONOEQPRNOSO=<T<NQFGU+@BfM;�NOI�f<NO;sE29<;�=?>3@BA?C2D<E�FG;�C?a<D?@�SOJd`�@�NO;2F f�;�E2T/�

U(E2��I?@�SOI<NOSQ@<6��WSO`2NQFG;�D<E?a�T<;�E�D<E2I?>3@BA?C2D?@Bf_LONOEQPRNOSO=<T<NQFGU+@Bf�> Ecb
NO;M;�NOI�f<;�C�E29<;�=/�
>3@BA?C2D<E�FG;�C�A?=��2EH=<S0� SQ@
;�E2LOE?a+T<;�Es`HD<NOU(E2;�E2I<���^NONW;�E2T<U<�M9<I<=+K�EQPR=<; PRI<�(LG@Bf�LONOE��
PRNOSO=<T<NQFGU+@Bf�F�;B@�U<=?>%b
N�SOD?@cT<NOD<=<NQ>1)W�(D<U<l<=<E2D?@BAR@2� ;�E2T<U+@ ]_@�U+FG`2NGA<AR@3��a�A?=��2E
=<S0� SQ@ ;�E2LOE?a3T<;�E�FGNQ> NO�?FG;�`2E,LONOEQPRNOSO=<T<NQFGU<=+K�=?> NONO;�E2LO=���@��:e����4� FGE29<I�f+b
NOD<D?@Bf
;�E2T<U+@3��6��%P�@�D<D<E2�,I?@��2E2;�NM> J D?@BK�EQPR=?> ;�E2T<U<=�]_@�U+FG`2NGA<AR@<a�FGE2E2;�`2NO;2FG;�`2���:e�=<N
LOI<�(9<9<NHFG=?>3> NO;�I<=<�0a�FGEcK+I?@�D+f��:e�=+Kt`2I<NQ>�f�D?@MLONOEQPRNOSO=<T<NQFGU<=+K�� `2I?@�e�NOD<=+f�=�E2;
�
I?@Bb
NOD<=+f$��6/+ =?> NOD<D<E?a<> J E2;�J�FGU<=<`�@�NQ> PR`2NWLO=<9<NOI<9<E2`2NOI�K+D<E�FG;�=m`
9<I<E�FG;�I?@�D?FG;�`2N
FGE�FG;�Ecf<D<=<�

M
a?FGEQPRNOI�bH@�e�=<N�`�FGNW;B@�U<=<N�;�E2T<U<=t]_@�U+FG`2NGA<AR@<6/5WE�> 9<C	�:;�NOI<D<JdN�`2J&�

T<=?F�A?NOD<=+f�9<E2U+@�SOJd`�@��:;ca�T<;�EHLONOEQPRNOSO=<T<NQFGU<=<N�;�NOI�f��:;HE29<;�=?>3@BA?C2D<E�FG;�C
=?> NOD<D<E
D?@
�O;�=+K�LO=<9<NOI<9<E2`2NOI�K+D<E�FG;Qf+K¤63]tJ `2J�f?FGD+f<NQ>.=<D<`�@�I<=?@�D<;�D<Jd� FO> J�F�A��O;�=+K�LO=<9<NOI/�
9<E2`2NOI�K+D<E�FG;�NO��`m;�NOI?> =<D?@BKtFG���2I<=?>3@�D<E2`2E2��FG;�I<�(U<;��(I<J�a�@s;B@�U+b
N�=+K�D?@�L�A<f(PRD<Jd�
FO> J�F�A�P?A<f6�O�+A?NOI<E2`2J�K"�GAR@2FG;�=<U�� 9<I<E2NOU<l<=<��LONOEQPRNOSO=<T<NQFGU<=+K�D?@�9+A?E�FGU(E�FG;�C

(x, y)
��6

7 E2U+@BA?=<SQ@�l<=+f ;�E2T<NOU�9<NOI<NQFGNOT<NOD<=+f�LONOEQPRNOSO=<T<NQFGU<=+K FHD?@��(PRNOD<D<J�> =,LO=<9<NOI<9<E��
`2NOI�K+D<E�FG;Qf?> = �2�OPRNO; FGEQPRNOI�bH@�D<=<NQ> 9<E�F�A?N�PR���:e�NO��I?@��2E2;�J8� �c5,� 6 � A<f��O;�E2LOE�9<E��
;�I<N��2�2NO;2F fs;�NGK+D<=<T<NQFGU<=9�2E�A?NON:F�A?EcbsD?@BfHI?@��2E2;B@�F:�GA<A?=<9<;�=<T<NQFGU<=?> =')W�(D<U<l<=+f?> =0a
U(E2;�E2I<E2��> J =<S��2NOLG@�NQ>�`�P�@�D<D<E2��I?@��2E2;�N26
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��@cT<D<NQ> F�D?@�9<E�> =<D?@�D<=+f^D<NOU(E2;�E2I<J�K 9<E2D+f<;�=<�^=%E	�2E2SOD?@cT<NOD<=<�0a�`2`2N�PRNOD<D<J�K `
9<I<N�PRJ�PR�(e�=+KMI?@��2E2;B@BK#� �
� a � � ��� 6?�WSW9<I<=<D<l<=<9?@m>3@�U+FG=?> �+>3@
�WE2D<;�I�f<LO=<D?@'� 5���F�A?N0�
PR�2NO;cacT<;�E �OU+FG;�I<NQ>3@BA?=�`�E	�2E	�2e�NOD<D<E2��SQ@cP�@cT<N � =(PRE2D<J�FG�(;�C�;�I?@�NOU<;�E2I<=<=�LG@2> =+A?C��
;�E2D<E2`2E2��FG=?FG;�NQ> J

λ̇ = ~H(λ)
a
λ ∈ T ∗M

a¤F
LG@2> =+A?CB;�E2D<=?@�D<E�>
H = (h2

1 + h2
2)/2

a
hi(λ) = 〈λ,Xi(q)〉

6��(NOEQPRNOSO=<T<NQFGU<=<N�f<`�A<f��:;2F ft9<I<E2NOU<l<=+f?> = �OU+FG;�I<NQ>3@BA?NO��=<S U(E��
U+@2FO@�;�NGA?C2D<E2LOEtI?@2FOF�A?E2NOD<=+f

T ∗M
D?@_9<I<E�FG;�I?@�D?FG;�`2E FGE�FG;�Ecf<D<=<�

M
�
qt = π(λt)

a

λt = et ~H(λ)
62��FG=+A?� EQPRD<E2I<EQPRD<E�FG;�=�LG@2> =+A?CB;�E2D<=?@�D?@

H
aQPRE�FG;B@�;�E2T<D<E�I?@2FOFO>3@�;�I<=/�

`�@�;�C�FG��b
NOD<=<N�LG@2> =+A?CB;�E2D<E2`�@\9<E2;�E2U+@�D?@d9<E2`2NOI�K+D<E�FG;�Cd�(I<E2`2D+f
H = 1/2

=�9<E2;�E�> �
�2I?@�;�C:D?@cT?@BA?C2D<JdN\U(E2`2NOU<;�E2I?@

λ
`�D?@cT?@BA?C2D<E�>�l<=+A?=<D(PRI<N

C = {H = 1/2}∩T ∗
q0
M
6

��F f�=<D�)WE2I?>3@�l<=+f E:LONOEQPRNOSO=<T<NQFGU<=+KWSQ@�U+A��:T<NOD?@�`-�OU+FG9<E2D<NOD<l<=?@BA?C2D<E�>�E2;�E	�2I?@Bb
N0�
D<=<=

Exp : C × R+ →M
a
Exp(λ, t) = π ◦ et ~H(λ) = qt

6

����� ����������� �"!$#�%�&���!'#�%$(���� �"!$#�)+*-,/.0%21�.230��4�.5&�6��7*
8�9;:=<?>A@CB
DE:F8HGEIJ@ADK>MLJL�G `�9<I<E2E	�2I?@�SON:�OU+FG9<E2D<NOD<l<=?@BA?C2D<E2LOE�E2;�E	�2I?@Bb
NOD<=+fmE29<I<N0�
PRNGA<f<NO;2F f�F�A?N�PR���:e�=?>�E	�2I?@�SOE�>&�

MAX =
{

(λ, t) ∈ C × R+ | ∃ λ̃ ∈ C, λ̃ 6= λ : Exp(λ̃, t) = Exp(λ, t)
}
.

��U+A��:T<NOD<=<N
(λ, t1) ∈ MAX

E2SOD?@cT?@�NO;ca�T<;�E�PR`2N�I?@�SOD<JdN LONOEQPRNOSO=<T<NQFGU<=<N
qs =

Exp(λ, s) 6≡ q̃s = Exp(λ̃, s)
a
s ∈ [0, t1]

aBEQPR=<D?@�U(E2`2E2��FG���2I<=?>3@�D<E2`2E2�WP?A?=<D<J
l = t19<NOI<NQFGNOU+@��:;2F f�`H;�E2T<U(N

qt1 = q̃t1
a<FO>�6<I<=?F�6 �26

q0

q̃s

qs

qt1
= q̃t1

qt2
= q̂

t̂ N t2 > t̂

q̂s

-

-

-

O =?F�6 �	�2�WNOE29<;�=?>3@BA?C2D<E�FG;�CWLONOEQPRNOSO=<T<NQFGU(E2�
qs
9<E�F�A?N�;�E2T/�

U<=t]_@�U+FG`2NGA<AR@
qt1

]tD<Ecb
NQFG;�`2E�]_@�U+FG`2NGA<AR@s;�NQFGD<E�FG`�f<SQ@�D<E�F�E29<;�=?>3@BA?C2D<E�FG;�C	��LONOEQPRNOSO=<T<NQFGU<=+K �
LONOEQPRNOSO=<T<NQFGU+@BfHD<N�> Ecb
NO;%�2Jd;�C�E29<;�=?>3@BA?C2D<E2�s9<E�F�A?N:9<NOI<NQFGNOT<NOD<=+fMF�PRI<�(LOE2�mLONOE��
PRNOSO=<T<NQFGU(E2��;B@�U(E2�Wb
N3P?A?=<D<J�62Z�A?N�PR���:e�NON�9<I<N�P?A?Ecb
NOD<=<N3PRE2U+@�SQ@�D<E�Z:6QP @�U(N:� n,� 6
� A<f�9<E�A?D<E2;�J =<SGA?Ecb
NOD<=+f�9<I<=<`2N�PRNQ>�NOLOEsF:PRE2U+@�SQ@�;�NGA?C�FG;�`2E�>�6
R q ��� 13&('������ �_"2S �/S�TVU @CBXW

qs Y q̃s @ U BXW[ZQDK>�\]G=^E9;_$>a`b>C:EZQ>c^ Y;d >A@CI Y >=e qs 6≡ q̃s f
s ∈ [0, t1] g0h @ML Y qt1 = q̃t1 f BX:�ZbLji�L/k�lQ:E`c: t2 > t1
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q′s =

{
q̃s, s ∈ [0, t1],

qs, s ∈ [t1, t2].
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a
E2;�U<�OP�@

q̃s ≡ qs
a
s ∈ [0, t1]

6;�WI<E2;�=<`2E2I<NOT<=<N26
� G o > d GE9 Y > g �\U+FG9<E2D<NOD<l<=?@BA?C2D<E2NME2;�E	�2I?@Bb
NOD<=<NMf<`�A<f<NO;2F f�AR@�LOI?@�D+b
NO`2J�>%E2;�E	���
I?@Bb
NOD<=<NQ> � i�� 6 �WSs;�NOE2I<=<=,AR@�LOI?@�D+b
NO`2J�K�E�FGE	�2NOD<D<E�FG;�NO��F�A?N�PR�2NO;ca�T<;�E_`_D?@���NO�
SQ@cP�@cT<N_D<E2I?>3@BA?C2D<JdN�LONOEQPRNOSO=<T<NQFGU<=<N�;�NOI�f��:; E29<;�=?>3@BA?C2D<E�FG;�C�` n/> \2DE:Qr ;�E2T<U(N
]_@�U+FG`2NGA<AR@ � ;c6 N26�E29<;�=?>3@BA?C2D<J.PRE#�O;�E2�,;�E2T<U<=,`2U+A��:T<=<;�NGA?C2D<E_=,D<NmE29<;�=?>3@BA?C��
D<J 9<E�F�A?NdD<NON���6(7dPRD?@�U(EWD?@��<;�=H9<NOI<`2����;�E2T<U<�
]_@�U+FG`2NGA<AR@�SQ@�;�I<�OPRD<=<;�NGA?C2D<E?62]tJ
�2�OPRNQ>^=?FOF�A?N�PRE2`�@�;�C�E29<;�=?>3@BA?C2D<E�FG;�C_D<E2I?>3@BA?C2D<J�K,LONOEQPRNOSO=<T<NQFGU<=+K�F�A?N�PR���:e�=?>
E	�2I?@�SOE�>&������D?@��(PRNQ>^E29<I<N�PRNGA?NOD<D<JdNM9<EQP�> D<Ecb
NQFG;�`�@t> D<Ecb
NQFG;�`�@_]_@�U+FG`2NGA<AR@'

FG;�I?@�;�J ]_@�U+FG`2NGA<AR@

MAXi
a
i = 0, . . . , 3

a�9<E2I<Ecb
PRNOD<D<JdN�FG=?>3> NO;�I<=+f?> = �OU+FG9<E��
D<NOD<l<=?@BA?C2D<E2LOE�E2;�E	�2I?@Bb
NOD<=+f0a2D<N:=<SQ> NOD+f��:e�=?> =M`2I<NQ>�f � `2I?@�e�NOD<=<NQ> ~h0

=mE2;�I?@
�
b
NOD<=+f?> =

εi ����5	��PRE2U+@Bb
NQ>�acT<;�EW`BPRE�A?C�U+@Bb
PRE2��D<E2I?>3@BA?C2D<E2�6�OU+FG;�I<NQ>3@BA?=
9<NOI<`�@Bf
FGE29<I�f+b
NOD<D?@Bf�;�E2T<U+@:`�FG;�I<NOT?@�NO;2F f D<N�I?@�D<C���N�9<NOI<`2E2LOE:9<NOI<NQFGNOT<NOD<=+f
FGE�FG;�I?@�;B@2> =
]_@�U+FG`2NGA<AR@

MAXi
��i3�0PRE2U+@Bb
NQ>�acT<;�E�9<NOI<`�@Bf�;�E2T<U+@�D?@�D<E2I?>3@BA?C2D<E2� �OU+FG;�I<NQ>3@BA?=

=<S:FG;�I?@�;�E2` ]_@�U+FG`2NGA<AR@
MAXi

NQFG;�C�;�E2T<U+@�I?@�SOI<NOSQ@�� ;�E2T<U+@�9<E2;�NOI<=sE29<;�=?>3@BA?C2D<E��
FG;�=$��6 �\;�E2;M> NO;�EQP =?FOF�A?N�PRE2`�@�D<=+f�E29<;�=?>3@BA?C2D<E�FG;�=#�2J�A_��FG9<N���D<Es9<I<=?> NOD<NOD�9<I<=
I<N���NOD<=<=
D<NQFGU(E�A?C2U<=+K SQ@cP�@cT
FG���2I<=?>3@�D<E2`2E2� LONOE�> NO;�I<=<='� �2a���� 62� �O;�E2�
I?@��2E2;�N�> J
I<N��
@�NQ>�SQ@cP�@cT<� ����6
5�@�U��(U+@�SQ@�D<E�` U<D<=<LON � i
� a3;�NOI?> =<D o 9;:=<?>A@CB
DE:H8HGEIJ@ADK>MLJL�G `2E2SOD<=<U+@�NO;	�c`

FG`�f<SO=,FH9<I?@�`2=+A?E�> ]_@�U+FG`2NGA<AR@�;�NOE2I<=<=,��@�D�PRNOI���@2@BA?C�FO@<a¤FGE2L�AR@2FGD<E�U(E2;�E2I<E�> �
)�@�SOE2`2Jd�
9<NOI<NGK�EQP�FGE2`2NOI
�
@�NO;2F fH9<I<=m;B@�U(E�> SOD?@cT<NOD<=<=s9?@�I?@2> NO;�I?@<a�9<I<=mU(E2;�E2I<E�>
PR`�@H>3@�U+FG=?> �+>3@
D<NOU(E2;�E2I<E2��L�AR@cPRU(E2�')W�(D<U<l<=<=�I?@�`2D<J > NGb
PR��FGE	�2E2���c6

��� � 
 ��(�����)�� ��6�&��$.2���"���?��%$(�%�� 1�.0#�#�)�.��$(���� .0#�������� �
%$��(���� .0#��������

� I?@��2E2;�N�� � ��� �2J�A?=wE29<I<N�PRNGA?NOD<J =w=?FOF�A?N�PRE2`�@�D<J E2;�I?@Bb
NOD<=+f
εi a i = 1, 2, 3

a

 PR=?FGU<I<NO;�D<JdN�FG=?>3> NO;�I<=<=��OU+FG9<E2D<NOD<l<=?@BA?C2D<E2LOE E2;�E	�2I?@Bb
NOD<=+f

εi : N → N
a

εi : M → M
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Exp ◦εi = εi ◦ Exp

6¤]tJ%E	�2E2SOD?@cT?@�NQ>
ν = (λ, t) ∈ N = C × R+

a
νi = εi(ν)
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G~h0,Z
= eR~h0 ◦ eRZ � FO>�6 � �
�(��a<L PRN

h0(λ) = 〈λ,X0(q)〉, X0 = −y ∂
∂ x

+ x
∂

∂ y
− w

∂

∂ v
+ v

∂

∂ w
,

Z = ~hY + e, hY (λ) = 〈λ, Y (q)〉,

Y = x
∂

∂ x
+ y

∂

∂ y
+ 2z

∂

∂ z
+ 3v

∂

∂ v
+ 3w

∂

∂ w
, e =

5∑

i=1

hi

∂

∂ hi

.
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MAX0 = {ν ∈ N | ∃σ ∈ R : ν̃ = eσ~h0(ν) 6= ν, Exp(ν̃) = Exp(ν)},
MAXi = {ν ∈ N | ∃σ ∈ R : ν̃ = eσ~h0(νi) 6= ν, Exp(ν̃) = Exp(ν)}, i = 1, 2, 3.
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MAXi ⊂ MAX, i = 0, 1, 2, 3.
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g : N → N, g : M → M, g ∈ G.
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N
g−−−−→ N

Exp

y
yExp

M
g−−−−→ M
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Exp ◦g = g ◦ Exp
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g(λ, t) = (λ′, t), (λ, t) ∈ N, g ∈ G.
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MAXG = {ν ∈ N | ∃g ∈ G : ν̃ = g(ν) 6= ν, Exp(ν̃) = Exp(ν)}.
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)�@�U<;�E2I<=<SO���:;2F fm9<EWPRNO�?FG;�`2=�� LOI<�(9<9<J

G~h0,Z
= eR~h0 ◦ eRZ a�;B@�U/�

b
NWU+@�U�=�`�FGN�> D<Ecb
NQFG;�`2EH]_@�U+FG`2NGA<AR@��

MAXi
Id−−−−→ N

Exp−−−−→ M
yπ′′

0

yπ′′

0

yπ′′

1

MAX′′
i

Id−−−−→ N ′′ Exp′

−−−−→ M ′′
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es~h0 ◦ erZ(MAXi) = MAXi, i = 0, . . . , 3, s, r,∈ R.
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σ ∈ R
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ν̃ = eσ~h0(ν2) 6= ν, Exp(ν̃) = Exp(ν).
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σ1 = σ + 2s
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ν̃1 = eσ1
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1 ) 6= ν1, Exp(ν̃1) = Exp(ν1),
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ν1 = es~h0 ◦ erZ(ν) ∈ MAX2
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V = xv + yw − z
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�\;B@-)W�(D<U<l<=+f =<D<`�@�I<=?@�D<;�D?@dE2;�D<E�FG=<;�NGA?C2D<E:`2I?@�e�NOD<=<��= EQPRD<E2I<EQPRD?@
9<E2I�f(PRU+@�XHE2;�D<E�FG=<;�NGA?C2D<E�PR=+AR@�;B@�l<=<� �

X0V = 0, Y V = 4V.
� ���

�WS�9<I<N�P?A?Ecb
NOD<=+f�5+6 g2� � ���:F�A?N�PR�2NO;ca�T<;�E?a�F�;�E2T<D<E�FG;�C	� PRE�SOD?@�U+@<a )W�(D<U<l<=+f
VFGEcK+I?@�D+f<NO;2F fME2;�I?@Bb
NOD<=+f?> = �

V ◦ ε1 = V, V ◦ ε2 = −V, V ◦ ε3 = −V.
7:;2> NO;�=?>�a?T<;�Es@�D?@BA?E2LO=<T<D<J�> =�FG`2E2�?FG;�`�@2> =�E	��AR@cP�@�NO;�= )W�(D<U<l<=+f

z
�

X0z = 0, Y z = 2z,
� 5	�

z ◦ ε1 = −z, z ◦ ε2 = z, z ◦ ε3 = −z.

����� � ) �$%21���(����$#�.0#����-1a� � 6�(�����#�)+* ��%$4�.06
��@�9<E�> D<=?>�� � ��� a+T<;�Es> J E	�2E2SOD?@cT?@�NQ>

qi = εi(q)
a
q, qi ∈ M

6+��9+A?E�FGU(E�FG;Qf+K
(x, y)=

(v, w)
�2�OPRNQ>�=?FG9<E�A?C2SOE2`�@�;�Cs9<E�A<f<I<D<JdN
U(E2E2I2PR=<D?@�;�J"�

x = r cosχ
a
y = r sinχ

a
v = ρ cosω

a
w = ρ sinω

6
��F�A?N�PR���:e�NQ>��(;�`2NOI�b
PRNOD<=<=m> J�9<E�A?�(T?@�NQ> �(I?@�`2D<NOD<=+fsLO=<9<NOI<9<E2`2NOI�K+D<E�FG;�NO�0a

FGEQPRNOI�bH@�e�=+KmFG;�I?@�;�J%]_@�U+FG`2NGA<AR@
MAXi

6
R q ��� 13&('������ ��!0S �/S

1) eσX0(q1) = q ⇔ z = 0,

{
σ = 0

nE\ Y r2 + ρ2 > 0 f
∀σ nE\ Y r2 + ρ2 = 0 g

2) eσX0(q2) = q ⇔ V = 0,





σ = 2χ
nE\ Y r > 0 f

σ = 2ω − π
nE\ Y r = 0 f ρ > 0 f

∀σ nE\ Y r = ρ = 0 g

3) eσX0(q3) = q ⇔ z = V = 0,





σ = 2χ
nE\ Y r > 0 f

σ = 2ω − π
nE\ Y r = 0 f ρ > 0 f

∀σ nE\ Y r = ρ = 0 g

�



� :QIJG=^KGEB
>ML/WJ@CB
DE: g�� �OPRNQ>^=?FG9<E�A?C2SOE2`�@�;�C#)WE2I?> �QA?J P?A<f�PRNO�?FG;�`2=+f�E2;�I?@Bb
NOD<=<�
`HU(E2E2I2PR=<D?@�;B@BKmD?@

M
a<FO>�6<9<I<N�P?A?Ecb
NOD<=<N 5+6 g�� � ��� 6

�����:;�`2NOI�b
PRNOD<=<N F�A?N�PR�2NO;
=<S�I?@�`2NOD?FG;�`

ε1 : (x, y, z, v, w) 7→ (x, y,−z, v − xz, w − yz),

esX0 : (x, y, z, v, w) 7→
7→ (x cos s− y sin s, x sin s+ y cos s, z, v cos s− w sin s, v sin s+ w cos s).� i3�

5	����@�9<E�> D<=?>�a+T<;�E

ε2 : (x, y, z, v, w) 7→ (x,−y,−z,−v + xz, w − yz).

�W��FG;�C
r > 0

6 . E2L P�@�I?@�`2NOD?FG;�`2E
(x, y) = (x cos s + y sin s, x sin s − y cos s)

E2SOD?@cT?@�NO;ca+T<;�E
s = 2χ

a<;c6 N26
cos s =

x2 − y2

x2 + y2

a
sin s =

2xy

x2 + y2

6?�WEs;�E2L P�@sFG=?FG;�NQ>3@
�(I?@�`2D<NOD<=<�

(−v + xz) cos s− (w − yz) sin s = v, (−v + xz) sin s+ (w − yz) cos s = w

9<NOI<NO9<=?FGJd`�@�NO;2F fM`s`2=(PRN
xV = 0, yV = 0,

T<;�EsI?@�`2D<E�FG=+A?C2D<E�I?@�`2NOD?FG;�`2�
V = 0

6
�W��FG;�C

r = 0
a
ρ > 0

6<� �O;�E�> F�A?�(T?@�NWI?@�`2NOD?FG;�`2E

(v, w) = (−v cos s+ w sin s,−v sin s+ w cos s)

E2SOD?@cT?@�NO;ca(T<;�E
s = 2ω − π

6 � E�A?NONW;�E2LOE?a+=<S�I?@�`2NOD?FG;�`�@ r = 0
F�A?N�PR�2NO;

V = 0
6

��@�U(E2D<NOl0a0`_F�A?�(T?@�N
r = ρ = 0

`2Jd9<E�A?D+f��:;2F f,E	��@�I?@�`2NOD?FG;�`�@
esX0(q2) = q9<I<=�A��-�2E�>

σ
a?@
;B@�U+b
N

V = 0
6

i3����@�9<E�> D<=?>�a+T<;�E

ε3 : (x, y, z, v, w) 7→ (x,−y,−z,−v, w).

�:;�`2NOI�b
PRNOD<=<N�F�A?N�PR�2NO;�=<S�9<�(D<U<;B@w5	��`�FG=+A?� ;�E2LOE?adT<;�E�E2;�I?@Bb
NOD<=+f
ε3

=
ε2FGE2`29?@cP�@��:; 9<I<=^��F�A?E2`2=<=

z = 0
a�D<NOE	�cK�EQPR=?> E�> P?A<f%`2Jd9<E�A?D<NOD<=+f I?@�`2NOD?FG;�`�@

esX0(q3) = q
6

� A<f.E29<=?FO@�D<=+f.FG;�I?@�;B@w]_@�U+FG`2NGA<AR@
MAX0

D?@2> 9<E2D?@cPRE	�2=<;2F f%F�A?N�PR���:e�NON
�(;�`2NOI�b
PRNOD<=<N2a+E2T<NO`2=(PRD<EsF�A?N�PR���:e�NONW=<S%)WE2I?> �QA?J

(3)
6

R q ��� 13&('������ ��!0S "2SaTVU @CBXW
s 6= 2πn f n ∈ N g�� :E`bZQG

eσX0(q) = q ⇔ r2 + ρ2 = 0.

�



��� � � ��,p� ��1�#�) � &���) &/� 6�(�����#�)+* ��%$4�.06
j �(D<U<l<=<=

z
a
V
=��(I?@�`2D<NOD<=+f

z = 0
a
V = 0

a�@�;B@�U+b
Ns�(I?@�`2D<NOD<=<N
r2 + ρ2 = 0

a
=?> N��:;HD?@�L�A<f(PRD<Jd�tFO> J�F�A�P?A<f'�O�+A?NOI<E2`2J�K��GAR@2FG;�=<U06
� E29<E�A?D<=?>tPR�(LO� �GAR@2FG;�=<U<=mF�D?@cT?@BA?E�>

O
=sU(E2D<l<E�>

R
PRE�SQ@2> U<D<�(;�E2�HU<I<=<`2E2�0a

9<I<E2`2N�P?f E2;�I<NOSOE2U
RO

a�FO>�6�I<=?F�6�5+6 . E2L P�@ )W�(D<U<l<=+f
z
`t;�E2T<U(N

R
I?@�`2D?@�@BA?LON����

I?@�=<T<NQFGU(E2�m9+A?E2e
@cPR=ME2I<=<NOD<;�=<I<E2`�@�D<D<E2�ME	��AR@2FG;�=0a(E2LOI?@�D<=<T<NOD<D<E2�HPR�(LOE2���GAR@2FG;�=/�
U<=

OR
=tNON K�E2I2PRE2�

RO
aR;c6 N26�@BA?LON��2I?@�=<T<NQFGU(E2�tFG�+>3> N�9+A?E2e
@cPRNO�_FG`�f<SOD<J�K�U(E�>��

9<E2D<NOD<; �O;�E2�,E	��AR@2FG;�=�� 9+A?E2e
@cPR=,U(E�> 9<E2D<NOD<;ca�E	�cK�EQP?f<e�=+K(F f_`_9<E�A?Ecbs=<;�NGA?C2D<E�>
D?@�9<I?@�`�A?NOD<=<=0a
�2NOI<�(;2F fHFGEWSOD?@�U(E�>

+
a�@�E	�cK�EQP?f<e�=+K(F f `WE2;�I<=<l?@�;�NGA?C2D<E�>_D?@�9<I?@�`��

A?NOD<=<=tFGEHSOD?@�U(E�> − ��6 � NO�?FG;�`2=<;�NGA?C2D<E?a+`BPRE�A?C �GAR@2FG;�=<U

z =
1

2

∫
x dy − y dx =

1

2

∫
r2dχ =

∑
±Si.

O @�`2NOD?FG;�`2E
z = 0

E2SOD?@cT?@�NO;caRT<;�EmPR�(LG@��GAR@2FG;�=<U<=�=�NON�K�E2I2P�@mE2LOI?@�D<=<T<=<`�@��:;mE	���
AR@2FG;�CHD<�QA?NO`2E2�t@BA?LON��2I?@�=<T<NQFGU(E2�M9+A?E2e
@cPR=06$�\;�EsI?@�`2NOD?FG;�`2EH;�I<=<`2=?@BA?C2D<EH`2Jd9<E�A��
D+f<NO;2F ftP?A<ftPR�(L �GAR@2FG;�=<U0a¤l<NOD<;�I<=<I<E2`�@�D<D<J�Kt`�NON
;�E2T<U+@BKt9<NOI<NOLO=���@<a¤FO>�6�I<=?F�60g+a

 �O;�EsD<NO9<EQPR`2=+bsD<JdNW;�E2T<U<=�E2;�I?@Bb
NOD<=+f

ε1 : N1 → N1

6 � A<f�E2;�J�FGU+@�D<=+f�;�E2T<NOU
]_@�U+FG`2NGA<AR@
`�@BbsD<EsD?@��<;�=_D<NO;�I<=<`2=?@BA?C2D<JdN I<N���NOD<=+ft�(I?@�`2D<NOD<=+f

z = 0
a?=?> NOD<D<E

;B@�U+@Bf:PR�(LG@&�GAR@2FG;�=<U<= =<SOE	�2I?@Bb
NOD?@�D?@dI<=?F�6c5/��P?A<f"�O;�E2�WPR�(LO=
z = S1−S2+S3 = 0

6
��J�f?FGD<=?>�D?@�L�A<f(PRD<Jd�mFO> J�F�AM9<NOI<NQ> NOD<D<E2�

V
6(��E�FG9<E�A?C2SOE2`�@�`���=?FGC )WE2I?> �QAR@
�

> =MP?A<f�U(E2E2I2PR=<D?@�;�l<NOD<;�I?@s>3@2FOFWFGNOLQ> NOD<;B@��GAR@2FG;�=<U<=�9<I<=
z 6= 0

� FO>�6 � �
�(�

cx =
1

z

(
v − r2

6
y

)
, cy =

1

z

(
w +

r2

6
x

)
,

� X��

9<E�A?�(T?@�NQ>�I?@�SGA?Ecb
NOD<=<N�D?@H> D<Ecbs=<;�NGA?=

V = xv+yw−z r
2

2
= z

(
xcx + ycy − r2

2

)
= z

〈
~r, ~c− ~r

2

〉
= z r

〈
~er, ~c−

~r

2

〉
.

� PRNQFGC
~r = (x, y)


 I?@cPR=<��F�� `2NOU<;�E2I�U(E2D<l?@ �GAR@2FG;�=<U<=0a
~er = ~r/r

a @
~c = (cx, cy)


 I?@cPR=<��F�� `2NOU<;�E2I�l<NOD<;�I?@�>3@2FOF
FGNOLQ> NOD<;B@'�GAR@2FG;�=<U<=060��@MI<=?F�60iM=?> NONQ> −→

OR= ~r
a

−→

OM=
~r

2

a −→

OC= ~c
a −→

MC= ~c − ~r

2

a
MP = l⊥

NQFG;�C�FGNOI<N�PR=<D<D<Jd�t9<NOI<9<NOD(PR=<U<�QA<f<I�U
K�E2I2PRN

OR
a2@
P

.9<I<E2NOU<l<=+f
l<NOD<;�I?@W>3@2FOF

C
D?@WFGNOI<N�PR=<D<D<Jd�
9<NOI<9<NOD(PR=<U<�QA<f<I

l⊥
6

�WE	�O;�E�> �
PC =

〈
~er, ~c− ~r

2

〉 NQFG;�C�I?@2FOFG;�Ecf<D<=<N\E2;:l<NOD<;�I?@W>3@2FOF
C
PREWFGNOI<N�PR=<D<D<E2LOE

9<NOI<9<NOD(PR=<U<�QA<f<I?@
MP

6¤Z�A?N�PRE2`�@�;�NGA?C2D<E?a+9<I<=
z 6= 0

I?@�`2NOD?FG;�`2E
V = 0

E2SOD?@cT?@�NO;ca
T<;�Esl<NOD<;�I_>3@2FOF�FGNOLQ> NOD<;B@��GAR@2FG;�=<U<=�A?NGbs=<;sD?@sFGNOI<N�PR=<D<D<E�> 9<NOI<9<NOD(PR=<U<�QA<f<I<N U
K�E2I2PRN26��\;�E�I?@�`2NOD?FG;�`2E�;�I<=<`2=?@BA?C2D<E�`2Jd9<E�A?D+f<NO;2F f_P?A<f �GAR@2FG;�=<U0a0l<NOD<;�I<=<I<E2`�@�D/�
D<J�K�`,`2NOI
��=<D<N2a�FO>�6�I<=?F�6�n(a��<a � �2a �Qi<a �O;�E�D<NO9<EQPR`2=+bsD<JdN�;�E2T<U<=�E2;�I?@Bb
NOD<=<�
ε2 : Ni → Ni

a
i = 1, 2, 3

6
��J�f?FGD<=?>.D?@�L�A<f(PRD<Jd��FO> J�F�A��(I?@�`2D<NOD<=+f

r2 + ρ2 = 0
6 �:I?@�`2D<NOD<=<N

r2 = 0E2SOD?@cT?@�NO;ca�T<;�E �GAR@2FG;�=<U+@�NQFG;�C
SQ@2> U<D<�(;B@BfmU<I<=<`�@Bf � D?@cT?@BA?E
FGE2`29?@cP�@�NO; F�U(E2D<l<E�>�a
9<I<=<T<NQ>�U+@2FO@�;�NGA?C2D<JdN:`HD?@cT?@BA?N�=�U(E2D<l<N2a+`2E2E	�2e�N:LOE2`2E2I�f0a�I?@�SOD<JdN���6 � @BA?NON2a(`2E�F��
9<E�A?C2SO�2NQ>3F f�`2JdI?@Bb
NOD<=+f?> =

(4)
P?A<f�l<NOD<;�I?@M>3@2FOF�FGNOLQ> NOD<;B@9�GAR@2FG;�=<U<=06��WS6�O;�=+K

`2JdI?@Bb
NOD<=<� A?NOLOU(Et`2=(PRNO;�C?a�T<;�E_9<I<=
z 6= 0

�(I?@�`2D<NOD<=<N
r2 + ρ2 = 0

a�E2SOD?@cT?@�NO;ca

�Q�



O

R

+S1

−S2

+S3

r

r

	

	

	
�

-

-
O

M

R

C

P

l
⊥

M

�

O =?F�6R5/�
z = +S1 − S2 + S3 − · · · O =?F�6?i��

V = z r 〈~er,~c− ~r/2〉

T<;�E
cx = cy = 0

a

�=<D<J�> =mF�A?E2`�@2> =0aBl<NOD<;�Im>3@2FOF�FGNOLQ> NOD<;B@ �GAR@2FG;�=<U<=sFGE2`29?@cP�@�NO;
F NON
D?@cT?@BA?E�>�6 . @�U<=?>wE	�2I?@�SOE�>�a?�(I?@�`2D<NOD<=<N

r2 + ρ2 = 0
E2SOD?@cT?@�NO;#� 9<I<=

z 6= 0
��a

T<;�E9�GAR@2FG;�=<U+@HSQ@2> U<D<�(;B@<aR@Hl<NOD<;�I�>3@2FOF�NON�FGNOLQ> NOD<;B@mFGE2`29?@cP�@�NO;HF�NON D?@cT?@BA?E�>�=
U(E2D<l<E�>�6���@�SOE2`2NQ>t;B@�U<��� �GAR@2FG;�=<U<� ^KG o > d GEB
>ML/Wq9;:Qr 6B]tJ 9<E2U+@Bb
NQ>�� �c5,� a�T<;�E FG�3�
e�NQFG;�`2���:;H;�E�A?C2U(E
D<NO=<D�)�A?NOU+FG=<E2D<D<JdNWSQ@2> NOT?@�;�NGA?C2D<JdN �GAR@2FG;�=<U<= � 9<I<=

λ ∈ C2

��6

����� � # �$��(�����#���#�) � &���) &/� 6�(�����#�)+*-��%$4�.06
��J�f?FGD<=?> =<D<`�@�I<=?@�D<;�D<Jd�_FO> J�F�A_LO=<9<NOI<9<E2`2NOI�K+D<E�FG;�NO�

z = 0
=
V = 0

=_U<I<=<`2E2�
r2 + ρ2 = 0

P?A<ftFG���2I<=?>3@�D<E2`2E2��FG;�I<�(U<;��(I<J
(∆, 〈·, ·〉) 6

� G o > d GE9 Y > g 7:;2> NO;�=?>�a�T<;�EwD<=+A?C29<E2;�NOD<;�D?@Bf � 5+a i<a g	��FG���2I<=?>3@�D<E2`�@�FG;�I<�(U<;��(I?@
(∆, 〈·, ·〉) a+SQ@cP�@�D<D?@BfsE2I<;�E2D<E2I?> =<I<E2`�@�D<D<J�> ��@�SO=?FGE�> (X1, X2)

a(E29<I<N�PRNGA<f<NO;
FO@2> =
A?NO`2E2=<D<`�@�I<=?@�D<;�D<JdN ��@�SO=?FGD<JdNs9<E�A<f

(X1, X2)
D?@tLOI<�(9<9<N 7 =

M
EQPRD<E2SOD?@cT<D<EtF

;�E2T<D<E�FG;�C	�wPRE
E2I<;�E2LOE2D?@BA?C2D<J�Ks9<I<NOE	�2I?@�SOE2`�@�D<=<�s`
9+A?E�FGU(E�FG;�=
∆
6]�WE	�O;�E�> �s`2NOU/�

;�E2I<D<JdN�9<E�A<f
(X1, . . . , X5)

E29<I<N�PRNGA<f��:;2F fmFG���2I<=?>3@�D<E2`2E2�HFG;�I<�(U<;��(I<E2�
(∆, 〈·, ·〉)EQPRD<E2SOD?@cT<D<E
FW;�E2T<D<E�FG;�C	� PREs9<E2`2E2I<E2;�E2`

(X1, X2, X3, X4, X5) 7→
7→ (cosϕX1 + sinϕX2,− sinϕX1 + cosϕX2, X3,

cosϕX4 + sinϕX5,− sinϕX4 + cosϕX5)

=�E2;�I?@Bb
NOD<=<�

(X1, X2, X3, X4, X5) 7→ (X1,−X2,−X3,−X4, X5).

� �



!0S !0S ��������-+q�� -+��*+� &R�_&?x�� )2-+��� �_{���x ��q�x &?����q��¤� &R)�*+�
z = 0

]tD<E2LOE2E	�2I?@�SO=<N
Sz = {q ∈M | z = 0}

PRE29<��FGU+@�NO;�=<D<`�@�I<=?@�D<;�D<E2NWE29<=?FO@�D<=<NW`H;�NOI?> =<D?@BK�l<NOD<;�I?@HLOI<�(9<9<J 7 =
M

Z = Z(M) = {q ∈M | q · q′ = q′ · q ∀q′ ∈M} =

= eRX4 · eRX5 =

= {(x = 0, y = 0, z = 0, v, w) | v, w ∈ R}
=�9<EQP�> D<Ecb
NQFG;�`�@t`

M
a SQ@�9<E�A?D<NOD<D<E2LOE_EQPRD<E29?@�I?@2> NO;�I<=<T<NQFGU<=?> =�9<EQPRLOI<�(9<9?@2> =0a

U+@2FO@��:e�=?> =?F fMI?@2FG9<I<N�PRNGA?NOD<=+f
∆

eR ∆ =
{
etX | X ∈ ∆, t ∈ R

}
.

R q ��� 13&('������ ��!0S !0S
Sz = Z · eR ∆ g

� :QIJG=^KGEB
>ML/WJ@CB
DE: g 7dPRD<E29?@�I?@2> NO;�I<=<T<NQFGU<=<N39<EQPRLOI<�(9<9<J�aGU+@2FO@��:e�=<NQF f�I?@2FG9<I<N�PRN0�A?NOD<=+f
∆
a > EcbsD<EtE29<=?FO@�;�CtA?=��2EtU+@�U�@�D<E2I?>3@BA?C2D<JdNsLONOEQPRNOSO=<T<NQFGU<=<N2a¤A?=��2E_D<E2I/�

>3@BA?C2D<JdNWLONOEQPRNOSO=<T<NQFGU<=<N�P?A<f
λ ∈ C4, C5, C7

� FO>�6 � ���(��a<9<E	�O;�E�> �

eR ∆ = {(t cosϕ, t sinϕ, 0, (t3/6) sinϕ, (−t3/6) cosϕ) | t ∈ R, ϕ ∈ S1},
F�A?N�PRE2`�@�;�NGA?C2D<E?a

Z · eR ∆ = {(t cosϕ, t sinϕ, 0, t3/6 sinϕ+ v,−t3/6 cosϕ+ w)} =

= {z = 0} = Sz .

. @�U<=?> E	�2I?@�SOE�>�a+9<E2`2NOI�K+D<E�FG;�C
Sz

f<`�A<f<NO;2F f�D<NOU(E2;�E2I<J�>�I?@2F ��=<I<NOD<=<NQ> > D<E��
b
NQFG;�`�@

eR ∆ a�SQ@�9<E�A?D<NOD<D<E2LOE�@�D<E2I?>3@BA?C2D<J�> = LONOEQPRNOSO=<T<NQFGU<=?> = 
�9<I�f?> J�> =^`
9+A?E�FGU(E�FG;�=

(x, y)
60��@�L�A<f(PRD<J�>��(U+@�SQ@�D<=<NQ>�D?@��O;�EtF�A?��bs=<;�;�E?a¤T<;�E�9<I�f?> JdNHSQ@
�

> NO;B@��:;�E	��AR@2FG;�CWD<�QA?NO`2E2�
9+A?E2e
@cPR= ��`BPRE�A?C�@�D<E2I?>3@BA?C2D<J�K�LONOEQPRNOSO=<T<NQFGU<=+K
z ≡ 0

6

!0S !0S "�������-+q�� -+��*+� &R�_&?x�� )2-+��� �_{���x ��q�x &?����q��¤� &R)�*+�
V = 0

�0=<9<NOI<9<E2`2NOI�K+D<E�FG;�C
SV = {q ∈M | V = 0}

> EcbsD<E�E29<=?FO@�;�C U+@�U D<NOU(E2;�E2I<E2N�I?@2F ��=<I<NOD<=<N�9<EQP�> D<Ecb
NQFG;�`�@�`
M
a3SQ@�9<E�A?D<NOD/�

D<E2LOEMD<E2I?>3@BA?C2D<J�> = LONOEQPRNOSO=<T<NQFGU<=?> =0a¤FGE2E2;�`2NO;2FG;�`2���:e�=?> =�F�A?�(T?@�� �(NO�<SONOD��2NOI/�
LG@�� g�� �

λ ∈ C4 ∪ C5 ∪ C6

��a�9<I�f?> J�> = =wE2U<I<��bsD<E�FG;Qf?> =w`�9+A?E�FGU(E�FG;�=
(x, y)

6
��@�L�A<f(PRD<J�> �(U+@�SQ@�D<=<NQ>^D?@#�O;�E_f<`�A<f<NO;2F f�;�E?a�T<;�E�l<NOD<;�I�>3@2FOFmU<I<�(LOE2`2E2LOE_FGNOL0�
> NOD<;B@�A?NGbs=<;HD?@
FGNOI<N�PR=<D<D<E�>�9<NOI<9<NOD(PR=<U<�QA<f<I<N�UMK�E2I2PRN	�(`BPRE�A?C
LONOEQPRNOSO=<T<NQFGU<=+K¤a
FGE2E2;�`2NO;2FG;�`2���:e�=+K

λ ∈ C6

a?FG9<I?@�`2N�P?A?=<`2E
;�Ecb
PRNQFG;�`2E
V ≡ 0

6

�c5



7:9<I<N�PRNGA?=?> F�A?N�PR���:e�=<N�9<EQP�> D<Ecb
NQFG;�`�@
M
�

S1
V = {q ∈M | V = 0, r 6= 0},
S0

V = {q ∈M | V = 0, r = 0} = {q ∈M | r = 0},
K = {qt | q̇t = cos θtX1(qt) + sin θtX2(qt), θ̈t = 0, q0 = Id},
K1 = K \ S0

V ,

`2NOU<;�E2I<D<JdNW9<E�A<f�`
M
�

X6 =
∂

∂ z
+
x

2

∂

∂ v
+
y

2

∂

∂ w
= X3 −

x

2
X4 −

y

2
X5,

X7 = y
∂

∂ v
− x

∂

∂ w
= yX4 − xX5,

=�I?@2FG9<I<N�PRNGA?NOD<=<NWD?@
M
�

LV (q) = span(X0(q), Y (q), X6(q), X7(q)) ⊂ TqM, q ∈ M.

]tJ�PRE2U+@Bb
NQ>�a�T<;�E I?@2FG9<I<N�PRNGA?NOD<=<N
LV

=<D<`�@�I<=?@�D<;�D<E�E29<I<N�PRNGA<f<NO;2F fsFG���2I<=?>3@�D<E��
`2E2��FG;�I<�(U<;��(I<E2�

(∆, 〈·, ·〉) a�@M> D<Ecb
NQFG;�`2E SV
NQFG;�C�SQ@2> JdU+@�D<=<N�E2I��2=<;�J � >3@�U+FG=/�

>3@BA?C2D<E2LOEs=<D<;�NOLOI?@BA?C2D<E2LOEM> D<E2LOE2E	�2I?@�SO=+f$� �O;�E2LOEmI?@2FG9<I<N�PRNGA?NOD<=+f0aR9<I<EcK�EQP?f<e�NOLOE
T<NOI<NOSsA��-�2��� ;�E2T<U<��> D<Ecb
NQFG;�`�@

K1 a�E2T<NO`2=(PRD<E?a�=<D<`�@�I<=?@�D<;�D<EtE29<I<N�PRNGA?NOD<D<E2LOE
FG;�I<�(U<;��(I<E2�

(∆, 〈·, ·〉) 6
¢ �(�W�W- !0S �/S�� GK@CnE\2>AZQ>ML�>C9 Y > LV Y 9/DE:cL/k�B Y DE9;: g
� :QIJG=^KGEB
>ML/WJ@CB
DE: g �WNO9<E�FGI<N�P�FG;�`2NOD<D<E2N�`2JdT<=?F�A?NOD<=<Nd9<E2U+@�SOJd`�@�NO;cacT<;�E�I?@2FG9<I<N�PRN0�A?NOD<=<N

LV
SQ@2> U<D<�(;�EsE2;�D<E�FG=<;�NGA?C2D<EsFGU(E	�2U<= 7 = �

[X0, Y ] = 0, [X0, X6] = 0, [X0, X7] = 0,

[Y,X6] = −2X6, [Y,X7] = −2X7, [X6, X7] = 0.

¢ �(�W�W- !0S "2S h @ML Y q ∈ S1
V f BX: dimLV (q) = 4 g

� :QIJG=^KGEB
>ML/WJ@CB
DE: g ��Jd9<=
��NQ>#��@�SO=?FGD<JdN�`2NOU<;�E2I<J�I?@2FG9<I<N�PRNGA?NOD<=+f
LV

9<E�FG;�E�A����
l?@2>�` ��@�SO=?FGN ∂

∂ x
, . . . ,

∂

∂ w

�

MV (q) := (X0(q), Y (q), X6(q), X7(q)) =




−y x 0 0
x y 0 0
0 2z 1 0
−v 3v x/2 y
w 3w y/2 −x



.

7 NOLOU(E
`2=(PRNO;�C?a+T<;�E
rankMV (q) = 4

9<I<=
x2 + y2 6= 0

6
¢ �(�W�W-�!0S !0S�� >CIqBX:�\�9;:E>�n;:cL�>

W = X6

:EZ=9;:A^E9/G d 9;:F:QnE\2>AZQ>MLji�>CB
@mi n;:FDK>CIqBX:�\ �9;_ o n;:cLji o X1, . . . , X5

@ML�>AZ U k�� Ypo�Y U @ML/:ED Y i o�Y e

�Qi



1) W ∈ span(X3, X4, X5) f
2) [W,X1] = −1

2
X4 f [W,X2] = −1

2
X5 f

3) W (Id) = X3(Id) g
� :QIJG=^KGEB
>ML/WJ@CB
DE: g �WNO9<E�FGI<N�P�FG;�`2NOD<D<Es9<I<E2`2NOI�f<NO;2F f0a?T<;�EM��F�A?E2`2=+f �����+i3��`2Jd9<E�A��
D+f��:;2F ftP?A<f�9<E�A<f

W = X6

6��WE2U+@Bb
NQ>�aRT<;�EsPRI<�(LO=+K_9<E�A?NO�0aR�OPRE2`�A?NO;�`2E2I�f��:e�=+K
�O;�=?>���F�A?E2`2=+f?>�a+D<N FG�(e�NQFG;�`2�2NO;c6

O @2FG9<=
��NQ>���F�A?E2`2=<N �����

W = aX3 + bX4 + cX5, a, b, c,∈ C∞(M).

Z 9<E�> E2e�C	�.;�Ecb
PRNQFG;�`�@'*�U(E	�2=t9<E�A?�(T?@�NQ> =<S
��F�A?E2`2=<��5	�dI?@�`2NOD?FG;�`�@
[W,X3] =

[W,X4] = [W,X5] = 0
6;�WE	�O;�E�> �

[W,X4] = −avX3 − bvX4 − cvX5 = 0,

[W,X5] = −awX3 − bwX4 − cwX5 = 0,

E2;�U<�OP�@
a = a(x, y, z)

a
b = b(x, y, z)

a
c = c(x, y, z)

6 � @BA?NON2a

[W,X3] = −azX3 − bzX4 − czX5 = 0,

F�A?N�PRE2`�@�;�NGA?C2D<E?a
a = a(x, y)

a
b = b(x, y)

a
c = c(x, y)

6R��@�U(E2D<NOl0a

[W,X1] = −aX4 − axX3 − bxX4 − cxX5 = −1

2
X4,

[W,X2] = −aX5 − ayX3 − byX4 − cyX5 = −1

2
X5,

E2;�U<�OP�@

ax = 0, a+ bx =
1

2
, cx = 0,

ay = 0, by = 0, cy + a =
1

2
.

+^=<SW��F�A?E2`2=+f�i3�\9<E�A?�(T?@�NQ>

a(0) = 1, b(0) = c(0) = 0.

Z�A?N�PRE2`�@�;�NGA?C2D<E?a

a ≡ 1, b = −1

2
x, c = −1

2
y,

;�EHNQFG;�C
W = X6

6

¢ �(�W�W-�!0S 45S�� >CIqBX:�\�9;:E>�n;:cL�>
W = X7

:EZ=9;:A^E9/G d 9;:F:QnE\2>AZQ>MLji�>CB
@mi n;:FDK>CIqBX:�\ �9;_ o n;:cLji o X1, . . . , X5

@ML�>AZ U k�� Ypo�Y U @ML/:ED Y i o�Y e

1) W ∈ span(X4, X5) f
�OX



2) [W,X1] = X5 f [W,X2] = −X4 f
3) W (Id) = 0 g

� :QIJG=^KGEB
>ML/WJ@CB
DE: g 7 NOLOU(E `2=(PRNO;�C?a�T<;�E
9<E�A?N W = X7

�OPRE2`�A?NO;�`2E2I�f<NO;���F�A?E2`2=+f?>
�����+i3��6
+�D?@BA?E2LO=<T<D<E�PRE2U+@�SQ@�;�NGA?C�FG;�`2�HA?NQ>3> J^i<6 i<a+I?@2FG9<=
��NQ>���F�A?E2`2=<N �����

W = aX4 + bX5, a, b,∈ C∞(M),

@ =<S���F�A?E2`2=+fM5	��9<E�A?�(T<=?>
[W,X3] = [W,X4] = [W,X5] = 0

a�E2;�U<�OP�@
a = a(x, y)

a
b = b(x, y)

a
c = c(x, y)

6 � @BA?NON2a+=<SW��F�A?E2`2=+f�5	��F�A?N�PR�2NO;ca<T<;�E

ax = 0, ay = 1, bx = −1, by = 0,

@�=<S���F�A?E2`2=+f�i3�%
 T<;�E
a(0, 0) = b(0, 0) = 0

6$�WE	�O;�E�> �
a = y

a
b = −x a3;c6 N26

W = X7

6

¢ �(�W�W-�!0S �2S�� >CIqBX:�\�9;:E>Xn;:cL�>
W = Y

:EZ=9;:A^E9/G d 9;:�:QnE\2>AZQ>MLji�>CB
@miHn;:[DK>CIqBX:�\ �9;_ o n;:cLji o X1, . . . , X5

@ML�>AZ U k�� Ypo�Y U @ML/:ED Y i o�Y e

1) W ∈ Sym(∆) f
2) [W,X1] = −X1 f [W,X2] = −X2 f
3) W (Id) = 0 g

� :QIJG=^KGEB
>ML/WJ@CB
DE: g ��E�FG9<E�A?C2SO�2NQ>3F ftI<NOSO�QA?CB;B@�;B@2> =�I?@��2E2;�J � �Q��� a¤`�U(E2;�E2I<E2��`2J&�T<=?F�A?NOD?@ �OX�� > NOI<D?@Bf @BA?LON��2I?@ 7 =
Sym(∆) = g2

=<D�)W=<D<=<;�NOSO=?>3@BA?C2D<J�K FG=?>3> NO;
�
I<=<��9+A?E�FGU(E2LOE
D<=+A?C29<E2;�NOD<;�D<E2LOEHI?@2FG9<I<N�PRNGA?NOD<=+f�FW`2NOU<;�E2I<E�>�I<E�FG;B@

(2, 3, 5)
�

W ∈ Sym(∆) ⇔ W =

14∑

i=1

aiYi, ai = const,

L PRN ��@�SO=?FGD<JdNW9<E�A<f
Yi
E29<=?FO@�D<J `H;�NOE2I<NQ> N 	'� �Q��� 6?�wFG=+A?�M;�E2LOE?a+T<;�E

Yi(Id) = 0
a

i = 6, . . . , 14
a+=<SW��F�A?E2`2=+f�i3�\9<E�A?�(T?@�NQ>

a1 = · · · = a5 = 0.

� @BA?NON2a(=<S")WE2I?> �QA�U(E�>3> �(;�=<I<E2`�@�D<=+f�9<E�A?NO�
Yi
F ��@�SO=?FGD<J�> =�9<E�A<f?> =�FG���2I<=?>3@
�

D<E2`2E2��FG;�I<�(U<;��(I<J
(∆, 〈·, ·〉) D?@�FG;�I06BX��(n"� �Q��� � U(E2D<NOl PRE2U+@�SQ@�;�NGA?C�FG;�`�@�A?NQ>3> J�g+6 5	�

9<E�A?�(T?@�NQ>&�

[W,X1] = −X1 ⇔
a6(−4xy2 + 4yz) + a7(24xy − 12z) + a8(−432xz + 324v)−

− 36xa9 −
1

3
ya10 + a13 + a14 ≡ −1,

a6(−2y3) + a718y2 + a8(−648u) + a9(−54y) + 54a11 ≡ 0,

�cg



E2;�U<�OP�@
a6 = · · · = a11 = 0, a13 + a14 = −1.

� @BA?NON2a
[W,X2] = −X2 ⇔ a12(−1/54) = 0, a14 = 1,

F�A?N�PRE2`�@�;�NGA?C2D<E?a
a12 = 0, a13 = −2, a14 = 1,

9<E	�O;�E�> ��9<E�A?N
W = −2Y13 + Y14

E29<I<N�PRNGA<f<NO;2F f���F�A?E2`2=+f?> = �����+i3�dEQPRD<E2SOD?@cT<D<E?6

7 NOLOU(E
`2=(PRNO;�C?a+T<;�Es9<E�A<f ±X6

a
X7

a
Y
EQPRD<E2SOD?@cT<D<E
E29<I<N�PRNGA<f��:;2F f�FG���2I<=?>3@
�

D<E2`2E2��FG;�I<�(U<;��(I<E2�
(∆, 〈·, ·〉) 62���(;�`2NOI�b
PRNOD<=<=�X?6 �-� �
�+9<E2U+@�SQ@�D<E?aOT<;�E�=�LONOD<NOI?@�;�E2I`2I?@�e�NOD<=<�

X0

EQPRD<E2SOD?@cT<D<E
E29<I<N�PRNGA<f<NO;2F f'�O;�E2�tFG;�I<�(U<;��(I<E2�06
� 13����)�*+�R� �
!0S �/S � GK@CnE\2>AZQ>ML�>C9 Y > LV

:EZ=9;:A^E9/G d 9;:�:QnE\2>AZQ>MLji�>CB
@mi�@ U l�\ Ypo GE9;:EDE:Qr@CB7\ U IqB U \�:Qr
(∆, 〈·, ·〉) g

¢ �(�W�W- !0S��0S
1) S1

V

>A@CBXW `ML�GKZ=Iq:E>�� � o > \�9;:E>�n;:EZ o 9;:E`c:Q:Ql�\]G=^ Y >XD M f
2)

ZbLji�L/k�lQ:E`c:
q ∈ S1

V

@CnE\]GKDK>AZbL Y DE:�\]GKDK>C9/@CB
DE: TqS
1
V = LV (q) f

3) o 9;:E`c:Q:Ql�\]G=^ Y > S1
V

@ADAi]^E9;: g
� :QIJG=^KGEB
>ML/WJ@CB
DE: g ����F�A?N�PR�2NO;H=<S�;�E2LOE?a+T<;�E

gradV = (v − zx, w − zy,−r2/2, x, y) 6= 0
9<I<=

r2 6= 0.

5	���WE�A<f�=<S
LV

U+@2FO@��:;2F f�> D<E2LOE2E	�2I?@�SO=+f
S1

V

;B@�U�U+@�U

X0V = X6V = X7V = 0, Y V = 4V,

=�I?@�`2NOD?FG;�`2E
TqS

1
V = LV (q)

F�A?N�PR�2NO;
=<SWA?NQ>3> J^i<6 5+6
i3� � NO�?FG;�`2=<NQ>^`2I?@�e�NOD<=<�

X0

=�PR=+AR@�;B@�l<=<�
Y
A��-��@Bf,;�E2T<U+@

q ∈ S1
V

9<NOI<N0�
`2EQPR=<;2F f�`t;�E2T<U<�

q′ = (x′, y′, z′, v′, w′)
a�L PRN

x′ = 1
a
y′ = 0

a
z′ = 2v′

a�9<I<=<T<NQ>
;B@�U<=?>�E	�2I?@�SOE�>�SQ@�9<E�A?D+f<NO;2F f�`�F f�9+A?E�FGU(E�FG;�C {x = 1, y = 0, z = 2v} 6;�WE	�O;�E�> �FG`�f<SOD<E�FG;�CH> D<E2LOE2E	�2I?@�SO=+f

S1
V

F�A?N�PR�2NO;H=<S�FG`�f<SOD<E�FG;�='�O;�E2��9+A?E�FGU(E�FG;�=06

� �OPRNQ>,E	�2E2SOD?@cT?@�;�CWT<NOI<NOS OF(q)
E2I��2=<;��H;�E2T<U<=

q ∈M
9<EQPsPRNO�?FG;�`2=<NQ>,9<E2;�E��

U(E2`
`2NOU<;�E2I<D<J�KM9<E�A?NO�tFGNQ> NO�?FG;�`�@ F ⊂ VecM
�

OF (q) =
{
etNfN ◦ · · · ◦ et1f1(q) | fi ∈ F , ti ∈ R, N ∈ N

}
,

@
T<NOI<NOS OF (N)

 E2I��2=<;��M> D<Ecb
NQFG;�`�@

N ⊂M
�

OF (N) =
⋃

q∈N

OF (q),

FO>�6RE29<=?FO@�D<=<N E�FGD<E2`2D<J�K�FG`2E2�?FG;�`sE2I��2=<;�J^`MU<D<=<LG@BK � 	
� a�� 5,� 6��WNOI<NOS
cl(N)

�2�OPRNQ>
E	�2E2SOD?@cT?@�;�C�;�E29<E�A?E2LO=<T<NQFGU(E2N�SQ@2> JdU+@�D<=<NW> D<Ecb
NQFG;�`�@

N ⊂M
6

. NO9<NOI<Cs> J > Ecb
NQ>�P�@�;�C
=<D<`�@�I<=?@�D<;�D<E2N�E29<=?FO@�D<=<N�> D<E2LOE2E	�2I?@�SO=+f
S1

V

=�> D<E��
b
NQFG;�`�@

SV
6

� 	



R q ��� 13&('������ ��!0S 45S
1) S1

V = OLV
(q)

ZbLji L/k�lQ:Qr BX: d I Y q ∈ K1 f
2) S1

V = OLV
(K1) f

3) SV = cl(S1
V ) f

4) SV = cl(OLV
(K)) g

� :QIJG=^KGEB
>ML/WJ@CB
DE: g �����W��FG;�C q = (x, y, z, v, w)

 A��-��@Bf�;�E2T<U+@H=<S

K1 6 . E2L P�@ q9<I<=<D?@cP?A?NGbs=<; LONOEQPRNOSO=<T<NQFGU(E2�0a�FGE2E2;�`2NO;2FG;�`2���:e�NO�HU(E2`2NOU<;�E2I<�
λ ∈ C6 ∪C3 ∪C4 ∪

C7

a<=0a<U+@�U�9<E2U+@�SQ@�D<E
`HI?@��2E2;�N � �
� a?F�;�E2T<D<E�FG;�C	� PREH`2I?@�e�NOD<=<��=MPR=+AR@�;B@�l<=<�

x = sin t, y = 1 − cos t, z = (t− sin t)/2,

v = (cos 2t− 4 cos t+ 3)/4, w = (sin 2t− 4 sin t+ 2t)/4
=+A?=

x = t, y = z = v = 0, w = −t3/6.
�WNO9<E�FGI<N�P�FG;�`2NOD<D<E2N�`2JdT<=?F�A?NOD<=<NW9<E2U+@�SOJd`�@�NO;ca(T<;�E

V (q) = 0
a+9<E	�O;�E�> �

q ∈ S1
V

6
��U+A��:T<NOD<=<N

S1
V ⊂ OLV

(q)
F�A?N�PR�2NO;�=<SsFG`�f<SOD<E�FG;�=

S1
V

= I?@�`2NOD?FG;�`�@
TqS

1
V =

LV (q)
6

� E2U+@Bb
NQ>tE	�2I?@�;�D<E2N\`2U+A��:T<NOD<=<N OLV
(q) ⊂ S1

V

6�7:;�9<I<E2;�=<`2D<E2LOE?ac9<��FG;�C�FG�(e�N0�
FG;�`2�2NO;s;�E2T<U+@

q1 ∈ OLV
(q) \ S1

V

6 . E2L P�@sA?=��2E
q1 ∈ S0

V

a?A?=��2E
V (q1) 6= 0

6R��U+A��:�
T<NOD<=<N

q1 ∈ S0
V

D<NO`2E2SQ> EcbsD<E_;c6 U06�> D<Ecb
NQFG;�`2E
S0

V

=<D<`�@�I<=?@�D<;�D<E E2;�D<E�FG=<;�NGA?C2D<E
9<E2;�E2U(E2`W9<E�A?NO�H=<S

LV
63+�D<NOI?@�`2NOD?FG;�`2E

V (q1) 6= 0
D<NO`2E2SQ> EcbsD<EW;c6 U0629<E2`2NOI�K+D<E�FG;�C

�(I<E2`2D+f {V (q) = 0} ;B@�U+b
N�=<D<`�@�I<=?@�D<;�D?@�E2;�D<E�FG=<;�NGA?C2D<E�9<E�A?NO�M=<S LV
6+��U+A��:T<N0�

D<=<N OLV
(q) ⊂ S1

V

a?@
9<E2;�E�> �M=�I?@�`2NOD?FG;�`2E OLV
(q) = S1

V

a(PRE2U+@�SQ@�D<E?6
5	��F�A?N�PR�2NO;
D<NO9<E�FGI<N�P�FG;�`2NOD<D<EH=<S�9<�(D<U<;B@ ����6
i3�
�WSM`2U+A��:T<NOD<=+f

S1
V ⊂ SV

F�A?N�PR�2NO;�`2U+A��:T<NOD<=<N
cl(S1

V ) ⊂ cl(SV ) = SV
6

� E2U+@Bb
NQ>�E	�2I?@�;�D<E2NW`2U+A��:T<NOD<=<N
SV ⊂ cl(S1

V )
6R� FG=+A?�MI?@�SGA?Ecb
NOD<=+f

SV = S1
V ∪

S0
V

a(PRE�FG;B@�;�E2T<D<E�PRE2U+@�SQ@�;�C
`2U+A��:T<NOD<=<N
S0

V ⊂ cl(S1
V )
6

�W��FG;�C
q = (0, 0, z, v, w) ∈ S0

V

6��\F�A?=
ρ2 = v2 + w2 6= 0

aR;�E�9<E�F�A?N�PRE2`�@�;�NGA?C��
D<E�FG;�CH;�E2T<NOU�`2=(P�@

(x′, y′, z′, v′, w′), x′ = r′ cosχ′, y′ = r′ sinχ′, cos(χ′ − ω) =
z

2ρ
r′, r′ → 0,

F K�EQPR=<;2F f�U�;�E2T<U(N
q
=t9<I<=<D?@cP?A?NGbs=<;m> D<E2LOE2E	�2I?@�SO=��

S1
V

6��\F�A?=�b
N
ρ2 = 0

a<;�Es`
U+@cT<NQFG;�`2N�;B@�U<=+K�;�E2T<NOU�> EcbsD<EH`2SGf<;�CH;�E2T<U<=�`2=(P�@

(x′, 0, z, v′, 0), v′ =
z

2
x′, x′ → 0.

� E2U+@�SQ@�D<J�`2U+A��:T<NOD<=+f
S0

V ⊂ cl(S1
V )
a
SV ⊂ cl(S1

V )
=�I?@�`2NOD?FG;�`2E

S1
V = cl(SV )

6
X����WSW9<I<N�PRJ�PR�(e�=+KM9<�(D<U<;�E2`s9<E�A?�(T?@�NQ>�I?@�`2NOD?FG;�`�@

SV = cl(OLV
(p)) ∀ q ∈ K1,

SV = cl(K1).
�WE

K = K1 ∪ S0
V

a<9<E	�O;�E�> �

OLV
(K) = OLV

(K1) ∪ OLV
(S0

V ) = OLV
(K1) ∪ S0

V .
�WSW`2U+A��:T<NOD<=+f

S0
V ⊂ SV

F�A?N�PR�2NO;ca<T<;�E
SV = cl(OLV

(K))
6

�Bn



!0S !0S ! ������-+q�� -+��*+� &R�_&?x�� )2-+��� �_/�q�����&?�
r2 + ρ2 = 0

5WI<=<`�@Bf
Sr2+ρ2 = {q ∈M | r2 + ρ2 = 0}

PRE29<��FGU+@�NO; F�A?N�PR���:e�NON�9<I<E�FG;�E2N:=<D<`�@�I<=?@�D<;�D<E2N:E29<=?FO@�D<=<N:U+@�Um;�I?@�NOU<;�E2I<=+fM9<E�A<f

X3 = [X1, X2] =
∂

∂ z
+ x

∂

∂ v
+ y

∂

∂ w

aR9<I<EcK�EQP?f<e
@Bf�T<NOI<NOS D?@cT?@BA?C2D<���%;�E2T<U<�
q0
 N�PR=<D<=<T<D<Jd� �GA?NQ> NOD<;

Id
LOI<�(9<9<J 7 =

M
6

R q ��� 13&('������ ��!0S �2S
Sr2+ρ2 = eRX3(Id) g

� :QIJG=^KGEB
>ML/WJ@CB
DE: g � FG=+A?��;�E2LOE?a<T<;�E
X3|Sr2+ρ2

=
∂

∂ z

a?9<E�A?N
X3

U+@2FO@�NO;2F f�U<I<=/�
`2E2�

Sr2+ρ2

=

eRX3(Id) = {(0, 0, z, 0, 0) | z ∈ R} = Sr2+ρ2 .

�WS
SQ@2> NOT?@�D<=+f�`�D?@cT?@BA?N�I?@�S�PRNGAR@�i<6 iMF�A?N�PR�2NO;ca�T<;�E�U<I<=<`�@Bf
Sr2+ρ2

=<D<`�@�I<=/�
@�D<;�D<EHE29<I<N�PRNGA<f<NO;2F f�FG���2I<=?>3@�D<E2`2E2��FG;�I<�(U<;��(I<E2�

(∆, 〈·, ·〉) 6

� � � ����� � �M	 
�� �-��������� �\����� ���:����� � ����� �����������
�����	����
���
�
����a	
��
����\� �����������W	���
����

	7��� � .0��%21 �$��� #�)�.?��%$4�6�� �$(���� .0#���� �
N

7:T<NO`2=(PRD<E?a(T<;�Es`2I?@�e�NOD<=+f

es~h0 : (θ, c, α, β, t) 7→ (θ + s, c, α, β + s, t)
� g	�

D<NW=?> N��:;sD<NO9<EQPR`2=+bsD<J�KM;�E2T<NOU�`
N
9<I<=

s 6= 2πn
a
n ∈ N

6

	7� � � .0��%21 �$��� #�)�.?��%$4�6�� %$��(���� .0#���� �
N1

� �OPRNQ> =?FG9<E�A?C2SOE2`�@�;�C �GA<A?=<9<;�=<T<NQFGU<=<NMU(E2E2I2PR=<D?@�;�J
k
a
ϕ
=
ψ
a�@t;B@�U+b
Nm9<E�A<f<I/�

D<JdN�U(E2E2I2PR=<D?@�;�J
α
a
β
`mD?@cT?@BA?C2D<E�>�l<=+A?=<D(PRI<N

C
aRFO>�6 � �
� a � � ��� 6 � A<f �O;�E2LOEsD?@2>

9<E2D?@cPRE	�cf<;2F f9�GA<A?=<9<;�=<T<NQFGU<=<N6)W�(D<U<l<=<=#*�U(E	�2=
cn
a
sn
a?FO>�6 � X�� a � �Qi�� 6

�W��FG;�C
ν = (k, ϕ, α, β, t) ∈ N1

a<;�E2L P�@<a<FGE2L�AR@2FGD<E
9<I<N�P?A?Ecb
NOD<=��^X?6 ��� � ��� a

νi = εi(ν) = (k, ϕi, α, βi, t) ∈ N1.

�WNO9<EQPR`2=+bsD<JdNs;�E2T<U<=,E2;�I?@Bb
NOD<=<�,`_E	��AR@2FG;�=
N1

`2JdI?@BbH@��:;2F f�T<NOI<NOSMF�A?N�PR���:�
e�=<��=<D<`�@�I<=?@�D<;�PR`2��K+9?@�I?@2> NO;�I<=<T<NQFGU(E2�MLOI<�(9<9<J^FG=?>3> NO;�I<=<�

G~h0,Z

�

τ =

√
α(ϕ+ ϕt)

2
=

√
αϕ+

δ

2
.
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ν ∈ N1 g

�Q�



1) eσ~h0(ν1) = ν ⇔ cn τ = 0, σ = 0 f
2) eσ~h0(ν2) = ν ⇔ sn τ = 0, σ = 2β f
3) eσ~h0(ν3) = ν

9/>ADE:A^ o :=< 9;: g
� :QIJG=^KGEB
>ML/WJ@CB
DE: g � �GA<A?=<9<;�=<T<NQFGU<=+K.U(E2E2I2PR=<D?@�;B@BK I?@�`2NOD?FG;�`2E

eσ~h0(νi) = ν9<I<=<D<=?>3@�NO;H`2=(P

eσ~h0(νi) = (k, ϕi, α, βi + σ, t) = (k, ϕ, α, β, t) = ν,

T<;�EsI?@�`2D<E�FG=+A?C2D<E�I?@�`2NOD?FG;�`�@2>

ϕi = ϕ, βi + σ = β.
� 	3�

Z�A?�(T?@�� ����6(Z\E2L�AR@2FGD<EW9<I<N�P?A?Ecb
NOD<=���X?6 � � � ��� a�I?@�`2NOD?FG;�`�@
(6)

> EcbsD<EW9<NOI<NO9<=?FO@�;�C
`H`2=(PRN

ϕ+ ϕt =
2K√
α

(
mod

4K√
α

)
, σ = 0,

� L PRN
K

 9<E�A?D<Jd�#�GA<A?=<9<;�=<T<NQFGU<=<��=<D<;�NOLOI?@BA�`2;�E2I<E2LOEmI<EQP�@ � X�� a�� �Qi��(��a�T<;�EMI?@�`��

D<E�FG=+A?C2D<E
τ = K (mod2K) , σ = 0,

;�EHNQFG;�C
cn τ = 0, σ = 0.

� F�A?�(T?@�N ����9<I<N�P?A?Ecb
NOD<=<NWPRE2U+@�SQ@�D<E?a+`mE�FG;B@BA?C2D<J�KmPR`2��KtF�A?�(T?@Bf+KmPRE2U+@�SQ@�;�NGA?C��
FG;�`2Es@�D?@BA?E2LO=<T<D<E?6
� G o > d GE9 Y > g 7:;2> NO;�=?> D?@�L�A<f(PRD<Jd�HFO> J�F�AsD<NO9<EQPR`2=+bsD<J�K�;�E2T<NOU
E2;�I?@Bb
NOD<=<� εi :
N1 → N1

P?A<f,FG;B@�D(P�@�I<;�D<E2LOE�>3@Bf<;�D<=<U+@�`�9+A?E�FGU(E�FG;�=
(θ, c)

= =<D�)�A?NOU+FG=<E2D<D<J�K
�O�+A?NOI<E2`2J�K9�GAR@2FG;�=<U�`H9+A?E�FGU(E�FG;�=

(x, y)
6

��� O @�`2NOD?FG;�`2E
cn τ = 0

I?@�`2D<E�FG=+A?C2D<E�I?@�`2NOD?FG;�`2�
c = 0


1�O;�E�;�E2T<U<=s9<NOI<NOLO=���@
�GAR@2FG;�=<U � D<�QA?=�U<I<=<`2=<SOD<J

c
��a<FO>�6<I<=?F�6<X?aRg+6

5	� O @�`2NOD?FG;�`2E
sn τ = 0

I?@�`2D<E�FG=+A?C2D<E�I?@�`2NOD?FG;�`2�
θ = 0


 �O;�E `2NOI
��=<D<J
�GAR@2FG;�=<U �(�OU+FG;�I<NQ> �+> J U<I<=<`2=<SOD<J

c
��a<FO>�6<I<=?F�6�	<aRn(6

	7��� � .0��%21 �$��� #�)�.?��%$4�6�� %$��(���� .0#���� �
N2

�\F�A?=
ν = (k, ψ, α, β, t) ∈ N2

a<;�E2L P�@<a<FGE2L�AR@2FGD<E
9<I<N�P?A?Ecb
NOD<=��^X?6 ��� � ��� a

νi = εi(ν) = (k, ψi, α, βi, t) ∈ N2.

��E	��AR@2FG;�=
N2

I?@2FOFO> E2;�I<=?> F�A?N�PR���:e�=<��=<D<`�@�I<=?@�D<;HLOI<�(9<9<J
G~h0,Z

�

τ =

√
α(ψ + ψt)

2
=

√
αψ +

δ

2k
.
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ν ∈ N2 g

�Q�



c

θ

ϕ

τ

ϕt

R

	

ϕ

ϕt

τ

j

j

O =?F�6?X��
cn τ = 0

a
ν ∈ N1

O =?F�62g/�B�WD�)�A?NOU+FG=<E2D<D?@Bf"�GAR@2FG;�=<U+@�F
l<NOD<;�I<E�>�`H;�E2T<U(N�9<NOI<NOLO=���@

c

θ

ϕ

τ

ϕt

	I

ϕ ϕt

τ

� ^

O =?F�6 	��
sn τ = 0

a
ν ∈ N1

O =?F�6�n��B�WD�)�A?NOU+FG=<E2D<D?@Bf"�GAR@2FG;�=<U+@�F
l<NOD<;�I<E�>�`H`2NOI
��=<D<N

5��



1) eσ~h0(ν1) = ν
9/>ADE:A^ o :=< 9;: f

2) eσ~h0(ν2) = ν ⇔ sn τ cn τ = 0, σ = 2β f
3) eσ~h0(ν3) = ν

9/>ADE:A^ o :=< 9;: g
� :QIJG=^KGEB
>ML/WJ@CB
DE: g O @2FOFO> E2;�I<=?>.FGD?@cT?@BAR@�F�A?�(T?@�= ����a3i3��6 �\F�A?=

i = 1, 3
a�;�E =<S

9<I<N�P?A?Ecb
NOD<=+f�X?6 ��� � ���09<E�A?�(T?@�NQ>&�

ν ∈ N±
2 ⇒ νi, eσ~h0(νi) ∈ N∓

2 ,

9<E	�O;�E�> �mI?@�`2NOD?FG;�`2E
eσ~h0(νi) = ν

D<NO`2E2SQ> EcbsD<E?6
Z�A?�(T?@��_5	��6<��> NONQ>

ν ∈ N±
2 ⇒ ν2, eσ~h0(ν2) ∈ N±

2 ,

=�I?@�`2NOD?FG;�`2E
eσ~h0(ν2) = ν

9<I<=<D<=?>3@�NO;s`��GA<A?=<9<;�=<T<NQFGU<=+K�U(E2E2I2PR=<D?@�;B@BKm`2=(P

ψ + ψt = 0

(
mod

2K√
α

)
, σ = 2β,

T<;�EsI?@�`2D<E�FG=+A?C2D<E
τ = 0 (modK) , σ = 2β,

;�EHNQFG;�C
sn τ cn τ = 0, σ = 2β.

� G o > d GE9 Y > g 7:;2> NO;�=?>_D?@�L�A<f(PRD<Jd�
FO> J�F�A
D<NO9<EQPR`2=+bsD<J�K ;�E2T<NOU�E2;�I?@Bb
NOD<=<� ε2 :
N2 → N2

6 O @�`2NOD?FG;�`2E
sn τ cn τ = 0

I?@�`2D<E�FG=+A?C2D<E�I?@�`2NOD?FG;�`�@2>
θ = 0(modπ)

a
|c| = max,min


 �O;�E�`2NOI
��=<D<J�D<NO=<D�)�A?NOU+FG=<E2D<D<J�K��GAR@2FG;�=<U �(�OU+FG;�I<NQ> �+> JwU<I<=/�
`2=<SOD<J

c
��a?FO>�6<I<=?F�6?� � � �26

�WNO9<EQPR`2=+bsD<J�K ;�E2T<NOU
ε1 : N2 → N2

D<N�FG�(e�NQFG;�`2�2NO;ca\;c6 U06&�GAR@2FG;�=<U<=0a�FGE��
E2;�`2NO;2FG;�`2���:e�=<N

N2

a3D<N�=?> N��:;�;�E2T<NOU�9<NOI<NOLO=���@<a 9<E	�O;�E�> �,E2D<= =�D?@�SOJd`�@��:;2F f
D<NO=<D�)�A?NOU+FG=<E2D<D<J�> =06

	7� 	 � .0��%21 �$��� #�)�.?��%$4�6�� %$��(���� .0#���� �
N3

�\F�A?=
ν = (ϕ, α, β, t) ∈ N3

a+;�E

νi = εi(ν) = (ϕi, α, βi, t) ∈ N3.

��@�> D<Ecb
NQFG;�`2N
N3

=<D<`�@�I<=?@�D<;
τ
9<E�A?�(T?@�NO;2F fH9<I<N�PRNGA?C2D<J�> 9<NOI<NGK�EQPRE�>

k → 1−0=<SWE	�2NO=+KME	��AR@2FG;�NO�
N1

a
N2

�

τ =

√
α(ϕ+ ϕt)

2
=

√
αϕ+

δ

2
.
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ν ∈ N3 g

5 �



c

θ

ψ
τ

ψt

−π π

1 q ψ ψt

τ

R �

O =?F�6R���
sn τ = 0

a |c| = max
a
ν ∈ N2

O =?F�6����0�WNO=<D�)�A?NOU+FG=<E2D<D?@Bf#�GAR@2FG;�=/�
U+@HFWl<NOD<;�I<E�>�`H`2NOI
��=<D<N

c

θ

ψt
ψτψτ

ψ

−π π

1 q

ψ ψt

ψτ

� R

O =?F�6 �Q���
sn τ = 0

a |c| = min
a
ν ∈ N2

O =?F�6 � �	�O�WNO=<D�)�A?NOU+FG=<E2D<D?@Bf-�GAR@2FG;�=/�
U+@HFWl<NOD<;�I<E�>�`H`2NOI
��=<D<N

525



1) eσ~h0(ν1) = ν
9/>ADE:A^ o :=< 9;: f

2) eσ~h0(ν2) = ν ⇔ τ = 0, σ = 2β f
3) eσ~h0(ν3) = ν

9/>ADE:A^ o :=< 9;: g
� :QIJG=^KGEB
>ML/WJ@CB
DE: g +�D?@BA?E2LO=<T<D<EH;�NOE2I<NQ> NWX?6 5+6
� G o > d GE9 Y > g ��@�L�A<f(PRD<Jd��FO> J�F�A,D<NO9<EQPR`2=+bsD<J�K ;�E2T<NOU�E2;�I?@Bb
NOD<=<� ε2 : N3 →
N3

�(I?@�`2NOD?FG;�`2E
τ = 0

E2SOD?@cT?@�NO;ca�T<;�E
θ = 0

a |c| = max

 �O;�E
`2NOI
��=<D<J�U<I<=<;�=<T<N0�

FGU<=+K��GAR@2FG;�=<U �(�OU+FG;�I<NQ> �+> J^U<I<=<`2=<SOD<J
c
��a?FO>�6<I<=?F�6 �c5+a �Qi<6

c
θ

ϕ
τ

ϕt

−π π

1 q

ϕ ϕt

τ

U �

O =?F�6 �c5/�
τ = 0

a
ν ∈ N3

O =?F�6 �Qi�� 5WI<=<;�=<T<NQFGU+@Bf �GAR@2FG;�=<U+@,F
l<NOD<;�I<E�>�`H`2NOI
��=<D<N

�WNO9<EQPR`2=+bsD<J�KM;�E2T<NOU
ε1 : N3 → N3

D<N FG�(e�NQFG;�`2�2NO;ca<;c6 U06?U<I<=<;�=<T<NQFGU<=<N%�GAR@
�
FG;�=<U<=�D<N�=?> N��:;s;�E2T<NOU�9<NOI<NOLO=���@<6

	7��� � .0��%21 �$��� #�)�.?��%$4�6�� %$��(���� .0#���� �
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 �(&?q �(�W-_45S 45SaTVU @CBXW
ν = (θ, c, α, β, t) ∈ N6 g

1) eσ~h0(ν1) = ν
9/>ADE:A^ o :=< 9;: f

2) eσ~h0(ν2) = ν ⇔ σ = 2θ + ct(mod2π) f
3) eσ~h0(ν3) = ν

9/>ADE:A^ o :=< 9;: g
� :QIJG=^KGEB
>ML/WJ@CB
DE: g �W��FG;�C ν = (θ, c, α, β, t) ∈ N6

6��\F�A?=
i = 1, 3

a+;�E

ν ∈ C±
6 ⇒ νi, eσ~h0(νi) ∈ C∓

6 ,

9<E	�O;�E�> �mI?@�`2NOD?FG;�`2E
eσ~h0(νi) = ν

D<NO`2E2SQ> EcbsD<E?6 � @BA?NON2a

ν ∈ C±
6 ⇒ ν2, eσ~h0(ν2) ∈ C±

6 ,

=�I?@�`2NOD?FG;�`2E

eσ~h0(ν2) = eσ~h0(−θt, ct, t) = (σ − θ − ct, c, t) = (θ, c, t) = ν

I?@�`2D<E�FG=+A?C2D<E�I?@�`2NOD?FG;�`2�
σ = 2θ + ct

6

5�i



� � �����d� ����� ����
���� ���:������� � � ����� � �
	�	t�
MAXi

�WEQPR`2N�PRNQ>,=<;�E2LW=?FOF�A?N�PRE2`�@�D<=+f�FG;�I?@�;H]_@�U+FG`2NGA<AR@<a+FGE2E2;�`2NO;2FG;�`2���:e�=+Km`2I?@�e�NOD<=/�
f?>_=
E2;�I?@Bb
NOD<=+f?>�6B�WS�I<NOSO�QA?CB;B@�;�E2`:I?@�S�PRNGA?E2`�i<aBX�9<E�A?�(T?@�NQ>_F�A?N�PR���:e�=<N��(;�`2NOI/�
b
PRNOD<=+f06


 �(&?q �(�W- �2S �/SaTVU @CBXW
ν = (λ, t) ∈ N g � :E`bZQG

ν ∈ MAX0 ⇔ rt = ρt = 0.

� :QIJG=^KGEB
>ML/WJ@CB
DE: g �:;�`2NOI�b
PRNOD<=<N�F�A?N�PR�2NO;,=<S�9<I<N�P?A?Ecb
NOD<=+f�i<6 5�`�FG=+A?��;�E2LOE?a
T<;�Es`2I?@�e�NOD<=+f

(5)
D<N�=?> N��:;HD<NO9<EQPR`2=+bsD<J�KM;�E2T<NOU�`

N
6


 �(&?q �(�W- �2S "2SaTVU @CBXW
ν = (λ, t) ∈ N1 g�� :E`bZQG

ν ∈ MAX1 ⇔
G
) zt = 0, cn τ 6= 0, τ =

√
α
ϕ+ ϕt

2
, Y L Y

l
) qt = q0.

� G o > d GE9 Y > g �^9<E�F�A?N�PR���:e�NO��I?@��2E2;�N�� �c5,��> J^PRE2U+@Bb
NQ>�aRT<;�E�F�A?�(T?@�� ���d;�NOE2I<N0�
> J%g+6 5 D<N�I<NQ@BA?=<SO�2NO;2F f06

� :QIJG=^KGEB
>ML/WJ@CB
DE: g O @2FOFO> E2;�I<=?> FGD?@cT?@BAR@WF�A?�(T?@�� α = 1
a
β = 0

62��@�9<E�> D<=?>�a�T<;�E
9<EsE29<I<N�PRNGA?NOD<=��.FG;�I?@�;B@s]_@�U+FG`2NGA<AR@<a+`2U+A��:T<NOD<=<N

ν = (λ, t) ∈ MAX1

E2SOD?@cT?@�NO;ca
T<;�E
P?A<f�D<NOU(E2;�E2I<E2LOE

σ ∈ R

eσ~h0(ν1) 6= ν, eσX0(q1t ) = qt.

��F�A?E2`2=+f0aQ9<I<= U(E2;�E2I<J�K�`2Jd9<E�A?D+f��:;2F f%�O;�=�D<NOI?@�`2NOD?FG;�`2E�= I?@�`2NOD?FG;�`2E?a��2J�A?=�D?@��/�
PRNOD<J `s9<I<N�P?A?Ecb
NOD<=<=�i<6 �W=�;�NOE2I<NQ> N�X?6 �26

�W��FG;�C
FGD?@cT?@BAR@
r2t + ρ2

t > 0
6j�WI<N�PR9<E�A?Ecbs=?>�a�T<;�E

ν ∈ MAX1

6 . E2L P�@
zt = 0

=
σ = 0

a?FO>�6R;�NOE2I<NQ> ��X?6 �26;�WEs9<I<N�P?A?Ecb
NOD<=���i<6 � =?> NONQ>
cn τ 6= 0

6¤7-�2I?@�;�D<E?a<NQF�A?=
zt = 0

=
cn τ 6= 0

a<`2J �2=<I?@�NQ>
σ = 0

=�9<E�A?�(T?@�NQ>
ν ∈ MAX1

6
�W��FG;�C

r2t + ρ2
t = 0

6��\F�A?=
ν ∈ MAX1

a�;�E�9<EM;�NOE2I<NQ> N
X?6 ��9<E�A?�(T?@�NQ>
zt = 0

a
9<E	�O;�E�> �

qt = 0 = q0
6+7-�2I?@�;�D<E?a�NQF�A?=

zt = 0
a2;�E%�2NOI<NQ>�A��-�2E2N

σ 6= 0
=m9<E�A?�(T?@�NQ>

ν ∈ MAX1

6
�^E	�2e�NQ>wF�A?�(T?@�N��(;�`2NOI�b
PRNOD<=<NsF�A?N�PR�2NO;M=<S
T?@2FG;�D<E2LOE�F�A?�(T?@Bf

α = 1
a
β = 0��AR@�LOEQP�@�I�f�=<D<`�@�I<=?@�D<;�D<E�FG;�=�FG;�I?@�;B@�]_@�U+FG`2NGA<AR@

MAX1

E2;�D<E�FG=<;�NGA?C2D<E_`2I?@�e�N0�
D<=<��=MPR=+AR@�;B@�l<=<�06


 �(&?q �(�W- �2S !0SaTVU @CBXW
ν = (λ, t) ∈ N1 g�� :E`bZQG

ν ∈ MAX2 ⇔
G
) Vt = 0, sn τ 6= 0, τ =

√
α
ϕ+ ϕt

2
, Y L Y

l
) rt = ρt = 0.

� :QIJG=^KGEB
>ML/WJ@CB
DE: g 5�@�U�=w`�9<I<N�PRJ�PR�(e�NO��;�NOE2I<NQ> N2a�PRE�FG;B@�;�E2T<D<E,I?@2FOFO> E2;�I<NO;�C
;�E�A?C2U(EmF�A?�(T?@��

α = 1
a
β = 0

aR@s`9�O;�E�>�F�A?�(T?@�N 
 `2E�FG9<E�A?C2SOE2`�@�;�C�F fm9<I<N�P?A?Ecb
N0�
D<=<NQ> i<6 �W=�;�NOE2I<NQ> E2��X?6 �26

5BX



�WNOE	�cK�EQPR=?> E�FG;�C?6;�W��FG;�C
ν ∈ MAX2

6 . E2L P�@
Vt = 0

6 � E2U+@Bb
NQ>�a?T<;�E
sn τ 6= 0=+A?=

rt = ρt = 0
6

�W��FG;�C
rt > 0

a�PRE2U+@Bb
NQ>�a T<;�E
sn τ 6= 0

6�7:; 9<I<E2;�=<`2D<E2LOE?a 9<��FG;�C
sn τ = 0

6
. E2L P�@s=<S�9?@�I?@2> NO;�I<=<SQ@�l<=<=tLONOEQPRNOSO=<T<NQFGU<=+K � ��� 9<E�A?�(T?@�NQ>

yt = 0
a?9<E	�O;�E�> �

χt =
0(modπ)

adF�A?N�PRE2`�@�;�NGA?C2D<E?a
σ = 2χt = 0(mod2π) = 2β

6��WE�;�E2L P�@
sn τ 6= 0

a
9<I<E2;�=<`2E2I<NOT<=<N26

�W��FG;�C
rt = 0

a
ρt > 0

aO;�E2L P�@
σ = 2ωt−π

6 �\F�A?=
sn τ = 0

aO;�E:=<S�f<`2D<J�K")WE2I?> �QA
P?A<fwLONOEQPRNOSO=<T<NQFGU<=+K � ���W9<E�A?�(T?@�NQ>

xt|sn τ=0 = 2(2 E−p) = 0
=
vt = 0

6:�\;�E
SOD?@cT<=<;ca T<;�E

ωt =
π

2
(modπ)

a39<E	�O;�E�> �
σ = 0(mod2π) = 2β

6\Z�A?N�PRE2`�@�;�NGA?C2D<E?a
E29+f<;�C

sn τ 6= 0
a+9<I<E2;�=<`2E2I<NOT<=<N26

�WNOE	�cK�EQPR=?> E�FG;�C_PRE2U+@�SQ@�D?@<a�PRE2U+@Bb
NQ>%PRE�FG;B@�;�E2T<D<E�FG;�C?6
�W��FG;�C
r2t + ρ2

t 6= 0
a

Vt = 0
a
sn τ 6= 0

6 . E2L P�@<a?`2J �2=<I?@Bf
σ = 2χt

� 9<I<=
rt > 0

��=+A?=
σ = 2ωt − π

� 9<I<=
rt = 0

a
ρt > 0

��a<���2NGb
P�@�NQ>3F f0a(T<;�E
ν ∈ MAX2

6


 �(&?q �(�W- �2S 45SaTVU @CBXW
ν = (λ, t) ∈ N1 g�� :E`bZQG

ν ∈ MAX3 ∩N1 ⇔ zt = Vt = 0.

� :QIJG=^KGEB
>ML/WJ@CB
DE: g �:;�`2NOI�b
PRNOD<=<NWF�A?N�PR�2NO; =<S�9<I<N�P?A?Ecb
NOD<=+fMi<6 �2a�;�NOE2I<NQ> JwX?6 �:=
=<D<`�@�I<=?@�D<;�D<E�FG;�=�FG;�I?@�;B@H]_@�U+FG`2NGA<AR@

MAX3

E2;�D<E�FG=<;�NGA?C2D<EHLOI<�(9<9<J
G~h0,Z

6


 �(&?q �(�W- �2S �2SaTVU @CBXW
ν = (λ, t) ∈ N2 g�� :E`bZQG

ν ∈ MAX1 ⇔ zt = 0.

� :QIJG=^KGEB
>ML/WJ@CB
DE: g +�D?@BA?E2LO=<T<D<EH;�NOE2I<NQ> N g+6 X?6

 �(&?q �(�W- �2S��0SaTVU @CBXW

ν = (λ, t) ∈ N2 g�� :E`bZQG

ν ∈ MAX2 ⇔
G
) Vt = 0, sn τ cn τ 6= 0, τ =

√
α
ψ + ψt

2
, Y L Y

l
) rt = ρt = 0.

� :QIJG=^KGEB
>ML/WJ@CB
DE: g 5�@�UM=�I?@�D<NON2a+I?@2FOFO>3@�;�I<=<`�@�NQ>,;�E�A?C2U(EHF�A?�(T?@�� α = 1
a
β = 0

6
�W��FG;�C

rt > 0
6��WNOE	�cK�EQPR=?> E�FG;�C���NQF�A?=

ν ∈ MAX2

a�;�E
Vt = 0

=
σ = 2χt

6
�\F�A?=

sn τ cn τ = 0
a ;�E

yt = 0
a 9<E	�O;�E�> �

χt = πn
=
σ = 2πn = 2β(mod2π)

a
9<I<E2;�=<`2E2I<NOT<=<N26 � E�FG;B@�;�E2T<D<E�FG;�C��BNQF�A?=

Vt = 0
a
sn τ cn τ 6= 0

a�;�E `2J �2NOI<NQ>
σ = 2χt=�9<E�A?�(T<=?>

ν ∈ MAX2

6
�W��FG;�C

rt = 0
a
ρt > 0

6¤�WNOE	�cK�EQPR=?> E�FG;�C��?NQF�A?=
ν ∈ MAX2

a0;�E
Vt = 0

=
σ =

2ωt − π
6��\F�A?=

sn τ cn τ = 0
aR;�E

vt = 0
aR9<E	�O;�E�> �

ωt =
π

2
(modπ)

=
σ = 0(mod

2π)
a�9<I<E2;�=<`2E2I<NOT<=<N26 � E�FG;B@�;�E2T<D<E�FG;�C��¤NQF�A?=

Vt = 0
a
sn τ cn τ 6= 0

a�;�Et9<E�AR@�LG@�NQ>
σ = 2ωt − π

=�9<E�A?�(T?@�NQ>
ν ∈ MAX2

6
�W��FG;�C

rt = ρt = 0
6 . E2L P�@

Vt = 0
=0a�`2J �2=<I?@Bf�A��-�2E2N

σ 6= 0
a�9<E�A?�(T?@�NQ>

ν ∈ MAX2

6


 �(&?q �(�W- �2S��2SaTVU @CBXW
ν = (λ, t) ∈ N2 g�� :E`bZQG

ν ∈ MAX3 ⇔ zt = Vt = 0.

52g



� :QIJG=^KGEB
>ML/WJ@CB
DE: g +�D?@BA?E2LO=<T<D<EH;�NOE2I<NQ> N g+6 X?6

 �(&?q �(�W- �2S ~0SaTVU @CBXW

ν = (λ, t) ∈ N3 g�� :E`bZQG

ν ∈ MAX1 ⇔ zt = 0.

� :QIJG=^KGEB
>ML/WJ@CB
DE: g +�D?@BA?E2LO=<T<D<EH;�NOE2I<NQ> N g+6 X?6

 �(&?q �(�W- �2S ¡0SaTVU @CBXW

ν = (λ, t) ∈ N3 g�� :E`bZQG

ν ∈ MAX2 ⇔
G
) Vt = 0, τ 6= 0, τ =

√
α
ϕ+ ϕt

2
, Y L Y

l
) rt = ρt = 0.

� :QIJG=^KGEB
>ML/WJ@CB
DE: g +�D?@BA?E2LO=<T<D<EH;�NOE2I<NQ> N g+6 	<6

 �(&?q �(�W- �2S �+¥0SaTVU @CBXW

ν = (λ, t) ∈ N3 g�� :E`bZQG

ν ∈ MAX3 ⇔ zt = Vt = 0.

� :QIJG=^KGEB
>ML/WJ@CB
DE: g +�D?@BA?E2LO=<T<D<EH;�NOE2I<NQ> N g+6 X?6
� G o > d GE9 Y > g 7:;2> NO;�=?>�D?@�L�A<f(PRD<Jd�mFO> J�F�AmE29<=?FO@�D<=+fsFG;�I?@�;�E2`�]_@�U+FG`2NGA<AR@�`�;�NOE��I<NQ>3@BK�g+6 � �<g+6 �Q�<6

O @�`2NOD?FG;�`�@
rt = ρt = 0

a�SQ@cP�@��:e�=<N
FG;�I?@�;
MAX0

� ;�NOE2I<NQ>3@�g+6 ����a�E2SOD?@cT?@��:;ca
T<;�E��GAR@2FG;�=<U+@sSQ@2> U<D<�(;B@#�

xt = yt = 0
��aR@sl<NOD<;�I >3@2FOF�NON�FGNOLQ> NOD<;B@MFGE2`29?@cP�@�NO;sF

D?@cT?@BA?E�>!�
cx = cy = 0

��6J�WE2`2E2I<E2;W;B@�U(E2� �GAR@2FG;�=<U<=mD?@WA��-�2E2�s�(LOE�A
s 6= 2πn

P�@�NO;
D<E2`2��� �GAR@2FG;�=<U<�MFW;�NQ> =�b
N�U(E2D<l<E�>�a+9+A?E2e
@cPRC	� =�l<NOD<;�I<E�> >3@2FOF�6

�WE�> EQPR�QA���`2I?@�e�NOD<=<�0aBE2;�I?@Bb
NOD<=<N
ε2
�GAR@2FG;�=<U<=H`�FGNOI<N�PR=<D<D<E�>�9<NOI<9<NOD(PR=<U<�3�

A<f<I<NdUHK�E2I2PRN
l⊥
PRNO�?FG;�`2�2NO;WD?@�NONdU(E2D<NOl

(x, y)
a29+A?E2e
@cPRC

z
=Hl<NOD<;�IM>3@2FOF

(cx, cy)F�A?N�PR���:e�=?>�E	�2I?@�SOE�>&�

ε2 : (x, y, z, cx, cy) 7→ (x, y, z, c2x, c
2
y),

� n��

L PRN
ε2 : (cx, cy) 7→ (c2x, c

2
y)

 E2;�I?@Bb
NOD<=<N�l<NOD<;�I?@m>3@2FOF�`mFGNOI<N�PR=<D<D<E�> 9<NOI<9<NOD/�

PR=<U<�QA<f<I<N
l⊥
6 ��@�9<E�> D<=?>�a�T<;�E I?@�`2NOD?FG;�`2E

V = 0
E2SOD?@cT?@�NO;ca0T<;�E

(cx, cy) ∈ l⊥
a

;c6 N26
(c2x, c

2
y) = (cx, cy)

�¤@MI?@�`2NOD?FG;�`�@
sn τ = 0

�
ν ∈ N1

��a
sn τ cn τ = 0

�
ν ∈ N2

��a
τ = 0

�
ν ∈ N3

��E2SOD?@cT?@��:;m;�I<=<`2=?@BA?C2D<E2N�`2Jd9<E�A?D<NOD<=<N�I?@�`2NOD?FG;�`�@
V = 0

aRU(E2L P�@
�GAR@2FG;�=<U+@Ml<NOD<;�I<=<I<E2`�@�D?@m`�`2NOI
��=<D<N260�WE	�O;�E�> ����F�A?E2`2=<N�9<�(D<U<;B@�@3��;�NOE2I<NQ> g+6 i<a
g+6 	<a�g+6 ��E2SOD?@cT?@�NO;ca¤T<;�Etl<NOD<;�I�>3@2FOFHFGNOLQ> NOD<;B@ �GAR@2FG;�=<U<= A?NGbs=<;tD?@tFGNOI<N�PR=<D<D<E�>
9<NOI<9<NOD(PR=<U<�QA<f<I<N:UHK�E2I2PRN2a2@"�GAR@2FG;�=<U+@�l<NOD<;�I<=<I<E2`�@�D?@WD<N�` `2NOI
��=<D<N26+7:T<NO`2=(PRD<E?a
T<;�E
9<I<=�E2;�I?@Bb
NOD<=<=�`HFGNOI<N�PR=<D<D<E�>,9<NOI<9<NOD(PR=<U<�QA<f<I<N�;B@�U+@Bf9�GAR@2FG;�=<U+@�9<NOI<NO�(PRNO;
`MPRI<�(LO����a�F
;�NQ> =�b
NHD?@cT?@BA?E�>w=�U(E2D<l<E�>�a¤9+A?E2e
@cPRC	� = l<NOD<;�I<E�>^>3@2FOF � E2;�E	���
I?@Bb
NOD<=<N

(7)
FG;B@�D<E2`2=<;2F f�;�Ecb
PRNQFG;�`2NOD<D<J�>���a��O;�Es;�E2T<U+@sFG;�I?@�;B@

MAX2

6 ��F�A?E2`2=<N
9<�(D<U<;B@H@3��;�NOE2I<NQ>�g+6 i<a<g+6 	<a?g+6 �
E29<I<N�PRNGA<f<NO;H;�E2T<U<�MFG;�I?@�;B@

MAX0

6
7:;�I?@Bb
NOD<=<N

ε1
�GAR@2FG;�=<U<=�`ml<NOD<;�I<N K�E2I2PRJ

l
PRNO�?FG;�`2�2NO;mD?@mNON U(E2D<NOl

(x, y)
=

9+A?E2e
@cPRC
z
F�A?N�PR���:e�=?>�E	�2I?@�SOE�>&�

ε1 : (x, y, z) 7→ (x, y,−z),

5 	



9<E	�O;�E�> �WI?@�`2NOD?FG;�`2E
zt = 0

� ;�NOE2I<NQ> J g+6 5+acg+6 X?acg+6 g+aBg+6 n(acg+6 �<aBg+6 �Q�3�?PRE�A<bsD<E:D<NOE	�cK�E��
PR=?> E
`2Jd9<E�A?D+f<;�C�F fm`
;�E2T<U+@BKMFG;�I?@�;�E2`

MAX1

a
MAX3

6 � E29<E�A?D<=<;�C �O;�E
I?@2FOFG��b��
PRNOD<=<N
@�D?@BA?=<SOE�> I?@2FG9<E�A?Ecb
NOD<=+ftl<NOD<;�I?@�>3@2FOF9� U+@�U_`2J ��N�P?A<f�FG;�I?@�;�E2`

MAX0

a
MAX2

�3D<N:�OP�@�NO;2F f0a�;c6 U06(9<I<=
z = 0

FGNOLQ> NOD<;6�GAR@2FG;�=<U<=mD<N:=?> NONO;�U(E2D<NOT<D<E2LOE�l<NOD/�
;�I?@m>3@2FOF 
 `9�O;�E�>�F�A?�(T?@�N l<NOD<;�I�>3@2FOF���K�EQPR=<;HD?@ �2NQFGU(E2D<NOT<D<E�FG;�Cs=+A?=t`2E2E	�2e�N
D<NWE29<I<N�PRNGA?NOD06

 �(&?q �(�W- �2S �R�/S

MAXi ∩Nj = ∅ f i = 0, 1, 2, 3 f j = 4, 5, 7 g
� :QIJG=^KGEB
>ML/WJ@CB
DE: g �(NOEQPRNOSO=<T<NQFGU<=<N qs = Exp(λ, s)

a¤FGE2E2;�`2NO;2FG;�`2���:e�=<N
λ ∈ C4 ∪

C5 ∪ C7

a�E29<;�=?>3@BA?C2D<J D?@�`�FGNQ> A?�(T<N
s ∈ [0,+∞)

a�FO>�6 � �
� a�9<E	�O;�E�> ��E2D<=wD<N
FGEQPRNOI�bH@�;�;�E2T<NOUt]_@�U+FG`2NGA<AR@<6

 �(&?q �(�W- �2S �<"2S

MAXi ∩N6 = ∅ f i = 0, 1, 2, 3 g
� :QIJG=^KGEB
>ML/WJ@CB
DE: g �,FG=+A?� =<D<`�@�I<=?@�D<;�D<E�FG;�=
FG;�I?@�;�E2`�]_@�U+FG`2NGA<AR@�E2;�D<E�FG=<;�NGA?C2D<EPRNO�?FG;�`2=+f
LOI<�(9<9<J

G~h0,Z

aQPRE�FG;B@�;�E2T<D<EWI?@2FOFO> E2;�I<NO;�CW;�E�A?C2U(E�F�A?�(T?@��
c = 1

a
θ = 0

6
. E2L P�@
LONOEQPRNOSO=<T<NQFGU+@BfM9?@�I?@2> NO;�I<=<SOE2`�@�D?@
F�A?N�PR���:e�=?>�E	�2I?@�SOE�>�� �����

xt = sin t, yt = 1 − cos t, zt =
t− sin t

2
,

vt =
cos 2t− 4 cos t+ 3

4
, wt =

sin 2t− 4 cos t+ 2t

4
.

�3���W��FG;�C
t > 0

a2PRE2U+@Bb
NQ>�a�T<;�E
r2t + ρ2

t 6= 0
6 �\F�A?=

r2t = 0
a(;�E

t = 2πn
a
n ∈ N

6
�WE
;�E2L P�@

wt = πn 6= 0
6<�W;B@�U0a

r2t + ρ2
t 6= 0

a+9<E	�O;�E�> �
MAX0 ∩N6 = ∅ 6

������> NONQ>
zt 6= 0

9<I<=
t > 0

a<F�A?N�PRE2`�@�;�NGA?C2D<E?a
MAX1 ∩N6 = ∅ 65+6 �3�[�W��FG;�C

ν ∈ MAX2 ∩N6

=
r2t > 0

a�;�E2L P�@
σ = 2χt = t

6:7dPRD?@�U(E�=<S
D<NOI?@�`2NOD?FG;�`�@

eσ~h0(ν2) 6= ν
9<E�A?�(T?@�NQ>

σ 6= 2θ + ct = t
a<9<I<E2;�=<`2E2I<NOT<=<N26

5+6 ��� �W��FG;�C
ν ∈ MAX2 ∩N6

=
rt = 0

a
ρt > 0

6 . E2L P�@
t = 2πn

a
n ∈ N

6K�WE	�O;�E�> �
vt = 0

a
wt = 0

a
ωt =

π

2
(modπ)

a
σ = 2ωt − π = t(mod2π)

6�Z�A?N�PRE2`�@�;�NGA?C2D<E?a

eσ~h0(ν2) = ν
a<9<I<E2;�=<`2E2I<NOT<=<N26

5+6 `�� 5�@�U�9<E2U+@�SQ@�D<E�`:9<�(D<U<;�N��3��a
r2t +ρ2

t 6= 0
9<I<=

ν ∈ N6

6B�W;B@�U0a
MAX2 ∩N6 =

∅ 6 i3����> NONQ>
zt 6= 0

9<I<=
t > 0

a<F�A?N�PRE2`�@�;�NGA?C2D<E?a
MAX3 ∩N6 = ∅ 6

�WEQPR`2N�PRNQ>�=<;�E2L�P�@�D<D<E2��I?@��2E2;�J"�<FGE	�2NOI<NQ>�`�FGNW9<E�A?�(T<NOD<D<JdNW`s;�NOE2I<NQ>3@BK�g+6 � �
g+6 �c5 I<NOSO�QA?CB;B@�;�J EsFG;�I?@�;B@BK�]_@�U+FG`2NGA<AR@<6

 �(&?q �(�W- �2S �+!0S

1)
TVU @CBXW

ν ∈ N1 g�� :E`bZQGqe
1.0) ν ∈ MAX0 ⇔ rt = ρt = 0.

1.1) ν ∈ MAX1 ⇔
G
) zt = 0, cn τ 6= 0, τ =

√
α
ϕ+ ϕt

2
, Y L Y

l
) qt = q0.

1.2) ν ∈ MAX2 ⇔
G
) Vt = 0, sn τ 6= 0, τ =

√
α
ϕ+ ϕt

2
, Y L Y

l
) rt = ρt = 0.

1.3) ν ∈ MAX3 ⇔ zt = Vt = 0.

5�n



2)
TVU @CBXW

ν ∈ N2 g � :E`bZQGqe

2.0) ν ∈ MAX0 ⇔ rt = ρt = 0.

2.1) ν ∈ MAX1 ⇔ zt = 0.

2.2) ν ∈ MAX2 ⇔
G
) Vt = 0, sn τ cn τ 6= 0, τ =

√
α
ψ + ψt

2
, Y L Y

l
) rt = ρt = 0.

2.3) ν ∈ MAX3 ⇔ zt = Vt = 0.

3)
TVU @CBXW

ν ∈ N3 g � :E`bZQGqe

3.0) ν ∈ MAX0 ⇔ rt = ρt = 0.

3.1) ν ∈ MAX1 ⇔ zt = 0.

3.2) ν ∈ MAX2 ⇔
G
) Vt = 0, τ 6= 0, τ =

√
α
ϕ+ ϕt

2
, Y L Y

l
) rt = ρt = 0.

3.3) ν ∈ MAX3 ⇔ zt = Vt = 0.

4) MAXi ∩Nj = ∅ f i = 0, . . . , 3 f j = 4, . . . , 7 g
��FOF�A?N�PRE2`�@�D<=<N\I?@�SOI<N���=?> E�FG;�=
�(I?@�`2D<NOD<=<�0aBSQ@cP�@��:e�=+K�FG;�I?@�;�J ]_@�U+FG`2NGA<AR@<ac@

;B@�U+b
N3A?E2U+@BA?=<SQ@�l<=+f�=+K�U(E2I<D<NO�%�2�OPR�(;:FGEQPRNOI�bH@�D<=<NQ>�9<E�F�A?N�PR���:e�NO� I?@��2E2;�J � �c5,� 6

� �"��,/%21���(�#�%�&���!
+�`2;�E2It`2JdI?@BbH@�NO;���AR@�LOEQP�@�I<D<E�FG;�C + 6 + 6 +�LOI?@cT<NO`2�MSQ@s9<E�FG;B@�D<E2`2U<�MSQ@cP�@cT<=�=_9<E��
A?NOSOD<JdNWE	��FG��b
PRNOD<=+f�`2EH`2I<NQ>�f�I?@��2E2;�J�6
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� ��� ����� � 	�	�� ���:����
����

� �WNOE29<;�=?>3@BA?C2D<E�FG;�C
LONOEQPRNOSO=<T<NQFGU(E2�
qs
9<E�F�A?NW;�E2T<U<=t]_@�U+FG`2NGA<AR@

qt1
X

5
z = +S1 − S2 + S3 − · · · 6W6�6�6W6�6W6�6W6�6W6�6�6W6�6W6�6W6�6�6W6�6 � �

i
V = z r 〈~er,~c− ~r/2〉 6�6W6�6W6�6�6W6�6W6�6W6�6W6�6�6W6�6W6�6W6�6�6W6�6 � �

X
cn τ = 0

a
ν ∈ N1

6�6W6�6W6�6W6�6�6W6�6W6�6W6�6W6�6�6W6�6W6�6W6�6�6W6�6�5��
g �WD�)�A?NOU+FG=<E2D<D?@Bf��GAR@2FG;�=<U+@HFWl<NOD<;�I<E�>�`H;�E2T<U(NW9<NOI<NOLO=���@ 6�6�6W6�6�5��
	

sn τ = 0
a
ν ∈ N1

6�6W6�6W6�6W6�6�6W6�6W6�6W6�6W6�6�6W6�6W6�6W6�6�6W6�6�5��
n �WD�)�A?NOU+FG=<E2D<D?@Bf��GAR@2FG;�=<U+@HFWl<NOD<;�I<E�>�`H`2NOI
��=<D<N 6�6W6�6W6�6�6W6�6�5��
�

sn τ = 0
a |c| = max

a
ν ∈ N2

6�6�6W6�6W6�6W6�6W6�6�6W6�6W6�6W6�6�6W6�6�525
� �WNO=<D�)�A?NOU+FG=<E2D<D?@Bf��GAR@2FG;�=<U+@HFWl<NOD<;�I<E�>�`H`2NOI
��=<D<NH6W6�6W6�6�6W6�6�525
�Q�

sn τ = 0
a |c| = min

a
ν ∈ N2

6W6�6�6W6�6W6�6W6�6W6�6�6W6�6W6�6W6�6�6W6�6�525
� � �WNO=<D�)�A?NOU+FG=<E2D<D?@Bf��GAR@2FG;�=<U+@HFWl<NOD<;�I<E�>�`H`2NOI
��=<D<NH6W6�6W6�6�6W6�6�525
�c5

τ = 0
a
ν ∈ N3

6W6�6�6W6�6W6�6W6�6�6W6�6W6�6W6�6W6�6�6W6�6W6�6W6�6�6W6�6�5�i
�Qi 5WI<=<;�=<T<NQFGU+@Bf'�GAR@2FG;�=<U+@HFWl<NOD<;�I<E�>�`H`2NOI
��=<D<NH6�6W6�6W6�6W6�6�6W6�6�5�i
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