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z = 0 K @8B ν ∈ N1
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V = 0 K @8B ν ∈ N1
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:(; PRQ�SOE�BFT A8>2H
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r2 + ρ2 = 0 K @8B ν ∈ N1
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z = 0 K @8B ν ∈ N2
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V = 0 K @8B ν ∈ N2
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r2 + ρ2 = 0 K @8B ν ∈ N2
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z = 0 K @8B ν ∈ N3
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V = 0 K @8B ν ∈ N3
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r2 + ρ2 = 0 K @8B ν ∈ N3
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>2g2>2g
��HIA8A8>2Z�SOEXu�EXz8H � BDu7>2A8x��,T >Ou7HbVFB A8B(VFw K >2a�HIA8a�A8>2Z5UbCDg2@8BFT3E�A8>2G2>2Z SOEXu�E�
z8B�U`G2HIY8a�>2@8>�T @8>�UbaiE�� : [ P [ L
�v;��~aiE�SOEXu�EXzFE&> K a�BFT3EiVFw2A8>2�I>�C K @FE�G�VFHIA8B(J�UbaiE�G2B8a2U JUvVFHvu7C�����BFT�>2g2@FE�SI>�T�� P����

q̇ = u1X1 + u2X2, q = (x, y, z, v, w) ∈M = R
5, u = (u1, u2) ∈ U = R

2,

q(0) = q0 = 0, q(t1) = q1,

l =

∫ t1

0

√
u2

1 + u2
2 dt → min,

� u7H?G2HIY8a�>2@8A8xyH K >�V8J K @8B�C K @FE�G�VFHIA8B(J	�dBFT H���arG2BDu��

X1 =
∂

∂ x
− y

2

∂

∂ z
− x2 + y2

2

∂

∂ w
, X2 =

∂

∂ y
+
x

2

∂

∂ z
+
x2 + y2

2

∂

∂ v
.

c{x K @8>Ou7>�V8WfE�HOT BFUIUvVFHvu7>2G�E�A8B8He�Ia�>2Z�SOEXu�EXz8B [ AFEXzFE�a�>2HeG�@FE�g2>2aiE��� P� ��� m�� ;
Q @FE�g2>2aiE��� \ �?B�� l��?AFE�ZDu7HIA8x Ub>2>2a�G2HIa2Uba�G2HIA8A8>5�I@8C K8K x A8H K @8HI@8xyG2A8x!��B u7BFU"�
Y8@8HIa�A8x!�rUbBFT3T HIa�@8B8Z G�>2g2>2g
��HIA8A8>2Z
SOEXu�EXz8H � BDu7>2A8x#�2BFT HIHIa2U J
u7G2C$� K E�@FE2T HIa�@8B	�z8HOUbY(EiJ�A8H K @8HI@8xyG2AFEiJ �I@8C K8K EeUbBFT3T HIa�@8B8Z�� G2@FE ��HIA8B(J B�u7B(V7E�aiE��8B8B%� [ E{aiE�Y(W
Hu7BFUbY8@8HIa�AFEiJ��I@8C K8K EyUbBFT3T HIa�@8B8Z K >2@�JDu7Y(E�\&� >2a�@FEiW
HIA8B(J%�v;OQ�@FE�g2>2a�H!� P� K >�VFCDz8HIAFE
K E�@FE2T HIa�@8B8SOE��8B(JrUbCDg2@8BFT3E�A8>2G2x!���IHI>Ou7HISIB8z8HOUbY8B	�'� �IY(Uba�@8HOT3EiVFw2A8x!�
a�@FE�HIY8a�>2@8B8Z%�
�bV8VFB K a�B8z8HOUbY8BFT Bf�?CDA8Y8�8B(JFT B)(`YD>2g2B0;+* A8>2@FT3EiVFw2A8xyH~�IHI>Ou7HISIB8z8HOUbY8B8H~> K a�BFT3EiVFw �A8x�u7>�g2HOUbYD>2A8HIz8A8>�Uba�B [ E�A8>2@FT3EiVFw2A8xyH,� G2>2>2g
��H��I>2G2>2@�J [ AFE�YD>2A8HIz8A8x!��>2a�@8HISIY(E�G2@8HOT HIA8B0;%-0>2z8Y(E [ GdYD>2a�>2@8>2Z��IHI>Ou7HISIB8z8HOUbY(EiJ�a�HI@�J8HIar> K a�BFT3EiVFw2A8>�Uba�w [ AFE�SIxyG�E�HIa�U Jea�>2z8YD>2Z�@FE�SI@8HISOE8;�.?SIG2HOUba�A8> [ z8a�>�A8>2@FT3EiVFw2AFEiJe�IHI>Ou7HISIB8z8HOUbY(EiJeT >XW
HIa a�HI@�J8a�w> K a�BFT3EiVFw2A8>�Uba�w�VFB8g2>
B8S/� SOE
a�>2�I> [ z8a�>rG
A8HIYD>2a�>2@8C���HIH?a�>2z8Y8C K @8B	��>Ou7B8a&u7@8CD�bEiJ�IHI>Ou7HISIB8z8HOUbY(EiJ�U�aiE�Y8BFT W
H&SIAFEXz8HIA8B8HOT �?CDA8Y8�8B8>2AFEiV7E0� a�>2z8Y(EdceE�Y(UbG2HbV8V7E$� [ VFB	�g2>?B8S/� SOE`a�>2�I> [ z8a�>&UbHOT HIZFUba�G2>?�IHI>Ou7HISIB8z8HOUbY8B	��BFT HIHIa?>2�IB8g�E ����C��1� Ub> K @�J(W
HIA8AFEiJa�>2z8Y(E$�v;3Q @FE�g2>2a�H2� m+�yAFE�ZDu7HIA8x Uba�@FE�a�x ceE�Y(UbG2HbV8V7E

MAXi [ Ub>2>2a�G2HIa2Uba�G2C�����B8H
�I@8C K8K HfUbBFT3T HIa�@8B8Z [ Ub>��(@FE�A(J�����B	�{G2@8HOT�J�AFE �IHI>Ou7HISIB8z8HOUbY8B	�3� G2@FE ��HIA8B(J�B�>2a�
@FEiW
HIA8B(J%�"�0>2a�x UbY(E�A8x u7G2Hr�IB K HI@ K >2G2HI@$�(A8>�Uba�B z = 0

B
V = 0

G K @8>�Uba�@FE�AFUba�G2HUb>�Uba�>XJ8A8B8Z
M [ Ub>Ou7HI@�WfE ��B8H��Ia�B�Uba�@FE�a�x-ceE�Y(UbG2HbV8V7E8;FQ�x�JFUbA8HIA{B8A8G�E�@8BFE�A8a�A8xyZ

UIT x UvVd�Ia�B	�r�IB K HI@ K >2G2HI@$�(A8>�Uba�HIZfG&a�HI@FT B8AFE�rUbCDg2@8BFT3E�A8>2G2>2ZrUba�@8CDY8a�CD@8x [ E�aiE�Y	�W
HrB	��AFE�� V8JDu7A8xyZ UIT x UvV�uFV8J �IZ(VFHI@8>2G2x!� �bV7E2Uba�B8Y4� K @8>2HIY8�8B8Z �IHI>Ou7HISIB8z8HOUbY8B	�AFE K VF>�UbYD>�Uba�w (x, y)
�v;

5 HbVFwru�E�A8A8>2Ze@FE�g2>2a�x6� K >�VFA8>2H�BFUIUvVFHvu7>2G�E�A8B8H�YD>2@8A8HIZeCD@FE�G2A8HIA8B8Z z = 0
B

V = 0
Giu7>�VFw �IHI>Ou7HISIB8z8HOUbY8B	�p;�c{x-BFUIUvVFHvu7C2HOT�@FE�SI@8H�7�BFT >�Uba�w �Ia�B	��CD@FE�G2A8HIA8B8Z98

GfA8HIYD>2a�>2@8x!��UvVFCDzFEiJ	��>2A8B�A8H�BFT H���arYD>2@8A8HIZ0;FQ�a�H/��UvVFCDzFEiJ	� [ YD>2� u�E
�Ia�B�CD@FE�G �A8HIA8B(J{@FE�SI@8H�7�BFT x [ T x�VF>2Y(EiVFB8SIC2HOT�B	��YD>2@8A8B [ CDY(E�SIxyG�EiJduFV8JeY(EiW
u7>2�I>rYD>2@8A(JUb>Ou7HI@�WfE ��B8Z
HI�I>�>2a�@8HISI>2Y0;
:�>�VFHIHya�>2�I> [ AFE?Y(EiW
u7>�T B8SyaiE�Y8B	�f>2a�@8HISIYD>2G�Ub>2>2a�G2HIa�Uba�G2C�����B8ZeYD>2@8HIA8wd>2Y(E�SIxyG�E�HIa2U J�A8COVFHOT�A8HIYD>2a�>2@8>2ZeT >2A8>2a�>2A8A8>2Z��?CDA8Y8�8B8B [ z8a�>u�E�HIa �O���?HIY8a�B8G2A8xyZ�EiVF�I>2@8B8a2T K @8B8g�VFB(W
HIA8A8>2�I> G2xyz8BFUvVFHIA8B(Je�Ia�B	�eYD>2@8A8HIZ0;<;�EY(EiW
u7>2Z
�IHI>Ou7HISIB8z8HOUbYD>2ZfT x AFE��>Ou7BFT K HI@8G2C���a�>2z8Y8C [2K @8B8AFEXuFVFHbWfE ��C���Uba�@FE�aiE2T
ceE�Y(UbG2HbV8V7E

MAXi
;,;�E��IHI>Ou7HISIB8z8HOUbY8B	� [ A8H{Ub>Ou7HI@�WfE ��B	� a�>2z8HIY��Ia�B	� Uba�@FE�a�>2G [

P



T x AFE��>Ou7BFT�Ub> K @�J(W
HIA8A8xyH a�>2z8Y8B [ J8G�V8J�����B8HOU J K @8Hvu7HbV7E2T B�a�>2z8HIY ceE�Y(UbG2HbV��
V7E8; -�E�Y8BFT->2g2@FE�SI>�T [ AFE�Y(EiW
u7>2Z5A8>2@FT3EiVFw2A8>2Z5�IHI>Ou7HISIB8z8HOUbYD>2Z � Y8@8>�T H�A8HIYD>2a�> �
@8x!� BFUbY(V���z8B8a�HbVFw2A8x!���rT x CDY(E�SIxyG�E�HOT VFB8g2> K HI@8G2C�� a�>2z8Y8C Uba�@FE�a�>2G

MAXi [VFB8g2> K HI@8G2C���B8S?>2a�x UbY(E�A8A8x!� Ub> K @�J(W
HIA8A8x!�da�>2z8HIY0;�;?> K >�UvVFH`a�>2z8HIY{ceE�Y(UbG2HbV��V7E{B Ub> K @�J(W
HIA8A8x!��a�>2z8HIY5A8>2@FT3EiVFw2AFEiJ �IHI>Ou7HISIB8z8HOUbY(EiJ�A8H�T >XW
HIaeg2xya�we> K a�B	�T3EiVFw2A8>2Z0;�-�E�Y8BFT�>2g2@FE�SI>�T T x K >�VFCDzFE�HOT >2�8HIA8Y8C�UbG2HI@$�(CruFV8JeG2@8HOT HIA8B{@FE�SI@8HISOE
Giu7>�VFw&�IHI>Ou7HISIB8z8HOUbY8B	�p;�;�E&BFUbY(V���z8B8a�HbVFw2A8x!�d�IHI>Ou7HISIB8z8HOUbY8B	�r�IaiE&>2�8HIA8Y(E&a�@8B8G2B	�
EiVFw2AFE2�

+∞ �v;�_?>�VFCDz8HIA8AFEiJe>2�8HIA8Y(E � a�HI>2@8HOT3E�l8; 
 � HOUba�w�� V7E�G2A8xyZe@8HISICOVFwiaiE�a
u�E�A8A8>2Ze@FE�g2>2a�x�;p<?>�T K w
��a�HI@8A8xyH
G2xyz8BFUvVFHIA8B(J K >2Y(E�SIxyG�E ��a [ z8a�>�AFE 7
Ed>2�8HIA8Y(EUbG2HI@$�(C
G?u7HIZFUba�G2B8a�HbVFw2A8>�Uba�B @FE�G2AFE�G2@8HOT HIA8Bd@FE�SI@8HISOE8;	�~aiE&�IB K >2a�HISOE K >2Y(E`u7>2Y(E�SOE�AFE&VFB�7�w
uFV8J�zFE2Uba�B��IHI>Ou7HISIB8z8HOUbY8B	�p;

;�E K >�T A8BFT�A8HIYD>2a�>2@8xyHy> K @8Hvu7HbVFHIA8B(JfBd��E�Y8a�x B8Sy@FE�g2>2a)� P� ��� m�� ;$.?S K @8B8A8�8B	�
K E�T3E�Y(UbBFT C(T3E&_?>2A8a�@�J8�IB8AFE)� 
/��UvVFHvu7C2HIa [ z8a�>&�IY(Uba�@8HOT3EiVFBrG&>2g2>2g
��HIA8A8>2Z�SOEXu�EXz8H� BDu7>2A8x UbCDa�w a�@FE�HIY8a�>2@8B8B �bE2T B(VFwia�>2A8>2G2>2Z5UbBFUba�HOT x

λ̇ = ~H(λ) [ λ ∈ T ∗M [ U�bE2T B(VFwia�>2A8BFE�A8>�T
H = (h2

1 + h2
2)/2 [ hi(λ) = 〈λ,Xi(q)〉

; � HI>Ou7HISIB8z8HOUbY8B8HrJ8G�V8J	�
��a2U J K @8>2HIY8�8B(JFT Be�IY(Uba�@8HOT3EiVFHIZ{B8S&YD>2Y(E2UIE�a�HbVFw2A8>2�I>
@FE2UIUvVF>2HIA8B(J T ∗M

AFE K @8> �Uba�@FE�AFUba�G2>{Ub>�Uba�>XJ8A8B8Z
M

�
qt = π(λt) [ λt = et ~H(λ)

;�Q�UbB(VFC >Ou7A8>2@8>Ou7A8>�Uba�B��bE�
T B(VFwia�>2A8BFE�AFE

H [ u7>�UbaiE�a�>2z8A8>e@FE2UIUIT3E�a�@8B8G�E�a�w�UbC�W
HIA8B8Hd�bE2T B(VFwia�>2A8>2G�E K >2a�>2Y(EAFE K >2G2HI@$�(A8>�Uba�w CD@8>2G2A(J H = 1/2
B K >2a�>�T Ceg2@FE�a�w�AFEXzFEiVFw2A8xyH
YD>2G2HIY8a�>2@FE λ G

AFEXzFEiVFw2A8>�T��8B(VFB8ADu7@8H
C = {H = 1/2} ∩ T ∗

q0
M
;�Q�U J�B8AF�?>2@FT3E��8B(J >{�IHI>Ou7HISIB	�

z8HOUbY8B	��SOE�Y(V���z8HIAFE�G��IY(U K >2A8HIA8�8BFEiVFw2A8>�T�>2a�>2g2@FEiW
HIA8B8B
Exp : C × R+ → M [

Exp(λ, t) = π ◦ et ~H(λ) = qt
;

Q�@FE�g2>2a�H � l�~g2x�VFB�> K @8Hvu7HbVFHIA8x B BFUIUvVFHvu7>2G�E�A8x�>2a�@FEiW
HIA8B(J
εi [ i = 1, 2, 3 [� u7BFUbY8@8HIa�A8xyH�UbBFT3T HIa�@8B8B��IY(U K >2A8HIA8�8BFEiVFw2A8>2�I> >2a�>2g2@FEiW
HIA8B(J εi : N → N [

εi : M → M [ Exp ◦εi = εi ◦ Exp
;pc{x >2g2>2SIAFEXzFE�HOT

ν = (λ, t) ∈ N = C × R+ [
νi = εi(ν)

;,;�E�@�JDu7C�Uru7BFUbY8@8HIa�A8>2Z �I@8C K8K >2Z�UbBFT3T HIa�@8B8Z
D2 = {Id, ε1, ε2, ε3} [�IY(U K >2A8HIA8�8BFEiVFw2A8>2H�>2a�>2g2@FEiW
HIA8B8H&BFT HIHIa A8H K @8HI@8xyG2A8C�� u7G2C$� K E�@FE2T HIa�@8B8z8HOUbY8C���I@8C K8K C UbBFT3T HIa�@8B8Z G~h0,Z = eR~h0 ◦ eRZ � UIT�;9� P� � [ � u7H

h0(λ) = 〈λ,X0(q)〉, X0 = −y ∂
∂ x

+ x
∂

∂ y
− w

∂

∂ v
+ v

∂

∂ w
,

Z = ~hY + e, hY (λ) = 〈λ, Y (q)〉,

Y = x
∂

∂ x
+ y

∂

∂ y
+ 2z

∂

∂ z
+ 3v

∂

∂ v
+ 3w

∂

∂ w
, e =

5∑

i=1

hi
∂

∂ hi
.

}~a�@FE�a�x ceE�Y(UbG2HbV8V7E [�K >2@8>XW
u7HIA8A8xyH G2@FE ��HIA8B(JFT B ~h0
B >2a�@FEiW
HIA8B(JFT B

εi [> K @8Hvu7HbV8J���a2U J�UvVFHvu7C�����BFT�>2g2@FE�SI>�T!�

MAX0 = {ν ∈ N | ∃σ ∈ R : ν̃ = eσ~h0(ν) 6= ν, Exp(ν̃) = Exp(ν)},
MAXi = {ν ∈ N | ∃σ ∈ R : ν̃ = eσ~h0(νi) 6= ν, Exp(ν̃) = Exp(ν)}, i = 1, 2, 3.

� HI>Ou7HISIB8z8HOUbY(EiJ5A8H{T >XW
HIa g2xya�w > K a�BFT3EiVFw2A8>2Z K >�UvVFH�a�>2z8Y8B ceE�Y(UbG2HbV8V7E8; -0>2z	�
Y8B AFE �IHI>Ou7HISIB8z8HOUbY8B	� [ Ub>2>2a�G2HIa2Uba�G2C�����B	��Uba�@FE�aiE2T�ceE�Y(UbG2HbV8V7E [�K @8B8AFEXuFVFHbWfE�a

\



UvVFHvu7C�����BFT T A8>XW
HOUba�G�E2T � a�HI>2@8HOT3ErL(; 
OP�� m+� �"�

(λ, t) ∈ MAX0 ⇒ r2t + ρ2
t = 0,

(λ, t) ∈ MAX1 ⇒ zt = 0,

(λ, t) ∈ MAX2 ⇒ Vt = 0,

(λ, t) ∈ MAX3 ⇒ zt = Vt = 0,

� u7H
r2 = x2 + y2 [ ρ2 = v2 +w2 [ V = xv+ yw− z

r2

2

;DQ �Ia�>2Z @FE�g2>2a�H�T x�@8H�7
E�HOT
CD@FE�G2A8HIA8B(J

z = 0 [ V = 0
B
r2 + ρ2 = 0 [ > K @8Hvu7HbV8J�����B8H�Uba�@FE�a�x�ceE�Y(UbG2HbV8V7E8;

� �������������M���
	 � ����{� � �����{��	����
N1

Q�UbB(VFC�@FE�G2HIAFUba�G
X0V = 0 [ Y V = 4V

B
X0z = 0 [ Y z = 2z [ UIT�; ��
�� [ � :
� � m+� [�?CDA8Y8�8B8B

z [ V K @8HI>2g2@FE�SIC���a2U J�A8H K @8HI@8xyG2A8x T BeUbBFT3T HIa�@8B(JFT B�UvVFHvu7C�����BFT >2g �
@FE�SI>�T!�
(
esX0

)∗
z = z,

(
erY
)∗
z = e2rz,

(
esX0

)∗
V = V,

(
erY
)∗
V = e4rV,

K >2�Ia�>�T Ce�IB K HI@ K >2G2HI@$�(A8>�Uba�B z = 0 [ V = 0
B8A8G�E�@8BFE�A8a�A8x�>2a�A8>�UbB8a�HbVFw2A8>��I@8C K �

K x-UbBFT3T HIa�@8B8Z
GX0,Y = eRX0 ◦ eRY ;<;�EiVFB8z8B8H?u7G2C$� K E�@FE2T HIa�@8B8z8HOUbYD>2Z{�I@8C K8K xUbBFT3T HIa�@8B8Z �IY(U K >2A8HIA8�8BFEiVFw2A8>2�I>e>2a�>2g2@FEiW
HIA8B(J K >2SIG2>�V8J8HIae@8Hvu7CD�8B8@8>2G�E�a�w K @8> ��8Hvu7CD@8Ce@8H�7�HIA8B(J CD@FE�G2A8HIA8B8Z

z = 0 [ V = 0
;9* BFT HIA8A8> [0K C�Uba�w ν = (λ, t) ∈ N [a�>2� u�E&uFV8J V���g2x!�

s, r

ν̂ = es~h0 ◦ erZ(ν) = (es~h0 ◦ erZ(λ), t′) ∈ N, t′ = ter.

��g2>2SIAFEXzFEiJ
Exp(ν̂) = q̂t′ = (x̂t′ , ŷt′ , ẑt′ , v̂t′ , ŵt′) [8K >�VFCDzFE�HOT!�

zt = 0 ⇔ ẑt′ = 0; Vt = 0 ⇔ V̂t′ = 0.
��
��

_?>2�Ia�>�T C T x T >XW
HOT�UbAFEXzFEiV7E�@8H�7�B8a�w�CD@FE�G2A8HIA8B(J
z = 0 [ V = 0

uFV8J V���g2>2�I>
K @8Hvu�UbaiE�G2B8a�HbV8J ν′′ ∈ N ′′ [ E�SOE�a�HOT K >�VFCDz8B8a�w @8H�7�HIA8B(J5uFV8J5V���g2>2�I>

ν ∈ N
U

BFU K >�VFw2SI>2G�E�A8B8HOT Ub>2>2a�A8>
7�HIA8B8Z (1)
;

c{x�BFU K >�VFw2SIC2HOT�G2G2Hvu7HIA8A8xyH~G`@FE�g2>2a�H�� l�(�bV8VFB K a�B8z8HOUbY8B8HyYD>2>2@2u7B8AFE�a�x G K @8> �>2g2@FE�SIHy�IY(U K >2A8HIA8�8BFEiVFw2A8>2�I>?>2a�>2g2@FEiW
HIA8B(J9��G2@8HOT�JrGiu7>�VFw�T3EiJ8a�A8B8Y(E ϕ B K HI@8H K E�@FE2T HIa�@8B8SI>2G�E�A8A8C�� �IA8HI@8�IB��,T3EiJ8a�A8B8Y(E
k

� E aiE�Y(W
H
ψ = ϕ

k

�"8~Y8@8>�T H��Ia�>2�I> [ G
K VF>�UbYD>�Uba�B (h4, h5)

G2G2Hvu7HIA8x K >�V8J8@8A8xyH{YD>2>2@2u7B8AFE�a�x α [ β ;�Q Ub>2>2a�G2HIa2Uba�G2B8B U
@FE�SIg2B8HIA8B8HOT AFEXzFEiVFw2A8>2�I>r�8B(VFB8ADu7@FE

C = ∪7
i=1Ci [ BFT HIHOT�@FE�SIg2B8HIA8B8H K @8>2>2g2@FE�SOE�IY(U K >2A8HIA8�8BFEiVFw2A8>2�I>�>2a�>2g2@FEiW
HIA8B(J N = ∪7

i=1Ni [ UIT�;9� P�� [ � l� ;

����� ��������� �!��"$#���%&���('
z = 0 ) ��� ν ∈ N1

* UvVFB
ν = (k, ϕ, α, β, t) ∈ N1 [ a�> ν̂ = e−β~h0 ◦e(−1/2 ln α)Z(ν) = (k, ϕ, 1, 0, δ) ∈ N1T >XW
HIa
g2xya�wfG2SbJ8afGfY(EXz8HOUba�G2H K @8Hvu�UbaiE�G2B8a�HbV8J ν′′ ∈ N ′′

1

;

L



Q�@FE�g2>2a�H � P� K >2Y(E�SOE�A8> [ z8a�> K @8B ν ∈ N1 [ α = 1 [ β = 0
BFT HIHOT

ϕt = ϕ+ t,

x = 2(E(ϕt) − E(ϕ)) − (ϕt − ϕ),

z = 2k(snϕt dnϕt − snϕ dnϕ) − k(cnϕ+ cnϕt)x,
Svu7HOUbw B?u�EiVFHIH�BFU K >�VFw2SIC���a2U J��bV8VFB K a�B8z8HOUbY8B8H��?CDA8Y8�8B8B (`YD>2g2B

sn(u, k) [ cn(u, k) [
dn(u, k) [ E(u, k) [ UIT�;9� ��� [ � :+� ;_?HI@8HIZDu7HOT�Y�A8>2G2x T5YD>2>2@2u7B8AFE�aiE2T

τ =
ϕt + ϕ

2
= ϕ+

t

2
, p =

ϕt − ϕ

2
=
t

2
,

ϕ = τ − p, ϕt = τ + p.
_?>f�?>2@FT COV7E2T UvVF>XW
HIA8B(JduFV8J��bV8VFB K a�B8z8HOUbY8B	�{�?CDA8Y8�8B8Z K >�VFCDzFE�HOT

x = 2(E(τ + p) − E(τ − p)) − 2p =

= 4 E(p) − 2p− 4k2

∆
sn2 τ sn p cn p dn p,

∆ = 1 − k2 sn2 τ sn2 p,

z =
4k

∆
cn τfz(p),

� :
�

fz(p) = sn p dn p− (2 E(p) − p) cn p.
}�VFHvu7C����
EiJ�VFHOT3T3E B&>�Ub>2g2HIA8A8>yG2G2Hvu7HIA8AFEiJ?G�A8HIZ&YD>2AFUbaiE�A8aiE

k0
g2CIu7CDa G�EiWrA8x

uFV8J�> K BFUIE�A8B(J�YD>2@8A8HIZ�CD@FE�G2A8HIA8B8Z z = 0 [ V = 0
;�;�E K >�T A8BFT [ z8a�>

E(k) =

∫ π/2

0

√
1 − k2 sin2 t dt, K(k) =

∫ π/2

0

dt√
1 − k2 sin2 tUbCDa�w K >�VFA8xyH3�bV8VFB K a�B8z8HOUbY8B8H~B8A8a�HI�I@FEiVFx K HI@8G2>2�I>�B&G2a�>2@8>2�I>�@8>Ou�EyUb>2>2a�G2HIa2Uba�G2HIA	�A8> � �� [ � :�� ;� �D�?�?)�"�� ���������	��
��
����

2E(k) −K(k) = 0, k ∈ [0, 1),
���������������
�����	�
�
�������� ���
�!

k0 ∈ (0, 1) "�# �%$&�����'��(%��)

k ∈ [0, k0) ⇒ 2E −K > 0,

k ∈ (k0, 1) ⇒ 2E −K < 0.
* �+�,��-	�����.$�!,������ " ��z8HIG2BDu7A8> [ z8a�> E(k)

CDg2xyG�E�HIa [ E K(k)
G2>2SI@FE2UbaiE�HIa [�K >2�Ia�> �T C

2E(k) − K(k)
CDg2xyG�E�HIa K @8B k ∈ [0, 1)

8��Ia�> u7>2Y(E�SIxyG�E�HIa Hvu7B8AFUba�G2HIA8A8>�Uba�w
YD>2@8A(J

k0
; * �I>{UbC���HOUba�G2>2G�E�A8B8H
UvVFHvu7C2HIa�B8SrSIAFEXz8HIA8B8Z��?CDA8Y8�8B8B AFE�YD>2A8�FE�eB8A	�

a�HI@8G�EiV7E��

k = 0 ⇒ K(k) = E(k) =
π

2
⇒ 2E(k) −K(k) =

π

2
,

k → 1 − 0 ⇒ K(k) → +∞, E(k) → 1 ⇒ 2E(k) −K(k) → −∞.

l



� ����������
���� " � @FE2�?B8Y �?CDA8Y8�8B8B
k 7→ 2E(k) −K(k) K @8B8G2Hvu7HIA�AFE @8BFU�; 
2;p<?>�T��

K w
��a�HI@8A8xyH�G2xyz8BFUvVFHIA8B(J K >2Y(E�SIxyG�E ��a [ z8a�> k0 ≈ 0,909
;

� AFEXz8HIA8B�� K E�@FE2T HIa�@FE k = k0
Ub>2>2a�G2HIa2Uba�G2C2HIa
Hvu7B8AFUba�G2HIA8AFEiJ K HI@8B8>Ou7B8z8HOUbY(EiJ�IZ(VFHI@8>2G�E��bV7E2Uba�B8Y(E [ UIT�;8@8BFU�;7:(;

0.2 0.4 0.6 0.8 1

-4

-3

-2

-1

1

kr

k0

2E(k) − K(k)

π/2

� BFU�; 

�7� K @8Hvu7HbVFHIA8B8H?z8BFUvV7E k0
� BFU�;?:	� _?HI@8B8>Ou7B8z8HOUbY(EiJ �bV7E2Uba�B8Y(E [
k = k0

.?Sy@FE�SbVF>XW
HIA8B(J
(2)

G2BDu7A8> [ z8a�>?uFV8JrBFUIUvVFHvu7>2G�E�A8B(J
YD>2@8A8HIZfCD@FE�G2A8HIA8B(J z = 0G�EiWrA8>
B8SICDz8B8a�wrYD>2@8A8B�CD@FE�G2A8HIA8B(J
fz(p) = 0

;
� ' ��� 134Dq������ � "�� ��� * $�� $��
	+��(%�

k ∈ [0, 1) �� 
��������

fz(p, k) = sn p dn p− (2 E(p) − p) cn p

���������������'
������ ���.$��'��� �&
���
pz

n

)
n ∈ Z "� �'� ��� �&
�� 
�������'
������

n �
pz
−n = −pz

n, n ∈ Z,

�����	��'
�����'��)
pz
0 = 0 "�� � �&
��

pz
n

$��+�,��$�� - � � ����� �.$&��� � �
�'��� ��	 ����-��%� �
pz

n ∈ (−K + 2Kn, K + 2Kn), n ∈ Z.

� ���	��'
�����'��) ��� �&
��
pz

n

� �+
��+�'�+
�
������
n �

pz
n < pz

n+1, n ∈ Z.

# �%$&��� �'��(%��)����&�
n ∈ N

k ∈ [0, k0) ⇒ pz
n ∈ (2Kn,K + 2Kn),

k = k0 ⇒ pz
n = 2Kn,

k ∈ (k0, 1) ⇒ pz
n ∈ (−K + 2Kn, 2Kn),

( �+�
k0

����'! ������
�����	�
�
���� ��� ���
�! � ���	��
��
����
2E(k) − K(k) = 0

) �.� " $&�.� �
� � 2.1 "
* �+�,��-	�����.$�!,������ " Q�xyz8BFUvVFBFT-SIAFEXz8HIA8B(J

fz(p)
G a�>2z8Y(E� [ Y8@FE�a�A8x!� K

;�_?C�Uba�w
p = 4Kn [ a�>2� u�E sn p = 0 [ cn p = 1 [ dn p = 1 [ E(p) = 4nE [0K >2�Ia�>�T C fz(p) =

m



−4n(2E − K)
;�Q�xyz8BFUvV8J(J aiE�Y8BFT�W
He>2g2@FE�SI>�T [3K >�VFCDzFE�HOT�aiE�g�VFB8�8C�SIAFEXz8HIA8B8Z

�?CDA8Y8�8B8B
fz(p)

Gfz8HIa�G2HI@8aOJ	� K HI@8B8>Ou�EfUbaiE�ADu�E�@8a�A8>2�I>fT3EiJ8a�A8B8Y(E��

p 4Kn K + 4Kn 2K + 4Kn 3K + 4Kn
fz(p) −4n(2E −K) k′ (2 + 4n)(2E −K) −k′

� u7HOUbw
k′ =

√
1 − k2 ∈ (0, 1]

HOUba�w�u7> K >�VFA8B8a�HbVFw2A8xyZ�T >Ou7COVFw5�bV8VFB K a�B8z8HOUbY8B	��?CDA8Y8�8B8Z0;
� EiVFHIH [ > K @8Hvu7HbVFBFT �?CDA8Y8�8B��

gz(p) =
fz(p)

cn p
=

sn p dn p

cn p
− 2 E(p) + p, p 6= K + 2Kn.

;?H K >�Ub@8Hvu�Uba�G2HIA8A8>2H`G2xyz8BFUvVFHIA8B8H K >2Y(E�SIxyG�E�HIa [ z8a�>

g′z(p) =
sn2 p dn2 p

cn2 p
.

Q�xyz8BFUvVFBFT K @8Hvu7HbVFx AFE
YD>2A8�FE�dB8A8a�HI@8G�EiVF>2G��

p→ −K + 4Kn± 0 ⇒ fz(p) → −k′, cn p→ ±0 ⇒ gz(p) → ∓∞,

p→ K + 4Kn± 0 ⇒ fz(p) → k′, cn p→ ∓0 ⇒ gz(p) → ∓∞.

-0> HOUba�w �?CDA8Y8�8B(J
gz(p)

G2>2SI@FE2UbaiE�HIa5>2a −∞ u7>
+∞ AFE�Y(EiW
u7>�T B8A8a�HI@8G�EiVFH

(−K + 2Kn,K + 2Kn) [ n ∈ Z [ n 6= 0 [~K >2�Ia�>�T C >2AFE BFT HIHIa5Hvu7B8AFUba�G2HIA8A8xyZ
YD>2@8HIA8w

pz
n ∈ (−K + 2Kn,K + 2Kn), n ∈ Z.

Q a�>2z8Y(E� G2BDu�E
p = K + 2Kn [ n ∈ Z [ � u7H��?CDA8Y8�8B(J gz(p)

A8H�> K @8Hvu7HbVFHIAFE [
fz(p) = ±k′ 6= 0

;�}�VFHvu7>2G�E�a�HbVFw2A8> [ �?CDA8Y8�8B(J fz(p)
>2g2@FE �
E�HIa2U J{G A8COVFw�a�>�VFw2YD>

Gfa�>2z8Y(E�
pz

n [ n ∈ Z
;

;?HIz8HIa�A8>�Uba�w�YD>2@8A8HIZ
pz

n K > n UvVFHvu7C2HIa�B8SfA8HIz8HIa�A8>�Uba�B �?CDA8Y8�8B8B
fz(p) K > p ;c{>2A8>2a�>2A8A8>�Uba�w�YD>2@8A8HIZ

pz
n K > n

UvVFHvu7C2HIa�B8S�a�>2�I> [ z8a�> Y(EiW
u7xyZ B8S G2SOE�BFT A8>
A8H K HI@8HOUbHIY(E ����B	�DU JrB8A8a�HI@8G�EiVF>2G

(−K + 2Kn,K + 2Kn)
Ub>Ou7HI@�WrB8a�@8>2G2A8>&>Ou7B8A

YD>2@8HIA8w
pz

n

;
�`UbaiE�HIa2U J�VF>2Y(EiVFB8SI>2G�E�a�w K >�VF>XWrB8a�HbVFw2A8xyH�YD>2@8A8B pz

n

>2a�A8>�UbB8a�HbVFw2A8>dUb@8Hvu7A8B	�
a�>2z8HIY

2Kn
;�<�E�Y�g2x�VF>5G2xyz8BFUvVFHIA8>�G2x 7�H [ fz(2Kn) = (−1)n−12n(2E − K) [

n ∈ Z
;

_?C�Uba�w
k < k0 [ a�>2� u�E 2E(k) − K(k) > 0

; }~AFEXzFEiV7E�@FE2UIUIT >2a�@8BFT UvVFCDzFE�Z
n = 2m ∈ N

;�-0>2� u�E
fz(4Km) < 0 [ gz(4Km) < 0 [DK >2�Ia�>�T C pz

n > 2Kn
; * UvVFB W
H

n = 2m−1 ∈ N [ a�> fz(4Km−2K) > 0 [ gz(4Km−2K) < 0 [ B
> K J8a�w pz
n > 2Kn

;
_?@8B

k > k0
BFT HIHOT

2E(k) −K(k) > 0 [(K >2�Ia�>�T C pz
n < 2Kn

;
;�E�YD>2A8HI� [DK @8B k = k0 K >�VFCDzFE�HOT 2E(k) −K(k) = 0

B
pz

n = 2Kn
;

� @FE2�?B8Y8B��?CDA8Y8�8B8B
fz(p) K @8B�@FE�SbVFB8z8A8x!� k K @8B8G2Hvu7HIA8x�AFE
@8BFU�;FP��8L(;

_?@8HvuFVF>XW
HIA8B8H�:(; 
yCDa�G2HI@�W
u�E�HIa [ z8a�>�EiVF�IHIg2@FE�B8z8HOUbY(EiJ K VF>
�
EXu7w�UbHI�OT HIA8aiE�B8A	��`VFHIY(UbB8>2A8A8>2Z?�bV7E2Uba�B8Y8B&T HIA(J8HIa SIAFE�Y?g2HOUbYD>2A8HIz8A8>2H3z8BFUvVF>y@FE�S [ UIT�;I@FE�Svu7HbV�P8; : � m+� ;
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pz
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pz

2
pz
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� BFU�;�P��
p 7→ fz(p) [ k ∈ [0, k0) [ λ ∈

C1

� BFU�;p\��
p 7→ fz(p) [ k ∈ (k0, 1) [ λ ∈

C1

2K 4K 6K
p

fz(p)

r r r

pz

1
pz

2
pz

3

� BFU�;7L	�
p 7→ fz(p) [ k = k0 [ λ ∈ C1
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#�13����/�%(�7� ��"�� �����'� ������� ���%$���� �����.$�!�
���� ��� ���
�!
p = pz

1 � ���	��
��
����
fz(p) =

0
$��+�,��$�� - � ������ �.$&��� � �
�'��� ��	 ����-��%� �

k ∈ [0, k0) ⇒ pz
1 ∈ (2K, 3K),

k = k0 ⇒ pz
1 = 2K,

k ∈ (k0, 1) ⇒ pz
1 ∈ (K, 2K).

;�E�@8BFU�;�l K @8B8G2Hvu7HIA��I@FE2�?B8Y��?CDA8Y8�8B8B k 7→ pz
1(k) [ E�AFE�@8BFU�; m � �I@FE2�?B8Y

�?CDA8Y8�8B8B
k 7→ pz

1(k)/K(k)
;�;�E K >�T A8BFT [ z8a�> K >�VFA8>�T Cd>2g2>2@8>2a�CdT3EiJ8a�A8B8Y(EfUb>2>2a�G2HIa2Uba�G2C2HIa

p = 2K [ �Ia�>rSIAFEXz8HIA8B8H?>2a2T HIz8HIA8>fAFEf>�UbB�>2@2u7B8AFE�a
@8BFU�;�mD;
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pz

1
/K

r r

r

k0

� BFU�;Fl��
k 7→ pz

1 [ λ ∈ C1
� BFU�;�m��

k 7→ pz
1/K [ λ ∈ C1

.?S?@FE�G2HIAFUba�G�E
(2)

B K @8HvuFVF>XW
HIA8B(J{:(; 
 K >�VFCDzFE�HOT�UvVFHvu7C�����HIH?CDa�G2HI@�W
u7HIA8B8H2;
#�13����/�%(�7� ��"�� "���� � ��'!

ν ∈ N1 ∩ {α = 1, β = 0} "�� ��( �+�

zt = 0 ⇔ cn τ = 0, τ = ϕ+
t

2
,

��$��

t = 2pz
n, n ∈ Z,

( �+�
pz

n

� � �'! ��� �&
�� �� 
�������� fz(p)
) ������� ��
�
�� � ��������� $���� �
����

2.1 "
��� � ��������� �!��"$#���%&���('

V = 0 ) ��� ν ∈ N1

;�EXz8B8AFEiJ U
�Ia�>2�I> K CDA8Y8aiE [ G2xyz8BFUvVFHIA8B(J C�UvVF>XWrA(J���a2U J [ BeuFV8J Ub>2Y8@FE ��HIA8B(J�SOE�
K BFUbB�g2CIu7HOT K @8BFT HIA(J8a�w UvVFHvu7C�����B8H?>2g2>2SIAFEXz8HIA8B(J9�

s = sn p, c = cn p, d = dn p,

sτ = sn τ, cτ = cn τ, dτ = dn τ.

_?C�Uba�w
ν ∈ N1 [ α = 1 [ β = 0

;8Q�YD>2>2@2u7B8AFE�aiE�

τ = ϕ+
t

2
, p =

t

2
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BFT HIHOT

x =
1

∆
(2∆(2 E−p) − 4k2 sτ

2 c s d),
� P$�

y =
1

∆
4k dτ sτ s d,

� \��

z =
4k cτ

∆
(s d − (2 E−p)c),

V =
2k sτ dτ

∆
fV (p),

� L
�

fV (p) =
4

3
s d(−p− 2(1− 2k2 + 6k2 c2)(2 E−p) + (2 E−p)3 + 8k2 c s d)+

+ 4 c (1 − 2k2 s2)(2 E−p)2,
∆ = 1 − k2 sτ

2 s2.

� ' ��� 134Dq������ ��"�� "�� * $�� $��
	+��(%�
k ∈ [0, 1) � ���	��
��
����

fV (p, k) = 0
��������

������'
���� � ���.$�� ��� �&
���
pV

n

)
n ∈ Z " � �'� ��� �&
�� 
�������'
�� � � �+
��+�'�+
�
�� ���

n "� �&�
n ∈ N

��� �&
��
pV

n

$��+�,��$�� - � � ����� �.$&��� � �
�'��� ��	 ����-��%� �
pV

n ∈ [2Kn, 2K(n+ 1)).

# �%$&��� �'��(%��)

k 6= k0 ⇒ pV
n ∈ (2Kn, 2K(n+ 1)),

k = k0 ⇒ pV
n = 2Kn.

* �+�,��-	�����.$�!,������ " � K @8Hvu7HbVFBFT �?CDA8Y8�8B��

gV (p) =
fV (p)

s d
, p 6= 2Kn.

� l$�
;?H K >�Ub@8Hvu�Uba�G2HIA8A8>
G2xyz8BFUvV8J8HIa2U J [ z8a�>

(gV (p))′ = −4
(fz(p))

2

s2 d2
,

� m �

K >2�Ia�>�T C&�?CDA8Y8�8B(J gV (p)
CDg2xyG�E�HIa AFE`Y(EiW
u7>�T{B8A8a�HI@8G�EiVFH

p ∈ (2K(n−1), 2Kn)
;

� E2UIUIT >2a�@8BFT�UbAFEXzFEiV7E�UvVFCDzFE�Z
k 6= k0

;�Q�xyz8BFUvVFBFT K @8Hvu7HbVFx AFE�YD>2A8�FE��B8A	�
a�HI@8G�EiVF>2G��

p→ 4Kn± 0, n 6= 0 ⇒ fV → 64n2(2E −K)2 > 0, s → ±0 ⇒
⇒ gV → ±∞,

p→ ±0 ⇒ fV → 0, gV → 0,

p→ 2K + 4Kn± 0 ⇒ fV → −4(4n+ 2)2(2E −K)2 < 0, s → ∓0 ⇒
⇒ gV → ±∞.

_?C�Uba�w
n ∈ N

;�-0>2� u�E

p→ 2Kn± 0 ⇒ gV (p) → ±∞,


 




AFE Y(EiW
u7>�T B8A8a�HI@8G�EiVFH
(2Kn, 2K(n + 1))

�?CDA8Y8�8B(J
gV (p)

CDg2xyG�E�HIa >2a
+∞u7> −∞ [(K >2�Ia�>�T C BFT HIHIaf>Ou7B8A�YD>2@8HIA8w pV

n

; * UvVFB�W
H
n = 0 [ a�>

p→ +0 ⇒ gV (p) → 0, p→ 2K − 0 ⇒ gV (p) → −∞,

AFE�B8A8a�HI@8G�EiVFH
(0, 2K)

�?CDA8Y8�8B(J
gV (p)

CDg2xyG�E�HIa?>2a
0
u7> −∞ [2K >2�Ia�>�T CfA8H BFT HIHIaYD>2@8A8HIZ0;

Q�>2SIG2@FE �
E�HOT3U JdY{�?CDA8Y8�8B8B
fV (p)

;F_?@8B
n ∈ N

BFT HIHOT

fV (2Kn) = (−1)n16n2(2E −K) 6= 0;

Y8@8>�T H`a�>2�I> [ fV (0) = 0
;(_?>2�Ia�>�T CrG�UbH`A8HI>2a�@8B8�FE�a�HbVFw2A8xyH`YD>2@8A8B��?CDA8Y8�8B8B

fV (p)UbCDa�w
p = pV

n [ n = 0, 1, 2, . . .
;

-0H K HI@8w @FE2UIUIT >2a�@8BFT-UvVFCDzFE�Z
k = k0 [ a�>2� u�E 2E(k) − K(k) = 0

; Q a�>2z8Y(E�
p = 2Kn [ n = 0, 1, 2, . . . [ �?CDA8Y8�8B(J fV (p)

>2g2@FE �
E�HIa2U JeG�A8COVFw�87u7>2Y(EiW
HOT [ z8a�>u7@8CD�IB	��A8HI>2a�@8B8�FE�a�HbVFw2A8x!��YD>2@8A8HIZ�A8HIaX; * UvVFB
p → 2Kn [ n = 0, 1, 2, . . . [ a�>

gV (p) → −8/3Kn
; * UvVFB5u7>2> K @8Hvu7HbVFB8a�w��?CDA8Y8�8B�� gV (p)

G a�>2z8Y(E�
p = 2Kn

K >rA8H K @8HI@8xyG2A8>�Uba�B [ a�> gV (p)
CDg2xyG�E�HIa K @8B p ∈ [0,+∞)

>2a
0
u7> −∞ ;F_?>2�Ia�>�T C

gV (p) < 0 K @8B p > 0
;�}�VFHvu7>2G�E�a�HbVFw2A8> [ �?CDA8Y8�8B(J fV (p)

>2g2@FE �
E�HIa2U J�G�A8COVFw
a�>�VFw2YD>
Gfa�>2z8Y(E�

p = pV
n = 2Kn

GdUvVFCDzFE�H
k = k0

;
;?HIz8HIa�A8>�Uba�w�YD>2@8A8HIZ

pV
n K > n UvVFHvu7C2HIa B8S�z8HIa�A8>�Uba�B��?CDA8Y8�8B8B

fV (p) K > p ;c{>2A8>2a�>2A8A8>�Uba�w
pV

n K > n UvVFHvu7C2HIadB8S�a�>2�I> [ z8a�> K @8>�T HbWrCDa�Y8B [2Kn, 2K(n+ 1)) [
n ∈ N [ A8H K HI@8HOUbHIY(E ��a2U J K @8B�@FE�SIA8x!� n ;

_?@8HvuFVF>XW
HIA8B8Hd:(; : CDa�G2HI@�W
u�E�HIa [ z8a�>{�8HIA8a�@ T3E2UIUrUbHI�OT HIA8aiE�B8AF�`VFHIY(UbB8>2A8A8>2Z�bV7E2Uba�B8Y8Bfg2HOUbYD>2A8HIz8A8>2H~z8BFUvVF>�@FE�S K @8>���>Ou7B8a`z8HI@8HISyUbHI@8Hvu7B8A8A8xyZ K HI@ K HIADu7B8Y8COV8J8@Y'��>2@2u7H [ UIT�;8@FE�Svu7HbV{P8; :�� m+� ;
� @FE2�?B8Y8B��?CDA8Y8�8B8B

p 7→ fV (p) K @8B�@FE�SbVFB8z8A8x!� k K @8B8G2Hvu7HIA8x�AFEf@8BFU�;F� [ j8;

4K 6K3K 5K

p

fV (p)

r r

pV
1

pV
2 2K 4K 6K

p

fV (p)

r r r

pV
1

pV
2

pV
3

� BFU�;F���
p 7→ fV (p) [ k 6= k0 [ λ ∈ C1

� BFU�;Fj��
p 7→ fV (p) [ k = k0 [ λ ∈ C1

#�13����/�%(�7� �e"�� ! � * $�� $��
	+��(%�
k ∈ [0, 1)

��� ������� ���%$���� �����.$�!�
�������� ���
�!
p =

pV
1 � ���	��
��
���� fV (p) = 0

$��+�,��$�� - � ������ �.$&��� � �
�'��� ��	 ����-��%� �
k 6= k0 ⇒ pV

1 ∈ (2K, 4K),

k = k0 ⇒ pV
1 = 2K.


X:



;�E�@8BFU�; 
ON�B 
 
 K @8B8G2Hvu7HIA8x �I@FE2�?B8Y8B��?CDA8Y8�8B8Z k 7→ pV
1 (k)

B
k 7→ pV

1 (k)/K(k)
;

;�Ed>�UbB�>2@2u7B8AFE�ad@8BFU�; 
 
�>2a2T HIz8HIA8x-a�>2z8Y8B pV
1

K
= 2

B�\ [ Ub>2>2a�G2HIa2Uba�G2C�����B8H�>Ou��
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� BFU�; 
ON��
k 7→ pV

1 [ λ ∈ C1
� BFU�; 
 

�

k 7→ pV
1 /K [ λ ∈ C1

.?S K @8HvuFVF>XW
HIA8B(Je:(; :&B�@FE�G2HIAFUba�G�E (5) K >�VFCDzFE�HOT�UvVFHvu7C�����HIH?CDa�G2HI@�W
u7HIA8B8H2;
#�13����/�%(�7� ��"�� h ��� � ��'!

ν ∈ N1
)
α = 1

)
β = 0 "�� ��( �+�

Vt = 0 ⇔ sn τ = 0, τ = ϕ+
t

2
,

��$��

t = 2pV
n , n ∈ Z,

( �+�
pV

n �
��� �&
�� �� 
�������� fV (p)

) ������� ��
�
�� � � ������� $���� �
����
2.2 "

����� ���&"$��� ����% ��"	� ) �	
���� %&����%��������%�� �!��"$#���%&�����
z = 0 �

V = 0 ) ��� ν ∈ N1

� V8J�> K @8Hvu7HbVFHIA8B(J K HI@8G2>2�I>{G2@8HOT HIA8B5ceE�Y(UbG2HbV8V7E�Giu7>�VFw{�IHI>Ou7HISIB8z8HOUbYD>2Z G�EiWrA8>
SIAFE�a�w [ YD>2@8HIA8w YD>2a�>2@8>2�I> B8SeCD@FE�G2A8HIA8B8Z zt = 0 [ Vt = 0

G�Uba�@8HIzFE�HIa2U J AFE A8HIZ
K HI@8G2x T�;8Q u�E�A8A8>�T5@FE�Svu7HbVFH�T x >2a�G2HIzFE�HOT5AFE
�Ia�>2arG2> K @8>�U�;Q�AFEXzFEiVFH�T x > K B�7�HOT5Y8@8B8G2C�� {fz = 0} ;
� �D�?�?) "�� "�� � �&���	� � {(p, k) ∈ R×[0, 1) | fz(p) = 0, p 6= 0} (.$&�	���,� � "�� 
�� �������
�� �,�	� �����.$�!�
 � � )���� ����$,$&�.$�!�
 � � ����

p
) �'�%$�!���� � �'��� �,���

(p, k) = (2Kn, k0)
)

n 6= 0 " � �'��� �,���
(p, k) = (pz

n(0), 0) � ����� �&���	� � ����������,�	� �����.$�!�
 � � )��� ����$��
$&�.$�!�
 � � ����

k "
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* �+�,��-	�����.$�!,������ " .�T HIHOT ∂ fz

∂ p
= (2 E−p) d s

;(_?>2�Ia�>�T C




fz = 0
∂ fz

∂ p
= 0

⇔





2 E−p =
s d

c
s2 d2

c
= 0

⇔
{

2 E−p = 0

p = 2Kn
⇔

⇔
{

2n(2E −K) = 0

p = 2Kn
⇔

[
n = 0

B(VFB
k = k0, p = 2Kn

_?>2�Ia�>�T C K @8B (p, k) 6= (2Kn, k0)
Y8@8B8G�EiJ {fz = 0} � V7EXu7Y(EiJ�BeBFT HIHIa Y(E2UIE�a�HbVFw �A8C�� [ A8H K E�@FEiV8VFHbVFw2A8C���>�UbB

p
;

Q�xyz8BFUvVFBFT u7@8CD�IC�� zFE2Uba�A8C�� K @8>2B8SIG2>Ou7A8C�� �

∂ fz

∂ k
= − 1

kk′2
{
d s
[
k2 + (2 E−p)(E−(1− k2)p)

]
+

+c
[
E(1 − 2k2(1 + s2)) + p(−1 + k2(1 + s2))

]}
.

_?@8B
k = k0 [ p = 2Kn

BFT HIHOT
s = 0 [ c = ±1 [ d = 1 [ E =

p

2
[8K >2�Ia�>�T C

∂ fz

∂ k

∣∣∣∣
k=k0 , p=2Kn

= ± Kn

k0k′0
2 6= 0 K @8B n 6= 0.

_?>2�Ia�>�T CdGra�>2z8Y(E�
(p, k) = (2Kn, k0)

Y8@8B8G�EiJ {fz = 0} � V7EXu7Y(EiJ B{BFT HIHIarY(E2UIE�a�HbVFw2A8C�� [8K E�@FEiV8VFHbVFw2A8C�� >�UbB
p
;

;�E�YD>2A8HI� [0K @8B k = 0
BFT HIHOT ∂ fz

∂ k
= 0 [0K >2�Ia�>�T C G{a�>2z8Y(E� (p, k) = (pz

n, 0) [
n 6= 0 [ Y8@8B8G�EiJ {fz = 0} BFT HIHIarY(E2UIE�a�HbVFw2A8C�� [DK E�@FEiV8VFHbVFw2A8C���>�UbB

k
;

� ����������
���� " <?>�T K >2A8HIA8aiE {fz = 0, p = 0} = {p = 0} [ HOUba�HOUba�G2HIA8A8> [ HOUba�w� V7EXu7YD>2H
>Ou7A8>�T HI@8A8>2HrT A8>2�I>2>2g2@FE�SIB8H [ ��>2aOJ Giu7>�VFw��Ia�>2Z�YD>�T K >2A8HIA8a�x fz(0, k) =
∂ fz

∂ p
(0, k) =

∂ fz

∂ k
(0, k) = 0

;
� ' ��� 134Dq������ � "�� ! � * $���$��
	+��(%�

n ∈ N �� 
�������� p = pz
n(k)


�������� �&� ��
������&�
k ∈ [0, 1)

� (.$&�	���,� ���&�
k ∈ [0, k0) ∪ (k0, 1) "�� �.$��

k = k0
) �'� d pz

n

d k
= ∞ "�� �.$��

k = 0
) �'� d pz

n

d k
= 0 "�� �.$��

k → 1 − 0
) �'�

pz
n → +∞ "

* �+�,��-	�����.$�!,������ " _?HI@8G2xyH~a�@8B K @8HvuFVF>XW
HIA8B(J
UvVFHvu7C���a`B8S~VFHOT3T x :(; : [ E�a�@8HIa�w2H�-B8S�G2Y(V���z8HIA8B(J
pz

n ∈ (−K+2Kn,K+2Kn) [ UIT�; K @8HvuFVF>XW
HIA8B8H :(; 
 [ B K @8Hvu7HbV7E
lim

k→1−0
K = +∞ ;

� ' ��� 134Dq������ � "�� h � * $�� $��
	+��(%�
n ∈ N

� � �������� � �� ��������� � ���.$��
kn ∈

(0, k0)
)� �'� �

k ∈ [0, kn) ⇒ pz
n(k) < pV

n (k),

k = kn ⇒ pz
n(k) = pV

n (k),

k ∈ (kn, k0) ⇒ pz
n(k) > pV

n (k).


I\



* �+�,��-	�����.$�!,������ " :�CIu7HOT K @8Hvu K >�V7E��bE�a�w [ z8a�> k ∈ [0, k0) [yK >2�Ia�>�T C 2E(k) −
K(k) > 0

;
_?C�Uba�w

n = 2m+ 1 [ UvVFCDzFE�Z�z8HIa�A8>2�I> n G K >�VFA8H�E�AFEiVF>2�IB8z8HIA��Ia�>�T C2;�.�T HIHOT

fz(2Kn) = 2n(2E −K) > 0,

fz(2K(n+ 1)) = −2(n+ 1)(2E −K) < 0,

fV (2Kn) = −4n2(2E −K)2 < 0,

fV (2K(n+ 1)) = 4(n+ 1)2(2E −K)2 > 0.

��a2U/��u�E{B5B8Sda�>2�I> [ z8a�>�Y(EiW
u�EiJ5�?CDA8Y8�8B(J
fz(p) [ fV (p)

BFT HIHIa�Hvu7B8AFUba�G2HIA8A8xyZ
A8COVFwfGfB8A8a�HI@8G�EiVFH

(2Kn, 2K(n+ 1) [ UvVFHvu7C2HIa [ z8a�>

pz
n(k) < pV

n (k) ⇔ fV (pz
n(k), k) < 0.

� �$�
� EiVFHIH [

fV |fz=0 = fV |E=(p c+s d)/(2 c) = s d(d2 − k2s2c2) − c3p =: hV (p).

_?>2�Ia�>�T CdUb>2>2a�A8>
7�HIA8B8H
(8)

T >XWrA8> K HI@8H K BFUIE�a�wfGfG2BDu7H

pz
n(k) < pV

n (k) ⇔ αn(k) < 0,
� j$�

� u7H
αn(k) := hV (pz

n(k), k).
� CDA8Y8�8B(J

αn(k)
A8H K @8HI@8xyG2AFE K @8B k ∈ [0, k0]

B�u7BF���?HI@8HIA8�8B8@8C2HOT3E K @8B k ∈
(0, k0)

;FQ�xyz8BFUvVFBFT�HIH?SIAFEXz8HIA8B(J�AFEfYD>2A8�FE�d�Ia�>2�I>f>2a�@8HISIY(E8;
.�T HIHOT

αn(0) = hV (pz
n(0), 0) [ hV (p, 0) = s− c3 p [ fz(p, 0) = s−p c

;�_?>2�Ia�>�T C

p = pz
n(0) ⇒ s = p c ⇒ hV (p, 0) = p c s2.

��
ON$�
;?>

pz
n = pz

2m+1 ∈ ((4m + 2)K, (4m + 4)K) [�K >2�Ia�>�T C c < 0 [ UvVFHvu7>2G�E�a�HbVFw2A8> [
K >�UvVFHvu7A8HIH?@FE�G2HIAFUba�G2>
G (10)

u�E�HIa

αn(0) = hV (pz
n(0), 0) = p c s2 < 0.

;�E&u7@8CD�I>�T5YD>2A8�8H�>2a�@8HISIY(E�BFT HIHOT

αn(k0) = hV (pz
n(k0), k0) = hV (2nK(k0), k0).

* UvVFB
p = 2nK = (4m+ 2)K [ a�> s = 0 [ c = −1 [ d = 1 [FK >2�Ia�>�T C hV (2nK, k) =

p = 2nK > 0
;

.?aiE�Y [ αn(0) < 0 [ αn(k0) > 0
; � >2Y(EiW
HOT [ z8a�> α′

n(k) > 0 [ k ∈ (0, k0) [ a�>2� u�E
αn(k)

BFT HIHIaeHvu7B8AFUba�G2HIA8A8xyZ A8COVFw
kn ∈ (0, k0) [ B�u�E�A8A8>2H K @8HvuFVF>XW
HIA8B8Hdg2CIu7HIau7>2Y(E�SOE�A8> [ UIT�;FUb>2>2a�A8>
7�HIA8B8H (9)

;
.�T HIHOT

dαn

d k
=

d

d k
hV (pz

n(k), k) =

(
∂ hV

∂ k

∂ fz

∂ p
− ∂ hV

∂ p

∂ fz

∂ k

)(
∂ fz

∂ p

)−1


XL



aiE�Y�Y(E�Y
fz(p

z
n(k), k) ≡ 0

; � EiVFHIH [
∂ fz

∂ p

∣∣∣∣
fz=0

= (2 E−p)s d|2E−p=s d/c =
s2d2

c

∣∣∣∣
p=pz

n

< 0,

K >2�Ia�>�T C

dαn

d k
> 0 ⇔ β :=

(
∂ hV

∂ k

∂ fz

∂ p
− ∂ hV

∂ p

∂ fz

∂ k

)∣∣∣∣
fz=0

< 0.

;?H K >�Ub@8Hvu�Uba�G2HIA8A8>2H`G2xyz8BFUvVFHIA8B8H�u�E�HIa

β =
3s d

2kk′2c
β1,

β1 := c3s d (1 + 2k2c2)p− p2c4 − 2k2s2d2(d4 + k2k′
2
s4),

>2z8HIG2BDu7A8> [ z8a�>
β|fz=0 ⇔ β1|fz=0 .

� EiVFHIH [
β1 = β2 − 2k2s2d2(d4 + k2k′

2
s4) < β2 := p c3

[
s d(1 + 2k2c2) − p c

]
.

�`UbaiEiVF>�Ubwfu7>2Y(E�SOE�a�w [ z8a�> β2|fz=0 < 0
��HOUvVFB��Ia�>�aiE�Y [ a�> β1|fz=0 < 0 [�K >2�Ia�>�T C

α′
n(k) > 0 K @8B k ∈ (0, k0)

;
.�T HIHOT

β2 = p c3β3, β3 := s d(1 + 2k2c2) − p c.
-�E�Y�Y(E�Y

c = cn(pz
n) < 0 [ >�UbaiEiVF>�Ubw&u7>2Y(E�SOE�a�w [ z8a�> β3|fz=0 > 0

; � EiVFHIH [
β3 = fz − 2 cβ4, β4 := p− E−k2 c s d,

K >2�Ia�>�T CduFV8J{SOE�G2HI@�7�HIA8B(J u7>2Y(E�SOE�a�HbVFw�Uba�G�E&u�E�A8A8>2�I> K @8HvuFVF>XW
HIA8B(J�u7>�UbaiE�a�>2z8A8>
K >2Y(E�SOE�a�w [ z8a�> β4(p) > 0 K @8B p ∈ (2nK, (2n+ 1)K) 3 pz

n

;
.�T HIHOT

∂ β4

∂ p
= k2(−1 + s2(2k2 + 3d2)) > −k2,

K >2�Ia�>�T C K @8B p ∈ (2nK, (2n+ 1)K) K >�VFCDzFE�HOT

β4(p) = β4(2nK) +

∫ p

2nK

∂ β4

∂ p
dp > 2(K −E) − k2(p− 2K) >

> 2(K −E) − k2K = (2 − k2)K − 2E(k) = −ϕV (k).

� >�UbaiE�a�>2z8A8>eu7>2Y(E�SOE�a�w [ z8a�> ϕV (k) = 2E(k) − (2 − k2)K(k) < 0 [ k ∈ (0, 1)
;

�~a�> K >2Y(E�SOE�A8>�GfUvVFHvu7C�����HIZ VFHOT3T H�:(; P [ YD>2a�>2@FEiJ B�SOE�G2HI@�7
E�HIa?u7>2Y(E�SOE�a�HbVFw�Uba�G2>u�E�A8A8>2�I> K @8HvuFVF>XW
HIA8B(J0;
� �D�?�?)�"�� ! ��� � 
�������� ϕV (k) = 2E(k) − (2 − k2)K(k)

�+� �&� �������.$�!�
�� ���&�
k ∈ (0, 1) "


Ol



* �+�,��-	�����.$�!,������ " .�T HIHOT
ϕV (0) = 0

B
dϕV

d k
= − k

1 − k2
ϕ1

V (k), ϕ1
V (k) := E − (1 − k2)K,

K >2�Ia�>�T C u7>�UbaiE�a�>2z8A8> K >2Y(E�SOE�a�w [ z8a�> ϕ1
V (k) > 0 [ k ∈ (0, 1)

;<;?> �Ia�>�UvVFHvu7C2HIa B8S
a�>2�I> [ z8a�> ϕ1

V (0) = 0
B d

d k
ϕ1

V = kK > 0
;

;�E�@8BFU�; 
X:?B8SI>2g2@FEiW
HIAf�I@FE2�?B8Y K >�UvVFHvu7>2G�E�a�HbVFw2A8>�Uba�B kn [ n = 0, 1, . . .
;D<?>�T��

K w
��a�HI@8A8xyHrG2xyz8BFUvVFHIA8B(J K >2Y(E�SIxyG�E ��a [ z8a�> kn → k0
T >2A8>2a�>2A8A8> K @8B n → ∞ [

K >2�Ia�>�T C{g2>�VFHIH
HOUba�HOUba�G2HIA8A8x T�g2x�VF>�g2x->2g2>2SIAFEXz8HIA8B8H
k0 = k∞

;���a2T HIa�BFT [ z8a�>
k1 ≈ 0,802

;

5 10 15 20

0.8

0.85

0.9

0.95

n

k

� BFU�; 
X:	� � @FE2�?B8Y
n 7→ kn [ λ ∈ C1

_?>�VFCDzFE�HOT5UvVFHvu7C�����HIH?> K BFUIE�A8B8H`G2SOE�BFT A8>2�I>�@FE2U K >�VF>XW
HIA8B(JdYD>2@8A8HIZ p = pz
n [

pV
n

CD@FE�G2A8HIA8B8Z
fz = 0 [ fV = 0 K @8B�@FE�SbVFB8z8A8x!� k ;

� ' ��� 134Dq������ � "�� 9 � * $�� $��
	+��(%�
n ∈ N

k ∈ [0, kn) ⇒ pz
n(k) < pV

n (k),

k = kn ⇒ pz
n(k) = pV

n (k),

k ∈ (kn, k0) ⇒ pz
n(k) > pV

n (k),

k = k0 ⇒ pz
n(k) = pV

n (k) = 2Kn,

k ∈ (k0, 1) ⇒ pz
n(k) < pV

n (k).
* �+�,��-	�����.$�!,������ " � E2U K >�VF>XW
HIA8B8H~YD>2@8A8HIZ�AFE K @8>�T HbWrCDa�YDH k ∈ [0, k0)

u7>2Y(E�SOE�A8>
G K @8HvuFVF>XW
HIA8B8B :(; \F;<* B8S K @8HvuFVF>XW
HIA8B8Z�:(; 
 [ :(; : UvVFHvu7C2HIa [ z8a�> K @8B k ∈ (k0, 1)G2x K >�VFA(J���a2U J�A8HI@FE�G2HIAFUba�G�E

pz
n(k) < 2Kn < pV

n (k)
; � E�G2HIAFUba�G2>�YD>2@8A8HIZ K @8B

k = k0
UvVFHvu7C2HIafB8S�a�H/�dW
H K @8HvuFVF>XW
HIA8B8Z0;

;�E @8BFU�; 
OP K @8B8G2Hvu7HIA8x �I@FE2�?B8Y8B �?CDA8Y8�8B8Z
k 7→ pz

1(k) [ k 7→ pV
1 (k) [ E�AFE@8BFU�; 
I\!���?CDA8Y8�8B8Z

k 7→ pz
1(k)/K(k) [ k 7→ pV

1 (k)/K(k)
;+;�Ey>�UbB&>2@2u7B8AFE�ay@8BFU�; 
I\

>2a2T HIz8HIA8x a�>2z8Y8B [ Ub>2>2a�G2HIa2Uba�G2C�����B8H?�8HbVF>�T Cdz8BFUvVFC >2g2>2@8>2a�>2G
T3EiJ8a�A8B8Y(E8;


im
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pz
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k1 k0
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k

pV
1

/K

pz
1
/K

k1 k0

r

r

r

r

r

� BFU�; 
OP��
k 7→ pz

1, p
V
1

8
λ ∈ C1

� BFU�; 
I\��
k 7→ pz

1/K, p
V
1 /K

8
λ ∈ C1

-0H K HI@8wdT x�T >XW
HOT u�E�a�wf> K BFUIE�A8B8H?Y8@8B8G2>2Z {fV = 0} ;
� �D�?�?)�"�� h � � �&���	� �

γV = {(p, k) ∈ (0,+∞) × [0, 1) | fV (p) = 0} (.$&�	���,� � "
� 
�� �������� �,�	� �����.$�!�
 � � )���� ����$,$&�.$�!�
 � � ����

p
) �'�%$�!���� � �'��� �,���

(p, k) =
(pV

n (kn), kn)
)
n ∈ N "

* �+�,��-	�����.$�!,������ " .?S K @8HvuFVF>XW
HIA8B(J{:(; :�UvVFHvu7C2HIa [ z8a�>fY8@8B8G�EiJ γV
@FE2U K EXu�E�HIa2U JAFE
g2HOUbYD>2A8HIz8A8>2H`z8BFUvVF>rUbG�J8SIA8x!� YD>�T K >2A8HIA8a

γV ∩ {p ∈ [2Kn, 2K(n+ 1))} = {p = pV
n (k) | k ∈ [0, 1)}, n ∈ N.

� E2�?B8Y(UbB8@8C2HOT�V���g2>2H
n ∈ N [ B K C�Uba�w p ∈ [2Kn, 2K(n+ 1))

;
}~AFEXzFEiV7Er@FE2UIUIT >2a�@8BFT�UvVFCDzFE�Z

k ∈ [0, 1) \ {kn, k0}
;0}~>2� V7E2UbA8> K @8HvuFVF>XW
HIA8B	�JFT :(; :`Bd:(; \ [ a�>2� u�E p ∈ (2Kn, 2K(n+1))

AFE�Y8@8B8G2>2Z
γV
;�_?@8B

p 6= 2Kn [ CDz8B8a�x!�G�EiJ
@FE�G2HIAFUba�G2>
(6) [ BFT HIHOT fV (p) = gV (p) · s d [�K >2�Ia�>�T C f ′

V = g′V · s d+gV · (s d)′
;

;�E Y8@8B8G2>2Z
γV

G2x K >�VFA(J8HIa2U J�a�>XW
u7HOUba�G2> gV ≡ 0 [ B [ CDz8B8a�xyG�EiJ�@FE�G2HIAFUba�G2> (7) [
K >�VFCDzFE�HOT

f ′
V |γV

= g′V · s d = −4f2
z

s d
,

z8a�>�>2aOVFB8z8A8>{>2a�A8COV8J K @8B k 6= kn, k0
;0_?>2�Ia�>�T CeY8@8B8G�EiJ

γV
� V7EXu7Y(EiJ K @8B k 6=

kn, k0
;
* UvVFB

(p, k) = (2Kn, k0) [ a�>�A8H K >�Ub@8Hvu�Uba�G2HIA8A8x T G2xyz8BFUvVFHIA8B8HOT K >�VFCDzFE�HOT
f ′

V (p) = ± 8
3Kn 6= 0 [(K >2�Ia�>�T CdY8@8B8G�EiJ γV

� V7EXu7Y(EiJ�B K @8B k = k0
;

_?@8B
k 6= kn

BFT HIHOT
f ′

V (p) 6= 0 [ UvVFHvu7>2G�E�a�HbVFw2A8> [ G��Ia�B	� a�>2z8Y(E��Y8@8B8G�EiJ
γVBFT HIHIafY(E2UIE�a�HbVFw2A8C�� [ A8H K E�@FEiV8VFHbVFw2A8C���>�UbB

p
;

;�E�YD>2A8HI� [ @FE2UIUIT >2a�@8BFT�a�>2z8Y8C (p, k) = (pV
n (kn), kn)

;DQ UbB(VFCfCD@FE�G2A8HIA8B8Z
fz =

0 [ fV = 0 [IK >�VFCDzFE�HOT Gy�Ia�>2Z�a�>2z8YDH�@FE�G2HIAFUba�G�E E =
p c + s d

2c
[ p =

s d

c3
(d2−k2s2c2)

;
.�U K >�VFw2SIC�Jd�Ia�B{@FE�G2HIAFUba�G�E [ G2xyz8BFUvV8J8HOT K @8>2B8SIG2>Ou7A8xyH`G
u�E�A8A8>2Z�a�>2z8YDH
�

∂ fV

∂ p
= 0,

∂ fV

∂ k
= −2 s4 d4(1 − (1 − c4)k2)

k(1 − k2)c5
6= 0.

_?>2�Ia�>�T C K @8B k = kn
Y8@8B8G�EiJ

γV
� V7EXu7Y(EiJ�B&BFT HIHIa Y(E2UIE�a�HbVFw2A8C�� [IK E�@FEiV8VFHbVFw2A8C��>�UbB

p
;


O�



� ' ��� 134Dq������ �e"�� � � * $�� $��
	+��(%�
n ∈ N �� 
�������� p = pV

n (k)

�������� �&� ��
�� ���&�

k ∈ [0, 1)
� (.$&�	���,� ���&�

k ∈ [0, kn) ∪ (kn, 1) " � �.$��
k = kn

) �'� d pV
n

d k
= ∞ " � �.$��

k → 1 − 0
)��'�

pV
n → +∞ "

* �+�,��-	�����.$�!,������ " _?HI@8G2xyH�u7G�E K @8HvuFVF>XW
HIA8B(J
UvVFHvu7C���a?B8S�VFHOT3T x :(; \ [ E`a�@8HIa�w2H� B8S{G2Y(V���z8HIA8B(J
pV

n ∈ [2Kn, 2K(n + 1)) [ UIT�; K @8HvuFVF>XW
HIA8B8H�:(; : [ B K @8Hvu7HbV7E
lim

k→1−0
K = +∞ ;

� ����������
���� "�� HOT3T3E{:(; : �DE�@FE�Y8a�HI@8B8SIC2HIa a�>2z8Y8C
k = k0

Y(E�Y Hvu7B8AFUba�G2HIA8A8>2HfSIAFE�
z8HIA8B8H

k ∈ [0, 1) [7K @8BeYD>2a�>2@8>�T � V7EXu7Y(EiJ{Y8@8B8G�EiJ {fz = 0} BFT HIHIa Y(E2UIE�a�HbVFw2A8C�� [
K E�@FEiV8VFHbVFw2A8C��->�UbB

p [ aX; H2; d p
z
n

d k
(k0) = ∞.

* AFEiVF>2�IB8z8A8> [ VFHOT3T3E�:(; \ �DE�@FE�Y8a�HI@8B	�
SIC2HIa�SIAFEXz8HIA8B(J

k = kn
uFV8J�Y8@8B8G2>2Z {fV = 0} �pa�>�VFw2YD>�G{�Ia�B	� a�>2z8Y(E�eu�E�A8AFEiJ

Y8@8B8G�EiJ�BFT HIHIafY(E2UIE�a�HbVFw2A8C�� [(K E�@FEiV8VFHbVFw2A8C�� >�UbB
p [ aX; H2; d p

V
n

d k
(kn) = ∞.<�E�Yeg2x�VF>d>2a2T HIz8HIA8> G2x 7�H [ AFE�� V8JDu7A8xyZ�UIT x UvV G2HbVFB8z8B8A8x k = k0

uFV8J��bV7E�
Uba�B8Y�>2z8HIG2BDu7HIA9�(�Ia�>�T CdSIAFEXz8HIA8B���Ub>2>2a�G2HIa2Uba�G2C2HIa�Hvu7B8AFUba�G2HIA8AFEiJ K HI@8B8>Ou7B8z8HOUbY(EiJ�bV7E2Uba�B8Y(E� G2>�Ubw�T HI@8Y(E [ UIT�;8@8BFU�;7:(;7�yu7AFE�YD>
AFE�� V8JDu7A8xyZ�UIT x UvV{SIAFEXz8HIA8B8Z k = kn [
n ∈ N [ Ub>2G2HI@�7�HIA8A8>fA8HI>2z8HIG2BDu7HIA0;��~a�BFT SIAFEXz8HIA8B(JFT Ub>2>2a�G2HIa2Uba�G2C���arA8H K HI@8B8>Ou7B	�z8HOUbY8B8H��bV7E2Uba�B8Y8B�U

z = V = 0
;,-0> HOUba�w [ Ub>2� V7E2UbA8>�@FE�Svu7HbVFC�P8; :3� m+� [ UbHI�OT HIA8a�bV7E2Uba�B8Y8B�BFT HIHIa�A8COVFHIG2C�� EiVF�IHIg2@FE�B8z8HOUbY8C�� K VF>
�
EXu7w z = 0 [ EdHI�I>��8HIA8a�@ T3E2UIU

(cx, cy) = 1
z (v − r2y/6, w + r2x/6)

C�7�HbV�AFE{g2HOUbYD>2A8HIz8A8>�Uba�w K >�AFE K @FE�G�VFHIA8B��
(c∞x , c

∞
y ) = (v − r2y/6, w + r2x/6) [ >2@8a�>2�I>2AFEiVFw2A8>�T C ��>2@2u7H
�

V = xv + yw = xc∞x + yc∞y = 0 ⇔ (x, y) ⊥ (c∞x , c
∞
y ).

<?@FE�a�zFE�Z�7
EiJ B8S�aiE�Y8B	� �bV7E2Uba�B8Y � uFV8J
k = k1

��B8SI>2g2@FEiW
HIAFE�AFE
@8BFU�;7:�� m+� ;
� K @8Hvu7HbVFBFT�G&>2g�V7E2Uba�B C1

�?CDA8Y8�8B�� [ SOEXu�E ����C�� K HI@8G2>2HyG2@8HOT�J ceE�Y(UbG2HbV8V7E��
p1(k) = min(pz

1(k), p
V
1 (k)), k ∈ (0, 1), λ ∈ C1.

��
 
��
}~>2� V7E2UbA8> K @8HvuFVF>XW
HIA8B��-:(; L [ Gf>2g�V7E2Uba�B C1

p1(k) =

{
pz
1(k), k ∈ (0, k1] ∪ [k0, 1),

pV
1 (k), k ∈ [k1, k0].

.?S K @8HvuFVF>XW
HIA8B8Z{:(; P [ :(; l K >�VFCDzFE�HOT�UvVFHvu7C�����HIH`> K BFUIE�A8B8H�UbG2>2ZFUba�G�@8HI�ICOV8J8@8A8> �Uba�B{�?CDA8Y8�8B8B
p1(k)

;
#�13����/�%(�7� ��"�� 9 � � � ��'!

λ ∈ C1 " � � 
�������� p1(k)

�������� �&� ��
�� 
�� ��
���� ���	� �

$&�
(0, 1)

) ��
�� ��(%�'���+
 �����
lim

k→+0
p1(k) = pz

1(0)
)

lim
k→1−0

p1(k) = +∞ "� ��� �� 
����
����� (.$&�	���,� � ��� �	��� � �'��� �,��� ��
���� ���	��$&�

(0, 1)
� �&�%�����'������

k1
�
k0

) �����+�'���
�&� � ��������
�����'� �&�+
�
���� ���&�+� -	������
�� � ��� � ���.$���� ����� �.$&��� � �
�'��� ��	 ����-��%� �

(p1)
′
− (k1) = (pz

1)
′
(k1) <∞, (p1)

′
+ (k1) =

(
pV
1

)′
(k1) = ∞,

(p1)
′
− (k0) =

(
pV
1

)′
(k0) <∞, (p1)

′
+ (k0) = (pz

1)
′ (k0) = ∞.

� �.$�� ���+���������+�.$����'! ��� 
�������� �&� ��
�����'�
p1(k)

���&�
k = 0

-�
�� ���
����.�
pz
1(0)

)��'�
���%$ � � ��� (p1)

′
+ (0) = 0 "


Oj



����� ��������� �!��"$#���%&���('
r2 + ρ2 = 0 ) ��� ν ∈ N1� �D�?�?)�"�� 9 � � �.$��

ν = (λ, t) ∈ N1
) �'�

r2t + ρ2
t 6= 0 "

* �+�,��-	�����.$�!,������ " _?C�Uba�w r2t + ρ2
t = 0

;�-0>2� u�E

yt =
4k

∆
s d sτ dτ = 0 ⇒ s = 0

B(VFB
sτ = 0.

� E2UIUIT >2a�@8BFT UbAFEXzFEiV7E�UvVFCDzFE�Z
s = 0 ⇔ p = 2Kn [ n ∈ N

; -0>2� u�E
xt|p=2Kn = 2(2 E−p)|p=2Kn = 0

; ;?>
wt|s=0, 2E−p=0 = −2

3
p 6= 0

; .?aiE�Y [ GUvVFCDzFE�H
s = 0

@FE�G2HIAFUba�G2>
r2t + ρ2

t = 0
A8HIG2>2SOT >XWrA8>F;

-0H K HI@8wr@FE2UIUIT >2a�@8BFT UvVFCDzFE�Z
sτ = 0 ⇔ τ = 2Kn [ n ∈ N

;�-0>2� u�E

xt|τ=2Kn = 2(2 E−p) = 0,

wt|τ=2Kn =
2

3
(−p+ 8k2 c s d) = 0.

-0H K HI@8w{CDa�G2HI@�W
u7HIA8B8HrUvVFHvu7C2HIa�B8Sfa�>2�I> [ z8a�>{�IaiE�UbBFUba�HOT3E�CD@FE�G2A8HIA8B8Z A8HfBFT HIHIaYD>2@8A8HIZ � �Ia�>
u7>2Y(E�SOE�A8>�GdUvVFHvu7C�����HIZ VFHOT3T H�:(; l$�v;
� �D�?�?)�"�� � ��� ������.��� � ���	��
��
����

f1(p, k) := 2 E−p = 0,

f2(p, k) := −p+ 8k2 c s d = 0


�� �������� �������
���� ���&�
p > 0

)
k ∈ (0, 1) "

� K @8Hvu7HbVFBFT �?CDA8Y8�8B8B

g1(u, k) := 2E(u, k) − F (u, k),

g2(u, k) := 8k2 cosu sinu
√

1 − k2 sin2 u− F (u, k),

� u7H

F (u, k) =

∫ u

0

dt√
1 − k2 sin2 t

, E(u, k) =

∫ u

0

√
1 − k2 sin2 t dt

UbCDa�w��bV8VFB K a�B8z8HOUbY8B8H�B8A8a�HI�I@FEiVFx K HI@8G2>2�I>�B�G2a�>2@8>2�I>e@8>Ou�E�Ub>2>2a�G2HIa2Uba�G2HIA8A8>F; Q
UbB(VFC @FE�G2HIAFUba�G

g1(am p, k) = f1(p, k)
B
g2(am p, k) = f2(p, k) [ uFV8J u7>2Y(E�SOE�a�HbVFw �Uba�G�E`VFHOT3T x�:(; l�a�@8HIg2C2HIa2U J K >2Y(E�SOE�a�w�A8HOUb>2G�T HOUba�A8>�Uba�w&UbBFUba�HOT x g1 = g2 = 0 K @8B

u > 0 [ k ∈ (0, 1)
;

� �D�?�?)�"�� t�� � �&���	� � {g1(u, k) = 0} (.$&�	���,� � �����.$������%� ����+� � � ������� � ��	��
$&�	��'� {

k >
1√
2
, u > u∗

} ) ( �+�
u∗ ∈

(
2

5
π,

1

2
π

) ����'!�������
�����	�
�
���� ��� ���
�!

� ���	��
��
���� g1(u, 1) = 0

�����
���� ���	��$&�

u ∈
(
0,
π

2

)
" # �%$&��� �'��(%��)

g1(u, k) = 0, u > 0, k ∈ (0, 1] ⇔ k = kg1
(u), u ∈ [u∗,+∞),

( �+�
k = kg1

(u) �
(.$&�	���,� � �� 
���������) kg1

(u∗) = 1 "
:�N



* �+�,��-	�����.$�!,������ " ��a2T HIa�BFT K @8Hvu7HbVFw2A8xyH SIAFEXz8HIA8B(J��bV8VFB K a�B8z8HOUbY8B	�5B8A8a�HI�I@FE�
VF>2G K HI@8G2>2�I>
B�G2a�>2@8>2�I>f@8>Ou�E��

F (u, 1) =
1

2
ln

1 + sinu

1 − sinu
, E(u, 1) = sinu, u ∈

[
0,
π

2

)
,

K >2�Ia�>�T C
g1(u, 1) = 2 sinu− 1

2
ln

1 + sinu

1 − sinu
, u ∈

[
0,
π

2

)
.

� HI�IYD>rG2BDu7HIa�w [ z8a�>��?CDA8Y8�8B(J g1(u, 1)
BFT HIHIadHvu7B8AFUba�G2HIA8A8xyZeA8COVFw

u∗
AFErB8A8a�HI@	�

G�EiVFH
u ∈

(
0,
π

2

) ; � HIZFUba�G2B8a�HbVFw2A8> [ HIH K @8>2B8SIG2>Ou7AFEiJ @FE�G2AFE

∂

∂ u
g1(u, 1) =

cos 2u

cosu
> 0 K @8B u ∈

[
0,
π

4

)
, < 0 K @8B u ∈

(π
4
,
π

2

)
.

.�T HIHOT
g1(0, 1) = 0 [8K >2�Ia�>�T C g1(u, 1) > 0 K @8B u ∈

(
0,
π

4

) ;�;?>

lim
u→π/2+0

g1(u, 1) = −∞,

K >2�Ia�>�T C��?CDA8Y8�8B(J
g1(u, 1)

Uba�@8>2�I> CDg2xyG�E�HIa >2a
g1(π/4, 1) > 0

u7> −∞ K @8B
u ∈

[π
4
,
π

2

) ;8}~C���HOUba�G2>2G�E�A8B8H Hvu7B8AFUba�G2HIA8A8>2�I>&A8COV8J
u∗ ∈

(π
4
,
π

2

) u7>2Y(E�SOE�A8>F;�Q�x!�
z8BFUvV8J(J�SIAFEXz8HIA8B8H

g1(2/5π, 1) ≈ 0, 005 > 0 [ SOE�Y(V���zFE�HOT [ z8a�> u∗ ∈
(

2

5
π,

1

2
π

) ;
� EiVFHIH [
∂ g1
∂ k

= −2k

∫ u

0

sin2 t√
1 − k2 sin2 t

dt− k

∫ u

0

sin2 t

(1 − k2 sin2 t)3/2
dt < 0.

��
X:
�

_?>2�Ia�>�T C
�?CDA8Y8�8B(J
g1(u, k)

CDg2xyG�E�HIa K > k [ E�Y8@8B8G�EiJ {g1 = 0, k ∈ (0, 1), u > 0}� V7EXu7Y(EiJ0;
� V8J�VF>2Y(EiVFB8SOE��8B8B �Ia�>2Z Y8@8B8G2>2Z G2xyz8BFUvVFBFT�SIAFEXz8HIA8B(J��?CDA8Y8�8B8B

g1
AFE��I@FE�

A8B8�8H K >�VF>�Ubx#�

g1(u, 0) = 0, u ∈ [0,+∞),

lim
k→1−0

g1(u, k) =





g1(u, 1) > 0, u ∈ (0, u∗),

g1(u∗, 1) = 0, u = u∗,

g1(u, 1) < 0, u ∈ (u∗, π/2),

−∞, u ∈ [π/2,+∞).

� z8B8a�xyG�EiJ SIAFE�Y K @8>2B8SIG2>Ou7A8>2Z (12) [ SOE�Y(V���zFE�HOT [ z8a�> g1(u, k) > 0 K @8B u ∈
(0, u∗) [ E K @8B u ∈ [u∗,+∞) [ k ∈ (0, 1]

g1(u, k) = 0 ⇔ k = kg1
(u),

� u7Hr�?CDA8Y8�8B(J
k = kg1

(u)
A8H K @8HI@8xyG2AFE K @8B u > u∗

B�� V7EXu7Y(E K @8B u > u∗ [ UIT�;�OUbY8B8S?Y8@8B8G2>2Z
g1 = 0

AFE
@8BFU�; 
XL(;

: 




�`UbaiEiVF>�Ubw&u7>2Y(E�SOE�a�w [ z8a�> k > 1√
2

AFE
Y8@8B8G2>2Z
g1(u, k) = 0

;�.�T HIHOT

∂ g1
∂ u

=
1 − 2k2 sin2 u√

1 − k2 sin2 u
> 0 K @8B k < 1√

2

B K @8B k =
1√
2
, u 6= πn,

K >2�Ia�>�T C g1 G2>2SI@FE2UbaiE�HIa K > u K @8B k 6
1√
2

; ;?>
g1(0, k) = 0 [ UvVFHvu7>2G�E�a�HbVFw2A8> [

g1(u, k) > 0 K @8B k 6
1√
2

;

� �D�?�?)�"���� � � �.$��
u >

2

5
π
)
k >

1√
2

) �'�
g2(u, k) < 0 "

* �+�,��-	�����.$�!,������ " E$��_?C�Uba�w u ∈ [π/2 + πn, π + πn] [ n = 0, 1, 2, . . .
B
u > 0

;
-0>2� u�E

cosu sinu 6 0 [ F (u, k) > 0 [(K >2�Ia�>�T C g2(u, k) < 0
;

g���_?C�Uba�w
u ∈ [π + πn, 3π/2 + πn] [ n ∈ N [ k > 1/

√
2
;�-0>2� u�E

F (u, k) > F (π, 1/
√

2) = 2K(1/
√

2) = 2 (Γ(1/4))2 /(4
√
π) = 3, 7 . . . > 3, 7,

8k2 cosu sinu
√

1 − k2 sin2 u 6 4 sin 2u

√
1 − 1/2 sin2 u =: 4α(u).

}~aiE�ADu�E�@8a�A8x T B�T HIa�>Ou�E2T B E�AFEiVFB8SOE{u7>2Y(E�SIxyG�E�HIa2U J [ z8a�> α(u) < 0, 9 K @8B u ∈
[π+πn, 3π/2+πn] [ a�>2� u�E g2(u, k) < 4·0, 9−3, 7 < 0 K @8B u ∈ [π+πn, 3π/2+πn] [
k > 1/

√
2
;

G��{_?C�Uba�w
u ∈ [2/5π, π/2] [ k > 1/

√
2
; � E2UIUIT >2a�@8BFT �?CDA8Y8�8B��

α1(k) =

k2
√

1 − k2 sin2 u [ k ∈ [1/
√

2, 1]
; � HI�IYD>�G2BDu7HIa�w [ z8a�> α1(k) 6 α

( √
2√

3 sinu

)
=

2

3
√

3 sin2 u
, K >2�Ia�>�T C α1(k) 6

2

3
√

3 sin2(2/5π)
=

16

3
√

3(5 +
√

5)
= 0, 42 . . . 6

0, 43.
� EiVFHIH [ sin 2u 6 sin(4/5π) =

√
5 −

√
5

2
√

2
= 0, 58 . . . < 0, 59.

.?aiE�Y [

4k2 sin 2u
√

1 − k2 sin2 u 6 4 · 0, 43 · 0, 59 = 1, 01 . . . < 1, 02.

<?@8>�T H�a�>2�I> [ F (u, k) > F (2/5π, 1/
√

2) = 1, 52 . . . > 1, 52.
_?>2�Ia�>�T C

g2(u, k) 6

1, 02− 1, 52 < 0 K @8B u ∈ [2/5π, π/2] [ k > 1/
√

2.

-0H K HI@8wdT x�T >XW
HOT u7>2Y(E�SOE�a�w�VFHOT3T C�:(; l8;
* �+�,��-	�����.$�!,������ "�� HOT3T3E�:(; mrCDa�G2HI@�W
u�E�HIa [ z8a�>�Y8@8B8G�EiJ g1(u, k) = 0

�8HbVFB8YD>�T
Ub>Ou7HI@�WrB8a2U J G�>2g�V7E2Uba�B {

k >
1√
2
, u >

2

5
π

} ; ;?> B8S�VFHOT3T x :(; ��UvVFHvu7C2HIa [ z8a�>
Y8@8B8G�EiJ

g2(u, k) = 0
U��Ia�>2Zf>2g�V7E2Uba�w
� A8H K HI@8HOUbHIY(E�HIa2U J0;�_?>2�Ia�>�T C�UbBFUba�HOT3E?CD@FE�G �A8HIA8B8Z

g1(u, k) = g2(u, k) = 0 [ aiE�Y�W
HrY(E�Y B�SOEXu�E�A8AFEiJ�G�C�UvVF>2G2B8B�VFHOT3T x :(; l
UbBFUba�HOT3E

f1(p, k) = f2(p, k) = 0 [ A8HOUb>2G�T HOUba�AFE8; ��UbY8B8SIx-Y8@8B8G2x!�
g1(u, k) = 0

B
g2(u, k) = 0 K @8B8G2Hvu7HIA8x AFE
@8BFU�; 
XL(;

:2:



1 2 3 4 5 6

0.2

0.4

0.6

0.8

1

u

k

g2 = 0

g1 = 0

� BFU�; 
XL	�(<?@8B8G2xyH
g1 = 0

B
g2 = 0

8
ν ∈ N1

����� ���	
�����% � ) � � "$����% ���$��"��$��#�� "  � #�% 
�
�" # �	�	
�"	���$�
N1

.?S a�HI>2@8HOT x�L(; 
OP � m��pBrVFHOT3T x�:(; L K >�VFCDzFE�HOT UvVFHvu7C�����HIH >2g
��HIH > K BFUIE�A8B8H�Uba�@FE�a�>2GrceE�Y(UbG2HbV8V7E�Gf>2g�V7E2Uba�B
N1

;

 �D4F' �D�?) "�� ���

0) MAX0 ∩N1 = ∅ )

1) MAX1 ∩N1 = {(λ, t) ∈ N1 | zt = 0, cn τ 6= 0} )

2) MAX2 ∩N1 = {(λ, t) ∈ N1 | Vt = 0, sn τ 6= 0} )

3) MAX3 ∩N1 = {(λ, t) ∈ N1 | zt = Vt = 0} )
( �+�

τ =
√
α

(
ϕ+

t

2

)
"

��a2U/��u�E?BrB8S UvVFHvu�Uba�G2B8Zd:(; : [ :(; \ K >�VFCDzFE�HOT K >�VFA8>2Hy> K BFUIE�A8B8HyUba�@FE�a�>2G&ceE�Y(U"�G2HbV8V7E
G
N1

;

 �D4F' �D�?) "�� "��

1) MAX1 ∩N1 =

{
(λ, t) ∈ N1 | t =

2pz
n√
α
, n ∈ N, cn τ 6= 0

} )

2) MAX2 ∩N1 =

{
(λ, t) ∈ N1 | t =

2pV
n√
α
, n ∈ N, sn τ 6= 0

} )

3) MAX3 ∩N1 =

{
(λ, t) ∈ N1 | (k, t) =

(
k0,

4Kn√
α

)

��$��
(k, t) =

(
kn,

2pz
n√
α

)
=

(
kn,

2pV
n√
α

)
, n ∈ N

}
,

( �+�
τ =

√
α

(
ϕ+

t

2

) ) � ��� �&
��
pz

n

)
pV

n

���������+�.$&�
�� � ������� $���� �
���� �
2.1

)
2.2 "

� K @8Hvu7HbVFBFT K HI@8G2>2H?G2@8HOT�J�ceE�Y(UbG2HbV8V7E [ Ub>2>2a�G2HIa2Uba�G2C�����HIH�Uba�@FE�a�C
MAXi

�

tMAXi

1 (λ) = inf{t > 0 | (λ, t) ∈ MAXi}, i = 0, . . . , 3,

:�P



B K HI@8G2>2H`G2@8HOT�J{ceE�Y(UbG2HbV8V7E [ Ub>2>2a�G2HIa2Uba�G2C�����HIH`G�UbHOT Uba�@FE�aiE2T
MAXi

�

tMAX
1 (λ) = min{tMAXi

1 , i = 0, 1, 2, 3}.

 �D4F' �D�?) "�� ! ��� � ��'!

λ ∈ C1 "�� ��( �+� �

k ∈ (0, k1) ∪ (k0, 1), cn τ 6= 0 ⇒ tMAX
1 = tMAX1

1 =
2√
α
p1 =

2√
α
pz
1,

k ∈ (0, k1) ∪ (k0, 1), cn τ = 0 ⇒ tMAX
1 = tMAX2

1 =
2√
α
pV
1 ,

k ∈ (k1, k0), sn τ 6= 0 ⇒ tMAX
1 = tMAX2

1 =
2√
α
p1 =

2√
α
pV
1 ,

k ∈ (k1, k0), sn τ = 0 ⇒ tMAX
1 = tMAX1

1 =
2√
α
pz
1,

k = k1, k0, sn τ 6= 0 ⇒ tMAX
1 = tMAX1

1 = tMAX3

1 =
2√
α
p1 =

2√
α
pz
1 =

2√
α
pV
1 ,

k = k1, k0, cn τ 6= 0 ⇒ tMAX
1 = tMAX2

1 = tMAX3

1 =
2√
α
p1 =

2√
α
pz
1 =

2√
α
pV
1 ,

( �+�
τ =

√
α

(
ϕ+

t

2

) ) � ��� �&
��
pz
1

)
pV
1

���������+�.$&�
�� � ������� $���� �
���� �
2.1

)
2.2 "

* �+�,��-	�����.$�!,������ " }�VFHvu7C2HIa�B8S a�HI>2@8HOT x�:(; :?Br>2�8HIA8>2YfYD>2@8A8HIZ
pz
1 [ pV

1

G K @8HvuFVF> �W
HIA8B8B{:(; L(;

� �������������M���
	 � ����{� � �����{��	����
N2

����� ��������� �!��"$#���%&���('
z = 0 ) ��� ν ∈ N2_?C�Uba�w

ν = (λ, t) ∈ N2 [ α = 1 [ β = 0
;�-0>2� u�E'� P�

x =
2

k

(
E(ψt) − E(ψ) − 2 − k2

2
(ψt − ψ)

)
,

z = 2(snψt cnψt − snψ cnψ) − 1

k
(dnψ + dnψt)x,

ψt = ψ +
t

k
.

_?HI@8HIZDu7HOT5Y K HI@8HOT HIA8A8x T

τ =
ψ + ψt

2
= ψ +

t

2k
, p =

ψt − ψ

2
=

t

2k
B�>2g2>2SIAFEXz8HIA8B(JFT

s = sn p, c = cn p, d = dn p,

sτ = sn τ, cτ = cn τ, dτ = dn τ.

:i\



.?S��?>2@FT COV{UvVF>XW
HIA8B(JduFV8J��bV8VFB K a�B8z8HOUbY8B	�{�?CDA8Y8�8B8Z K >�VFCDzFE�HOT!�

x =
4

k
E−4k

∆
sτ

2 s c d − 2(2 − k2)

k
p,

z =
2

k∆2
dτ (2k s c(cτ

2 − sτ
2 d2) − ∆ dx) =

2 dτ

k∆
fz(p),

��
OP$�

fz(p) =
2

k
[ d((2 − k2)p− 2 E) + k2s c],

∆ = 1 − k2 sτ
2 s2.

� ' ��� 134Dq������ ��! � ��� � � 
�������� fz(p)

�� �������� ��� �&
���

p 6= 0 "
* �+�,��-	�����.$�!,������ " � CDA8Y8�8B(J

gz(p) :=
fz(p)

d

BFT HIHIa�a�H�W
HyA8COVFB [ z8a�>?B fz(p)
;
;?>

g′z(p) =
k4 c2 s2

d2
> 0, = 0

a�>�VFw2YD> K @8B p = Kn, n ∈ Z,

K >2�Ia�>�T C gz(p)
G2>2SI@FE2UbaiE�HIayAFEyG�UbHIZ�z8BFUvVF>2G2>2Z K @�JFT >2Z0; � z8B8a�xyG�EiJ [ z8a�> gz(0) = 0 [

K >�VFCDzFE�HOT gz(p) 6= 0 [ E K >2a�>�T CdB fz(p) 6= 0 K @8B p 6= 0
;

.?S�@FE�G2HIAFUba�G�E
(13)

B K @8HvuFVF>XW
HIA8B(JfP8; 
 K >�VFCDzFE�HOT�UvVFHvu7C�����HIH�CDa�G2HI@�W
u7HIA8B8H2;
#�13����/�%(�7� ��! � ��� � � ��'!

ν = (λ, t) ∈ N2 ∩ {α = 1, β = 0} " � ��( �+� � ���	��
��
����
zt = 0


����������� ��� �&
��� "
.?A8x T B�UvVF>2G�E2T B [ UbHI�OT HIA8a�x A8HIB8AF�`VFHIY(UbB8>2A8A8x!�d�bV7E2Uba�B8Y�BFT H���afA8HIA8COVFHIG2C��

EiVF�IHIg2@FE�B8z8HOUbY8C�� K VF>
�
EXu7w [ UIT�;(@FE�Svu7HbVeP8; : � m+� ;

��� � ��������� �!��"$#���%&���('
V = 0 ) ��� ν ∈ N2

_?C�Uba�w
ν ∈ N2 [ α = 1 [ β = 0

;�-0>2� u�E

V = xv + yw − 1

2
zr2 =

2 cτ sτ

k2 ∆
fV (p),

��
I\��

fV (p) =
4

3
{3 d (2 E−(2 − k2)p)2 + c [8 E3 −4 E(4 + k2) − 12 E2(2 − k2)p+

+ 6 E(2 − k2)2p2 + p(16 − 4k2 − 3k4 − (2 − k2)3p2)] s−
− 2 d (−4k2 + 3(2 E−(2− k2)p)2) s2+

+ 12k2c(2 E−(2 − k2)p)s3 − 8k2 s4d}. ��
XL
�
� ' ��� 134Dq������ � ! � "�� * $�� $��
	+��(%�

k ∈ (0, 1) �� 
�������� fV (p)
)�-	�	�+��
�
�� � ��� �

�	�
�������%�
(15)

) �������� ������'
���� � ���.$���
 � $&��
p = pV

n (k)
)
n ∈ Z "�� � �&
��

pV
n
�������'
�� ��� �+
��+�'�+
�
�� ���

n " � �%$���� �����.$�!�
�� � ��� �&
���$��+�,��$�� - � � ����� �.$&��� � ��
�'��� ��	 ����-��%� �
pV

n ∈ (Kn,K +Kn), n ∈ N.

:2L



* �+�,��-	�����.$�!,������ " � E2UIUIT >2a�@8BFT �?CDA8Y8�8B��

gV (p) :=
fV (p)

s c
, p 6= Kn, n ∈ Z.

��
Ol$�
.�T HIHOT

g′V (p) = − k2

s2 c2
(fz(p))

2 < 0.
��
im �

}�VFHvu7>2G�E�a�HbVFw2A8> [ �?CDA8Y8�8B(J gV (p)
CDg2xyG�E�HIa?AFE?Y(EiW
u7>�T B8A8a�HI@8G�EiVFH

p ∈ (Kn,K+
Kn) [ n ∈ Z

;FQ�xyz8BFUvVFBFT K @8Hvu7HbVFx gV (p)
AFE
YD>2A8�FE�d�Ia�B	��B8A8a�HI@8G�EiVF>2GF;

_?C�Uba�w
n ∈ N

;�-0>2� u�E

fV (2nK) = 8nϕ2
V (k) > 0, fV ((2n+ 1)K) = −4(2n+ 1)k′ϕ2

V (k) < 0,
��
O�$�

� u7H
ϕV (k) = 2E(k) − (2 − k2)K(k) < 0

GrUbB(VFCdVFHOT3T x :(; P8; � EiVFHIH [
lim

p→2Kn±0
s c = ±0, lim

p→K+2Kn±0
s c = ∓0.

}�VFHvu7>2G�E�a�HbVFw2A8> [
lim

p→Kn±0
gV (p) = ±∞, n ∈ N.

� V8J�G2xyz8BFUvVFHIA8B(J K @8Hvu7HbV7E K @8B p→ 0
SOE2T HIa�BFT [ z8a�>

fV (p) = − 4

45
k8p6 + o(p6), s c = p+ o(p), p→ 0,

K >2�Ia�>�T C
gV (p) = − 4

45
k8p5 + o(p5) → −0 K @8B p→ +0.

.?aiE�Y [ �?CDA8Y8�8B(J gV (p)
CDg2xyG�E�HIa�>2a�N?u7> −∞ AFE&B8A8a�HI@8G�EiVFH

(0,K) [ Bd>2a +∞u7> −∞ AFE�B8A8a�HI@8G�EiV7E�
(Kn,K +Kn) [ n ∈ N

;(_?>2�Ia�>�T CfAFE�Y(EiW
u7>�T�B8A8a�HI@8G�EiVFH
(Kn,K + Kn) [ n ∈ N [ �?CDA8Y8�8B(J gV (p)

BFT HIHIa�Hvu7B8AFUba�G2HIA8A8xyZ�YD>2@8HIA8w
p = pV

n

;
� CDA8Y8�8B(J

fV (p)
BFT HIHIafa�H�W
H?A8COVFB�aiE�Y�Y(E�Y

fV (Kn) 6= 0 [ UIT�; (18)
;

;?HIz8HIa�A8>�Uba�w?YD>2@8A8HIZr�?CDA8Y8�8B8B
fV (p)

UvVFHvu7C2HIa`B8Syz8HIa�A8>�Uba�Bf�Ia�>2Zr�?CDA8Y8�8B8B K >
p
B�@FE�G2HIAFUba�G�E

fV (0) = 0
;

_?@8HvuFVF>XW
HIA8B8HyP8; :�> K BFUbxyG�E�HIa`a�>2z8Y8B [ G?YD>2a�>2@8x!���8HIA8a�@dT3E2UIUyUbHI�OT HIA8aiE`A8HIB8A	��`VFHIY(UbB8>2A8A8>2Zr�bV7E2Uba�B8Y8B K @8>���>Ou7B8a�z8HI@8HIS?UbHI@8Hvu7B8A8A8xyZ K HI@ K HIADu7B8Y8COV8J8@ Y ��>2@2u7H [UIT�;8@FE�Svu7HbV{P8; :�� m�� ;
;�E�@8BFU�; 
Ol K @8B8G2Hvu7HIA �I@FE2�?B8Y��?CDA8Y8�8B8B

p 7→ fV (p) [ E�AFE�@8BFU�; 
im [ 
O�2�
�I@FE2�?B8Y8B �?CDA8Y8�8B8Z

k 7→ pV
1 [ k 7→ pV

1 /K
; ;�E�>�UbB >2@2u7B8AFE�a{@8BFU�; 
O��>2a2T HIz8HIA8x

a�>2z8Y8B p

K
∈ Z [ Ub>2>2a�G2HIa2Uba�G2C�����B8H`�8HbVF>�T C z8BFUvVFC >2g2>2@8>2a�>2G
T3EiJ8a�A8B8Y(E8;

� K B�7�HOT�UbG2>2ZFUba�G�Er@8HI�ICOV8J8@8A8>�Uba�B�Y8@8B8G2>2Z {fV = 0} B�SOEXu�E ����B	��HIHf�?CDA8Y	�
�8B8Z

p = pV
n (k)

;
� �D�?�?)5! � ��� � �&���	� �

γV = {(p, k) ∈ (0,+∞) × (0, 1) | fV (p, k) = 0} (.$&�	���,� �
� �������� �	��� � � �,�	� �����.$�!�
 � � ) 
�� ��� ����$,$&�.$�!�
 � � ����

p " � � 
�������� p = pV
n (k)

)
k ∈ (0, 1)

)
n ∈ N

) (.$&�	������� "

:�l



K 2K 3K 4K

p

fV (p)

r r r

pV
1

pV
2

pV
3

� BFU�; 
Ol�� � @FE2�?B8Y
p 7→ fV (p) [ λ ∈ C2

0.2 0.4 0.6 0.8 1

2

4

6

8

10

k

pV
1

0.2 0.4 0.6 0.8 1

0.25

0.5

0.75

1

1.25

1.5

1.75

2

k

pV
1

/K

r

r

r

� BFU�; 
im�� � @FE2�?B8Y
k 7→ pV

1 [ λ ∈ C2
� BFU�; 
O��� � @FE2�?B8Y

k 7→ pV
1 /K [ λ ∈

C2

:�m



* �+�,��-	�����.$�!,������ " _?> K @8HvuFVF>XW
HIA8B���P8; : [ AFE�Y8@8B8G2>2Z γV
BFT HIHOT

s c 6= 0 [bK >2�Ia�>�T C
fV (p) = s c gV (p) [ UIT�; (16) [ B [ CDz8B8a�xyG�EiJ (17) [XK >�VFCDzFE�HOT f ′

V (p)|γV
= s c g′V (p) 6=

0.

.�UIUvVFHvu7C2HOT�E2UbBFT K a�>2a�B8Y8C��?CDA8Y8�8B8Z p = pV
n (k)

AFE
YD>2A8�FE� B8A8a�HI@8G�EiV7E
(0, 1)

;
� ' ��� 134Dq������ ��! � ! � � �.$��

k → 1 − 0
) �'�

pV
n (k) → +∞ � $�� $��
	+��(%�

n ∈ N "
* �+�,��-	�����.$�!,������ " }�VFHvu7C2HIa�B8SfG2Y(V���z8HIA8B(J pV

n ∈ (Kn,K + Kn) [ UIT�; K @8HvuFVF> �W
HIA8B8H�P8; : [ B K @8Hvu7HbV7E lim
k→1−0

K = +∞ ;
� ' ��� 134Dq������ ��! � h � � � 
��������

f0
V (p) :=

1

512

[
(32p2 − 1) cos 2p− 8p sin 2p+ cos 6p

]

�������� ������'
���� � ���.$��'
 � $&��
p = pV

n (0)
)
n ∈ Z " � � �&
��

pV
n (0)


�������'
�� ��� ���

��+�'�+
�
�� ���

n " � �%$���� �����.$�!�
�� � ��� �&
�� $��+�,��$�� - � � ����� �.$&��� � �
�'��� ��	 ����-��%� �
pV

n (0) ∈
(π

2
n,
π

2
(n+ 1)

)
, n ∈ N.

��
Oj$�

* �+���������+�.$���� ��� �&
��
p = pV

n (k)
)
k ∈ (0, 1)

) �.� " ������� $���� �
������ " � ) -�
�� ���
�� �
�.�

p = pV
n (0)

���&�
k = 0 " � ��( �+� �� 
�������� p = pV

n (k)
�����
������������ (.$&�	�����+� 
��

���&�%��� � � �'�,�
k ∈ [0, 1)

)���&� ���.� (
pV

n

)′
+

(0) = 0 "
* �+�,��-	�����.$�!,������ " � E2T HIa�BFT [ z8a�> f0

V

(π
2
n
)

=
(−1)n

64
π2n2 [ n ∈ Z

; � EiVFHIH [ �?CDA8Y	�
�8B(J

g0
V (p) :=

f0
V (p)

sin p cos p

CDg2xyG�E�HIarAFEdY(EiW
u7>�T B8A8a�HI@8G�EiVFH (π
2
n,
π

2
(n+ 1)

)
[ n ∈

Z [ aiE�Y�Y(E�Y
(
g0

V (p)
)′

= − (sin 4p− 4p)2

256 sin2 p cos2 p
< 0, p 6= π

2
n.

Q�xyz8BFUvVFBFT K @8Hvu7HbVFx �Ia�>2Z��?CDA8Y8�8B8B�AFE
YD>2A8�FE� B8A8a�HI@8G�EiVF>2G��

n 6= 0 ⇒ g0
V (p) → ±∞ K @8B p→ π

2
n± 0,

n = 0 ⇒ g0
V (p) → ∓0 K @8B p→ ±0.

_?>2�Ia�>�T C��?CDA8Y8�8B(J
g0

V (p)
BFT HIHIa`AFE�Y(EiW
u7>�T{B8A8a�HI@8G�EiVFH (π

2
n,
π

2
(n+ 1)

)
[ n ∈ N [

Hvu7B8AFUba�G2HIA8A8xyZ YD>2@8HIA8wF; ;�E�B8A8a�HI@8G�EiVFH (
0,
π

2

) �?CDA8Y8�8B(J
g0

V (p)
>2a�@8B8�FE�a�HbVFw2AFE8;

Q�UbHeA8COVFB��?CDA8Y8�8B8B
f0

V (p)
BFUbz8HI@ K xyG�E ��a2U J�YD>2@8A(JFT B

pV
n (0)

; � a�G2HI@�W
u7HIA8B(J�>
VF>2Y(EiVFB8SOE��8B8B&BfT >2A8>2a�>2A8A8>�Uba�B
YD>2@8A8HIZ
UvVFHvu7C���a?B8S K @8Hvu7x�u7C���B	�&@FE2UIUbC�W
u7HIA8B8Z98A8HIz8HIa�A8>�Uba�wfYD>2@8A8HIZ K > n UvVFHvu7C2HIafB8S�z8HIa�A8>�Uba�B{�?CDA8Y8�8B8B f0

V (p)
;

� V7EXu7YD>�Uba�w u7>2> K @8Hvu7HbVFHIA8A8>2Z��?CDA8Y8�8B8B
p = pV

n (k) K @8B k = 0
UvVFHvu7C2HIa B8S

a�HIZ(VF>2@8>2G�UbYD>2�I>�@FE�SbVF>XW
HIA8B(J

fV (p, k) = k8f0
V (p) +O(k10), k → 0,

� :�N$�

:��



YD>2a�>2@8>2H K >�VFCDzFE�HIa2U JfB8S K @8B8G2Hvu7HIA8A8>2ZfG K @8B(VF>XW
HIA8B8BdE2UbBFT K a�>2a�B8Y8Bd�bV8VFB K a�B8z8H/�UbY8B	�e�?CDA8Y8�8B8Z [ EdaiE�Y(W
H�B8S�@8HI�ICOV8J8@8A8>�Uba�B�YD>2@8A8HIZ p = pV
n (0)

�?CDA8Y8�8B8B
f0

V (p)
;

� E�G2HIAFUba�G2> (
pV

n

)′
+

(0) = 0
UvVFHvu7C2HIa B8S
@FE�SbVF>XW
HIA8B(J

(20)
B�@8HI�ICOV8J8@8A8>�Uba�B K >�VF> �WrB8a�HbVFw2A8x!��YD>2@8A8HIZ��?CDA8Y8�8B8B

f0
V (p)

;
.?S�@FE�G2HIAFUba�G�E

(14)
B K @8HvuFVF>XW
HIA8B(JfP8; : K >�VFCDzFE�HOT�UvVFHvu7C�����HIH�CDa�G2HI@�W
u7HIA8B8H2;

� ' ��� 134Dq������ ��! � 9 ��� � ��'!
ν = (λ, t) ∈ N2 ∩ {α = 1, β = 0} " � ��( �+�

V = 0 ⇔
sn τ cn τ = 0, τ = ψ +

t

2k
,

��$��

t = 2k pV
n , n ∈ N,

( �+����� �&
��
pV

n

���������+�.$&�
�� � ������� $���� �
����
3.2 "

����� ��������� �!��"$#���%&���('
r2 + ρ2 = 0 ) ��� ν ∈ N2� �D�?�?) ! � "���� � ��'!

ν ∈ N2 "�� �.$��
r2t + ρ2

t = 0
)��'�

fV (p) = 0 "
* �+�,��-	�����.$�!,������ " _?C�Uba�w r2t + ρ2

t = 0
;	.?S`a�>2�I> [ z8a�> r2t = x2

t + y2
t = 0 [ UvVFHvu7C2HIa [

z8a�>
Vt = xtvt + ytwt − zt

r2t
2

= 0
;pQ�>�U K >�VFw2SIC2HOT3U J{@FE�SbVF>XW
HIA8B8HOT AFE�T A8>XWrB8a�H/�

VFB
(14)

;
E$� * UvVFB

cτ sτ 6= 0 [ a�>rB8S�@FE�SbVF>XW
HIA8B(J (14) K >�VFCDzFE�HOT fV (p) = 0
;

g���_?C�Uba�w
sτ = 0

;�.�T HIHOT

xt|sτ=0 =
2

k
(2 E−(2 − k2)p) = 0 ⇒ E =

2 − k2

2
p

� : 
��
B

wt|sτ =0, E= 2−k2

2
p

=
2

3k
(8 c s d− k2p) = 0 ⇒ p =

8

k2
c s d.

� :2:
�
;?H K >�Ub@8Hvu�Uba�G2HIA8A8> K @8>2G2HI@�J8HIa2U J [ z8a�>

E =
2 − k2

2
p, p =

8

k2
c s d ⇒ fV (p) = 0.

G�� }�VFCDzFE�Z
cτ = 0

@FE2UIUIT3E�a�@8B8G�E�HIa2U J�E�AFEiVF>2�IB8z8A8>F;F}~AFEXzFEiV7E�>2a2T HIa�BFT [ z8a�>

xt|cτ=0 =
2

k
(2 E−(2 − k2)p) − 4k

d
cs = 0 ⇒ E =

2 − k2

2
p+

k2

d
c s,

� :�P$�

wt|cτ=0, E= 2−k2

2
p+ k2

d
c s

= − 2

3k

(
p+ 8(1 − k2)

c s

k2 d3

)
= 0 ⇒

⇒ p = −8(1 − k2)
c s

k2 d3
.

� :i\��
*�SOE�a�HOT5A8H K >�Ub@8Hvu�Uba�G2HIA8A8> K @8>2G2HI@8BFT [ z8a�>

E =
2 − k2

2
p+

k2

d
c s, p = −8(1− k2)

c s

k2 d3
⇒ fV (p) = 0.

:�j



Q�G2Hvu7HOT >2g2>2SIAFEXz8HIA8B(JfuFV8J��?CDA8Y8�8B8Z [DK >XJ8G2B8G
7�B	�DU JrG
@FE�G2HIAFUba�G�E� (21)
�
(24)

�

f1(p) = 2 E−(2 − k2)p, f2(p) = 8 c s d − k2p,

f3(p) = 2 E−(2− k2)p− 2k2 c s

d
, f4(p) = p+ 8(1 − k2)

c s

k2d3
.

.?S�u7>2Y(E�SOE�a�HbVFw�Uba�G�E&VFHOT3T x�P8; : K >�VFCDzFE�HOT�UvVFHvu7C�����HIH K @8HvuFVF>XW
HIA8B8H2;
#�13����/�%(�7� �e! � "���� � ��'!

ν ∈ N2 "�� ��( �+�

r2t + ρ2
t = 0 ⇔ sτ = 0, f1(p) = f2(p) = 0,

��$��
cτ = 0, f3(p) = f4(p) = 0.

.�UIUvVFHvu7C2HOT�Uba�@8CDY8a�CD@8C�T A8>XW
HOUba�G�E

S12 := {(p, k) ∈ R × (0, 1) | f1(p, k) = f2(p, k) = 0}.
_?>�VF>XWrBFT

g1(u) = 2E(u)− (2−k2)F (u), g2(u) = 8 cosu sinu
√

1 − k2 sin2 u−k2F (u),

aiE�Y�z8a�>
fi(p) = gi(am p) [ i = 1, 2

;�.�T HIHOT�a�HIZ(VF>2@8>2G�UbYD>2H`@FE�SbVF>XW
HIA8B8H

g2(u, k) =

∞∑

n=0

gn
2 k

2n, k ∈ [0, 1),

g0
2 = 4 sin 2u, g1

2 = −(u+ 2 sin2 u sin 2u),

gn
2 =

(2n− 3)!!

2n−1n!

(
n

∫ u

0

sin2n−2 t dt+ 2 sin2n u sin 2u

)
.

� �D�?�?) ! � ! �
1) g1

2(u) < 0
���&�

u > 0
)

2) gn+1
2 (u) < gn

2 (u)
���&�

u > 0
)

3) gn
2 (u) < 0

���&�
u > 0

)
n ∈ N

)

4)
∂ g2
∂ k

< 0
���&�

u > 0
)
k ∈ (0, 1) "

* �+�,��-	�����.$�!,������ " 
��3u7>2Y(E�SIxyG�E�HIa2U J�UbaiE�ADu�E�@8a�A8x T B{T HIa�>Ou�E2T B�E�AFEiVFB8SOE8;
:
�?u7>2Y(E�SIxyG�E�HIa2U J �bVFHOT HIA8aiE�@8A8x T K @8HI>2g2@FE�SI>2G�E�A8B8HOT @FE�SIA8>�Uba�B

gn+1
2 − gn

2

U
BFU K >�VFw2SI>2G�E�A8B8HOT�a�>XW
u7HOUba�G�E

∫
sinn t dt =

sinn+1 t cos t

n+ 1
+
n+ 2

n+ 1

∫
sinn+2 t dt, n 6= −1.

P$��UvVFHvu7C2HIa
A8H K >�Ub@8Hvu�Uba�G2HIA8A8>fB8S K CDA8Y8a�>2G 
�� [ :
�v;\���UvVFHvu7C2HIa
B8S K CDA8Y8aiEfP$��U`CDz8HIa�>�T�@FE�SbVF>XW
HIA8B(J

∂ g2
∂ k

= 2

∞∑

n=1

gn
2 k

2n−1, k ∈ [0, 1).

P2N



� z8B8a�xyG�EiJ J8G2A8>2H`G2xy@FEiW
HIA8B8HyuFV8J
g0
2(u) [(K >�VFCDzFE�HOT B8S K CDA8Y8aiE
\�� K @8Hvu7x�u7C$���HIZ VFHOT3T x�B�B8S�a�HI>2@8HOT x >fA8HbJ8G2A8>2Z��?CDA8Y8�8B8B�UvVFHvu7C�����HIH�CDa�G2HI@�W
u7HIA8B8H2;

#�13����/�%(�7� ��! � ! � � �&���	� � {g2(u) = 0} (.$&�	���,� � � ����+� � � ������� � ��	%$&�	��'�
{u ∈ (πn, π/2+πn), n = 0, 1, 2, . . . ; k ∈ (0, 1)} " � � �������� � �� �����,� � �� 
��������
k = kg2

(u)
) (.$&�	���,� � 
�� ��
���� ���	��$&���

u ∈ (πn, π/2 + πn)
� 
�������� �&� ��
�� � � � �

���+
 ������)� �'�
g2(u, k) = 0 ⇔ k = kg2

(u),
���&� ���.�

kg2
(πn+ 0) = kg2

(π/2 + πn− 0) = 0 "
� �D�?�?) ! � h ��� 
���� �������� �'������ {g1 = g2 = 0} ����+� � � ������� � ��	%$&�	��'�
{u ∈ (πn, π/2 + πn), n ∈ N}.
* �+�,��-	�����.$�!,������ " .?SdUvVFHvu�Uba�G2B(J P8; P K >�VFCDzFE�HOT�G2Y(V���z8HIA8B8H {g2 = 0} ⊂ {u ∈
(πn, π/2 + πn), n = 0, 1, 2, . . .} ;��`UbaiE�HIa2U J u7>2Y(E�SOE�a�w [ z8a�> u /∈ (0, π/2)

AFE
T A8>XW
HOUba�G2H {g1(u) = g2(u) = 0} ;��~a�>�UvVFHvu7C2HIa�B8S3VFHOT3T x P8; :�B K @8HvuFVF>XW
HIA8B(J�P8; :	�
K >�UvVFHvu7>2G�E�a�HbVFw2A8> K >�VFCDzFE�HOT

{f1(p) = f2(p) = 0} ⊂ {fV (p) = 0} ⊂ {p ∈ (Kn,K +Kn), n ∈ N},

K >2�Ia�>�T C p /∈ (0,K) K @8B f1(p) = f2(p) = 0
;

� �D�?�?) ! � 9 ��� 
���� �������� �'������ {g1 = g2 = 0} ������'
���) ���&� ���.� �,� � �+� �
���%$���� � {u ∈ (πn, π/2+πn)} ) n ∈ N

)�����+� � � ��� ����� ������
������� ��� ����
 � �'��� � �
� �'��(%��� 
���� ������	� "
� ����������
���� " <?>�T K w
��a�HI@8A8xyH�G2xyz8BFUvVFHIA8B(J K >2Y(E�SIxyG�E ��a [ z8a�> Y(EiW
u�EiJ K >�VF>�UIE
{u ∈ (πn, π/2 + πn)} [ n ∈ N [ Ub>Ou7HI@�WrB8a�G�a�>2z8A8>�Uba�B >Ou7A8Cea�>2z8Y8C�T A8>XW
HOUba�G�E
{g1 = g2 = 0} [ UIT�;8�OUbY8B8SIx Y8@8B8G2x!� {g1 = 0} B {g2 = 0} AFE
@8BFU�; 
Oj8;

0.2

0.4

0.6

0.8

1

u

k

π

2

π 3π

2

2π 5π

2

3π 7π

2

g2 = 0

g1 = 0

� BFU�; 
Oj��(<?@8B8G2xyH
g1 = 0

B
g2 = 0

8
ν ∈ N2

� CD�IB��bV7E2Uba�B8Y [ Ub>2>2a�G2HIa2Uba�G2C�����B8H?SIAFEXz8HIA8B(JFT K E�@FE2T HIa�@8>2G (p, τ, k) [ uFV8J�YD> �a�>2@8x!�
sn τ = 0 [ f1(p, k) = f2(p, k) = 0 [ CIu7>2G�VFHIa�G2>2@�J���ay@FE�G2HIAFUba�G�E2T r2t +ρ2

t = 0 [

P 




aX; H2;
xt = yt = vt = wt = 0

; � z8B8a�xyG�EiJ G2xy@FEiW
HIA8B(J�uFV8J��8HIA8a�@FE T3E2UIUeUbHI�/�
T HIA8aiE��bV7E2Uba�B8Y8B

cx = (v − r2y/6)/z [ cy = (w + r2x/6)/z
� UIT�;,� P� � [0K >�VFCDzFE�HOT

xt = yt = cx = cy = 0
�7�Ia�> SOE2T Y8A8CDaiEiJ{�bV7E2Uba�B8Y(E [ >2�I@FE�A8B8z8B8G�E ���
EiJ�>2g�V7E2Uba�wdU

�8HIA8a�@8>�T T3E2UIU�GrAFEXzFEiVFH��bV7E2Uba�B8Y8B � T x�AFE�SIG�EiVFB�aiE�Y8B8H&�bV7E2Uba�B8Y8B -	�������������.$�!��

�� � � �v; � HOT3T3EdP8; LfCDa�G2HI@�W
u�E�HIa [ z8a�>�UbC���HOUba�G2C2HIadUbz8HIa�A8>2H�z8BFUvVF> A8HIB8AF�`VFHIY(UbB	�>2A8A8x!��SOE2T HIzFE�a�HbVFw2A8x!���bV7E2Uba�B8Y0;p��a2T HIa�BFT [ z8a�>dUba�@FE�a MAX0

A8H K HI@8HOUbHIY(E�HIa2U JUb>dT A8>XW
HOUba�G�E2T B
Ni [ i = 1, 3, . . . , 7 [8K >2�Ia�>�T C�Ub@8Hvu7B�B8AF�`VFHIY(UbB8>2A8A8x!��B�Y8@8B8a�B	�z8HOUbY8B	�d�bV7E2Uba�B8Y A8HIa
SOE2T HIzFE�a�HbVFw2A8x!�p;	;�E&@8BFU�;F:�N&B8SI>2g2@FEiW
HIAFE�Y8@FE�a�zFE�Z�7
EiJ SOE�

T HIzFE�a�HbVFw2AFEiJ��bV7E2Uba�B8Y(E [ >2AFEfUb>2>2a�G2HIa2Uba�G2C2HIa
a�>2z8YDH K HI@8HOUbHIz8HIA8B(J�Y8@8B8G2x!� f3 = 0B
f4 = 0

G5>2g�V7E2Uba�B
p ∈ (K, 2K)

;!�~a�> � Y8@FE�a�zFE�Z�7
EiJ B8SeG�UbH/� SOE2T Y8A8CDa�x!�
� V7EXu7Y8B	��Y8@8B8G2x!� [ >2�I@FE�A8B8z8B8G�E ����B	� >2g�V7E2Uba�wrU?�8HIA8a�@8>�T T3E2UIU?GdUbG2>2HOT�AFEXzFEiVFH2;

� BFU�;i:�N��I<?@FE�a�zFE�Z�7
EiJ�SOE2T HIzFE�a�HbVFw2AFEiJ?�bV7E2Uba�B8Y(E

� >2Y(EiW
HOT�VFHOT3T C�P8; L(;
* �+�,��-	�����.$�!,������ " � >�UbaiE�a�>2z8A8>ru7>2Y(E�SOE�a�w [ z8a�>{�?CDA8Y8�8B(J ϕ(u) := g1(u, kg2

(u))T HIA(J8HIarSIAFE�Y�AFEfY(EiW
u7>�T�B8A8a�HI@8G�EiVFH
u ∈ (πn, π/2 + πn)

; � E2UIUIT >2a�@8BFT UbAFEXzFEiV7E
K HI@8G2xyZ�B8A8a�HI@8G�EiV u ∈ (π, 3π/2)

;
.?S?a�HIZ(VF>2@8>2G�UbY8B	� @FE�SbVF>XW
HIA8B8Z

g1(u) = 2(2E − (2 − k2)K) + k2(u− π) + o(u− π),

g2(u) = −2k2K + (8 − k2)(u− π) + o(u− π)

K >�VFCDzFE�HOT�E2UbBFT K a�>2a�B8Y8C Y8@8B8G2x!� G2g�VFB8SIB�a�>2z8Y8B (u, k) = (π, 0)
�

g1 = 0 : u− π = − 2

k2
(2E − (2 − k2)K)

︸ ︷︷ ︸
>0

+o(1),

g2 = 0 : u− π =
2k2K

8 − k2
︸ ︷︷ ︸

>0

+o(1).

P�:



.?S&A8HI@FE�G2HIAFUba�G�E
(8 − k2)((2 − k2)K − 2E) > k4K [ k ∈ (0, 1) [ u7>2Y(E�SOE�A8A8>2�I>GrUvVFHvu7C�����HIZ�A8B(W
H?VFHOT3T H&P8; l [ B�B8S�@FE�SbVF>XW
HIA8B(J

g1(u, k) = sinu cosu︸ ︷︷ ︸
>0

k2 + o(k2)
� :2L
�

UvVFHvu7C2HIa [ z8a�> ϕ(u) < 0 K @8B u→ π + 0
;

* AFEiVF>2�IB8z8A8>rT >XWrA8>fG2x�JFUbA8B8a�wfSIAFE�Y
ϕ(u) K @8B u→ 3π/2 − 0

�(BFT HIHOT

g1(u) = 3(2E − (2 − k2)K) − k2

k′
(u− 3π/2) + o(u− 3π/2),

g2(u) = −3k2K − 8 − 7k2

k′
(u− 3π/2) + o(u− 3π/2),

K >2�Ia�>�T C

g1 = 0 : u− 3π/2 =
3k′

k2
(2 E−(2 − k2)K) + o(1),

g2 = 0 : u− 3π/2 = −3k′k2K

8− 7k2
+ o(1).

_?>2�Ia�>�T CdB8S&E2UbBFT K a�>2a�B8Y8B (25)
B u7>2Y(E�SOE�A8A8>2�I>
A8B(W
H?GfVFHOT3T H&P8; l
A8HI@FE�G2HIAFUba�G�E

(8 − 7k2)(2E − (2 − k2)K) > −k4K [ k ∈ (0, 1)
UvVFHvu7C2HIa [ z8a�> ϕ(u) > 0 K @8B

u→ 3π/2 − 0
;

� CDA8Y8�8B(J
ϕ(u)

T HIA(J8HIa�SIAFE�Y�AFEdV���g2>�T�B8A8a�HI@8G�EiVFH
(πn, π/2 + πn) [ �Ia�> u7> �Y(E�SIxyG�E�HIa2U J Ub>2G2HI@�7�HIA8A8>rE�AFEiVF>2�IB8z8A8>fU`BFU K >�VFw2SI>2G�E�A8B8HOT5E2UbBFT K a�>2a�B8Y

g1(u) = 2n(2E − (2 − k2)K) + k2(u− πn) + o(u− πn),

g2(u) = −2nk2K + (8 − k2)(u− πn) + o(u− πn),

g1(u) = (2n+ 1)(2E − (2 − k2)K) − k2

k′
(u− (2n+ 1)π/2) + o(u− (2n+ 1)π/2),

g2(u) = −(2n+ 1)k2K − 8 − 7k2

k′
(u− (2n+ 1)π/2) + o(u− (2n+ 1)π/2).

� >2Y(EiW
HOT�A8HI@FE�G2HIAFUba�G�E [ BFU K >�VFw2SI>2G�E�A8A8xyHdG2x 7�H K @8B5u7>2Y(E�SOE�a�HbVFw�Uba�G2HrVFHOT��
T x�P8; L(;
� �D�?�?) ! � � �

1) (8 − k2)((2 − k2)K − 2E) > k4K
)
k ∈ (0, 1)

)

2) (8 − 7k2)(2E − (2 − k2)K) > −k4K
)
k ∈ (0, 1) "

* �+�,��-	�����.$�!,������ " 
�� � V8J��?CDA8Y8�8B8B
α1(k) := (8− k2)((2− k2)K − 2E)− k4KBFT HIHOT

α1(0) = 0, α′
1(k) =

6k

1 − k2
α2(k),

α2(k) := (2 − k2)E − 2(1 − k2)K,

α2(0) = 0, α′
2(k) = −3k(E −K) > 0,

P2P



K >2�Ia�>�T C α1(k) > 0 [ k ∈ (0, 1)
;

:
� * AFEiVF>2�IB8z8A8> [ > K @8Hvu7HbVFBFT��?CDA8Y8�8B�� α3(k) := (8−7k2)(2E− (2−k2)K)+
k4K [ a�>2� u�E

α3(0) = 0, α′
3(k) = −18k(2E − (2 − k2)K)) > 0

aiE�Y
Y(E�Y
ϕV (k) = 2E(k)−(2−k2)K(k) < 0 [ UIT�;XVFHOT3T Cr:(; P8;i_?>2�Ia�>�T C α3(k) > 0 [

k ∈ (0, 1)
;

� a�G2HI@�W
u7HIA8B8H�VFHOT3T x P8; L�T >XWrA8> K HI@8HO�?>2@FT COVFB8@8>2G�E�a�w�UvVFHvu7C�����BFT�>2g2@FE�
SI>�T�;
#�13����/�%(�7� �5! � h � � 
���� �������� �'������

S12 = {f1 = f2 = 0} ������'
���) ���&� ���.�
�,� � �+� � ��	%$&�	��'! {p ∈ (2Kn, K + 2Kn)} ����+� � � ��� ��� � ������
��� ��� ��������
 ��'��� � � � �'��(%��� 
���� ������	� "
� ����������
���� " <?>�T K w
��a�HI@8A8xyH�G2xyz8BFUvVFHIA8B(J K >2Y(E�SIxyG�E ��a [ z8a�>
T A8>XW
HOUba�G2> S34 :=
{(p, k) | f3(p, k) = f4(p, k) = 0} BFT HIHIa aiE�Y8C�� W
H{Uba�@8CDY8a�CD@8C [ Y(E�Y B BFUIUvVFH/�
u7>2G�E�A8A8>2H�G2x 7�HrT A8>XW
HOUba�G2>

S12
; .?SrE�AFEiVFB8a�B8z8A8>�Uba�B��?CDA8Y8�8B8Z

f3 [ f4 6≡ β · f3UvVFHvu7C2HIa [ z8a�>dT A8>XW
HOUba�G2> S34
A8H?g2>�VFHIH?z8HOT Ubz8HIa�A8>F;

}~C���HOUba�G2HIA8A8xyZ�@8HISICOVFwiaiE�afE�AFEiVFB8SOE
T A8>XW
HOUba�G�E
S12

� a�> [ z8a�> S12
A8H K C�Uba�>F;��a2U/��u�EyUvVFHvu7C2HIa�A8H K C�Uba�>2aiEyUba�@FE�aiE MAX0 ∩N2 [ UIT�;Ia�HI>2@8HOT C`P8; 
2;IQ�UbH3>�UbaiEiVFw2A8xyHUba�@FE�a�x

MAX0 ∩Nj [ j 6= 2 [pK C�Uba�x�; �~a�>�>2SIAFEXzFE�HIa [ z8a�>�a�>�VFw2YD>��IHI>Ou7HISIB8z8HOUbY8B8H [
K @8>2HI�8B8@8C�����B8HOU J&G`A8HIB8AF�`VFHIY(UbB8>2A8A8xyH~�bV7E2Uba�B8Y8B �

ν ∈ N2
� [ Ub>2Hvu7B8A(J���a`AFEXzFEiVFw �A8C���a�>2z8Y8C

q0
U�A8H K >Ou7G2B(WrA8x T Bfa�>2z8Y(E2T BfG2@FE ��HIA8B8Z {X0 = 0} = {r2 +ρ2 = 0} ;�~a�>fG�EiWrA8>�uFV8J K >2A8BFT3E�A8B(J{Uba�@8CDY8a�CD@8x > K a�BFT3EiVFw2A8>2�I>fUbB8A8a�HISOEfGf>2g2>2g
��HIA8A8>2ZSOEXu�EXz8H � BDu7>2A8x�;

����� ���	
�����% � ) � � "$����% ���$��"��$��#�� "  � #�% 
�
�" # �	�	
�"	���$�
N2


 �D4F' �D�?)�! � ����� � ��'!
(λ, t) ∈ N2 "�� ��( �+�

(λ, t) ∈ MAX0 ⇔ f1(p) = f2(p) = 0, sn τ = 0,
��$��

f3(p) = f4(p) = 0, cn τ = 0,

( �+�
p =

√
αt/(2k)

)
τ =

√
α(ψ + t/(2k)) " � 
���� ��������

MAX0 ∩N2
������'
����

����+� � � ������� ��� � 
���� ������	�
MAX2 ∩N2 "

* �+�,��-	�����.$�!,������ " }~z8HIa�A8>�Uba�w T A8>XW
HOUba�G�E MAX0 ∩N2
>2z8HIG2BDu7A8>eG2xya�HIY(E�HIaeB8S

a�HI>2@8HOT x�L(; 
OP � m+� [ UvVFHvu�Uba�G2B8Z�P8; :fB�P8; \ [ EdaiE�Y(W
H&A8H�g2>�VFHIH&z8HOT�Ubz8HIa�A8>�Uba�B�T A8> �
W
HOUba�G�E

S34 [ UIT�;(SOE2T HIzFE�A8B8H K >�UvVFH&UvVFHvu�Uba�G2B(J�P8; \F;_?C�Uba�w
ν ∈ MAX0 ∩N2 [ u7>2Y(EiW
HOT [ z8a�> ν ∈ MAX2

;�c{>XWrA8> K @8Hvu K >�V7E��bE�a�w [z8a�>
α = 1 [ β = 0

;�Q UbB(VFC a�HI>2@8HOT x L(; 
 � m+� [ r2t + ρ2
t = 0 [ >2a�Y8CIu�E K > VFHOT��T H�P8; : K >�VFCDzFE�HOT fV (p) = 0

;3_?> a�HI>2@8HOT H{L(; 
OP3� m+� [ ν ∈ MAX2 K @8B C�UvVF>2G2B8B [z8a�>
eσ~h0(ν2) 6= ν

;�;?>�B8Sra�HI>2@8HOT x \F; :2� m��~G2BDu7A8> [ z8a�> K >�UvVFHvu7A8HIHfA8HI@FE�G2HIAFUba�G2>G2x K >�VFA(J8HIa2U J K @8B�V���g2>�T σ 6= 0
;


 �D4F' �D�?)�! � "��
MAX1 ∩N2 = MAX3 ∩N2 = ∅ "

P�\



* �+�,��-	�����.$�!,������ " }�VFHvu7C2HIa
B8S�a�HI>2@8HOT x L(; 
OP�� m+�0B{UvVFHvu�Uba�G2B(J{P8; 
2;

 �D4F' �D�?)�! � ! ��� � ��'!

(λ, t) ∈ N2 "�� ��( �+�

(λ, t) ∈ MAX2 ⇔ fV (p) = 0, sn τ cn τ 6= 0,
��$��

(λ, t) ∈ MAX0,

( �+�
p =

√
α
t

2k

)
τ =

√
α

(
ψ +

t

2k

)
" � �%$���� �����.$�!�
�� �'��� �&
��

p = pV
n

)
n ∈ N

)

�� 
�������� fV (p)
������� ��
�� ��������� $���� �
����

3.2 "
* �+�,��-	�����.$�!,������ " }�VFHvu7C2HIa
B8S�a�HI>2@8HOT x L(; 
OP�� m+�0B�@FE�SbVF>XW
HIA8B(J

(14)
;

� K B�7�HOT K HI@8G2xyH
a�>2z8Y8B ceE�Y(UbG2HbV8V7ErGiu7>�VFw �IHI>Ou7HISIB8z8HOUbY8B	� K @8B λ ∈ C2
;p_?>

E�AFEiVF>2�IB8BdU >2g�V7E2Uba�w
�
C1 [ G2G2Hvu7HOT�G�>2g�V7E2Uba�B C2

>2g2>2SIAFEXz8HIA8B8H�uFV8J K HI@8G2>2�I>&G2@8H/�T HIA8B{ceE�Y(UbG2HbV8V7E��

p1(k) = pV
1 (k), k ∈ (0, 1), λ ∈ C2.


 �D4F' �D�?)�! � h ��� � ��'!
λ ∈ C2 "�� ��( �+� �

sn τ cn τ 6= 0 ⇒ tMAX
1 (λ) = tMAX2

1 (λ) =
2k√
α
p1 =

2k√
α
pV
1 ,

sn τ = 0 ⇒ tMAX
1 (λ) = tMAX0

1 (λ) = min

{
2k√
α
pV

n | f1(pV
n ) = f2(p

V
n ) = 0

}
,

cn τ = 0 ⇒ tMAX
1 (λ) = tMAX0

1 (λ) = min

{
2k√
α
pV

n | f3(pV
n ) = f4(p

V
n ) = 0

}
.

* �+�,��-	�����.$�!,������ " }�VFHvu7C2HIa
B8S�a�HI>2@8HOT P8; 
"�(P8; P8;

� �������������M���
	 � ����{� �
N3

c{x-g2CIu7HOT�BFU K >�VFw2SI>2G�E�a�wda�>2a{��E�Y8a [ z8a�> K E�@FE2T HIa�@8B8SOE��8B(J��IHI>Ou7HISIB8z8HOUbY8B	� K @8B
λ ∈ C3 K >�VFCDzFE�HIa2U J K @8Hvu7HbVFw2A8x T K HI@8H/��>Ou7>�T k → 1 − 0

B8S
�?>2@FT COV�uFV8J{�IHI>Ou7H/�
SIB8z8HOUbY8B	� K @8B λ ∈ C1

;

�(��� ��������� �!��"$#���%&���('
z = 0 ) ��� ν ∈ N3� ' ��� 134Dq������ ��h � ��� � � ��'!

(λ, t) ∈ N3 " � ��( �+� � ���	��
��
����
zt = 0


�� ��������
��� �&
��� "
* �+�,��-	�����.$�!,������ " � >�UbaiE�a�>2z8A8>r@FE2UIUIT >2a�@8HIa�w�UvVFCDzFE�Z α = 1 [ β = 0

;�_?HI@8HIZDu7HOT

P�L



Y K @8Hvu7HbVFC k → 1 − 0
Gr@FE�G2HIAFUba�G2H

(2)
�

zt =
4

∆ ch τ
fz(p),

∆ = 1 − th2 τ th2 p > 0,

p =
t

2
, τ = ϕ+

t

2
,

fz(p) =
p− th p

ch p
> 0,

K >2�Ia�>�T C zt > 0 K @8B t > 0
;

�(� � ��������� �!��"$#���%&���('
V = 0 ) ��� ν ∈ N3� ' ��� 134Dq������ �eh � "���� � ��'!

(λ, t) ∈ N3 "�� ��( �+�

Vt = 0 ⇔ τ = 0, τ =
√
α

(
ϕ+

t

2

)
.

* �+�,��-	�����.$�!,������ " _?HI@8HIZDu7HOT5Y K @8Hvu7HbVFC k → 1 − 0
Gf@FE�SbVF>XW
HIA8B8B

(5)
�

V =
2 th τ

∆ ch τ
fV (p, 1),

� :�l$�

gV (p, 1) =
ch p

th p
fV (p, 1), p > 0,

(gV (p, 1))′ = −4 ch2 p

th2 p
(fz(p, 1))2 < 0, p > 0,

K >2�Ia�>�T C��?CDA8Y8�8B(J
gV (p, 1)

CDg2xyG�E�HIa K @8B p ∈ (0,+∞)
;,;?>

lim
p→0

gV (p, 1) = 0 [
K >2�Ia�>�T C gV (p, 1) < 0

B
fV (p, 1) < 0 K @8B p > 0

;%-0H K HI@8w CDa�G2HI@�W
u7HIA8B8H�UvVFHvu7C2HIaB8S?@FE�SbVF>XW
HIA8B(J
(26)

;

�(��� ��������� �!��"$#���%&���('
r2 + ρ2 = 0 ) ��� ν ∈ N3� ' ��� 134Dq������ � h � ! � � �.$��

(λ, t) ∈ N3
) �'� � ���	��
��
����

r2t + ρ2
t = 0


�����������
��� �&
��� "
* �+�,��-	�����.$�!,������ " _?C�Uba�w (λ, t) ∈ N3 [ α = 1 [ β = 0 [ r2t + ρ2

t = 0
;,.?S{@FE�S/�

VF>XW
HIA8B(J
(4) K >�VFCDzFE�HOT yt = 4 th p th τ

∆chp ch τ = 0 [�K >2�Ia�>�T C τ = 0
; -0>2� u�E

xt|τ=0 =

2(2 th p− p) = 0 [ UvVFHvu7>2G�E�a�HbVFw2A8> [ th p = p/2
;	;�E�YD>2A8HI� [

wt|τ=0, th p=p/2 =
2

3

(
8

th p

ch2 p
− p

)
= 0.

;?> A8HOUvVF>XWrA8>ru7>2Y(E�SOE�a�w [ z8a�>�UbBFUba�HOT3E�CD@FE�G2A8HIA8B8Z 2 th p − p = 0 [ 8 th p

ch2 p
− p =

0
A8H�BFT HIHIa K >�VF>XWrB8a�HbVFw2A8x!� YD>2@8A8HIZ0;�_?>�VFCDz8HIA8A8>2H K @8>2a�B8G2>2@8HIz8B8HeSOE�G2HI@�7
E�HIau7>2Y(E�SOE�a�HbVFw�Uba�G2>F;

P2l



�(��� ���	
�����% � ) � � "$����% ���$��"��$��#�� "  � #�% 
�
�" #
N3� ' ��� 134Dq������ �eh � h �

MAXi ∩N3 = ∅ ) i = 0, . . . , 3 "
* �+�,��-	�����.$�!,������ " }�VFHvu7C2HIadB8S
a�HI>2@8HOT x L(; 
OP0� m+� B K @8HvuFVF>XW
HIA8B8Ze\F; P [ \F; 
 [ \F; :(;

� ���������f	���� � � �`������

����� ����%���% 
	����
 % �$����� � ����� %����$#�" � "  � #�% 
�
�"
� HI>Ou7HISIB8z8HOUbY(EiJ

qt
AFE�SIxyG�E�HIa2U J �� �&��(%��
�� ������$�!�
��+� [ HOUvVFB�>2AFE�J8G�V8J8HIa2U J K @8>2HIY	��8B8HIZ2��>2aOJ�g2x->Ou7A8>2Z�A8>2@FT3EiVFw2A8>2Z��IY(Uba�@8HOT3EiVFB

λt [ A8>�A8H
J8G�V8J8HIa2U J K @8>2HIY8�8B8HIZA8B >Ou7A8>2Z E�A8>2@FT3EiVFw2A8>2Z��IY(Uba�@8HOT3EiVFB0;~Q >2g2>2g
��HIA8A8>2Z5SOEXu�EXz8H � BDu7>2A8x Uba�@8>2�I>
A8>2@FT3EiVFw2A8x �IHI>Ou7HISIB8z8HOUbY8B8H [ Ub>2>2a�G2HIa2Uba�G2C�����B8H

λ ∈ Ci [ i = 1, 2, 3, 6
; � HI>Ou7HISIB	�

z8HOUbY8B8H [ Ub>2>2a�G2HIa2Uba�G2C�����B8H
λ ∈ Ci [ i = 4, 5, 7 [ A8HOUba�@8>2�I> A8>2@FT3EiVFw2A8x�aX; Y0;�G A8B	�

K @8>2HI�8B8@8C���a2U J�E�A8>2@FT3EiVFw2A8xyH?�IY(Uba�@8HOT3EiVFB [ UIT�;9� P�� ;-0>2z8Y(E
qt
Uba�@8>2�I> A8>2@FT3EiVFw2A8>2Z��IHI>Ou7HISIB8z8HOUbYD>2Z

qs = Exp(λ, s) [ s ∈ [0, t] [ AFE�SIxyG�E�HIa2U J ������ � � �
�
��+� a�>2z8YDH
q0
Giu7>�VFw��IHI>Ou7HISIB8z8HOUbYD>2Z

qs [ HOUvVFB ν = (λ, t)
HOUba�w

Y8@8B8a�B8z8HOUbY(EiJ�a�>2z8Y(E
�IY(U K >2A8HIA8�8BFEiVFw2A8>2�I>�>2a�>2g2@FEiW
HIA8B(J0;.?SIG2HOUba�A8> [ z8a�> K >�UvVFHdUb> K @�J(W
HIA8A8>2Z a�>2z8Y8B Uba�@8>2�I>{A8>2@FT3EiVFw2AFEiJ��IHI>Ou7HISIB8z8H/�UbY(EiJ�A8H T >XW
HIa�g2xya�we> K a�BFT3EiVFw2A8>2Z � 
"� ;�Q K HI@8G2>2Z Ub> K @�J(W
HIA8A8>2Z�a�>2z8YDHr�IHI>Ou7H/�SIB8z8HOUbY(EiJ�a�HI@�J8HIafVF>2Y(EiVFw2A8C���> K a�BFT3EiVFw2A8>�Uba�w [ EfG K HI@8G2>2Z�a�>2z8YDH&ceE�Y(UbG2HbV8V7E �
� VF>2g�EiVFw2A8C���> K a�BFT3EiVFw2A8>�Uba�wF;pQ��Ia�>�T�@FE�Svu7HbVFHfT x�AFE�ZDu7HOT�Ub> K @�J(W
HIA8A8xyH
a�>2z	�Y8B{AFEr�IHI>Ou7HISIB8z8HOUbY8B	� [ Ub>2>2a�G2HIa2Uba�G2C�����B	�

λ ∈ Ci [ i = 1, 2, 6 [ BeA8H�Ub>Ou7HI@�WfE ��B	�a�>2z8HIY�ceE�Y(UbG2HbV8V7E8;9�~a�B Ub> K @�J(W
HIA8A8xyH
a�>2z8Y8B�UbCDa�w K @8Hvu7HbVFx K E�@ Ub>2>2a�G2HIa2Uba�G2C$�����B	� a�>2z8HIY{ceE�Y(UbG2HbV8V7E8;
� ' ��� 134Dq������ � 9 � ��� � � ��'!

νn, ν
′
n ∈ N

)
νn 6= ν′n

)
Exp(νn) = Exp(ν′n)

)
n ∈

N " � �.$�� ��	�� �����.$&�������	�����.$�!�
�����'� {νn}
) {ν′n} � ����� ������� � 
�����+�'� �&�+� �'��� �,�

ν̄ = (λ, t)
) ���&� ���.� ( ����+�%-�� ������,� �

qs = Exp(λ, s)
�� �&��(%� 
�� ������$�!�
��+) �'� ���

���+
����
qt = Exp(ν̄)

����'! ������ � � �
�
�� � �'��� �,� "
* �+�,��-	�����.$�!,������ " * UvVFB ν � @8HI�ICOV8J8@8AFEiJ5a�>2z8Y(Ee�IY(U K >2A8HIA8�8BFEiVFw2A8>2�I>{>2a�>2g2@FE�W
HIA8B(J [ a�>�HI�I>`UbC�W
HIA8B8H�AFE�T3EiVFC�� >2Y8@8HOUba�A8>�Uba�w a�>2z8Y8B

ν
HOUba�wyu7BF���?HI>�T >2@F�?B8SOT�;

_?>
C�UvVF>2G2B���u�E�A8A8>2�I> K @8HvuFVF>XW
HIA8B(J��IY(U K >2A8HIA8�8BFEiVFw2A8>2H`>2a�>2g2@FEiW
HIA8B8H`A8H�g2B8HIY	�a�B8G2A8>fA8B�GfY(E�YD>2Z >2Y8@8HOUba�A8>�Uba�B�a�>2z8Y8B
ν̄
;�}�VFHvu7>2G�E�a�HbVFw2A8> [ ν̄ HOUba�wfY8@8B8a�B8z8HOUbY(EiJa�>2z8Y(E?>2a�>2g2@FEiW
HIA8B(J

Exp [ E?HIHy>2g2@FE�S qt = Exp(λ, t)
� Ub> K @�J(W
HIA8AFEiJ
a�>2z8Y(E8;

� u7>2g2A8>rG2G2HOUba�BeUvVFHvu7C�����HIH�T A8>XW
HOUba�G2> [ YD>2a�>2@8>2H&T x�AFE�SI>2G2HOT �+���+��
�� � -	� �
� ���,��
����.� � 
���� ������	� � ���,���	�.$,$&� �

CMAX =
{
ν̄ ∈ N | ∃ {νn = (λn, tn)}, {ν′n = (λ′n, tn)} ⊂ N :

νn 6= ν′n,Exp(νn) = Exp(ν′n), n ∈ N, lim
n→∞

νn = lim
n→∞

ν′n = ν̄
}
.

��z8HIG2BDu7A8> [ z8a�> νn ∈ MAX [8K >2�Ia�>�T C CMAX ⊂ cl(MAX)
;

PDm



_?@8HvuFVF>XW
HIA8B8HfL(; 
&CDa�G2HI@�W
u�E�HIa [ z8a�> HOUvVFB ν = (λ, t) ∈ CMAX
Be�IHI>Ou7HISIB8z8H/�

UbY(EiJ
qs = Exp(λ, s)

Uba�@8>2�I>
A8>2@FT3EiVFw2AFE [ a�>fHIH`YD>2A8HI� qt � Ub> K @�J(W
HIA8AFEiJ a�>2z8Y(E8;* AFEiVF>2�IB8z8A8>�T A8>XW
HOUba�G2C
CMAX [ > K @8Hvu7HbVFBFT{UvVFHvu7C�����B8H~HI�I> K >Ou�T A8>XW
HOUba�G�E� u7G2>2Z8A8xyH?SOE2T xyY(E�A8B(J�Uba�@FE�a�>2GrceE�Y(UbG2HbV8V7E��

CMAXi =
{
ν̄ ∈ N | ∃ {νn} ⊂ N, σn ∈ R :

νn 6= ν′n = eσn
~h0 ◦ εi(νn), Exp(νn) = Exp(ν′n), n ∈ N,

lim
n→∞

νn = lim
n→∞

ν′n = ν̄
}
.

Q�UbB(VFC a�>2�I> [ z8a�> νn ∈ MAXi [ U K @FE�G2HvuFVFB8G2>
G2Y(V���z8HIA8B8H CMAXi ⊂ cl(MAXi)
;

��� � � � ) ��' � %&����
 % �$����� # N1� ' ��� 134Dq������ � 9 � "���� � ��'!
ν = (λ, t) ∈ N1 �

�����,� � �'��� �,�+)� �'�

fz(p) = 0, cn τ = 0, p =
√
α
t

2
, τ =

√
α

(
ϕ+

t

2

)
.

� ��( �+� ν ∈ CMAX1 "
* �+�,��-	�����.$�!,������ " -0>2z8Y(E

ν = (k, p, τ, α, β)
J8G�V8J8HIa2U J K @8Hvu7HbVF>�T K >�UvVFHvu7>2G�E�

a�HbVFw2A8>�Uba�HIZ
ν±n =

(
k, p, τ ± 1

n
, α, β

)
[ n ∈ N [�K @8B8z8HOT ν−n = ε1(ν+

n ) 6= ν+
n [

Exp(ν+
n ) = Exp(ν−n )

GrUbB(VFC K @8HvuFVF>XW
HIA8B8Z�\F; 
)� l���B{P8; 
 � m+� ;
� ' ��� 134Dq������ � 9 � ! ��� � ��'!

ν = (λ, t) ∈ N1 �
�����,� � �'��� �,�+)� �'�

fV (p) = 0, sn τ = 0, p =
√
α
t

2
, τ =

√
α

(
ϕ+

t

2

)
.

� ��( �+� ν ∈ CMAX2 "
* �+�,��-	�����.$�!,������ "�� HI�IYD> G2BDu7HIa�w [ z8a�> u7G2>2Z8A8xyH�SOE2T xyY(E�A8B(J

CMAXi [ Y(E�Y�B
Uba�@FE�a�x

MAXi [ B8A8G�E�@8BFE�A8a�A8x�>2a�A8>�UbB8a�HbVFw2A8>�G2@FE ��HIA8B8Z ~h0
Bru7B(V7E�aiE��8B8Z

Z [DK > ��Ia�>�T C T >XWrA8> K >�VF>XWrB8a�w α = 1 [ β = 0
;

-0>2z8Y(E
ν = (k, p, τ, α = 1, β = 0)

J8G�V8J8HIa2U J K @8Hvu7HbVF>�T K >�UvVFHvu7>2G�E�a�HbVFw2A8>�Uba�HIZ
ν±n =

(
k, p, τ ± 1

n
, 1, 0

) ;�}~>2� V7E2UbA8>
a�HI>2@8HOT H&L(; 
OP'� m��
νn ∈ MAX2 [(K @8B8z8HOT

ν′n = eσn
~h0(ν−n ) 6= ν+

n , Exp(ν′n) = Exp(νn),

� u7HrCD� VFx K >2G2>2@8>2aiE σn
> K @8Hvu7HbV8J���a2U J K CDA8Y8a�>�T : K @8HvuFVF>XW
HIA8B(J P8; 
 � m+���

σn =
2χn K @8B rn > 0

B
σn = 2ωn − π K @8B rn = 0 [ ρn > 0

� UvVFCDzFE�Z
rn = ρn = 0A8HIG2>2SOT >XW
HIA K >
VFHOT3T H�:(; L
�v;_?C�Uba�w
uFV8J{�IHI>Ou7HISIB8z8HOUbYD>2Z [ Ub>2>2a�G2HIa2Uba�G2C�����HIZ

ν [ BFT HIHOT r > 0
;�-0>2� u�E

σn →
σ = 2χ

;�.?S?@FE�SbVF>XW
HIA8B(J
(4) K >�VFCDzFE�HOT y = 0 [(K >2�Ia�>�T C χ ≡ 0(modπ)

B
σ = 0

;

P2�



-0H K HI@8w K C�Uba�w r = 0
B
ρ > 0

;�-0>2� u�E
σn → σ = 2ω − π

;<.?S�J8G2A8x!�e�?>2@FT COV
uFV8Je�IHI>Ou7HISIB8z8HOUbY8B	� � P�0uFV8J

λ ∈ C1 K >�VFCDzFE�HOT v = 0 [FK >2�Ia�>�T C ω ≡ π
2 (modπ)

B
σ = 0

;
.?aiE�Y [ GfV���g2>�T�UvVFCDzFE�H

σ = 0
;7}�VFHvu7>2G�E�a�HbVFw2A8> [

ν′n = ν−n 6= ν+
n , Exp(ν−n ) = Exp(ν+

n ), ν±n → ν,

K >2�Ia�>�T C ν ∈ CMAX2
;

� K @8Hvu7HbVFBFT UvVFHvu7C�����B8H&T A8>XW
HOUba�G�E��

MAXij = (MAXi ∪CMAXi) ∩Nj .
� :�m �

.?S3a�HI>2@8HOT x :(; :�B K @8HvuFVF>XW
HIA8B8Z&L(; : [ L(; : K >�VFCDzFE�HOT @FE�SIg2B8HIA8B(J�T A8>XW
HOUba�G MAXi1AFEfUbG�J8SIA8xyH?YD>�T K >2A8HIA8a�x#�

MAX11 =

{
(λ, t) ∈ N1 | fz(p) = 0, p =

t
√
α

2

}
=

∞⋃

n=1

MAXn
11,

MAXn
11 =

{
(λ, t) ∈ N1 | t =

2pz
n√
α

}
,

� :��$�

MAX21 =

{
(λ, t) ∈ N1 | fV (p) = 0, p =

t
√
α

2

}
=

∞⋃

n=1

MAXn
21,

MAXn
21 =

{
(λ, t) ∈ N1 | t =

2pV
n√
α

}
.

� :�j$�

����� � � ) ��' � %&����
 % �$����� # N2� ' ��� 134Dq������ � 9 � h � CMAX1 ∩N2 = ∅ "
* �+�,��-	�����.$�!,������ " }�VFHvu7C2HIa
B8S�@FE�G2HIAFUba�G�E MAX1 ∩N2 = ∅ ;
� ' ��� 134Dq������ � 9 � 9 ��� � ��'!

ν = (λ, t) ∈ N2 �
�����,� � �'��� �,�+)� �'�

fV (p) = 0, sn τ cn τ = 0, p =
√
α
t

2k
, τ =

√
α

(
ψ +

t

2k

)
.

� ��( �+� ν ∈ CMAX2 "
* �+�,��-	�����.$�!,������ " * AFEiVF>2�IB8z8A8> K @8HvuFVF>XW
HIA8B��-L(; P8;

.?S�a�HI>2@8HOT{P8; : [ P8; P�B K @8HvuFVF>XW
HIA8B8Z�L(; \ [ L(; \ K >�VFCDzFE�HOT�UvVFHvu7C�����B8H~@FE�SIg2B8HIA8B(J
T A8>XW
HOUba�G

MAXi2
� UIT�;

(27)
�~AFErUbG�J8SIA8xyH?YD>�T K >2A8HIA8a�x#�

MAX12 = ∅,

MAX22 =

{
(λ, t) ∈ N2 | fV (p) = 0, p =

t
√
α

2k

}
=

∞⋃

n=1

MAXn
22,

MAXn
22 =

{
(λ, t) ∈ N2 | t =

2kpV
n√
α

}
.

� P2N$�

P2j



����� � � ) ��' � %&����
 % �$����� # N3� ' ��� 134Dq������ � 9 � � � CMAX1 ∩N3 = CMAX2 ∩N3 = ∅ "
* �+�,��-	�����.$�!,������ " � >2Y(EiW
HOT�@FE�G2HIAFUba�G2>

CMAX1 ∩N3 = ∅ [ u7@8CD�I>2Hd@FE�G2HIAFUba�G2>u7>2Y(E�SIxyG�E�HIa2U J{E�AFEiVF>2�IB8z8A8> B K @8>
��H2;p_?C�Uba�w [ >2a K @8>2a�B8G2A8>2�I> [ UbC���HOUba�G2C2HIada�>2z	�Y(E
ν ∈ MAX2 ∩N3

;�-0>2� u�E�T >XWrA8> AFE�Z8a�B K >�UvVFHvu7>2G�E�a�HbVFw2A8>�Uba�w�a�>2z8HIY
νn ∈

MAX2 ∩N1
B(VFB

νn ∈ MAX2 ∩N2
;�_?C�Uba�w

νn ∈ MAX2 ∩N1 [ G UvVFCDzFE�H
νn ∈

MAX2 ∩N2
u7>2Y(E�SOE�a�HbVFw�Uba�G2>�E�AFEiVF>2�IB8z8A8>F;IQ�>�U K >�VFw2SI>2G�E�G
7�BFUbw~UbBFT3T HIa�@8B(JFT B ~h0 [

Z [ T >XWrA8>�Ubz8B8aiE�a�w [ z8a�> νn = (kn, pn, τn, α = 1, β = 0) [ � u7H fV (pn) = 0
;�_?>

K @8HvuFVF>XW
HIA8B�� :(; : [ pn > 2K(kn)
;�Q UbB(VFC a�>2�I> [ z8a�> νn → ν ∈ N3 [�K >�VFCDzFE�HOT

kn → 1 [FK >2�Ia�>�T C K(kn) → +∞ [ pn → +∞ B
tn → +∞ ;<�~a�> K @8>2a�B8G2>2@8HIz8B8H�UC�UvVF>2G2B8HOT

νn → ν
SOE�G2HI@�7
E�HIa�u7>2Y(E�SOE�a�HbVFw�Uba�G2> K @8HvuFVF>XW
HIA8B(J0;

����� � � ) ��' � %&����
 % �$����� # N6� ' ��� 134Dq������ � 9 � t��
CMAX1 ∩N6 = ∅ "

* �+�,��-	�����.$�!,������ " }�VFHvu7C2HIa
B8S�@FE�G2HIAFUba�G MAX1 ∩N2 = MAX1 ∩N6 = ∅ ;
� ' ��� 134Dq������ � 9 ��� � � � ��'!

ν̄ = (θ̄, c̄ 6= 0, ᾱ = 0, t̄) ∈ N6 �
�����,� � �'��� �,�+)

� �'�
t̄ =

4

|c̄| p̄
)
f0

V (p̄) = 0
) ( �+� �� 
�������� f0

V (p)
���������+�.$&�
�� � ������� $���� �
���� � " ��"

� ��( �+� ν̄ ∈ CMAX2 "
* �+�,��-	�����.$�!,������ " � z8B8a�xyG�EiJ{UbBFT3T HIa�@8B8B ~h0 [ Z [ T >XWrA8> K >�VF>XWrB8a�w θ̄ = 0 [ c̄ =
±1

; � E2UIUIT >2a�@8BFT�a�>�VFw2YD>�UvVFCDzFE�Z
c̄ = 1

aX; Y0;(UvVFCDzFE�Z
c̄ = −1

G K >�VFA8H�E�AFEiVF>2�IB8z8HIA0;.?aiE�Y [ ν̄ = (θ̄ = 0, c̄ = 1, ᾱ = 0, t̄)
;

_?C�Uba�w
ν = (θ, c, α, β) ∈ MAX2 ∩N+

2 [ ν2 = ε2(ν) = (θ2, c2, α, β2, t) [ � u7H [Ub>2� V7E2UbA8>�a�HI>2@8HOT H&P8; P [

t =
2k√
α
, p = pV

n (k), k ∈ (0, 1), τ =

√
α

k

(
ϕ+

t

2

)
6= Km, m ∈ N,

τ2 =

√
α

k

(
ϕ2 +

t

2

)
, β2 = −β.

-0>2� u�E [(K >f> K @8Hvu7HbVFHIA8B��-Uba�@FE�aiErceE�Y(UbG2HbV8V7E [
ν̃ = eσ~h0(ν2) 6= ν, Exp(ν) = Exp(ν̃),

� u7H [ Ub>2� V7E2UbA8> K @8HvuFVF>XW
HIA8B�� P8; 
)� m+� [
σ = 2χ K @8B r > 0, σ = 2ω − π K @8B r = 0, ρ > 0

� P 
��
� g2CIu7HOT�G2xyg2B8@FE�a�w

ν ∈ N2
aiE�Y [ z8a�>2g2x r2 + ρ2 6= 0

�v;
_?C�Uba�w

k → 0
B
α → ᾱ = 0 [FK @8B8z8HOT √

α
k = 1

2

;0}~>2� V7E2UbA8> K @8HvuFVF>XW
HIA8B���P8; \ [
p = pV

n (k) → pV
n (0) = p̄

;���a2U/��u�E
t = 2k√

α
p→ 4p̄ = t̄

;

\�N



_?C�Uba�w
β = const

;O_?>�VF>XWrBFT
ϕ̄ = −β ;i��z8HIG2BDu7A8> [ z8a�>�T >XWrA8>yG2xyg2@FE�a�w ϕ → ϕ̄aiE�Y [ z8a�>2g2x τ =

√
α

k (ϕ+ t
2 ) 6= Km

;D_?>2Y(EiW
HOT [ z8a�> K @8B�aiE�YD>�T�G2xyg2>2@8H K >�VFCDz8BFT
lim ν = lim ν̃ = ν̄ [ �Ia�>rSOE�G2HI@�7�B8a&u7>2Y(E�SOE�a�HbVFw�Uba�G2>�u�E�A8A8>2�I> K @8HvuFVF>XW
HIA8B(J0;Q�>�U K >�VFw2SIC2HOT3U J G2xy@FEiW
HIA8B(JFT B�uFV8J��bV8VFB K a�B8z8HOUbY8B	��YD>2>2@2u7B8AFE�aeG�>2g�V7E2Uba�B
C+

2

B8S K CDA8Y8aiEf\F; 
)� l����

sin
θ − β

2
= sn

√
α

k
, cos

θ − β

2
= cn

√
α

k
,

� P�:
�

c

2
=

√
α

k
dn

√
α

k
.

� P2P$�

-0>2� u�E √
α

k
ϕ→ 1

2
ϕ̄
B&B8S~@FE�G2HIAFUba�G�E

(33) K >�VFCDzFE�HOT c→ 1 = c̄ [ E B8S~@FE�G2HIAFUba�G (32)

K >�VFCDzFE�HOT θ − β

2
→ ϕ̄

2
[8K >2�Ia�>�T C θ → ϕ̄+ β = 0 = θ̄

;�.?aiE�Y [
ν = (θ, c, α, β, t) → ν̄ = (θ̄ = 0, c̄ = 1, ᾱ = 0, t̄).

� V8Jfa�>2z8Y8B
ν2 = (θ2, c2, α, β2, t)

B8Sy@FE�G2HIAFUba�G�E
(33) K >�VFCDzFE�HOT c2 → c̄

;(}~>2� V7E2UbA8>
@FE�G2HIAFUba�G2C � l$�#� l�� [ θ2 = −θt [7K >2�Ia�>�T C θ2 → −θ̄t̄ [ � u7H θ̄t

� K HI@8G�EiJ{YD>�T K >2A8HIA8aiE@8H�7�HIA8B(J�CD@FE�G2A8HIA8B(J�T3EiJ8a�A8B8Y(E [ Ub>2>2a�G2HIa2Uba�G2C����
EiJ
ν̄
�

˙̄θt = c̄t, ˙̄ct = 0, θ̄0 = 0, c̄0 = 1 ⇒ θ̄t = t, c̄t = 1.

}�VFHvu7>2G�E�a�HbVFw2A8> [ θ2 → −θ̄t̄ = −t̄ ;�.?aiE�Y [
ν2 = (θ2, c2, α, β2, t) → ν̄2 = (−t̄, c̄ = 1, ᾱ = 0, t̄).

;�E�ZDu7HOT K @8Hvu7HbVrCD� V7E K >2G2>2@8>2aiE σ (31)
; � E2UIUIT >2a�@8BFT��IHI>Ou7HISIB8z8HOUbY8C�� � >2Y8@8C�W)�

A8>�Uba�w [ Ub>2>2a�G2HIa2Uba�G2C�����C���YD>2G2HIY8a�>2@8C
(θ̄ = 0, c̄ = 1, ᾱ = 0) ∈ C6

�

x̄t = sin t, ȳt = 1 − cos t.
� P�\��

Q UbB(VFCr@FE�G2HIAFUba�G�E
(19) K >�VFCDzFE�HOT t̄ = 4p̄ = 4pV

n (0) ∈ (2πn, 2π(n+ 1)) [DK >2�Ia�>�T C
t̄ 6= 2πm [ UvVFHvu7>2G�E�a�HbVFw2A8> [ r̄t̄ =

√
x̄2

t̄ + ȳ2
t̄ > 0

;�-0> HOUba�wd@8HOEiVFB8SIC2HIa2U J K HI@8G2>2H&B8S@FE�G2HIAFUba�G
(31) [ B8SrYD>2a�>2@8>2�I> σ = 2χ → σ̄ = 2χ̄t̄

; .?Sf@FE�G2HIAFUba�G
(34) K >�VFCDzFE�HOT

χ̄t̄ = t̄/2 [ UvVFHvu7>2G�E�a�HbVFw2A8> [ σ̄ = t̄
;�-0H K HI@8w T x T >XW
HOT SOE�G2HI@�7�B8a�w�u7>2Y(E�SOE�a�HbVFw �

Uba�G2>��

ν̃ = eσ~h0(ν2) → eσ̄~h0(ν̄2) = et̄~h0(−t̄, c̄ = 1, ᾱ = 0, t̄) = (0, 1, 0, t̄) = ν̄,

K >2�Ia�>�T C ν̄ ∈ CMAX2
;

� � ����� � �������������

_?C�Uba�w
λ ∈ C [ E qs = Exp(λ, s)

� Ub>2>2a�G2HIa2Uba�G2C����
EiJ A8>2@FT3EiVFw2AFEiJ �IHI>Ou7HISIB8z8H/�
UbY(EiJ0; � ���.���
��.� ����- ���%-	� AFE
�IHI>Ou7HISIB8z8HOUbYD>2Z

qs
AFE�SIxyG�E�HIa2U J z8BFUvVF>

tcut(λ) = sup{t > 0 | qs, s ∈ [0, t],
> K a�BFT3EiVFw2AFE }.

\ 




-0>2z8Y(E
qt [ t = tcut(λ) [ AFE�SIxyG�E�HIa2U J �'��� ���+� ����- ���%-	� ;�Q�@8HOT�J{@FE�SI@8HISOE � �Ia�>dT > �

T HIA8a [ YD>2� u�E?�IHI>Ou7HISIB8z8HOUbY(EiJfa�HI@�J8HIa�> K a�BFT3EiVFw2A8>�Uba�wF;�Q�UbH��IHI>Ou7HISIB8z8HOUbY8B8H G&>2g2>2g ���HIA8A8>2Z SOEXu�EXz8H � BDu7>2A8x @8HI�ICOV8J8@8A8x [~K >2�Ia�>�T C�B	� T3EiVFxyH�u7CD�IB > K a�BFT3EiVFw2A8x�;.?A8x T B�UvVF>2G�E2T B [ tcut(λ) > 0
uFV8J�G�UbH/�

λ ∈ C
;

����� ����%&���" #���%�� %&��� ��" �&��% �&"
Q-�Ia�>�T @FE�Svu7HbVFHrT x >2g��0Hvu7B8A8BFT K >�VFCDz8HIA8A8xyHrG�u�E�A8A8>2Z�@FE�g2>2a�Hf@8HISICOVFwiaiE�a�x B
>2�8HIA8BFT�G2@8HOT�J @FE�SI@8HISOE�UbG2HI@$�(C2; � V8J��Ia�>2�I>�> K @8Hvu7HbVFBFT UvVFHvu7C�����C�� �?CDA8Y8�8B��
AFE
AFEXzFEiVFw2A8>�T �8B(VFB8ADu7@8H

C
�

t : C → (0,+∞], λ 7→ t(λ),

λ ∈ C1 ⇒ t =
2√
α
p1(k) = min

(
2√
α
pz
1(k),

2√
α
pV
1 (k)

)
,

λ ∈ C2 ⇒ t =
2k√
α
p1(k) =

2k√
α
pV
1 (k),

λ ∈ C6 ⇒ t =
4

|c|p
V
1 (0),

λ ∈ Ci, i = 3, 4, 5, 7 ⇒ t = +∞.


 �D4F' �D�?)�� � ��� * $���$��
	+��(%�
λ ∈ C

�������	�	��� $����	�'�����
��,�
tcut(λ) 6 t(λ) "

* �+�,��-	�����.$�!,������ " _?C�Uba�w λ ∈ C1 ∪ C2 ∪ C3 ∪ C6 [ a�>2� u�E{�IHI>Ou7HISIB8z8HOUbY(EiJ qs =
Exp(λ, s)

Uba�@8>2�I>yA8>2@FT3EiVFw2AFE8;X}~>2� V7E2UbA8> K @8HvuFVF>XW
HIA8B(JFT�:(; 
 � m+�2B�L(; 
 [ HOUvVFB (λ, t) ∈
MAX∪CMAX [ a�> �IHI>Ou7HISIB8z8HOUbY(EiJ qs A8HI> K a�BFT3EiVFw2AFEdA8BeAFEdY(E�YD>�T >2a�@8HISIYDH

s ∈
[0, t + ε] [ ε > 0 [ aX; H2; tcut(λ) 6 t

; � V8J�u7>2Y(E�SOE�a�HbVFw�Uba�G�Eru�E�A8A8>2�I> K @8HvuFVF>XW
HIA8B(JT x K >2Y(EiW
HOT [ z8a�>ruFV8J{V���g2>2�I>rYD>2G2HIY8a�>2@FE λ ∈ C K E�@FE (λ, t(λ)) K @8B8AFEXuFVFHbWrB8a>Ou7A8>�T CrB8S&T A8>XW
HOUba�G
MAXi

B(VFB
CMAXi

;
_?C�Uba�w

λ ∈ C1
; * UvVFB

k ∈ (0, k1) ∪ (k0, 1) [ a�>��

cn τ 6= 0 ⇒ t(λ) =
2√
α
pz
1 = tMAX1

1 (λ) (
a�HI>2@8HOT3Ed:(; P

)

cn τ = 0 ⇒ (λ, t(λ)) =

(
λ,

2√
α
pz
1

)
∈ CMAX1 ( K @8HvuFV�;7L(; : ).

* UvVFB
k ∈ (k1, k0) [ a�>��

sn τ 6= 0 ⇒ t(λ) =
2√
α
pV
1 = tMAX2

1 (λ) (
a�HI>2@8HOT3Ed:(; P

)

sn τ = 0 ⇒ (λ, t(λ)) =

(
λ,

2√
α
pV
1

)
∈ CMAX2 ( K @8HvuFV�;7L(; P ).

;�E�YD>2A8HI� [ HOUvVFB k = k1, k0 [ a�>

t(λ) =
2√
α
pz
1 = tMAX3

1 (λ) (
a�HI>2@8HOT3Ed:(; P

).

\D:



_?C�Uba�w
λ ∈ C2 [ a�>2� u�E

cn τ sn τ 6= 0 ⇒ t(λ) =
2k√
α
pV
1 = tMAX2

1 (λ) (
a�HI>2@8HOT3ErP8; \

)

cn τ sn τ = 0 ⇒ (λ, t(λ)) =

(
λ,

2k√
α
pV
1

)
∈ CMAX2 ( K @8HvuFV�;7L(; L ).

_?C�Uba�w
λ ∈ C6 [ a�>2� u�E

(λ, t(λ)) =

(
λ,

4pV
1 (0)

|c|

)
∈ CMAX2 ( K @8HvuFV�;�L(; � ).

Q�UvVFCDzFE�H
λ ∈ C3

u7>2Y(E�SIxyG�E�a�w&A8HIz8HI�I>�aX; Y0;
t(λ) = +∞ 8D>2a2T HIa�BFT [ z8a�>
G��Ia�>�TUvVFCDzFE�H

MAXi = CMAXi = ∅ � K @8HvuFVF>XW
HIA8B(J�\F; \ [ L(; l$�v;Q UvVFCDzFE�H
λ ∈ C4 ∪ C5 ∪ C6

aiE�Y(W
H{u7>2Y(E�SIxyG�E�a�w A8HIz8HI�I>�8�G��Ia�>�T UvVFCDzFE�H
�IHI>Ou7HISIB8z8HOUbY8B8H

qs
> K a�BFT3EiVFw2A8x AFE�G�UbHOT�VFCDz8H

s ∈ [0,+∞)
B
tcut(λ) = t(λ) =

+∞ ;
<?>�T K w
��a�HI@8A8x T B�G2xyz8BFUvVFHIA8B(JFT B K >Ou7a�G2HI@�W
u�E�HIa2U J�UvVFHvu7C����
EiJ

� ��n 4F%8����)�� * $�� $��
	+��(%�
λ ∈ C

�������	�	��� $������ ���	�	�
�������
tcut(λ) = t(λ) "

� >2Y(E�SOE�a�HbVFw�Uba�G2>r�Ia�>2Ze�IB K >2a�HISIx g2CIu7HIa K @8Hvu�T HIa�>�T�AFE 7�HIZ�u�EiVFw2A8HIZ�7�HIZe@FE�
g2>2a�x�;8Q�AFE2Uba�>XJ���HIH?G2@8HOT�J�>2AFE&u7>2Y(E�SOE�AFE&VFB�7�w�uFV8J�zFE2Uba�B��IHI>Ou7HISIB8z8HOUbY8B	�p;

��� � � #�� � ���$#�"�� �!�� �����
t

� V8J K >�VFCDz8HIA8B(J � VF>2g�EiVFw2A8>2�I> K @8Hvu�UbaiE�G�VFHIA8B(J5�?CDA8Y8�8B8B t
CIu7>2g2A8>{> K @8Hvu7HbVFB8a�wUvVFHvu7C�����C�� �?CDA8Y8�8B�� AFE
�8B(VFB8ADu7@8H

C
�

κ =
√
α2 + (E + α)2/4,

� P�L
�
E
aiE�Y(W
H�u7>2> K @8Hvu7HbVFB8a�wfG2G2Hvu7HIA8A8xyH?@FE�A8HIH��?CDA8Y8�8B8B9�

k =

{
0, λ ∈ C4 ∪ C6,

1, λ ∈ C3 ∪ C5,

p1(k) =

{
pV
1 (0), λ ∈ C6,

+∞, λ ∈ C3 ∪ C4 ∪ C5 ∪ C7.


 �D4F' �D�?)�� � "�� � � 
�������� t : C → (0,+∞]
��
��	� �&����
��'
�� �+�'
���������.$�!�
�� �����

�'�+�,� ��	+��	����
�
���(%� ��� ���'
����,� � � ��� ���
�����) � ����� � � ����
�� �&����
�� ��� � �&���,�
1�+�'
���������.$�!�
�������$&����� ����� " � �����	�	��� $�������(.$���	��$�!�
���� �������+����	��$&�
����

t(λ) =
2 4
√

1 + k4

√
κ

p1(k), λ ∈ C.
� P2l$�

� � 
�������� t

�������� �&� ��
��'
��

C \ C4
� ����- �&� ��
���
��

C4 �
����
������ �����.$&� ���+���������+���

$&�
���� ����
�������� �&� ��
�����'� �� 
�������� t
�����
�������������(.$&�	�����+��
��

C4 " � � 
�������� t(.$&�	���,� � � ��	%$&�	�� � �
C1\{k = k1, k0}

�
C2∪C6 "�� � �����	� � ��
����� � �

C1∩{k = k1}�
C1 ∩ {k = k0} �� 
�������� t

��� � �&�� (.$&�	��������'! "
\�P



* �+�,��-	�����.$�!,������ " .?A8G�E�@8BFE�A8a�A8>�Uba�w��?CDA8Y8�8B8B
t
>2a�A8>�UbB8a�HbVFw2A8> K >2a�>2Y(E >2g2>2g ���HIA8A8>2�I>�T3EiJ8a�A8B8Y(E

θ̈ = −α sin(θ − β)
� G2HI@8a�B8Y(EiVFw2A8>2Z zFE2Uba�B��bE2T B(VFwia�>2A8>2G2>2Z

UbBFUba�HOT x�_�ce_&��UvVFHvu7C2HIafB8S�a�>2�I> [ z8a�> K @8B λ ∈ C1 ∪ C2
SIAFEXz8HIA8B8H

t(λ)
SOE�G2BFUbB8a

a�>�VFw2YD>r>2arB8A8G�E�@8BFE�A8a�>2Gr>2g2>2g
��HIA8A8>2�I>fT3EiJ8a�A8B8Y(E
k [ α [ E K @8B λ ∈ C6

SIAFEXz8HIA8B8H
t(λ)

SOE�G2BFUbB8a&a�>�VFw2YD>�>2a&YD>2>2@2u7B8AFE�a�x
c [�K >�Uba�>XJ8A8A8>2Z
uFV8Jr>2g2>2g
��HIA8A8>2�I>�T3EiJ8a�A8B	�Y(E AFE

C6
; � HI�IYD> G2BDu7HIa�w [ z8a�>?�?CDA8Y8�8B(J t

B8A8G�E�@8BFE�A8a�AFE >2a�A8>�UbB8a�HbVFw2A8>�G2@FE ��HIA8B8Z
B�>Ou7A8>2@8>Ou7AFE K >2@�JDu7Y(E 
3>2a�A8>�UbB8a�HbVFw2A8>�u7B(V7E�aiE��8B8Z9� ~h0t = 0 [ Zt = t [ �Ia�>�UvVFHvu7C2HIaB8S?B8A8G�E�@8BFE�A8a�A8>�Uba�B{Uba�@FE�arceE�Y(UbG2HbV8V7E�>2a�A8>�UbB8a�HbVFw2A8> K >2a�>2YD>2G
�Ia�B	� K >�VFHIZ0;� >2Y(EiW
HOTe�?>2@FT COVFC

(36)
;�<�E�Y
�?CDA8Y8�8B(J

t [ aiE�Y
B K @FE�G�EiJ�zFE2Uba�w?�Ia�>2Zf�?>2@FT C$�VFx B8A8G�E�@8BFE�A8a�A8x�>2a�A8>�UbB8a�HbVFw2A8> K >2a�>2Y(Er>2g2>2g
��HIA8A8>2�I>rT3EiJ8a�A8B8Y(EdBeG2@FE ��HIA8B8Z [
K >2�Ia�>�T Cfu7>�UbaiE�a�>2z8A8>�u7>2Y(E�SOE�a�w
@FE�G2HIAFUba�G2> (36)

AFE
Y8G�EXu7@FE�A8a�H

K+ = {θ = β = 0, c > 0, α > 0} ⊂ C.

Q�G2Hvu7HOT�G��Ia�>�T�Y8G�EXu7@FE�A8a�H
>2g2>2g
��HIA8A8xyH K >�V8J8@8A8xyHfYD>2>2@2u7B8AFE�a�x (κ, η) [ κ > 0 [
η ∈ [0, π

2 ] [ UvVFHvu7C�����BFT >2g2@FE�SI>�T!�

c2 = 4κ cosη, α = κ sin η,

κ2 = α2 +
c4

16
, tg η =

4α

c2
.

� PDm �

��z8HIG2BDu7A8> [ z8a�>rGfY8G�EXu7@FE�A8a�H K+
�?CDA8Y8�8B(J

κ
SOEXu�E�HIa2U J @FE�G2HIAFUba�G2>�T

(35)
�

θ = β = 0 ⇒ E =
c2

2
− α ⇒ α2 +

c4

16
= α2 + (E + α)2/4.

* UvVFB
λ ∈ C1 ∩K+ [ a�> k =

|c|
2
√
α

=
√

ctg η [(K >2�Ia�>�T C η = arcctg k2 B sin η =

1√
1 + k4

[ cos η =
k2

√
1 + k4

;�}�VFHvu7>2G�E�a�HbVFw2A8> [ c2 =
4κk2

√
1 + k4

[ α =
κ√

1 + k4
[ B>2YD>2A8zFE�a�HbVFw2A8> K >�VFCDzFE�HOT

t|C1∩K+
=

2√
α
p1(k) =

2 4
√

1 + k4

√
κ

p1(k).

* UvVFB
λ ∈ C2 ∩K+ [ a�> k =

2
√
α

|c| =
√

tg η [�K >2�Ia�>�T C η = arctg k2 B sin η =

k2

√
1 + k4

[ cos η =
1√

1 + k4

;!-�E�Y8BFT >2g2@FE�SI>�T [ c2 =
4κ√

1 + k4
[ α =

κk2

√
1 + k4

[>2a�Y8CIu�E

t|C2∩K+
=

2k√
α
p1(k) =

2 4
√

1 + k4

√
κ

p1(k).

* UvVFB
λ ∈ C6 ∩K+ [ a�> k = 0 [ κ =

c2

4
[ p1(0) = pV

1 (0) [(K >2�Ia�>�T C

t|C6∩K+
=

4

|c|p
V
1 (0) =

2 4
√

1 + k4

√
κ

p1(k).

\2\



;�E�YD>2A8HI� [0K @8B λ ∈ Ci ∩ K+ [ i = 3, 4, 5, 7 [ U K @FE�G2HvuFVFB8G2>�Uba�w{�?>2@FT COVFx (36)UvVFHvu7C2HIa
B8S�@FE�G2HIAFUba�G
t(λ) = +∞ B

p1(1) = +∞ ;
Q�UbB(VFC�UbG2>2ZFUba�G`B8A8G�E�@8BFE�A8a�A8>�Uba�Bf>2a�A8>�UbB8a�HbVFw2A8> K >2a�>2Y(E`>2g2>2g
��HIA8A8>2�I>�T3EiJ8a�A8B8Y(EdB G2@FE ��HIA8B8Z [ u7>2Y(E�SOE�A8>d� VF>2g�EiVFw2A8>2H K @8Hvu�UbaiE�G�VFHIA8B8H (36)

AFE G�UbHOT��8B(VFB8A	�
u7@8H

C
;

;?H K @8HI@8xyG2A8>�Uba�w �?CDA8Y8�8B8B t
G�>2g�V7E2UbaOJ	�

C1 [ C2
UvVFHvu7C2HIa�B8S{A8H K @8HI@8xyG2A8> �Uba�B��?CDA8Y8�8B8B

p1(k) [ UIT�;0UvVFHvu�Uba�G2B8Hd:(; LrB�VFHOT3T C�P8; 
2;�;?H K @8HI@8xyG2A8>�Uba�w t
AFE

C6UvVFHvu7C2HIa�B8SfA8H K @8HI@8xyG2A8>�Uba�B YD>2@8A(J pV
1 (k) [ λ ∈ C2 [ G�a�>2z8YDH k = 0

;9;?H K @8HI@8xyG �A8>�Uba�w
t
AFE

C7
UvVFHvu7C2HIa B8Sfa�>2�I> [ z8a�> K @8B λ → λ̄ ∈ C7

BFT HIHOT
κ → 0 [ E��?CDA8Y	��8B(J 4

√
1 + k4 p1(k)

>2aIu7HbVFHIAFE5UbA8B8SIC >2a A8COV8J [�K >2�Ia�>�T C t(λ) → +∞ = t(λ̄)
;

* AFEiVF>2�IB8z8A8>�u7>2Y(E�SIxyG�E�HIa2U JdA8H K @8HI@8xyG2A8>�Uba�w t
AFE

Ci [ i = 3, 5
;

;�EfT A8>XW
HOUba�G2H
C4

�?CDA8Y8�8B(J
t
a�HI@ K B8ar@FE�SI@8xyG��

λ̄ ∈ C4 ⇒ lim
λ→λ̄

t(λ) =
2pz

1(+0)√
κ(λ̄)

< +∞ = t(λ̄).

�yu7AFE�YD> HOUvVFB K HI@8HI> K @8Hvu7HbVFB8a�w K >�A8H K @8HI@8xyG2A8>�Uba�B t|C4
=

2√
α
pz
1(0) [ a�>{�?CDA8Y	�

�8B(J
t
UbaiE�A8HIar� V7EXu7YD>2Z�AFE

C4
;<�~a�> UvVFHvu7C2HIarB8S&a�>2�I> [ z8a�> K HI@8HI> K @8Hvu7HbVFHIA8AFEiJ K >A8H K @8HI@8xyG2A8>�Uba�B �?CDA8Y8�8B(J p1(k)

BFT HIHIa
A8COVFHIG2C�� K @FE�G2C�� K @8>2B8SIG2>Ou7A8C���G�a�>2z8YDH
k = 0 [ UIT�;8UvVFHvu�Uba�G2B8H�:(; L(;;�EiVFB8z8B8H�� V7EXu7YD>�Uba�B

t
G >2g�V7E2UbaOJ	�

C1 ∩ {k 6= k1, k0} [ C2
B HIH K >2a�HI@�J�AFE

K >2G2HI@$�(A8>�UbaOJ	� C1 ∩ {k = k1} [ C1 ∩ {k = k0}
UvVFHvu7C���a�B8S�Ub>2>2a�G2HIa2Uba�G2C�����B	�

CDa�G2HI@�W
u7HIA8B8Z�>r� V7EXu7YD>�Uba�B��?CDA8Y8�8B8B
p1(k) [ UIT�;FUvVFHvu�Uba�G2B8H�:(; L&B�VFHOT3T C�P8; 
2;

� V7EXu7YD>�Uba�w
t
Gda�>2z8Y(E�

C6
UvVFHvu7C2HIafB8S&a�>2�I> [ pV

1 (k) = O(k2) [ k → 0 [ λ ∈ C2 [UIT�; K @8HvuFVF>XW
HIA8B8H�P8; \F;
Q�UbH�>�Ub>2g2HIA8A8>�Uba�B K >2G2Hvu7HIA8B(J��?CDA8Y8�8B8B t [ >2a2T HIz8HIA8A8xyH�G a�HI>2@8HOT H�l8; : [ ��>2@8>
7�>G2BDu7A8x�AFE
@8BFU�;7: 
2;

����� � �$��"�� 
 � "  � #�% 
�
�"
# �	����" �&%��  � ) ����%&� ����" 
	������� � �	�$�	����" � %&���('

� K @8Hvu7HbVFBFT � 
���� �������� B �� �����'� � ���,���	�.$,$&� � ��	 ����-	� � �,�����+
��
 ������$�!�
���(%�
�+�'��	 ��� � �
���� UvVFHvu7C�����BFT >2g2@FE�SI>�T!�

Max = Exp(MAX) [ Maxi = Exp(MAXi)
;

.?S
a�HI>2@8HOT�:(; 
 [ P8; P [ P8; 

B VFHOT3T x P8; : K >�VFCDzFE�HOT�G2Y(V���z8HIA8B(J
Max1 ⊂ {z = 0} [

Max2 ⊂ {V = 0} [ Max3 ⊂ {z = V = 0} [ Max0 ⊂ {r = ρ = 0} ;� K @8Hvu7HbVFBFT K HI@8G2xyHfYD>�T K >2A8HIA8a�x Uba�@FE�a{ceE�Y(UbG2HbV8V7E�G�>2g2@FE�SIHf�IY(U K >2A8HIA8�8B	�EiVFw2A8>2�I>
>2a�>2g2@FEiW
HIA8B(J Y(E�Y�>2g2@FE�SIx�Ub>2>2a�G2HIa2Uba�G2C�����B	� K HI@8G2x!� YD>�T K >2A8HIA8a
MAX1

ij ⊂ N [ UIT�; (28)
�
(30)

�

Max1
ij = Exp(MAX1

ij) ⊂M,

B B	� K @8>2HIY8�8B8B AFE
��E�Y8a�>2@	� K @8>�Uba�@FE�AFUba�G2> K >
G2@FE ��HIA8B(JFT�Bdu7B(V7E�aiE��8B(JFT M ′′ =
π′′

1 (M) [ π′′
1 : q 7→ eRX0 ◦ eRY (q)

�

(
Max1

ij

)′′
= π′′

1

(
Max1

ij

)
⊂M ′′.

\DL
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k1 k0

� BFU�;7: 

� � @FE2�?B8Y
k 7→ t|κ=1 = 2 4

√
1 + k4 p1(k)

;�E @8BFU�;�:2:+�8:2L�B8SI>2g2@FEiW
HIA8x K HI@8G2xyH{YD>�T K >2A8HIA8a�x (
Max1

11

)′′ [ (Max1
21

)′′ B
(
Max1

22

)′′ ; � V8Je�Ia�>2�I>dGdY(E�@8a�H {ρ > 0}′′ T A8>2�I>2>2g2@FE�SIB(J M ′′ G2xyg2@FE�A8x�UvVFHvu7C�� �
��B8H?YD>2>2@2u7B8AFE�a�x [ G2x K @�JFT�V8J�����B8H?�IB K HI@ K >2G2HI@$�(A8>�Uba�B {z = 0}′′ [ {V = 0}′′ �

P2 = P ′(Q′2 +R′2) =
zr2

2ρ4/3
,

Q2 = Q′ − P ′(Q′2 +R′2) =
xv + yw − zr2/2

ρ4/3
,

R2 = R′ =
−yv + xw

ρ4/3
,

EdYD>2>2@2u7B8AFE�a�x
P ′ =

z

2ρ2/3
[ Q′ =

xv + yw

ρ4/3
[ R′ =

−yv + xw

ρ4/3

G Y(E�@8a�H {ρ > 0}′′
T A8>2�I>2>2g2@FE�SIB(J

M ′′ ∼= S3 g2x�VFB�G2G2Hvu7HIA8x�Gf@FE�g2>2a�H � L�� ;
;�E��OUbY8B8SOE�5Y(EiW
u7>2�I>�B8S�T A8>XW
HOUba�G (

Max1
11

)′′ B (
Max1

21

)′′ � @8BFU�;~:2:eB�:�P$�
��>2@8>
7�>�G2BDu7A8x a�@8B K >Ou7>2g�V7E2Uba�B [ Ub>2>2a�G2HIa2Uba�G2C�����B8H{@FE�SbVFB8z8A8x T B8A8a�HI@8G�EiV7E2T
SIAFEXz8HIA8B8Z K E�@FE2T HIa�@FE k ;�.�T HIHIa2U J�>2g�V7E2Uba�w [ BFT H����
EiJ{A8HIYD>�T K E�Y8a�A8>2H K HI@8HOUbHIz8H/�A8B8H�U?Y(E�@8a�>2Z {ρ > 0}′′ �8�Ia�>��XG2A8H�7�A(J(J��
>2g�V7E2Uba�w [ C$��>OuFJ��
EiJ AFE
g2HOUbYD>2A8HIz8A8>�Uba�w�
k ∈ (k0, 1)

�v; -�E�Y(W
H�HOUba�weu7G2H YD>�T K E�Y8a�A8xyH��XG2A8CDa�@8HIA8A8B8H���>2g�V7E2Uba�B9��G2HI@$�(A(J(J�
k ∈ (k1, k0)

� BeA8B(WrA(J(J �
k ∈ (0, k1)

�v;pQ�A8CDa�@8HIA8A8B8H
a�>2z8Y8BeG�UbH/��a�@8H/�e>2g�V7E2Uba�HIZ
UbCDa�w{a�>2z8Y8B5ceE�Y(UbG2HbV8V7E [ E��I@FE�A8B8z8A8xyHd@8HIg2@FE��,Ub> K @�J(W
HIA8A8xyHfa�>2z8Y8B0; � T A8> �
W
HOUba�G�E (

Max1
22

)′′ AFE�@8BFU�;�:2LdG2A8CDa�@8HIA8A8B8Hfa�>2z8Y8B2� aiE�Y(W
Hfa�>2z8Y8B ceE�Y(UbG2HbV8V7E�8
�I@FE�A8B8z8A8xyH�@8HIg2@FE Ub>�Uba�>XJ8aeB8S{Ub> K @�J(W
HIA8A8x!� a�>2z8HIY [ E�aiE�Y(W
H�B8S K @8Hvu7HbVFw2A8x!�a�>2z8HIY{T A8>XW
HOUba�G�E
ceE�Y(UbG2HbV8V7E8;
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� ��� �{�y	��������� � ����� � � ���e � � � ��	~� � ��`������r�
� ���� ���� ���!	��������	�f��
����� �r�����

Q �Ia�>�T K @8B(VF>XW
HIA8B8B K @8B8G2Hvu7HIA8x zFE2Uba�A8xyH K @8>2B8SIG2>Ou7A8xyH K > K E�@FE2T HIa�@8C k [ EaiE�Y(W
Hea�HIZ(VF>2@8>2G�UbY8B8He@FE�SbVF>XW
HIA8B(J �bV8VFB K a�B8z8HOUbY8B	���?CDA8Y8�8B8Z (`YD>2g2B
sn(u, k) [

cn(u, k) [ dn(u, k) [ E(u, k) K @8B k → 0 [ BFU K >�VFw2SI>2G�E�A8A8xyH�Gfu�E�A8A8>2Z{@FE�g2>2a�H2; � E�S/�VF>XW
HIA8B(J K >�VFCDz8HIA8x�T HIa�>Ou7>�T A8HI> K @8Hvu7HbVFHIA8A8x!�`YD>2�O���?B8�8B8HIA8a�>2G�B8S��?>2@FT COV?uFV8JzFE2Uba�A8x!� K @8>2B8SIG2>Ou7A8x!�p;F_?>Ou7@8>2g2A8>2H?B8SbVF>XW
HIA8B8H�a�HI>2@8B8Be�bV8VFB K a�B8z8HOUbY8B	�e�?CDA8Y	��8B8Z{T >XWrA8>fAFE�Z8a�B�GfY8A8B8�bE�2� ��� [ � :�� ;

� ' 4F���2��42�3��*r�{�i1�1 ��n�%(��s �D/�.���� ��� ��.���������.0476F� n 4�n )(' )8�?��%(' �

∂ snu

∂ k
=

1

k
u cnu dnu+

k

1 − k2
snu cn2 u− 1

k(1 − k2)
E(u) cnu dnu,

∂ cnu

∂ k
= −1

k
u cnu dnu− k

1 − k2
sn2 u cnu+

1

k(1 − k2)
E(u) snu dnu,

∂ dnu

∂ k
= − k

1 − k2
sn2 u dnu− ku snu cnu+

k

1 − k2
E(u) snu cnu,

∂ E(u)

∂ k
=

k

1 − k2
snu cnu dnu− ku sn2 u− k

1 − k2
E(u) cn2 u.

� /�� �`n�%84F%(��.0)��i1�1 ��n�%(��s �D/�.���� ��� ��.���������.0476F�

snu = s0(u) + k2s2(u) + k4s4(u) + k6s6(u) + k8s8(u) +O(k10), k → 0,

s0(u) = sinu,

s2(u) =
1

8
cosu(sin 2u− 2u)

s4(u) =
1

128
((8 − 4u2 + 9 cos 2u+ cos 4u) sinu− 6u(2 cosu+ cos 3u))

s6(u) =
1

3072
(8u(u2 − 21) cosu− 3u(39 cos 3u+ 5 cos 5u+ 22u sinu+

+ 18u sin 3u) + 3 cos2 u(53 sinu+ 14 sin 3u+ sin 5u),

s8(u) =
1

49152
{u[(128u2 − 1845) cosu+ 18(−83 + 12u2) cos 3u−

− 21(15 cos5u+ cos 7u)− 2u(951− 4u2 + 1122 cos2u+

+ 150 cos4u) sinu] + 3 cos2 u[553 sinu+ 185 sin3u+

+ 22 sin 5u+ sin 7u]}.

L 




cnu = c0(u) + k2c2(u) + k4c4(u) + k6c6(u) + k8c8(u) +O(k10), k → 0,

c0(u) = cosu,

c2(u) =
1

8
sinu(2u− sin 2u),

c4(u) = − 1

256
((9 + 8u2) cosu+ 8 cos3u+ cos 5u+ 16u sinu+ 12u sin 3u),

c6(u) =
1

12288
[−27(11 + 8u2) cosu+ 6(41 − 36u2) cos 3u+ 48 cos 5u+

+ 3 cos 7u+ 8u(111− 4u2 + 132 cos 2u+ 15 cos 4u) sinu],

c8(u) =
1

196608
{[−3594− 2256u2 + 32u4] cosu+

3[943 cos3u+ 230 cos 5u+ 24 cos 7u+ cos 9u]+

4u[−2u(486 cos3u+ 75 cos 5u+ 56u sinu+ 108u sin 3u)+

+ 3(281 sinu+ 498 sin 3u+ 7(15 sin5u+ sin 7u)]}

dnu = d0(u) + k2d2(u) + k4d4(u) + k6d6(u) + k8d8(u) +O(k10), k → 0,

d0(u) = 1,

d2(u) = −1

2
sin2 u,

d4(u) = − 1

32
sinu(5 sinu+ sin 3u− 8u cosu),

d6(u) =
1

1024
(−44 + (31 − 32u2) cos 2u+ 12 cos4u+ cos 6u+

+ 72u sin 2u+ 16u sin 4u),

d8(u) =
1

49152
[−1407 + (900− 1344u2) cos 2u+ (444 − 384u2) cos 4u+ 60 cos6u+

+ 3 cos 8u+ 16u(147− 16u2 + 102 cos 2u+ 9 cos4u) sin 2u].

L2:



E(u) = E0(u) + k2 E2(u) + k4 E4(u) + k6 E6(u) + k8 E8(u) +O(k10), k → 0,

E0(u) = u,

E2(u) =
1

4
(sin 2u− 2u),

E4(u) =
1

64
(−4u− 8u cos 2u+ 4 sin 2u+ sin 4u),

E6(u) =
1

1024
(−32u+ 33 sin 2u− 8u(9 cos 2u+ 2 cos 4u+ 4u sin 2u)+

+ 12 sin 4u+ sin 6u),

E8(u) =
1

49152
[8u(−291 + 32u2) cos 2u+ 3(−4(82u+ 68u cos 4u+ 6u cos 6u+

+ (−85 + 112u2) sin 2u+ (−37 + 32u2) sin 4u− 5 sin 6u) + sin 8u)].
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 � K @8Hvu7HbVFHIA8B8H�z8BFUvV7E k0
;?;�;?;�;�;?;�;?;�;?;�;?;�;�;?;�;?;�;?;�;�;?;�; m

: _?HI@8B8>Ou7B8z8HOUbY(EiJ �bV7E2Uba�B8Y(E [ k = k0
;�;?;�;?;�;?;�;�;?;�;?;�;?;�;�;?;�; m

P
p 7→ fz(p) [ k ∈ [0, k0) [ λ ∈ C1

;�;?;�;?;�;?;�;?;�;�;?;�;?;�;?;�;�;?;�; j
\

p 7→ fz(p) [ k ∈ (k0, 1) [ λ ∈ C1
;�;?;�;?;�;?;�;?;�;�;?;�;?;�;?;�;�;?;�; j

L
p 7→ fz(p) [ k = k0 [ λ ∈ C1

;?;�;�;?;�;?;�;?;�;?;�;�;?;�;?;�;?;�;�;?;�; j
l

k 7→ pz
1 [ λ ∈ C1

;�;�;?;�;?;�;?;�;�;?;�;?;�;?;�;?;�;�;?;�;?;�;?;�;�;?;�; 
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m

k 7→ pz
1/K [ λ ∈ C1

;?;�;?;�;?;�;�;?;�;?;�;?;�;?;�;�;?;�;?;�;?;�;�;?;�; 
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p 7→ fV (p) [ k 6= k0 [ λ ∈ C1
;?;�;�;?;�;?;�;?;�;?;�;�;?;�;?;�;?;�;�;?;�; 
X:

j
p 7→ fV (p) [ k = k0 [ λ ∈ C1

;?;�;�;?;�;?;�;?;�;?;�;�;?;�;?;�;?;�;�;?;�; 
X:

ON

k 7→ pV
1 [ λ ∈ C1

;�;�;?;�;?;�;?;�;�;?;�;?;�;?;�;?;�;�;?;�;?;�;?;�;�;?;�; 
OP

 


k 7→ pV
1 /K [ λ ∈ C1

;?;�;?;�;?;�;�;?;�;?;�;?;�;?;�;�;?;�;?;�;?;�;�;?;�; 
OP
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n 7→ kn [ λ ∈ C1
;�;?;�;�;?;�;?;�;?;�;?;�;�;?;�;?;�;?;�;�;?;�; 
im


OP
k 7→ pz

1, p
V
1

8
λ ∈ C1

;?;�;?;�;?;�;�;?;�;?;�;?;�;?;�;�;?;�;?;�;?;�;�;?;�; 
O�
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k 7→ pz
1/K, p

V
1 /K

8
λ ∈ C1

;?;�;�;?;�;?;�;?;�;?;�;�;?;�;?;�;?;�;�;?;�; 
O�

XL <?@8B8G2xyH

g1 = 0
B
g2 = 0

8
ν ∈ N1
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p 7→ fV (p) [ λ ∈ C2
;�;�;?;�;?;�;?;�;?;�;�;?;�;?;�;?;�;�;?;�;^:�m


im � @FE2�?B8Y
k 7→ pV

1 [ λ ∈ C2
;�;?;�;�;?;�;?;�;?;�;?;�;�;?;�;?;�;?;�;�;?;�;^:�m


O� � @FE2�?B8Y
k 7→ pV

1 /K [ λ ∈ C2
;�;�;?;�;?;�;?;�;?;�;�;?;�;?;�;?;�;�;?;�;^:�m


Oj <?@8B8G2xyH
g1 = 0
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g2 = 0

8
ν ∈ N2
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: 
 � @FE2�?B8Y

k 7→ t|κ=1 = 2 4
√

1 + k4 p1(k)
;?;�;?;�;�;?;�;?;�;?;�;�;?;�;�\�l

:2: (
Max1

11

)′′ ;?;�;?;�;�;?;�;?;�;?;�;�;?;�;?;�;?;�;?;�;�;?;�;?;�;?;�;�;?;�;�\(m
:�P (

Max1
21

)′′ ;?;�;?;�;�;?;�;?;�;?;�;�;?;�;?;�;?;�;?;�;�;?;�;?;�;?;�;�;?;�;�\��
:i\ (

Max1
11

)′′ ∪
(
Max1

21

)′′ ;?;�;?;�;�;?;�;?;�;?;�;?;�;�;?;�;?;�;?;�;�;?;�;�\�j
:2L (

Max1
22

)′′ ;?;�;?;�;�;?;�;?;�;?;�;�;?;�;?;�;?;�;?;�;�;?;�;?;�;?;�;�;?;�;^L�N
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