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CONTROL THEORY ON LIE GROUPS

Yu. L. Sachkov UDC 517.977

ABSTRACT. Lecture notes of an introductory course on control theory on Lie groups. Controllability and
optimal control for left-invariant problems on Lie groups are addressed. A general theory is accompanied
by concrete examples. The course is intended for graduate students, no preliminary knowledge of control

theory or Lie groups is assumed.
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1. Motivation
1.1. Bilinear systems. In the study of controllability of a bilinear control system
i = Ar 4+ uBz, zeR", wuek, (1.1)

where A and B are constant n X n matrices, one naturally passes from the system (1.1) for vectors to the

similar system for matrices:
X = AX + uBX, X nxnmatrix, u€R. (1.2)

Such a passage is very natural: recall that in the study of the linear ODE & = Az, we pass to the matrix

ODE X = AX, here X is the Cauchy matrix for the linear ODE.
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Fig. 1. Fixed and moving frames

There is a clear and important relation between controllability properties of the bilinear system (1.1)

and the matrix system (1.2):
“system (1.2) is controllable = system (1.1) is controllable”

In the sequel we make this statement precise and remove the quotation marks. But this implication is
clear: if we can control on matrices, the more so we can control on vectors. The important point here is
that dynamics of the matrix system projects to dynamics of the bilinear system: each column x(t) of the
matrix X (¢) satisfying the matrix system (1.2) satisfies the bilinear system (1.1).

One may think that matrix systems (1.2) are more complicated then the bilinear ones (1.1), but
this is not the case: the matrix systems evolve on matrix groups (linear Lie groups), while the bilinear
ones just on smooth submanifolds of R™ (homogeneous spaces of linear Lie groups). And the study of
controllability for matrix systems is an easier problem since here the group structure provides powerful

additional techniques. We will clarify all these questions in our course.

1.2. Rotations of a rigid body. Some important control systems in mechanics, physics, geometry
etc. naturally evolve on groups.

Consider rotations of a rigid body in R? around a fixed point (e.g. rotations of a space satellite around
its center of mass). In order to describe motion of the body, choose a fixed orthonormal frame ey, es, e3
in the ambient space, and a moving orthonormal frame f1, fo, f3 attached to the body, see Fig. 1.

Then the orientation matrix
X ¢ (e1,e2,e3) — (f1, f2, [3)

is a 3 x 3 orthogonal unimodular matrix. Moreover, it is easy to see that the matrix XX 1 = Q is

skew-symmetric (the angular velocity of the body). So we obtain the equation of motion
X =QX.

If we suppose that we can control the matrix €2, than the previous system is a matrix control system
similar to (1.2). In the study of such systems, many questions arise, and one of the first ones is, what is

the state space of such systems:

Xe?

We will answer this question in the next section.



2. Lie Groups and Lie Algebras

2.1. Linear Lie groups. The most important class of Lie groups is formed by linear Lie groups, i.e.,
groups of linear transformations of R™.

Let X : R® — R" be a linear mapping. In a basis e,...,e, of R” the operator X has a matrix
X = (xij), i,j = 1,...,n, which we identify with the operator itself. So we are going to consider groups
of matrices.

Denote the linear space of all n x n matrices with real entries as
M(n,R) ={X = (z45) | x5 €R, i, =1,...,n}.

For short, we will usually denote this space by M (n). The matrix entries x;; provide coordinates on

M(n) =R".
Example 2.1 (general linear group). The general linear group consists of all n x n invertible matrices:
GL(n,R) = GL(n) = {X € M(n) | det X # 0}.

The following properties of GL(n) are easily established.

(1) By continuity of determinant, det : M(n) — R, the set GL(n) is an open domain, thus a smooth
submanifold in the linear space M (n).

(2) Further, GL(n) is a group with respect to matrix product. Indeed, if X,Y € GL(n), then the
product XY € GL(n). Further, the identity matrix Id = (4;;) (where d;; = 1if i = j and d;; = 0 if 7 # j,
the Kronecker symbol) is contained in GL(n). Finally, for a nonsingular matrix X, its inverse X ! is
nonsingular as well.

(3) Moreover, the group operations in GL(n) are smooth:
(X,Y)— XY (XY);; are polynomials in X;;, Y;;,

X — X1 (X1),; are rational functions in X;;.

Definition 2.1. A set G is called a Lie group if:

(1) G is a smooth manifold,
(2) G is a group, and

(3) the group operations in G are smooth.
In the previous example we showed that GL(n) is a Lie group.

Definition 2.2. A Lie group G C GL(n) is called a linear Lie group.



A convenient sufficient condition for a set of matrices to form a linear Lie group is given in the following

general proposition.
Theorem 2.1. If G is a closed subgroup of GL(n), then G is a linear Lie group.

Proof. See e.g. [49]. O
In other words, in order to verify that a set of matrices G C M (n) is a linear Lie group, it suffices to
show that the following three conditions hold:
(1) G € GL(n),
(2) G is a group with respect to matrix product, and

(3) G is topologically closed in GL(n) (i.e., G = GL(n) NS, where S is a closed subset in M (n)).

Now we consider several important examples of linear Lie groups in addition to the largest one, GL(n).

In all these cases the hypotheses of Theorem 2.1 are easily verified.

Example 2.2 (special linear group). The special linear group consists of n x n unimodular matrices:
SL(n,R) = SL(n) ={X € M(n) | det X = 1}.
Such matrices correspond to linear operators v — Xwv preserving the standard volume in R".

Example 2.3 (orthogonal group). The orthogonal group is formed by n x n orthogonal matrices:
O(n)={X e M(n)| XXT =1d},

where XT denotes the transposed matrix of X. Orthogonal transformations v — Xwv preserve the Euclid-
ean structure in R".

Since 1 = det(X XT) = det® X, it follows that orthogonal matrices have determinant det X = +1.

Example 2.4 (special orthogonal group). Orthogonal unimodular matrices form the special orthogonal
group:

SO(n) ={X € M(n) | XXT =1d, det X =1}.

Special orthogonal transformations v — Xwv preserve both the Euclidean structure and orientation in R™.

Example 2.5 (affine group). The affine group is defined as follows:

Y b
Aff(n) =< X = €EM(n+1)|Y € GL(n), be R" 3 C GL(n+1).
0 1

Such matrices correspond to invertible affine transformations in R™ of the form v — Yv + b, i.e., a linear

mapping Y plus a translation b.



Example 2.6 (Euclidean group). The Euclidean group is the following subgroup of the affine group:

Y b
E(n)=4¢X = €EMmn+1)|Y €SO(n), be R" 3 € GL(n+1).
0 1

Such matrices parametrize orientation-preserving affine isometries v — Yv + b.

Example 2.7 (triangular group). And the last example of a group formed by real matrices: the trian-

gular group consists of all invertible triangular matrices:

k k *
0 =« *

T(n)={ X = € GL(n)
0 0 *

={X = (z55) € M(n) | x;5 =0, i > j, x4 # 0}.
These are matrices of invertible linear operators v — Xwv preserving the flag of subspaces
Re; C span(ej,e2) C --- C span(eq,...,e,—1) C R™
Now we pass to complex matrices. Denote the space of all n x n matrices with complex entries as
M(n,C)={Z = (zx) | zjx €C, j,k=1,...,n}.
Since any entry decomposes into the real and imaginary parts:
Zjk = Tjk + Wik, Tjk, Yjk € R,
a complex matrix decomposes correspondingly:
Z =X +1Y, X = (zjk), Y = (yjr) € M(n,R).

The real coordinates i, y;, turn M(n,C) into R2*
The realification of a complex matrix is defined as follows. To any complex matrix of order n corresponds

a real matrix of order 2n:

X -Y
Z ~ € M(2n,R), Z=X+1iY € M(n,C).
Y X
The matrix is just the matrix of the real linear operator in R“"* = C" corresponding to Z in
Y X
the basis over reals ey, ..., ey, ie1,...,1e,. So it is natural that realification respects the matrix product:



if

. X1 N . Xo Y
Z1=X1+1iY7 ~ ; Zy = Xo + 1Yy ~ ;
Yi X1 Yo Xo

then

Z1Zy = X1 X9 — V1Yo +i(Y1 X2 + X 1Y)

X1Xo—Y1Ys X1V - Y1 Xo
X1Yo+Y1Xo X1 Xo—-Y1Ys

X1 —Y1 X2 _YQ
i Xy Yo Xo

The realification provides the embedding M (n,C) C M(2n,R).

Example 2.8 (complex general linear group). The complex general linear group consists of all complex

n X n invertible matrices:
GL(n,C) ={Z € M(n,C) | det Z # 0}

X -Y 2 2
= € M(2n,R) | det X +detY #0
Y X

There holds a proposition similar to Theorem 2.1.
Theorem 2.2. If G is a closed subgroup of GL(n,C), then G is a linear Lie group.

Example 2.9 (complex special linear group). The complex special linear group is formed by all complex

n X n unimodular matrices:
SL(n,C) ={Z € M(n,C) | det Z = 1}

X -v
= € M(2n,R) | det(X +iY) = 1
Y X

Example 2.10 (unitary group). An important example of a linear Lie group is the unitary group con-

sisting of all n x n unitary matrices:
U(n) ={Z c M(n,C) | Z¥Z =1d}.

(Here Z denotes the complex conjugate matrix of Z.) Such matrices correspond to linear transformations

that preserve the unitary structure in C". Compute the realification of a unitary matrix.
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We have
Z =X +1Y, ZT = X7 —iyT,
thus
77 = (XT —ivyH)(X +4V) = (XTX + YY) +i(XTY —YTX) =1d +i - 0.
Therefore, the realification of the unitary group has the form

X -Y
U(n) = e M2n,R) | X"X+YTY =1d, XY -YTX =0
v X

Compute determinant of a unitary matrix:
1 =det(Z%Z) =det Z - det Z = | det Z|?,
&)

det Z = €%, peR.

Example 2.11 (special unitary group). Another important example of a group formed by complex ma-

trices is the special unitary group:
SU(n) = U(n) NSL(n,C) ={Z € M(n,C) | ZTZ =1d, det Z =1}

X =Y T T T T .
= eM(Qn,R)\X X+Y'Y=Id X'Y-Y X:O,det(X—HY):l
Y X

2.2. The Lie algebra of a Lie group.

Example 2.12 (714 GL(n)). Consider the tangent space to the general linear group at the identity:
Tia GL(n) = {X(O) | X(t) € GL(n), X(0) = Id}.
We compute this space explicitly. Since the velocity vector X (t) = (i;(t)) is an n x n matrix, we obtain
X(0) = (55(0) = A € M(n).
Thus
Tiqg GL(n) C M(n).

In order to show that this inclusion is in fact an equality, choose an arbitrary matrix A € M(n). The
curve X (t) = Id +tA belongs to GL(n) for |t| < € and small € > 0. Moreover, X (0) = Id and X (0) = A.

Consequently,

T1qg GL(n) = M(n).



The tangent space T1qg GL(n) is a linear space. Moreover, it is endowed with an additional operation,

commutator of matrices:
[A,B]=AB—BA€ M(n), A, Be M(n).

Notice that this operation satisfies the following properties:
(1) bilinearity,
(2) skew-symmetry: [B, A] = —[A, B],
(3) Jacobi identity:
[[4,B],C]+[[B,C], Al + [[C, A], B] = 0.

Definition 2.3. A linear space L endowed with a binary operation [-, -] which is:
(1) bilinear,
(2) skew-symmetric, and
(3) satisfies Jacobi identity,

is called a Lie algebra.

The space M(n) with the matrix commutator is a Lie algebra. In order to underline the relation of

this Lie algebra with the Lie group GL(n), this Lie algebra is denoted as gl(n). Summing up,
T1q4 GL(n) = gl(n).
Such a construction has a generalization of fundamental importance.

Definition 2.4. The tangent space to a Lie group GG at the identity element is called the Lie algebra of
the Lie group G:
L =TyG.

We compute the Lie algebras of the Lie groups considered above.

Example 2.13 (Lie algebra of SL(n)). The Lie algebra of the special linear group is denoted by sl(n).
We have
sl(n) = Tiq SL(n) = {X(0) | X(t) € SL(n), X(0) = Id}.

Take a curve X () = Id +tX(0) + o(t) € SL(n), then
1 =det X(t) = det(Id +tX (0) + o(t)) = 1 + ttr X(0) + o(t), t—0,

so tr X(0) = 0.
Thus
slin) ={A € M(n) | tr A =0},



the traceless matrices. To be precise, we proved only the inclusion C. The reverse inclusion we do not
prove here for the sake of time and leave it to the reader as an exercise. This can be done by comparing

dimensions of the linear spaces. (The same remark holds for similar computations in examples below.)

Example 2.14 (Lie algebra of SO(n)). This Lie algebra is denoted as
so(n) = Tiq SO(n) = {X(0) | X(t) € SO(n), X(0) =1d}.
We have X (t)X7T(t) = Id, thus

0= X(0) XT(0)+ X(0) X" (0) = X(0) + XT(0).
—— N~
Id Id
Denoting A = X (0), we obtain A+ AT = 0 and
so(n)={A€ M(n)| A+ AT =0},
the skew-symmetric matrices.

In a similar way one computes the Lie algebras in the following three cases.

Example 2.15 (Lie algebra of Aff(n)).
A b
aff(n) = Tiq Aff(n) = | Ae€gln), beR"
0 O
Example 2.16 (Lie algebra of E(n)).
A b
e(n) =TigE(n) = | Aeso(n), beR"
0 0

Example 2.17 (Lie algebra of T(n)).
t(n) = Tia T(n) = {A = (aij) € M(n) [ ai; = 0, i > j},
the triangular matrices.

Finally compute the Lie algebras of the unitary and the special unitary groups.

Example 2.18 (Lie algebra of U(n)).
u(n) = T1q U(n),
and we proceed in the same way as for SO(n). For a curve Z(t) € U(n), Z(0) = Id, we have Z(t)Z*(t) = 1d.

Thus
0= 2(0) Z7(0)+ Z(0) Z' (0).
——— =
Id Id



Denoting A = Z(0), we obtain A + AT = 0, a skew-Hermitian matrix. Consequently,
u(n) ={Ae M(n,C)| A+ AT =0}
Example 2.19 (Lie algebra of SU(n)).
su(n) =TqSU(n) ={A e M(n,C) | A+ AT =0, trA=0}.

Summing up, we considered the passage from a Lie group G to the corresponding linear object — the
Lie algebra L of the Lie group G. A natural question on the possibility of the reverse passage is solved

(for linear Lie groups) via matrix exponential.

2.3. Matrix exponential. In order to approach matrix control systems, first consider a matrix ODE:
X = XA, (2.1)

where A € M(n) is a given matrix. In the case n = 1, solutions to the ODE

are given by the exponential:

2 n

a a a
e*=14+a+—+---+—+---
2! n!

For arbitrary natural n, we can proceed in a similar way and define for a matrix A € M (n) its exponential
by the same series:
A? A"
exp(A):eA:Id+A+§+---+W+--- :

This matrix series converges absolutely, thus it can be differentiated termwise:

A242 Angn !
(eAt)’:(Id+At++---+ +)
21 n!

A2t Antn—l
— AL 2T Aty
+ 1 + + (n— 1)! + e

Thus the matrix exponential X (t) = e is the solution to the Cauchy problem
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Notice that for an arbitrary matrix A € gl(n), its exponential exp(A) € GL(n) since detexp(A) =
exp(tr A) # 0. So we constructed a (smooth) mapping

exp : gl(n) — GL(n).
We generalize this construction in the following subsection.
2.4. Left-invariant vector fields. We saw that for an arbitrary matrix A € gl(n), the Cauchy problem
X =XA, X(0)=Xy, X eGL(n),
has a (unique) solution of the form
X(t) = Xopexp(tA).
What can we say about a similar problem in any (linear) Lie group G:
X =XA, XeG?
Example 2.20. Consider e.g. a Cauchy problem in the special linear group:
X =XA, X(0)=1Id, X eSL(n). (2.2)

By uniqueness, solutions of this ODE must be given, as above, by the matrix exponential, but the question

is whether it is in the Lie group under consideration:
X(t) =exp(tA) € SL(n) ?
It is obvious that in general the answer is negative. Indeed, if X (t) = exp(tA) € SL(n), then
d
A= —| exp(tAd) € TiqSL(n) = sl(n).
dt|,_,

So if A ¢ sl(n), then ODE (2.2) is not well-defined, i.e., the vector field X A is not tangent to the Lie
group SL(n).

What is the tangent space to a Lie group G at its point X7 This question has a simple answer given

in the following statement.
Proposition 2.1. Let G be a linear Lie group, L its Lie algebra, and let X € G. Then

11



Proof. Compute the tangent space
TxG = {X(0)| X(t) € G, X(0) = X}.
For a smooth curve X (t) starting from X, one easily constructs a curve starting from the identity:
Y(t)=X"'X(t), Y0 =X'X=1d.

Then

We denote A =Y (0) € L and get
X(0)=XA, AclL.

Thus TxG C X L. Since these linear spaces have the same dimension, we obtain
TxG = XL.
O

So the left product by X translates the tangent space L at identity to the tangent space XL at the
point X.
Thus for any element

Ael,

the vector

V(X)=XAeTxG, XeGq,

i.e., the vector field V(X) is tangent to the Lie group G. So the ODE
X=XA, Xea, (2.3)
is well-defined and has the solutions
X(t) = X(0)exp(At) € G.

Notice the following important property of ODE (2.3): if a curve X(¢) is a trajectory of the field
V(X) = XA, then its left translation Y X (¢) is also a trajectory of this ODE for any ¥ € G. Indeed:

X (1) = X(0) exp(tA),
thus
Y(t) =YX(t) =YX(0)exp(tA) =Y (0) exp(tA).

12



Fig. 2. Lie bracket of vector fields V and W

Definition 2.5. Vector fields of the form
V(X)=XA, XEea, AelL,
are called left-invariant vector fields on the linear Lie group G.

Suppose we have two left-invariant vector fields on a Lie group G:

A Bel,

V(X)=XA, W(X)=XB, XEeq.

There arises a natural question: what is the Lie bracket of such vector fields? Since the fields V and W
are left-invariant, it is clear that the field [V, W] is left-invariant as well. In order to compute this field,

recall the definition of Lie bracket of vector fields.

Definition 2.6. Let V and W be smooth vector fields on a smooth manifold M. The Lie bracket (or
commutator) of the fields V, W is the vector field [V, W] € Vec M such that

d

VW0 = 5

v(Vt), X €M,
t=0

where the curve v is defined as follows:
y(t)=e Woe TV oW oelV(X),
see Fig. 2.

Here etV denotes the flow of the vector field V:

d

@etV(X) =V(eV(X), V| (X)=X,

and Vec M denotes the space of all smooth vector fields on a smooth manifold M.

Now we compute the Lie bracket of left-invariant vector fields.

Proposition 2.2. Let G be a linear Lie group, L its Lie algebra, and let A,B € L. Let V(X) = XA and
W(X) = XB be left-invariant vector fields on G. Then

[V,W](X)=[XA,XB] = X[A,B] = X(AB — BA), X €G.

13



Proof. The flows of the left-invariant vector fields are given by the matrix exponential:
tV _ tW _
eV (X) = Xexp(tA), e (X) = Xexp(tB).
Compute the low-order terms of the curve v from Definition 2.6:
v(t) = X exp(tA) exp(tB) exp(—tA) exp(—tB)
t2 t2
:X(Id+tA+2A2+---) (Id+tB+2B2+~-- )

12 t2
(Id—tA+2A2—---> (Id—tB+2B2—--->

t2
—X(Id+t(A+B)—|—2(A2+2AB+BQ)+...>

(Id—t(A+B)+t;(A2+2AB+BQ)+...)
= X(Id+t*[A, B] + - -+ ),
thus
Y(Vt) = X(Ad +t[A, B] + -+ ),

notice that it is a smooth curve at t = 0, and

4
dtf,—g

By Definition 2.6, this is the Lie bracket [X A, X B]. O

v(Vt) = X[A, B].

Corollary 2.1. Left-invariant vector fields on a Lie group G form a Lie algebra isomorphic to the Lie

algebra L = TiqG. The isomorphism is defined as follows:
left-invariant vector field X A € VecG > AelL.

Thus in the sequel we identify these two representations of the Lie algebra of a Lie group G:
(1) L= TIdG, and
(2) L = {left-invariant vector fields on G}.

3. Left-Invariant Control Systems

3.1. Definitions. Let G be a Lie group and L its Lie algebra.

Definition 3.1. A left-invariant control system I on a Lie group G is an arbitrary set of left-invariant

vector fields on G, i.e., any subset

I'clL. (3.1)

14



Example 3.1 (control-affine left-invariant systems). A particular class of left-invariant systems, which

is important for applications is formed by control-affine systems
m
F:{AﬁLZUiBZ’|UZ(U1,...,Um)EUCRm}, (32)
i=1
where A, By, ..., By, are some elements of L. If the control set U coincides with R™, then system (3.2)

is an affine subspace of L.

Remark. Throughout these notes, we write a left-invariant control system as (3.1) or (3.2), i.e., as a set

of vector fields, a polysystem. In the classical notation, control-affine systems (3.2) are written as follows:

X=XA+) wXB;, u=(u,...,un) €U, XEeEG. (3.3)

i=1
Polysystem (3.1) can also be written in such classical notation via a choice of a parametrization of the

set T

Definition 3.2. A trajectory of a left-invariant system I" on G is a continuous curve X (t) in G defined

on an interval [tg,T] C R so that there exists a partition
to<t1 <---<ty=T
and left-invariant vector fields
Aq,..., AN €T

such that the restriction of X (¢) to each open interval (¢;_1,¢;) is differentiable and
X(t):X(t)AZ‘ fort € (ti—1,t;), i=1,...,N.

In the classical notation, this corresponds to piecewise-constant admissible controls. In the study of

global controllability for infinite time we can restrict ourselves by such a class of admissible controls.

Definition 3.3. For any 7' > 0 and any X in G, the reachable set for time T of a left-invariant system
I' C L from the point X is the set Ap(X,T) of all points that can be reached from X in exactly T units

of time:
Ap(X,T) ={X(T) | X() a trajectory of I', X(0) = X}.

The reachable set for time not greater than T > 0 is defined as

Ar(X,<T)= | ] Ar(X,1).

0<t<T

15



The reachable (or attainable) set of a system I' from a point X € G is the set Ap(X) of all terminal points
X(T), T >0, of all trajectories of I' starting at X:
Ar(X) ={X(T) | X(-) a trajectory of T, X(0) =X, T >0} = ] Ap(X,T).
T>0
If there is no ambiguity, in the sequel we denote the reachable sets Ap(X,T) and Ap(X) by A(X,T)
and A(X), respectively.

Definition 3.4. A system I' C L is called controllable if, given any pair of points Xy and X7 in G, the

point X7 can be reached from X along a trajectory of I' for a nonnegative time:
X1 € A(Xy) for any Xy, X1 € G,

or in other words, if

A(X) =G for any X € G.

In the control literature, this notion corresponds to global controllability, or complete controllability.
Although, for left-invariant systems these properties are equivalent to local controllability at the identity,

see Theorem 3.5 below.

3.2. Right-invariant control systems. Similarly to left-invariant vector fields X = XA, one can
consider right-invariant vector fields of the form Y = BY .
The inversion
i:G—G, iX)=X1=Y,
transforms left-invariant vector fields to right-invariant ones. Indeed, let X (¢) be a trajectory of a left-
invariant ODE X = XA. Compute the ODE for Y (t) = X~!(t). Since Y (t)X(t) = Id, we have

Y ()X (t) + Y (t)X(t) = 0, thus

Consequently,
X=XA & Y=-AY, y =Xx"L
Since X (t) = Xope', then Y (t) = e 1Y,
Notice that similarly to Proposition 2.1, it is easy to show that Tx G = LX, and that the Lie algebra
L = T14G of a Lie group G can be identified with the Lie algebra of right-invariant vector fields {AX |
AeL}onG.

Exercise 3.1. Prove that the Lie bracket of right-invariant vector fields computes as follows:

[AX, BX] = [B, A]X.
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Definition 3.5. A right-invariant control system on a Lie group G is an arbitrary set of right-invariant

vector fields on G.

Definition 3.6. A control-affine right-invariant control system on a Lie group G has the form

m
Y =AY +) wBY, ueUCR™ YE€eG. (3.4)
=1

The inversion X = Y ! transforms right-invariant system (3.4) to the left-invariant system

m
X = —XA—ZuZ-XBi, wel, XeG.
=1

Summing up, all problems for right-invariant control systems are reduced to the study of left-invariant

systems via inversion.

3.3. Basic properties of orbits and reachable sets. Let G be a linear Lie group, and let L be its

Lie algebra, i.e., the space of left-invariant vector fields on G.

Lemma 3.1. Let A € L and Xo € G. Then the Cauchy problem
X=XA,  X(t) = Xo,
has the solution X (t) = Xoexp((t —tg)A).

Due to this obvious lemma we can obtain a description of an endpoint of a trajectory via product of

exponentials.

Lemma 3.2. Let X(t), t € [0,T], be a trajectory of a left-invariant system I' C L with X(0) = Xo. Then
there exist N € N and

Tly..., TN > 0, Ay,... Ay €T

such that
X(T) = Xgexp(r1 A1) - exp(TnAn),
n+--+v="T.
Proof. By the definition of a trajectory, there exist N € N and
O=th<ti < ---<tny=T, Ay,..., Ay €Tl
such that X (t) is continuous and
te (tic,t) =  X(t)=X(t)A;.
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Consider the first interval:

€(0,t;) = X=X(@t)A4A, X(0)=Xo.

Thus
X(t) = XQ exp(Alt), X(tl) = Xo exp(Altl).
Further,
te (tl,tg) = X = X(t)AQ, X(tl) = XQ exp(Altl).
Therefore,

X(t) =Xy exp(tlAl) eXp((t — tl)Ag),
X(tg) = XO exp(Altl) eXp((tQ — tl)Ag)

= Xpexp(Aim1) exp(m242), 1 =11, To =19 — 1.
We go on in such a way and finally obtain the required representation:

X(ty) = X(T) = Xoexp(m14y) --- exp(TNyAn),
TN =tn —in-1, ..., To=t2—11, T1=11,

™+ -+ =ty =T.

Now we can obtain a description of attainable sets and derive their elementary properties.

Lemma 3.3. Let I' C L be a left-invariant system, and let X be an arbitrary point of G. Then
(1) Ap(X) ={Xexp(t141) --- exp(ivAn) [ Ai €T, t; >0, N >0}
(2) Ar(X) = X Ar(1d);

(3) Ap(Id) is a subsemigroup of G,

(4) Ar(X)

r(X) is an arcwise-connected subset of G;

Proof. Ttem (1) follows immediately from Lemma 3.2, and item (2) follows from item (1).

(3) Since
AF(Id) = {exp(tlAl) ce exp(tNAN) ‘ Al S F, t; > 0, N > 0},
then for any X;, Xy € Ap(Id), the product X;Xs € Ar(Id).

(4) Any point in Ap(X) is connected with the initial point X by a trajectory X (t).
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Fig. 3. Attainable set A Fig. 4. Orbit O
Definition 3.7. The orbit of a system I' through a point X € G is the following subset of the Lie group G:
Or(X)={Xexp(t1A1)---exp(tnAn) | A; €T, t; e R, N >0}, (3.5)

compare with the description of attainable set Ar(X) given in item (1) of Lemma 3.3.

Obviously,
Ar(X) C Orp(X).
In the orbit, one is allowed to move both forward and backward in time, while in the attainable set only
the forward motion is allowed (see Figs. 3 and 4). The structure of orbits is simpler than that of attainable

sets.

Lemma 3.4. Let I' C L be a left-invariant system, and let X be an arbitrary point of G. Then
(1) Or(X) = XOr(I1d);
(2) Or(Id) is the connected Lie subgroup of G with the Lie algebra Lie(T").

Here and below we denote by Lie(I") the Lie algebra generated by T', i.e., the smallest Lie subalgebra

of L containing I'.

Proof. Ttem (1) follows from (3.5).

(2) First of all, the orbit Or(Id) is connected since any point in it is connected with the identity by a
continuous curve provided by the definition of an orbit.

Further, it is easy to see that Op(Id) is a subgroup of G. If X, Y € Op(Id), then XY € Orp(Id) as a
product of exponentials. If

X =exp(t14y) -+ exp(tyAn) € Or(1d),
then
X! =exp(—tnApn) - exp(—t141) € Op(1d).

Finally, Id € Or(1d).

It follows from the general Orbit Theorem (see [14], [1]) that Or(Id) C G is a smooth submanifold with
the tangent space T1qOr(Id) = Lie(T").

Then the orbit Or(Id) is a Lie subgroup of G with the Lie algebra Lie(T"), see [49]. O

Proposition 3.1. A left-invariant system I is controllable iff Ar(1d) = G.

Proof. By definition, I' is controllable iff Ar(X) = G for any X € G. Since Ar(X) = X Ar(Id), control-
lability is equivalent to the identity Ar(Id) = G. O
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That is why in the sequel we use the following short notation for the attainable set and orbit from the
identity:
Ar(Id) = Ar = A, Or(Id) =0r =0.
Given any subset [ of a vector space V', we denote by span(l) the vector subspace of V' generated by [

and by co(l) the positive convex cone generated by the set [.

We denote the topological closure and the interior of a set S by cl .S and int S, respectively.

3.4. Normal attainability. If a point Y € G is reachable (or attainable) from a point X € G, then
there exist elements Ay,..., Ay € I'and t = (t1,...,ty) € ]Rf such that

Y = Xexp(t141) -+ exp(tNAN).

We denote
RY ={(s1,...,sny) €RY | 5; >0, i=1,...,N}.
That is, the point Y is in the image of the mapping
F : (s1,...,8n) — Xexp(s141) -+ exp(syAn), s=(s1,...,sy) € RY.
The following stronger notion turns out to be important in the study of topological properties of

reachable sets and controllability.

Definition 3.8. A point Y € G is called normally attainable from a point X € G by T if there exist
elements Ay, ..., Ay inI"and t € Rﬂ\r’ such that the mapping

F:RY - @, F(s1,...,sn) = Xexp(s1A1) - exp(syAnN)
satisfies the following conditions:
(i) F(t) =Y.
(ii) rank D;F = dimG.
That is, the point Y is a regular value of the restriction of the mapping F' to a small neighborhood of

the point ¢.
The point Y is said to be normally attainable from X by A;, ..., An.

Lemma 3.5. If a point Y € G is normally attainable from X € G by T, then Y € int Ap(X).

Proof. By the implicit function theorem, the mapping F' is open near ¢t. That is, there exists a neighbor-
hood t € V' C RY such that the restriction F|;, maps open sets to open sets. Then the set F(V) is open.
On the other hand, for any s = (s1,...,sy) € RY the point F(s) is in Ap(X). Thus F(V) C Ar(X) is a
neighborhood of the point Y = F(t). O
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Theorem 3.1 (Krener). Let Lie(I') = L. Then:

(1) In any neighborhood V' of the identity 1d € G, there are points normally attainable from Id by T';
(2) Consequently, for any neighborhood V' 3 1d, the intersection int ANV is nonempty;

(3) In particular, the interior A is nonempty.

Proof. We prove item (1) since items (2) and (3) follow from it.
Denote n = dim L = dimLie(I"). If n = 0, everything is clear. Assume that n > 1 and fix a
neighborhood V' of the identity Id.

There exists a nonzero element A; € I', otherwise dim Lie(I') = 0. Consider the mapping

Fi : s1— exp(s141), 0< sy <e,
. . d Fy
for sufficiently small positive £1. We have dor = A; # 0, consequently, rank Dg, F1 = 1 for small s.
51 s1=0

The curve

M, = {Fl(sl) | 0<s1 < 61}

is a smooth one-dimensional manifold contained in the neighborhood V for sufficiently small positive €.
If n =1, then any point X; € M is normally attainable from Id by A;.

If n > 1, there exist an element As € I' and a point X; € M as close to identity as we wish such that

Otherwise Lie(I')(X1) C Tx,M; for any X1 € M; and dim Lie(I') < dim M; = 1, a contradiction. We
have

X; = exp(ti A;) for some t1 > 0.

Consider the mapping
Fy : (s1,82) — exp((t% + s1)A71) exp(s24s), 0<s; <eg.
For small s > 0 we have rank DsF> = 2, thus the set
My = {Fs(s1,s2) |0 < s; <¢gy, i =1,2}

is a smooth two-dimensional manifold that belongs to V for sufficiently small positive £; and €. If n = 2,
the theorem is proved, since in this case any point of My is normally attainable from Id by A; and As.

If n > 2, we proceed in a similar manner. There exist A3 € " and X5 € My close to Id such that
XoAs ¢ Tx, Mo.
Otherwise Lie(I")(X2) C Tx,M> for any Xy € M and dim Lie(T") < 2, a contradiction. We have
Xo = exp(t?A;) exp(t3As) for some 2 > 0.
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Consider the mapping
F5 : (s1,$82,83) — exp((t% + s1)A7) exp((t% + s9)Az) exp(s3As), 0<s; <eg.

Since the vector field As is not tangent to the manifold Ms at the point Xs, the differential DsF3 has

rank 3 for small s > 0. Thus
M3 = {F3(81,82,83) | 0< S; < &4, 7= 1,2,3}

is a smooth three-dimensional manifold belonging to V for sufficiently small positive €;. In the case n = 3,
the theorem is proved, otherwise we proceed by induction.

As a result of the inductive construction, we find an element A, € I" and a point
anl = exp(t?ilAl) e eXP(thAnfl) S Mnfl
sufficiently close to Id such that
Xn—lAn ¢ TXn_an—l-

Then the mapping
F, @ (s1,.-.,8,) — exp((t?_1 +s1)A7) - exp((tﬁj + Sn—1)An—1) exp(snAn),0 < s; < &,

is an immersion for small s > 0. Consequently, any point X,, € M,, = Im F}, is normally attainable from

Id. Moreover, X,, can be chosen as close to Id as we wish. ]

Definition 3.9. A system I' C L is said to have a full rank (or to satisfy the Lie Algebra Rank Condition)
if
Lie(T") = L.

Proposition 3.2. Let ' C L. Then
(1) intp A # 0;

(2) moreover, A C clintp A.

We denote by intp S the interior of a subset S of the orbit O in the topology of O.

Proof. (a) Assume first that the system I' has full rank: Lie(I') = L, then the orbit O C G is an open
subset, and the relative interior with respect to O coincides with the interior in G. By Krener’s theorem,
int A # (0, and item (1) of this proposition follows.

We prove item (2). Take any element X € A4 and any its neighborhood V' 3 X. Then the open set
VX~ is a neighborhood of the identity. By Krener’s theorem, there exists a point ¥ € VX' nint A,
thus YX € V. Further, since Y € int A, there exists a neighborhood W Y, W C A. Then the open set
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WX is a neighborhood of the point Y X, moreover, WX C A. Finally, YX € int AN V. Consequently,
any neighborhood V of the point X contains points from int A, thus X € clint A.

(b) If Lie(T") # L, we consider the restriction of the system I" to the orbit O, a Lie subgroup of G with
the Lie algebra Lie(I"). The system T is full-rank on O, thus the statement in the case (b) follows from
the case (a). O

3.5. General controllability conditions. Let G be a linear Lie group, L its Lie algebra, and I' C L

a left-invariant system on G. In this subsection we prove some basic controllability conditions for I' on G.

Theorem 3.2 (Connectedness Condition). If I' C L is controllable on G, then the Lie group G is con-

nected.
Proof. The attainable set A is a connected subset of G. O

Example 3.2. The Lie group GL(n) is not connected since it consists of two connected components

GL4(n) and GL_(n), where
GLi(n) ={X € M(n) | sign(det X) = £+1}.

Thus there are no controllable systems on GL(n), but a reasonable question to study is controllability on

its connected component of identity GL (n).

Example 3.3. Similarly, the orthogonal group O(n) = SO(n) U O_(n) is disconnected, where O_(n) =
{X € O(n) | det X = —1}. So there no controllable systems on O(n); instead, one can study controllability
on SO(n).

Theorem 3.3 (Rank Condition). Let I' C L.

(1) IfT is controllable, then Lie(T") = L.
(2) int A # 0 if and only if Lie(T") = L.

Proof. (1) If I' is controllable, then A = G, the more so O = G, thus Lie(I') = L.

(2) By Krener’s theorem, if Lie(I') = L, then int A # (.

Conversely, let Lie(T') # L. Then dim O = dim Lie(T") < dim L = dim G. Thus int O = (), the more so
int A = (. O

Theorem 3.4 (Group Test). A system I' C L is controllable on a Lie group G iff the following conditions
hold:

(1) G is connected,
(2) Lie(T') = L,
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(3) the attainable set A is a subgroup of G.

Proof. The necessity is obvious, we prove sufficiency. If A C G is a subgroup, then for any element
X € A, its inverse X! belongs to A as well. Recall the descriptions of the attainable set and orbit
through identity:

A ={exp(t141) --- exp(tnAn) | t; >0, A; € T},
O = {exp(£t141) - exp(£tnAn) | t; >0, A; € T}
For any exponential exp(t;4;) € A, the inverse
(exp(tiA;)) ™! = exp(—t;4;) € A,

thus the attainable set A coincides with the orbit O. But O C G is a connected Lie subgroup with Lie
algebra Lie(I') = L. Then it follows that O = G, see [49]. Thus A= 0 =G. O

Definition 3.10. A control system is called locally controllable at a point X if
X € int A(X).

Theorem 3.5 (Local Controllability Test). A system I' C L is controllable on a Lie group G iff the
following conditions hold:

(1) G is connected,

(2) T s locally controllable at the identity.

Notice that identity element is always contained in the attainable set, and there may be two cases:
either Id € int A, or Id € 0A. In the first case the system is controllable, while in the second case not.

Now we prove Theorem 3.5.

Proof. The necessity is obvious, we prove sufficiency. There exists a neighborhood V' > Id such that
V c A. Consider the powers of this neighborhood: V™ C A for any n € N. But the Lie group G is
connected, thus it is generated by any neighborhood of identity [49]:

Uvm:G.

neN
Then AD U,y V" =G, thus A= G. O

Theorem 3.6 (Closure Test). A system I' C L is controllable on a Lie group G iff the following condi-
tions hold:

(1) Lie(T) = L,
(2) clA=G.
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Proof. The necessity is straightforward. Let us prove the sufficiency. Consider the time-reversed system
-I'={-A|AeT}.

Trajectories of the system —I' are trajectories of the initial system I' passed in the opposite direction,

thus
A_r= {exp(—tlAl) cee eXp(—tNAN) ‘ t; >0, A; € F}
= {(exp(tNAN) ce exp(hAl))fl | t; >0, A; € P} = .AEl

Since Lie(—T") = Lie(T") = L, it follows that int A_p # 0, thus there exists an open subset V' C A_r.
Further, by the hypothesis of this theorem, cl Ar = G, thus there exists a point X € ArNV # (). We have
XeVCcAr= Afl, thus the open set V~! C Ar is a neighborhood of the inverse X ~'. Consequently,
the open set V!X C Ar. But Id = X7 'X € V71X C Ar, thus Id € int Ar, and the system T is
controllable by Theorem 3.5. O

The previous theorem has important far-reaching consequences. It means that in the study of control-
lability of full-rank systems one can replace the attainable set A by its closure cl. A. This idea gives rise

to the powerful extension techniques described in the following section.

4. Extension Techniques for Left-Invariant Systems

4.1. Saturate.
Definition 4.1. Let I'y,I's C L. The system I'; is called equivalent to the system I'y: T'; ~ Iy if
cl Ar, = cl Ap,.
It is easy to show that not only the attainable set A, but also its closure is a semigroup.
Lemma 4.1. LetI' C L. Then cl Ar is a subsemigroup of G.

Proof. Let X,Y € cl Ar. Then there exist sequences
{X,}, {Yn} C Ar such that X,, - X, ¥,, = Y as n — oo.

Then
{X,Y,} C Ar and X,.Y,, — XY as n — oc.

Lemma 4.2. IfI'i ~T and 'y ~ T, then 'y UT'g ~ T,
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Proof. We have cl Ar, = cl Ar, = cl Ar. The inclusion
cl Ar C cl Ar,ur, (4.1)

is obvious in view of the the chain cl Ar = cl Ar, C cl Ar,ur,.

Now we prove the inclusion
Ar,ur, C cl Ar. (4.2)
Take an arbitrary element

X = GXp(tlAl) ce exp(tNAN) S AF1UF2, t; > 0, Al S Fl @] FQ.

We have
exp(t;A;) € Ar, U Ar, C cl Ar,

thus by Lemma 4.1 it follows that X € cl Ar. So inclusion (4.2) is proved, and cl Ar,ur, C cl Ar. In view
of inclusion (4.1), it follows that I'y UT'y ~ T O

The previous lemma allows one to unite equivalent systems. It is then natural to consider the union of

all systems equivalent to a given one.

Definition 4.2. The saturate of a left-invariant system I' C L is the following system:
Sat(l) =u{l" C L | T" ~T}.

Proposition 4.1. (1) Sat(I') ~ T
(2) Sat(I') ={A € L |exp(R4A) C cl Ar}.

Item (1) means that the saturate of I' is the largest left-invariant system on G equivalent to I', while

item (2) describes Sat(I') as a kind of a tangent object to cl Ar at the identity.
Proof. (1) Obviously, I' ~ T, thus I C Sat(I"), so cl Ar C cl Ag,(ry. In order to prove the inclusion
Agar(ry C el Ar, (4.3)
take any element
X =exp(t1 A1) --- exp(INAN) € Agar(r), t; >0, A;eSat(l).

Each element A; is contained in a system I'; ~ T, thus exp(t;4;) € Ap, C clAp. By the semigroup
property, cl Ar 5 X. Inclusion (4.3) and item (1) follow.
(2) Denote the system

F={AecL|exp(RyA) CclAr}.
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First we prove the inclusion
I' C Sat(T). (4.4)
We show that I’ ~ I'. Consider the representation
.Af = {exp(t1A1) s exp(tNAN) | t; >0, A; € f}

Since all exp(t;A4;) € cl Ar, it follows that A C cl Ar. Moreover, since I' C f, then Ar C Ap. Thus
cl Ag = cl Ar, hence [ ~I. Inclusion (4.4) is proved.

In order to prove the reverse inclusion
Sat(I') C T, (4.5)

take any element A € Sat(I'). Then A € I' ~ I. Thus exp(tA) € clAr, i.e., A € T. Inclusion (4.5)

follows. Taking into account inclusion (4.4), we obtain the required equality: Sat(I") = T. O

Remark. Unfortunately, the saturate is not the appropriate tangent object to cl A responsible for control-

lability: it is possible that Sat(I') = L, and nevertheless I" is not controllable.

Example 4.1 (irrational winding of the torus). The torus is a two-dimensional Abelian Lie group:
G=T?>=5"xS"={(x mod1l,y mod 1)}.
Its Lie algebra is
L =TyT? = R%
Consider the following left-invariant system on G:
I'={A}, A=(L,r), reR\Q.
The attainable set is the irrational winding of the torus:

A=exp(RyA) = {(z mod 1,7z mod 1) |z >0} # T2,

cl A= T2

Thus

I' ~ L = Sat(T'),

although T is not controllable on T?. The reason is clear — the rank condition is violated:
Lie(T') = RA # L.
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4.2. Lie saturate of invariant system. It is the following Lie-generated tangent object to cl Ar that

is responsible for controllability of IT'.
Definition 4.3. Lie saturate of a left-invariant system is defined as follows:
LS(T") = Lie(T") N Sat(T).
The following description of Lie Saturate follows immediately from Proposition 4.1.
Corollary 4.1. LS(I') = {A € Lie(T") | exp(R+A) C cl Ar}.

Theorem 4.1 (Lie Saturate Test). A left-invariant system I' C L is controllable on a connected Lie

group G if and only if LS(T") = L.

Proof. Necessity follows from the definition of the Lie saturate.

Sufficiency. Assume that LS(I') = L. The connected Lie group G is generated by the one-parameter
semigroups {exp(tA) | A € L, t > 0} as a semigroup; thus the equality Sat(I') = L implies that cl(A) = G.
Since, in addition, the rank condition Lie(I') = L holds, then I' is controllable by Theorem 3.6. O

The basic properties of Lie saturate are collected in the following proposition.

Theorem 4.2. (1) LS(T") is a closed convex positive cone in L, i.e.,

(1a) LS(I) is topologically closed:
cl(LS(I")) = LS(I),
(1b) LS(T) is convex:
ABeLS(I) = aAd+(1—-a)BeLS(I) Vacl01],
(1c) LS(I) is a positive cone:
AelS(T) = aAelS(I') Va>0.

Thus,
A BeLS(I') = aA+pBBeLS(I') Va,B2>0.
(2) For any +£A, B € LS(T") and any s € R,

A)? A"
(sad )B—i— +(sad )

exp(sad A)B= B+ (sad A)B + o e -

B4+ -
e LS(I).
(3) If £A,+B € LS(T"), then +[A, B] € LS(I).
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(4) If A € LS(T") and if the one-parameter subgroup {exp(tA) |t € R} is periodic (i.e., compact), then
—A e LS(I).
(5) Moreover, if A € LS(T") and if the one-parameter subgroup {exp(tA) | t € R} is quasi-periodic:

exp(R_A) C clexp(R;A), (4.6)
then —A € LS(T").
We denote by ad A the adjoint operator corresponding to A € L:
adA : L — L, adA : B~ [A, B].

Proof. (1a) Take a converging sequence LS(I') 3 A, — A € L. Since the linear space Lie(I") is closed, we

have

A, € Lie(I') = A€ Lie(l).
Further, it follows that Sat(I") is closed as well: since A,, € Sat(I"), we have
cl A > exp(tA,) — exp(tA) € cl A, t >0,

and A € Sat(T"). Thus A € LS(T"), and LS(T") is topologically closed.
(1b) Take any A, B € LS(T"), « € [0, 1], and consider the convex combination C' = aA+ (B, 3 =1—«.

There holds the following general formula:

exp(tC) = nILIEO <exp (%tA) exp <§tB>)n ,

see e.g. [49], thus C € Sat(I'), and Sat(I') is convex. Since the linear space Lie(I') is convex, it follows
that LS(I") is convex as well.

(1c) It is easy to show that LS(I") is a cone. Take any A € LS(I"), & > 0. Then exp(tad) € cl A, t >0,
ie, ad € LS(I).

To prove (2), assume that £A, B € LS(I"). Denote the element

Bs; = exp(sad A)B, s € R. (4.7)
It is easy to see that this element admits the following representation:
Bs = exp(sA)Bexp(—sA). (4.8)

Indeed, the both curves (4.7) and (4.8) are solutions to the Cauchy problem

d
Bo=B = B, =[A, By
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Further, it is obvious from (4.7) that Bs € Lie(I"). Representation (4.8) implies that
exp(tB;s) = exp(sA) exp(tB) exp(—sA) € cl(Ar)

for any t > 0, s € R; thus B; € LS(T") for all s € R.
Now (3) easily follows: if +A4,+B € LS(T), then +e!*14B,+B € LS(T), that is why

tad A - B
+[A, B] = + lim % € LS(I).

(4) follows from the chain
{exp(tA) |t > 0} = {exp(tA) |t € R} C cl Ap,

which is valid for all A € LS(T") with a periodic one-parameter group.

Finally, we prove a more strong property (5). It follows from the quasi-periodic property (4.6) that
exp(—tA) = exp(t(—A)) € clexp(R;A) C cl Ar
for any t > 0, thus —A € LS(T"). O
Usually, it is difficult to construct the Lie saturate of a left-invariant system explicitly. That is why
Theorems 4.1 and 4.2 are applied as sufficient conditions of controllability via the following procedure.
Starting from a given system I', one constructs a completely ordered ascending family of extensions {I',}

of T, i.e.,
Iy=T, 'y clgifa<p.

The extension rules are provided by Theorem 4.2:

(1) given I'y, one constructs I'g = cl(co(T'n));
(2) for £A, B € Ty, one constructs I'g = 'y U cRadApR.
(3) for £A,+B €Ty, one constructs I'g =T', UR[A, BJ;

(4, 5) given A € I, with periodic or quasi-periodic one-parameter group, one constructs I's = I', URA.

Theorem 4.2 guarantees that all extensions I'y, belong to LS(I"). If one obtains the relation I'y, = L at
some step «, then LS(I") = L, and the system I is controllable by Theorem 4.1.

5. Induced Systems on Homogeneous Spaces
Example 5.1 (bilinear systems). Consider the following right-invariant system on GL (n):
I'=A+RB C gl(n).
In the classical notation, this system has the form
X =AX +uBX, X eGLi(n), ucR, (5.1)
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Introduce also the following bilinear system:
& = Az + uBz, xeR"\ {0}, uweR. (5.2)

We exclude the origin from R since linear vector fields vanish at the origin, thus it is an equilibrium for
bilinear systems.

If X(t) is a trajectory of the right-invariant system (5.1) with X (0) = Id, then the curve z(t) = X (t)x¢
is a trajectory of the bilinear system (5.2) with z(0) = xo.

Assume that the right-invariant system (5.1) is controllable on GLy(n). Then it is easy to see that
the bilinear system (5.2) is controllable on R™ \ {0}. Indeed, take any two points zo, z; € R™\ {0}.
There exists a matrix X; € GL;4(n) such that Xyzg = z1. By virtue of controllability of I, there exists
a trajectory X (t) of the right-invariant system such that X (0) = Id, X(T") = X; for some T" > 0. Then

the trajectory x(t) = X (t)xo of the bilinear system steers z¢ to x:
z(0) = X(0)xo = Id g = o, z(T) = X(T)xo = X120 = 1.

We showed that if the right-invariant system (5.1) is controllable on GL, (n), then the bilinear sys-
tem (5.2) is controllable on R™ \ {0}.

There were three key points in the preceding argument.
(1) The Lie group G = GL4(n) acts on the manifold M = R™ \ {0}, that is, any X € G defines a
mapping
X :M— M, X r— X

(2) G acts transitively on M:
Vg, x1 € M I X € G such that Xag = z;.

(3) The bilinear system (5.2) is induced by the right-invariant system (5.1): if X (¢) is a trajectory
of (5.1), then X (¢)z is a trajectory of (5.2).

This construction generalizes as follows.
Definition 5.1. A Lie group G is said to act on a smooth manifold M if there exists a smooth mapping
0:GxM—M

that satisfies the following conditions:

(1) 6(YX,2) =0(Y,0(X,z)) for any X,Y € G and any x € M;
(2) 6(Id,x) = = for any = € M.
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Definition 5.2. A Lie group G acts transitively on M if for any zg,x1 € M there exists X € G such
that 0(X,z0) = z1. A manifold that admits a transitive action of a Lie group is called the homogeneous

space of this Lie group.
Definition 5.3. Let A € L. The vector field 0, A € Vec M induced by the action 6 is defined as follows:

(0.A)(z) = % i O(exp(tA),z), x € M.

Example 5.2. The Lie group GLy(n) acts transitively on R™ \ {0} as follows:
0(X,x) =Xz, X € GLi(n), =z e€R"™\{0}.
For a right-invariant vector field V(X) = AX, its flow through the identity is e"?(Id) = exp(At), thus

0 @) = L oertaay,e) = | exp(ans = ax
dt|,_, dt|,_qo

Definition 5.4. Let I' C L be a right-invariant system. The system

0.I' C Vec M,

(0.0)(x) = {(B.A)(2) | A€T},  we M,
is called the induced system on M.

Example 5.3. Let I' = {A+uB | u € R} C L be a right-invariant system on a linear Lie group
G C GL(n). In the classical notation, I has the form

X = AX +uBX, XeG, ueR.

We have 0,(AX) = Az, 6.(BX) = Bz, thus 0,(AX +uBX) = Az + uBz. So the induced system 6,I is
bilinear:
& = Az + uBx, z € R"\ {0}, weR

Lemma 5.1. If X (t) is a trajectory of a right-invariant system I, then x(t) = 0(X (t),x0) is a trajectory
of the induced system 0,1 for any xo € M.

Proof. We can consider the case where the whole trajectory X (t) satisfies a single ODE X = AX(t),

A €T, since an arbitrary trajectory of I' is a concatenation of such pieces. Then X (t) = exp(At) Xy and
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x(t) = 6(exp(At)Xo, zo). Then the required ODE is verified by differentiation:

z(t) = %H(exp(At)Xo,xo) = die ., O(exp(A(t + ¢))Xo, xo)

= % 6 (exp(Ae), 0(exp(At) Xo, z0))
e=0

(1)
= (0. A)(x(t)).
0

Theorem 5.1. Let 0 be a transitive action of a Lie group G on a manifold M, let I' C L be a right-in-

variant system on G, and let 6,1' C Vec M be the induced system on M.

(1) If T is controllable on G, then 6,1 is controllable on M.

(2) Moreover, if the semigroup Ar acts transitively on M, then 0, is controllable on M.

Proof. Ttem (1) follows from (2), so we prove (2). Take any points xg,x1 € M. The transitivity of action
of Ar on M means that there exists X € Ar such that 6(X,z9) = x;. Further, the inclusion X € Ap
means that some trajectory X (¢) of I' steers Id to X: X(0) = Id, X(7) = X, T > 0. Then the curve
x(t) = 0(X(t),x0) is a trajectory of 6,I' that steers zy to x1:

z(0) = 0(Id, z¢) = o, z(T) = 0(X, xzp) = x1.
O

Important applications of Theorem 5.1 are related to the linear action of linear groups G C GL(n;R)

on the vector space R". In this case, the induced systems are bilinear, or more generally, affine systems.

Example 5.4 (G = GL4(R), M =R"\ {0}). We have

0(X,z) = Xz,
= {A—}— ZUsz} C gl(n),
i=1

0. : ©=Ax+ ZuiBix, x € R"\ {0}.

i=1
If A= GL4(n) or A= SL(n), then the bilinear system 6,I" is controllable on R™\ {0}. The attainable set

may be even less, for example, in the case A = SO(n) xR, Id the bilinear system 6,I" remains controllable.
Remark. Linear groups acting transitively on R™ \ {0} or S™ are described, see [6-9, 27, 42].
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Example 5.5 (G = SL(n), M = R™\ {0}). Similarly,

I'= {A + iusz} C sl(n),

0. : x':Aa:—i—ZuiBix, z € R"\ {0}.
i=1

If A is transitive on R™ \ {0}, then the bilinear system 6,I" is controllable on R™ \ {0}.
Example 5.6 (G = SO(n), M = S™1).

0(X,z) = Xz,
{A+z:uZ Z} C so(n),

0. : ©=Ax+ ZuiBi:v, ze Sl
i=1

Example 5.7 (G = U(n) or SU(n), M = §?"~1).

0(Z,2) =2z,
{A+Zul Z} ) or su(n),

0, : 2=Az+ ZuiBiz, z e St
i=1

Example 5.8 (G = Aff; (n), M = R"). The connected component of identity in the affine group

X vy
Aff; (n) = C GL(n+1)
0 1

acts transitively on the space

M =R"= c R™!

as follows:

o 1) \1

Consider a right-invariant system on G:

€ aff(n).

Sik
x o\ [ ) [ xess
b

m
= {CO+ZUi i
i—1
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The induced vector fields are affine:
0. = ,

and the induced system has the form

0. : i':Aow—i-b()—l—Zui(Ai{L'—i-bi), r e R™

i=1
In particular, for bp =0, A} =--- = A, = 0, we obtain the linear system
m
#=Aow+ Y ub, TER", w R (5.3)

=1

Exercise 5.1. Show that if the Kalman condition holds:
span(bi, ..., bm; Aobt, ..., Aobm; -3 Ay b1, ... AD T by) = RY,
then the linear system (5.3) is controllable on R™.
Example 5.9 (G = E(n), M = R"). This case is completely similar to the case of Aff(n).

In this section we developed a theory of induced systems for right-invariant systems because of the
important class of bilinear systems @ = Az + uBx, where x € R™\ {0} is a column vector. Obviously, the
theory of induced systems for left-invariant systems is quite the same; in this case the induced systems

read y = yA + uyB, where y € R \ {0} is a row vector.

6. Controllability Conditions for Special Classes of Systems and Lie Groups

6.1. Symmetric systems. We return to the exposition for left-invariant systems I' C L on a Lie group

G.
Definition 6.1. A system I' C L is called symmetric if
I'=-T,
i.e., together with any element A, this system contains also the sign-opposite element —A.

Given a symmetric system, for any admissible direction of motion A, the motion in the opposite

direction —A is also admissible.

Lemma 6.1. LetT' = —-T'. Then A= O.
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Proof. We have
0= {eXp(:ttlAl) s eXp(:I:tNAN) | t; > 0, Al € P} .

But all —A; € T, thus A = O. O

Thus the study of controllability for symmetric I' is reduced to the verification of the rank condition.

Theorem 6.1. A symmetric left-invariant system I' C L is controllable on a connected Lie group G if

and only if Lie(I") = L.

Proof. The necessity is a general fact. Sufficiency follows since for a full-rank system on a connected Lie

group the orbit coincides with the whole Lie group. O

Example 6.1 (control-linear systems). A control-linear system

m
= {ZUZA, |u= (ug,...,um) € UCRm}
i=1
is symmetric if the set of control parameters U is symmetric with respect to the origin: U = —U; in
particular, if U = R™:

' =span(Ay,...,A,) C L.

Such a system is controllable on a connected Lie group G iff Lie(4y,...,4,,) = L.

Example 6.2 (symmetric bilinear system). Let Ay,..., Ay, € gl(n). Consider the corresponding sym-

metric bilinear system:

= ZuiAix, z € R"\ {0}, w; €R. (6.1)
i=1

Denote Lie(Ay,...,An) = L, and let G C GL(n) be the connected Lie subgroup corresponding to the Lie
algebra L. If G acts transitively on R™ \ {0} (or S"~!), then the bilinear system (6.1) is controllable on
R™\ {0} (respectively on S™71).

6.2. Compact Lie groups. In this section, we consider the case of a Lie group that is compact as a
topological space. For example, the Lie groups SO(n), U(n), SU(n) are compact and connected.

The following simple fact is crucial for the controllability problem on compact Lie groups.

Lemma 6.2. Let a Lie group G be compact, and let A belong to the Lie algebra L. Then the one-parameter
subgroup exp(RA) is quasi-periodic:

exp(R_A) C clexp(RA).
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Proof. Denote X = exp(tA) for an arbitrary fixed ¢ > 0. We have to prove that
exp(—tA) = X! € clexp(RA).

The sequence { X"}, n € N, has a converging subsequence in the compact Lie group G:

X" Y € G as k — oo, N1 > Nk
Then
Xl = X X X S YY T X T = X as b — oo
But ngy1 —ng — 1> 0, thus X! € clexp(R; A). O

Corollary 6.1. Let G be compact, and let ' C L. Then LS(I") = Lie(T).

Proof. We show that LS(I') is a Lie algebra. If A,B € LS(I"), then +A, B € LS(I') by Lemma 6.2.
Thus A + B € LS(T), o, B € R, since LS(T") is a cone. Moreover +[A, B] € LS(T"). It follows that
LS(T) is a Lie subalgebra of L.

Taking into account the chain I' C LS(T") C Lie(T"), we conclude that LS(T") = Lie(T). O

Theorem 6.2. A left-invariant system I' C L is controllable on a compact connected Lie group G if and

only if Lie(T') = L.
Proof. Apply Corollary 6.1. O

Example 6.3 (SO(3)). Let G = SO(3), the set of all 3 x 3 real orthogonal matrices with positive deter-
minant. The Lie group G is compact and connected. Its Lie algebra L = so(3) is the set of all 3 x 3 real
skew-symmetric matrices.

Take any linearly independent matrices A1, A2 € so(3) and consider the right-invariant system I' =
{41, As}. Notice that the matrices Ay, A2, and [A;, As] span the whole Lie algebra so(3). By Theorem 6.2,

the system I is controllable. That is, any rotation in SO(3) can be written as the product of exponentials
exp(t14i,) - - exp(tnAiy), t; >0, i; € {1,2}, NeN. (6.2)

The single-input right-invariant affine in control system
X =(A +udy)X, uelUCR, X eS0(3) (6.3)

is also controllable (for any control set U containing more than one element).

Consequently, the induced bilinear system
&= A1x + uAsx, reS? welU
is controllable on the sphere S2.
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Example 6.4 (SO(n)). The previous considerations are generalized to the group G = SO(n) of rotations
of R™. In this case, the Lie algebra L of G is the set of all n x n skew-symmetric matrices so(n).

Take the matrices A; = 2?2_12(Ei,z‘+1 —FEi1;) and Ay = B, 1, — Ep 1. We denote by E;j the n xn
matrix with the only identity in row ¢ and column j, and all other zero entries.

It is easy to show that Lie(A;, A2) = so(n). Thus, even though the group SO(n) is n(n — 1)-
dimensional, the system

X = (4, +udy)X, X eSO(n), uelUCR,
in which only one control is involved, is controllable (if the set of control parameters U contains at least
two distinct points).
Notice that the set of pairs (A1, A2) such that Lie(A;, A2) = L is open and dense in L x L (this is valid
for any semisimple Lie algebra L; see [46]). Thus, we can replace the matrices A; and Az by an “almost
arbitrary” pair in L x L.

Example 6.5 (SU(2)). For the Lie group G = SU(2), its Lie algebra can be represented as follows:

1 0 0 1 0 ¢
L =su(2) = span , ,
0 —: -1 0 1 0

For any linearly independent Ay, Ay € L, we have [Aj, As] ¢ span(Aj, As), thus Lie(A;, As) = L. So the
system I' = {A; +uAs | u € U} (where U contains more than one element) is controllable on G = SU(2).

Consequently, the induced bilinear system
z= A1z +uAsz, eS8 welR
is controllable on the sphere S3.
6.3. Semisimple Lie groups.
Definition 6.2. A subspace I C L is called an ideal of a Lie algebra L if
[I,L] CI.

Definition 6.3. A Lie algebra L is called simple if it is not Abelian and contains no proper (i.e., distinct

from {0} and L) ideals.
Definition 6.4. A Lie algebra L is called semisimple if it contains no nonzero Abelian ideals.
A semisimple Lie algebra is a direct sum of its simple ideals.

Definition 6.5. A Lie group G is called simple (resp., semisimple) if its Lie algebra L is simple (resp.,

semisimple).
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The Lie groups SL(n) and SU(n) are simple; the Lie groups SO(n), n # 4, are simple, while SO(4) is
semisimple.

For the controllability problem, we are interested in the case of SL(n) since the other two groups are
compact and for them controllability is equivalent to the rank condition.

We start from an example of a control system that has the full rank and is not controllable.

Example 6.6. Let G = SL(2) and I' = A+RB C sl(2). Here A and B are traceless matrices of the form

A = (aij), a2 >0, az >0,
-5 0
B= . b#£0.
0 b
Let us show first that
Lie(4, B) = L = sl(2). (6.4)

Since dimsl(2) = 3, we have to obtain just one element in Lie(A, B) linearly independent of A and B.
Compute the commutator:
0 a
[A,B] = 2b 2,
—an1 0
now it is obvious that

span(A, B, [A, B]) = sl(2).

Equality (6.4) follows, i.e., the system I' is full-rank.
In order to show that I' is noncontrollable on SL(2), we prove that the bilinear system 6,I" is noncon-

trollable on R?\ {0}. The induced system has the form
& = Az + uBux, reR?\ {0}, weR. (6.5)

It is easy to see that the field Bz is tangent to the axes of coordinates {x1 = 0} and {z2 = 0}. On the
other hand, the field Ax is directed inside the first quadrant Ri = {z1 > 0, z2 > 0} on its boundary.
Consequently, R%r is an invariant set of the bilinear system (6.5). Thus the induced system 6,I" is not
controllable on the homogeneous space R? \ {0}, hence the right-invariant system I is not controllable on

the Lie group SL(2).

The controllability problem on SL(n) is much harder than the one on compact Lie groups. In fact, the
whole machinery of the Lie saturation on Lie groups was developed primarily for the study of controllability
on SL(n). There are no controllability tests in this case, but there are good sufficient conditions for

controllability on SL(n).
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Theorem 6.3. Let G = SL(n) and I' = A+ RB C sl(n). Suppose that the matrices A = (a;j) and B
satisfy the conditions:
(1) aipan1 < 0;
(2) the matriz A is permutation-irreducible;
(3) B = diag(bi,...,by);
(4) by <bg < -+ < by;
(5) bi —bj # by — by, for (i,7) # (k,m).

Then the system T is controllable on the group SL(n).

An n x n matrix A is called permutation-reducible if there exists a permutation matrix P such that

piap— [ A
0 As

where Ag is a k x k matrix with 0 < k < n. An n X n matrix is called permutation-irreducible if it is
not permutation-reducible. Permutation-irreducible matrices are matrices having no nontrivial invariant
coordinate subspaces.

Now we prove Theorem 6.3 (in the case n = 2 only: in the general case the proof is longer but uses

essentially the same ideas [12]).

Proof. In the case n = 2 we have:

a1l a
A= e ) aizaz1 < 0,
as  ay
b 0
B= . b>o0.
0 b

Without loss of generality, we can assume that
a2 >0, a2 <0,

in the case of opposite signs the proof is the same.

‘We show that

LS(T") = sl(2) = span(Eaa — E11, Ei12, E21). (6.6)
First of all,
IS@)BAEXB—%HﬂniBGLMD,
thus
A, +B € LS(I).
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That is why
A; =exp(tad B)A € LS(T), teR.

Compute the matrix of the adjoint operator
ad B : 81(2) — 81(2), B = —b(EH — EQQ),
in the basis (6.6). We have

(ad B)(Ell — E22) = 07
(ad B)E12 = —2bE12,

(ad B)Egl = 2bE21 .

Thus the adjoint operator has the diagonal matrix

0O 0 O
0 0 2b
and its exponential is easily computed:
1 0 0
exp(tad B) = | 0 exp(—2bt) 0
0 0 exp(2bt)
Further, in the basis (6.6)
ail a1l
A = a2 N At = exp(t ad B)A - exp(—2bt)a12 S LS(F)
asy exp(2bt)ag;

Since =B = Fb(E11 — Ea2) € LS(I'), it follows that +(FE1; — Ea2) € LS(T"), and we can kill the first

coordinate of A;:

0
A} = Ay — a1 (B — Ex) = exp(—2bt)a;s | € LS(T).
exp(2bt)ag;
We go on:
0 0
LS(T) > exp(2bt) A} = ars —t—oo | arp | € LS(T).
exp(4bt)ag; 0
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Consequently,

a9 =Fp € LS(F)
a12
Similarly,

0 0
LS(T) 3 exp(—2bt)A{ = | exp(—4bt)aiy | —t—to00 | 0 | € LS(D).

a1 a21

Then

0 =—Fy € LS(F)
|21

a21

Summing up,

FEio — E9 € LS(F)
But this element generates a periodic one-parameter group:

cost sint
exp(t(E12 — EQl)) =
—sint cost

That is why
+(F12 — Fo1) € LS(T).
Recall that +(F1; — E99) € LS(T") as well. Thus
+[E12 — Eo1, E11 — Ex) = F2(E12 + E21) € LS(I).
It follows that
+F1o, £F9,+(F11 — E9) € LS(T),
thus LS(I") = sl(2), and the system I is controllable on SL(2). O

There exist generalizations of the previous theorem for the case of complex spectrum of the matrix B

and for general semisimple Lie groups G [2, 15, 16].
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6.4. Solvable Lie groups. For a Lie algebra L, its derived series is the following descending chain of

subalgebras:

LoLW =L, L] >L® =M LW 5 ... |
Definition 6.6. A Lie algebra L is called solvable if its derived series stabilizes at zero:
LHoLW>SL@ 5 ... 5 W) = {0}
for some NV € N. A Lie group with a solvable Lie algebra is called solvable.
Example 6.7. The groups T(n) and E(2) are solvable.

There is a general controllability test for right-invariant systems on connected, simply connected solvable
Lie groups (recall that a topological space M is called simply connected if any closed loop in M can be

contracted to a point).

Theorem 6.4. Let a Lie group G be connected, simply connected, and solvable. A right-invariant system

' C L is controllable iff the following two properties hold:
(1) Lie(T') = L and
(2) T is not contained in a half-space in L bounded by a subalgebra.

If G is not simply connected, conditions (1), (2) remain sufficient for controllability of T'.

We will prove only the easy part of this test — necessity. Sufficiency is highly nontrivial, its proof may
be found in [19].
And necessity in Theorem 6.4 is a consequence of the following necessary controllability condition for

general (not necessarily solvable) simply connected Lie groups.

Theorem 6.5. Let G be a connected, simply connected Lie group, and let I' C L. IfT" is contained in a
half-space in L bounded by a subalgebra, then ' is not controllable on G.

Proof. Suppose that I' is contained in a half-space II C L bounded by a subalgebral C L, dim! = dim L—1.
We have IT = Ry A + [ for some A € L. There exists a Lie subgroup H C G with the Lie algebra [. Since
G is simply connected and dim H = dim G — 1, the subgroup H is closed in G. Then the coset space

G/H ={XH | X € G}
is a smooth manifold. Moreover,
dimG/H =dimG —dim H = 1.
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Further, since G is simply connected, its quotient G/H is simply connected as well. Summing up,
G/H =R.
The quotient G/H is a homogeneous space of G: the transitive action is
0:GxG/H— G/H, Y, XH)=YXH.

In order to show that I is noncontrollable on GG, we prove that the induced system 6,I" is noncontrollable
on the homogeneous space G/H.

Denote the projection
m:G— G/H, m(X)=XH.

For any C € we have

d d
0.C| 1) = r t:O O(exp(tC),H) = 77 i exp(tC)-H

d d

= — (H)= —| =(1d)
dtf,_g dt],_g

= 0.

That is,
9*”71_(1(1) - O

Since I' C I = R4 A + [, then
0. r1ay C O«(Ry A+ D) 1a) = O«(Ry A)|r0q) = R 02 A 1q) -

So admissible velocities of the induced system 6,I" at m(Id) € R belong to a half-line. Thus 6,I" is not
controllable on R = G/H and I is not controllable on G. t

In addition to Theorem 6.4, it would be desirable to have a controllability condition with easy to verify

hypotheses. We give such a condition for a subclass of solvable Lie groups.

Definition 6.7. A solvable Lie algebra is called completely solvable if all adjoint operators ad A, A € L,

have only real eigenvalues.
Example 6.8. The triangular algebra t(n) is completely solvable.

Definition 6.8. A Lie algebra is called nilpotent if all adjoint operators ad A, A € L, have only zero

eigenvalues.
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Example 6.9. The Lie group
To(n) ={X = (wij) | x5 =0 Vi > j, z; = 1 Vi}
is nilpotent.

Any nilpotent Lie algebra is completely solvable. An example of a solvable but not completely solvable

Lie algebra is provided by the Lie algebra e(2) of the Euclidean group of the plane.

Theorem 6.6. Let G be a completely solvable, connected, simply connected Lie group, and let

F:{A—FZUZ-BHWER}CL.

=1

The system T is controllable iff Lie(Bi,...,Bm) = L.
Proof. Sufficiency. We have
—ytoo £B; € LS(T),
thus
Lie(By,...,By) C LS(T).

If Lie(By, ..., Bm) = L, then LS(I') = L, and I is controllable.
Necessity is based upon the following general fact: in a completely solvable Lie algebra L, any subalgebra
Iy C L, l; # L, is contained in a subalgebra ly D [ such that dimly = dimi; + 1, see [31].

Let Lie(By,...,By,) =11 # L. Then there exists a codimension one subalgebra ls in L containing /;:
L Cly CL, dimly =dim L — 1.

The system I' is contained in a larger system:
m
I = {A—i—ZuiBz} C A+ Lie(By,...,Bp)=A+1, CRLA+1y.
i=1

(1) If A ¢ Iy, then IT = R} A + [y is a half-space bounded by the subalgebra lo and containing I". Thus
I" is not controllable.
(2) And if A € Iy, then R1 A + [y =I5 is a subalgebra containing I". Thus I' is not full-rank, thus it is

not controllable. O
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6.5. Semi-direct products of Lie groups.

Definition 6.9. Let a Lie group K act linearly on a vector space V. The semi-direct product of V' and

K is the Lie group defined as the set
G=VxK={(vk)|veV, ke K}
endowed with the product smooth structure, and the group operation

(v1, k1) - (v2, k2) = (v1 + k1ve, k1k2).

Example 6.10. The Euclidean group E(n) is the semi-direct product R x SO(n), this is obvious since

X
F(n) — Y1 eMmn+1)| X €S0(m), yecR”
0 1
and
X1 wn Xo y2 | [ XiXo Xyt
0 1 0 1 0 1

The following controllability test for semi-direct products can be seen as a generalization of the con-

trollability test for compact Lie groups given in Th. 6.2.

Theorem 6.7. Let K be a compact connected Lie group acting linearly on a vector space V', and let
G =V x K. Assume that the action of K has no nonzero fized points in V. An invariant system I' C L
is controllable on G iff Lie(I') = L.

Example 6.11. The group SO(n) has no nonzero fixed points in R™, thus an invariant system I' C e(n)

is controllable on E(n) = R™ x SO(n) iff T" is full-rank.

We prove Theorem 6.7 in the simplest case G = E(2), I' = A + RB. The proof in the general case, as
well as a generalization for the case where K has fixed points in V', may be found in [5].

Let G=E(2),'= A+ RB C e(2). We have
e(2) = span(ey, ez, €3), e1 = B2 — E9, e2 = Ens, e3 = Eos.
The multiplication table in L = e(2) is as follows:
le1,e2] = —e3, [e1,e3] =ea, [ea,e3] =0, (6.7)
thus the derived series is
L = span(ey, ez, e3) D L) = span(es, e35) D L?) = {0},
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so €(2) is solvable. Further, Sp(ade;) = {0, +i} ¢ R, so e(2) is not completely solvable. It easily follows
from multiplication table (6.7) that span(ez, e3) is the only two-dimensional subalgebra in e(2).

Now we give a controllability test on E(2).
Theorem 6.8. A system I' = A+ RB C e(2) is controllable on G = E(2) iff the following conditions
hold:

(1) A, B are linearly independent and

(2) {A, B} ¢ span(es,e3).

Proof. Necessity. If A, B are linearly dependent or {4, B} C span(es, e3), then Lie(I') = Lie(A, B) # L,
thus I' is not controllable.
Sufficiency. Let A, B are linearly independent and {A, B} ¢ span(eg,e3). Then there exist linearly
independent A, = A+ uB and A, = A + vB such that A,, A, ¢ span(eg, e3). For the element
Ay = are + azes + ases, a1 # 0,
the one-parameter subgroup
cos(ars)  sin(ars) g2sin(ans) + §23(1 — cos(ans))
exp(sAy) = | —sin(ais) cos(ais) a2 (cos(ars) — 1) + g2 sin(a s)
0 0 1

is periodic. Since A, € I', then +A4, € LS(I'). Similarly, £4, € LS(I'). Thus the subspace | =
Lie(Ay, Ay) € LS(I'). But [ is not contained in span(ez,e3) — the only two-dimensional subalgebra in
e(2). Thus I = e(2), LS(T") = e(2) = L, and T is controllable on E(2). O

Now we are able to prove Theorem 6.7 in the simplest case.
Corollary 6.2. A system I' = A+ RB C e(2) is controllable on E(2) iff Lie(I') = e(2).

Proof. Necessity of the rank condition is a general fact. On the other hand, if Lie(T') = e(2), then
conditions (1), (2) of Theorem 6.8 are satisfied, thus I' is controllable on E(2). O

7. Pontryagin Maximum Principle for Invariant Optimal Control Problems on Lie Groups
Now we turn to optimal control problems of the form
q¢=f(gu), qeM, uelUCR™,

q(O) = qo, Q(tl) =(q1,
t1

J(u) = /g@(q(t),u(t)) dt — min .

0
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Here M is a smooth manifold, f(q,u) and (g, u) are smooth, and admissible controls u(t) are measurable
locally bounded.
In order to state the fundamental necessary optimality condition — Pontryagin Maximum Principle [30]

— we recall some basic notions of the Hamiltonian formalism on the cotangent bundle.

7.1. Hamiltonian systems on T*M. Let M be a smooth n-dimensional manifold. At any point
q € M, the tangent space T; M has the dual space — the cotangent space T M = (TyM)*. The disjoint

union of all cotangent spaces is the cotangent bundle T*M = qu v Iy M, it is a smooth manifold of

dimension 2n. In order to construct local coordinates on T*M, take any local coordinates (x1,...,zy)
on M. Then dzig,...,dzs, are basis linear forms in T/ M, and any covector A € T’ M is decomposed
as A\ = > pidzig. The 2n-tuple (p1,...,pn;21,...,2,) provides local coordinates called canonical

coordinates on the cotangent bundle T* M.

The canonical projection 7 : T*M — M maps a covector A € Ty’ M to the base point ¢ € M.

The tautological 1-form s € AY(T*M) is defined as follows. Take any point A € T*M, 7(\) = ¢, and
any tangent vector £ € T\(T*M). Then

<8/\7 §> = <)‘a 7r*£>
The symplectic form o € A?>(T*M) is defined as the differential
o =ds.

Any smooth function h € C®°(T*M) is called a Hamiltonian. The corresponding Hamiltonian vector
field he Vec(T*M) is introduced in the following way. The differential dh is a 1-form on 7*M. On the
other hand, for any vector field V € Vec(T*M), one can define the 1-form o(V, - ) = iyo € AL(T*M).
The Hamiltonian vector field corresponding to a Hamiltonian function h is defined as such vector field

h € Vec(T*M) that

dh = —i};a.

Example 7.1. In canonical coordinates (p1,...,pn;T1,...,2,) on T*M, we have:
n
s=pdx = Zmdﬂci,
i=1

U:dp/\dac:dei/\dmi.

=1
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For a Hamiltonian h = h(p,z) € C°(T*M), the Hamiltonian system of ODEs A = h()) in canonical

coordinates has the form

. oh
p__ﬁim’
_Oh

7.2. Pontryagin Maximum Principle on smooth manifolds. Consider optimal control problem

of the form
qd= f(q,u), geM, ueUCcCR™, (7.1)

q(0) = qo, q(t1) = qu, t1 fixed or free, (7.2)
t1

J(u) = /cp(q(t),u(t)) dt — min . (7.3)
0

Let A € T*M be a covector, v € R a parameter, and v € U a control parameter. Introduce the family

of Hamiltonians

hu(A) = (A, Fg, w)) +velg, u).

Theorem 7.1 (Pontryagim maximum principle on smooth manifolds). Leta(t), ¢t € [0,t1], be an optimal
control in the problem (7.1)—(7.3) with fixzed time t1. Then there exists a Lipschitzian curve \; € TipM,
t €[0,t1], and a number v € R such that:

At :@(t) (M), (7.4)
hagy (M) = max by (M), (7.5)
Mov) £ (0,0, te ot (7.6)
v <0, (7.7)

Remark. For the problem (7.1)—(7.3) with free terminal time ¢;, necessary optimality conditions read

as (7.4)—(7.7) plus the additional equality hg(t)()\(t)) =0.
The proof of Pontryagin Maximum Principle on smooth manifolds may be found in [1].

7.3. Hamiltonian systems on T*G. Notice that in general the cotangent bundle T*M of a smooth
manifold M is not trivial, i.e., cannot be represented as the direct product E x M of a vector space E
with M. Although, the cotangent bundle T*G of a Lie group G has a natural trivialization. We will
apply this trivialization in order to write Hamiltonian system of PMP for optimal control problems on
Lie groups.

Let F be a vector space of dimension dim F = dim M = n.

49



Definition 7.1. A trivialization of the cotangent bundle T*M is a diffeomorphism & : £ x M — T*M
such that:

(1) ®(e,q) € Ty M, ecE, qeM,
(2) ®(-,q) : E— T;M is a linear isomorphism for any ¢ € M.

At any point (e, q) of the trivialized cotangent bundle E x M = T*M, we have the following identifi-

cations of the tangent and cotangent bundles:
TegEXM)=2T.EQTM=EXxT,M,
Tie(Ex M) =T ESTGM = E* x T3 M.
Respectively, any tangent and cotangent vector are decomposed into the vertical and horizontal parts:
V=V, + V, VEeTen(ExM), V,eE, V,eTM,
W= wy + wp, wGT(*evq)(ExM), wy € B*,  wp € T/ M.
For a Lie group G, the cotangent bundle T*G has a natural trivialization as follows:
O L"xG— TG, (a,X)—ax, acl*, Xeaq.

Here L* is the dual space of the Lie algebra L = TjqG, and @ € A'(G) is the left-invariant 1-form on G

obtained by left translations from the covector a = ajq € L*:
(ax, X A) = (a, A), acl*, AceL, XEedG.

Now we compute the pull-back of the tautological 1-form s, the symplectic 2-form ¢, and a Hamiltonian
vector field 4 to the trivialized cotangent bundle L* x G 2 T*@G.

We start from the tautological 1-form ®s € AL(L* x G). Take any point (a, X) € L* X G and a tangent
vector (§,XA) € L* @ TxG. Then

<((/I\)S)(a,X)a (5,XA)> = <sfzxa (I)*(a,X) (ga XA)> = <(_1X,7T*q)*(a,X) (ga XA)>
= (ax,XA) = (a,A). (7.8)

Further, compute the symplectic 2-form do € A?(L* x G). For any tangent vectors (£, X A), (n, XB) €
L* & Tx G we have

(ZI;J)(Q,X)((57 XA)» (7% XB))
since ®o = dds = dds
= (d®s) (0, x)((€, X A), (n, X B))
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since dw(V, W) = V{w, W) — W{(w, V) — (w, [V, W])

= (vaA)<(/I;S(a,X)’ (U’XB» (n’XB)<(I)S(aX (f XA))

— (500, [(§, X A), (0, X B)])

taking into account formula (7.8) for Ps

= (5,A)<CL,B> - (777 B)<aa A> - <(I, [Av B]>
= <§7B> - <777A> - <a7 [Av B]>
Finally, take a Hamiltonian A = h(a) not depending on X € G, this is the form of the Hamiltonian of

PMP for a left-invariant optimal control problem on the Lie group G. Decompose the required Hamiltonian

vector field k € Vec(L* x @) into the vertical and horizontal parts:
h(a,X)= (6, XA) e " TxG, aecl*, Xed.

Apply the identity dh = —</I;a(l_i, - ) to an arbitrary tangent vector (n, XB) € L* @ TxG. Since the

Hamiltonian h does not depend on X, we denote

Oh _ s
dh= 5= € (L") = L.

Taking into account formula (7.8) for E)a, we obtain:

(s XB) ) = ldh (0. XB)) = <010, (& X A). (1. X))

Setting B = 0 in (7.9), we compute the vertical part of h:

<gZ’ (77,0)> = <n’ gz> =(n,A) VneL,

Oh
thus A = a"

Now we set =0 in (7.9) and find the horizontal part of h:
0= <dh’7 (OaXB)> = _<£7B> + <a’7 [AaBDu
thus
(6,B) = (a,[A,B]) = {(ad A)'a,B)  VBeL.

anh\"
So & = (ad A)*a <ad8a> a
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Summing up, the Hamiltonian system on 7*G = L* x G for a left-invariant Hamiltonian h = h(a),

dz(adah> a, a€ L*
da

a € L*, has the form

(7.10)
ah
Oa’

7.4. Hamiltonian systems in the case of compact Lie group. The Hamiltonian system (7.10)

X=X X €G.
simplifies in the case of a compact Lie group G.

Let G C GL(N) be a compact linear Lie group. Then it is easy to show that in fact G C O(N). That

is, there exists an inner product g( - , -) on RY such that
9(Xu, Xv) = g(u,v) VX €G, Vu, veRY.

Indeed, start from an arbitrary inner product §( - ,-) on RY, and choose any left-invariant 1-forms
wi,...,wn € AYG) linearly independent at each point of G. Then the required inner product g can be
constructed as follows:

g(u,v) = /Q(Xu,XU) Wi A Awp.

G
So in the sequel we assume that G C O(N), thus L C so(NN). But the Lie algebra so(N) has an

invariant inner product (-, -):
(A,B) = —tr(AB).

Writing skew-symmetric matrices as

A= (Aij), B=(By), Aij = —Aj, Bij =—Bj,

we have

N
(A,B) =) AyBj.
ij=1
The product (-,-) is invariant in the sense of the following identity:

<etach76tadCB> =(A,B) VA, B, C€so(N), VteR. (7.11)

tadC

In other words, the operator e : s0o(N) — so(NN) is orthogonal. This identity easily follows since

et2dC A = etC Ae~C and
<6tadCA76tadCB> = —tr(e!CAetCetC BeC) = _tr(e!C ABetC)
= —tr(AB) = (A, B)
by invariance of trace.
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Differentiating identity (7.11) with respect to ¢ at ¢ = 0, we obtain the infinitesimal version of the
invariance identity:
(adC(A),B) + (A,adC(B)) =0 VA, B, C €so(N),
i.e., the operator ad C' : so(N) — so(N) is skew-symmetric.
Consequently, the Lie algebra L C so(/N) is endowed with an invariant scalar product. This allows us

to identify the Lie algebra L with its dual space L*:
Ao A= (A, ), AelL, AelL".

Oh\™
Via this identification, the operator <ad 8) : L* — L* becomes defined in L. Let A € L, we compute
a

the action of the operator (ad A)* : L — L. For any B,C € L, we have

((ad A)*B,C) = (B, (ad A)C) = (B, (ad A)C) = —((ad A) B, C)

= —((ad A)B,C).

—_~—

Thus (ad A)*B = —ad A(B), so the operator (ad A)* : L — L coincides with —ad A.

Oh\" dh
In particular, the operator (ad 8) : L* — L* is identified with the operator — ad 94 L— L. So
a

for a compact Lie group G, the vertical part of the Hamiltonian system is defined on the Lie algebra L:

. oh oh
a-—(ad({)cz)a— {a,aa], a€ L,

(7.12)
X=X, Xea.
Now we apply expressions (7.10), (7.12) for Hamiltonian systems in order to study invariant optimal
control problems on Lie groups.

8. Examples of Invariant Optimal Control Problems on Lie Groups

8.1. Riemannian problem on compact Lie group. Let G be a compact connected Lie group. The

invariant scalar product (-,-) in the Lie algebra L defines a left-invariant Riemannian structure on G-
(XA, XB)x = (A, B), A Bel, XeG, XA, XBeTxG.
So in every tangent space Tx G there is a scalar product (-,-)x. For any Lipschitzian curve
X :[0,t1) = M

its Riemannian length is defined as integral of velocity:
t1
1= [1X@ld =0 )
0

53



The problem is stated as follows: given any pair of points Xy, X1 € G, find the shortest curve in G that
connects X and X;.

The corresponding optimal control problem is as follows:

X = Xu, XelG, wuel, (8.1)
X(0) = Xo, X(t1) = X1, (8.2)
Xo, X1 € G fixed, (83)

t1

l(u) = / |u(t)| dt — min. (8.4)

0
First of all, notice that invariant system (8.1) is controllable since I' = L is full-rank and symmetric,
while G is connected.

By Cauchy-Schwartz inequality,

t1

2 t
(1)) = / ()] dt | < / ()2 dt - 1,
0

0
moreover, the equality occurs only if |u(t)] = const. Consequently, the Riemannian problem ! — min is

equivalent to the problem
t1

J(u) = ;/\u(t)Ith — min. (8.5)
0

The functional J is more convenient than [ since J is smooth and its extremals are automatically curves
with constant velocity. In the sequel we consider the problem with the functional J: (8.1)-(8.3), (8.5).
Further, Filippov’s theorem [1] implies existence of optimal controls in problem (8.1)—(8.3), (8.5), thus
in the initial problem (8.1)—(8.4) as well.
The Hamiltonian of PMP for the problem J — min has the form:

(e, X) = (@x, Xu) + Slul® = (a,u) + SJu* = i (a).

We apply the Pontryagim maximum principle. If a pair (u(t), X (¢)) is optimal, ¢ € [0, 1], then there

exist a curve a(t) € L and v < 0 such that:

a [a 8h]—[a u]
(2) 7@8};}1 J Y
X=X—=Xu
Ja



Since the group G is compact, we write Hamiltonian system (2) in the form (7.12).

Consider first the abnormal case: v = 0. The maximality condition

h(a) = (a,u) — max
uel

implies that a(¢) = 0. This contradicts the Pontryagim maximum principle since the pair (v, a) should be
nonzero. So there are no abnormal extremal trajectories.

Now consider the normal case: v < 0. Notice that conditions of PMP (1)-(3) are preserved under

multiplications of (a,v) by positive constants, so we can assume that v = —1. The maximality condition
ho'(a) = (a,u) — ~Jul? — max
“ ’ 2 ueL

gives u(t) = a(t). The Hamiltonian system (2) for such a control has the form:
a=la,a] =0,
X = Xa.
Thus optimal trajectories are left translations of one-parameter subgroups in M:
X(t) = Xpe', a€ L.
We showed that for any Xg, X1 € G and any t; > 0 there exists a € L such that
X = Xpe™t.

In particular, for the case Xy = Id, ¢t; = 1, we obtain that any point X; € GG can be represented in the
form

X1 =€, a€ L.

That is, any element X7 in a connected compact Lie group G has a logarithm a in the Lie algebra L.

8.2. Sub-Riemannian problem on SO(3). Consider the case G = SO(3), and modify the previous
problem. As before, we should find the shortest path between fixed points Xy, X7 in the Lie group G.
But now admissible velocities X are not free: they should be tangent to a left-invariant distribution (of
corank 1) on X. That is, we define a left-invariant field of tangent hyperplanes on X, and X (t) should
belong to the hyperplane attached at the point X (¢). A problem of finding shortest curves tangent to a

given distribution Ax C Tx G is called a sub-Riemannian problem:

X(t) € Axp),  tel0,t],
X(O) :X07 X(tl):Xla

I(X(-)) — min,
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Fig. 5. Sub-Riemannian problem

see Fig. 5.

To state the problem as an optimal control one, choose an element b € L, |b| = 1, such that Ay =
bt ={ue L| (u,b) =0}. Denote U = b*+. Then Ax = XU, and the restriction X € Ay can be written
as X = X u, u € U.

For a rigid body rotating in R? with orientation matrix X € SO(3), this restriction on velocities means
that we fix an axis b in the rigid body and allow only rotations of the body around any axis u orthogonal
to b.

The optimal control problem is stated as follows.

X = Xu, XeG, wuel,
X(0) =Xo, X(t1)= Xu,

Xo, X1 € G fixed,
t1

l(u):/|u(t)\dt—>min.

0
Controllability: we have T' = b+ = span(ay,az) for some linearly independent aj,as € so(3). Since
[a1,a2] ¢ span(a,az), the system I" has the full rank, thus it is controllable on SO(3).

Similarly to the Riemannian problem, the length minimization problem is equivalent to the problem
t1

() = 2/|u(t)\2dt ~ min,
0

and Filippov’s theorem guarantees existence of optimal controls.

The Hamiltonian of PMP is the same as in the previous problem:
v
) = (au) + o Jul®

Consider first the abnormal case: v = (. The maximality condition of PMP has the form

0(,) —
Consider the decomposition
a=a+ag, aj |b, ay Lb. (8.7)

Then maximality condition (8.6) is rewritten as

M(a) = (a1, u) — max,
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which yields a; =0, i.e.,
a(t) = a(t)b, a(t) #0.
The vertical part of Hamiltonian system (7.12) for our problem yields

@
da

Further, by invariance of the scalar product in so(3),

ab=a= [a, } = [a,u] = alb,u.
(b, [b,u]) = —([b,b],u) = 0.

Thus
bul Lb = ablb = a=0.

Then equality (8.8) implies a[b,u] = 0, so [b,u] = 0. But such an equality in so(3) means that u || b.

Since u L b, we obtain u© = 0 for an abnormal optimal control. Then the horizontal part of Hamiltonian

Oh

system (7.12) has the form X=X 90 = Xu = 0. That is, X = const, abnormal optimal trajectories are

a
constant and give only trivial solutions to our problem.

Now consider the normal case: v = —1. Via decomposition (8.7), the maximality condition of PMP

has the form

1
-1 _ - 2
h‘u ((L) - <(1J_,U> 2|U’| - IBE“I})(’

thus normal optimal controls are
u=ay =a— (ba)b.
The vertical part of the Hamiltonian system of PMP takes the form
a = [a,u] = [a,a — (b,a)b] = (b,a)[b, al.
It is easy to see that this ODE has the integral (b, a) = const:

(b,a) = (b,a) = (b, [b,a]){b,a) = 0.
=0

So equation (8.9) can be rewritten as
a = (b,ap)[b,a] = ad((b,ap)b)a ap = a(0),

which is immediately solved:

a(t) _ etad((b,ao)b)ao_

Now consider the horizontal part of the Hamiltonian system of PMP:

X = Xu=X(a— (b ao)h) = X (etad(<b’“°)b)ao — (b, a0>b)

= Xet2d(5a0b) (4 — (b, ag)b) .

(8.9)
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In the notation
¢ = (b, ap)b, d = ag — (b, ap)b,

we obtain the ODE

X — X@tadcd — X@tcde—tc

that is,
Xet® = Xeted.
After the change of variable Y = Xe'®, we come to the equation
Y = Xel + Xelc = Xel“(d+¢) = Y(d + ¢),
which is solved as
Y (t) = Y (0)elld+e).

Finally,

X(t) =Y (t)e ' = Y (0)ell@Temte = X (0)elweHba0)b,

Summing up, we showed that all optimal trajectories in the sub-Riemannian problem on SO(3) are

products of two one-parameter subgroups.

8.3. Sub-Riemannian problem on the Heisenberg group. The Heisenberg group is the defined

as
1 = =z

G = 01 vy ||z, y 2z€eR
0 0 1

3

7.y,2» thus it is not compact.

This group is diffeomorphic to R
Its Lie group is

0
L= 0 O ﬁ | «, ﬁv v e Rp = Span(ela €2, 63)7
0 0 O
where we denote
e1 = FEia, ey = Fa, e3=FEis. (8.10)

The multiplication table in this basis looks like

le1, e2] = es, le1,e3] = [e2,e3] =0,
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thus

000 0 0 0
adetr=1]10 0 0 |, ad ey = o o0 o0 |, adesz = 0.
010 -1 00
So any adjoint operator
0 0 0 3
ad A = 0 0 0], A=) Awecl, (8.11)
—Ay Ay 0 =

has the zero spectrum. Consequently, the Heisenberg group G is nilpotent.

In the dual of the Heisenberg Lie algebra L one can choose the basis dual to basis (8.10):
L* = Span(wl,wQ,wg), <w¢,ej> = 5ij7 i, ] = 1, 2, 3.

We write elements of the Lie algebra as column vectors

3 A1
L>A= ZAzez = A2 ,
i=1 A3

and elements of its dual space as row vectors:

3
L*aa:ZaiM:(al as ag)-
i=1

For a linear operator C' : L — L, its dual C* : L* — L* acts as
(0 A)=(@cA)=( o )| ¢ A,
the product of a row vector, a square matrix, and a column vector. Thus
C*a = < a ) C

Consider the left-invariant sub-Riemannian problem on the Heisenberg group determined by the ortho-
normal frame (eg, e2). The plane
Ajq = span(ey,e2) C L

generates the left-invariant distribution
Ax =span(Xey, Xeg) C TxG.
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Further, the scalar product (-, -)1q in Ajq defined by
(€i,ej)1d = i, i, =1, 2,
generates the left-invariant scalar product (-,-)x in Ax as follows:
(Xei, Xej)x = 04, i, j=1, 2.

The distribution Ay C TxG with the scalar product (-,-)x in Ax determine a left-invariant sub-
Riemannian structure on the Lie group G.

Consider the corresponding sub-Riemannian problem:

XEA)(,

X(O) = XOa X(tl) = le

1(X() :/]X]dt:/\/<X,X>dt—>min.
0 0

The corresponding control system has the form

X = w1 Xey +ugXes, (u1,us) € R?. (8.12)

Since

| X[ = [u1Xer + upXes| = |urer + ugea| = m,

the sub-Riemannian length functional takes the form
t1
l:/ u? + u3 dt — min. (8.13)
0

We solve optimal control problem (8.12), (8.13).
Controllability: we have I" = span(ej, e2) C L. Since [e1, ea] = e3, the system I' has full rank. Moreover,
I" is symmetric and G is connected, thus I' is controllable.
As before, we pass to the functional
31
J = ;/(u%+u§)dt—>min.

0

Filippov’s theorem implies existence of optimal controls.
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The Hamiltonian of PMP has the form

1%
hi(a, X) = (ax,u1 Xer +usXea) + 5(1@ + u%)

v v
—(uf +u3) = wiay + ugas + = (uf +u3)

= (a,u1e1 + uges) + 5

= hi(a).

\V)

The Heisenberg group is noncompact, thus a € L*, and we will write the Hamiltonian system of PMP in

the form (7.10). First we consider the vertical part

Oh\™
We have
Uy
@—ue + ugey = el
g me 22 = | wug .
0

Taking into account equality (8.11), we obtain

0 0 O
Oh
diz
a 9a 0 0 O
—Uua Ul 0

Thus the vertical part (8.14) of the Hamiltonian system of PMP takes the form

0 0 O
((‘11 as ag)Z(al as a3> 0 0 O Z(—aqu asuq 0)7
—ug u; O
that is,
a1 = —aguz,
az = azus,
as = 0.

Consider first the abnormal case: v = (. Then the maximality condition of PMP
hO(a) = uja; + ugag — max
u(@) 1a1 202 S o
yields a1 = a9 = 0, thus ag # 0. Then the Hamiltonian system implies

ap = —azug = 0,

as = azu; =0,
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whence the abnormal optimal controls are uy = us = 0. Then the horizontal part of the Hamiltonian

System
. oh
X = X% = X(u161 + UQ@Q)

gives X = Xy. Thus there are no nonconstant abnormal optimal trajectories.

In the normal case v = —1 the maximality condition

1
hl(a) = ujay + usas — = (u? + u2) — max
(a) 101 202 2( 1 5) (1 R?

implies u; = ay, ug = ag. Consequently, the normal Hamiltonian system of PMP has the form

a1 = —agas,
az = asaq,
as =0,

X = X(arer + agez).
It is easy to see that this system has an integral a? + a3 = const since
(a? + a2) = 2a1(—azas) + 2aza3a; = 0.
So it is convenient to pass to the polar coordinates
ay =rcosb, as = rsinf,

in which the vertical part of the Hamiltonian system has the form

r =0,
9—&3,
az =10

Now the vertical subsystem is immediately integrated:
0 = 0y + ast,
a; = rcos(fy + ast),
ag = rsin(fy + ast).

We rewrite the horizontal subsystem as

0 =z z 1 = =z 0 ap O 0 a1 zao
00y |=]1011y gy 0 0 ao =1 0 0 a9 )
0 00 0 0 1 0 0 O 0 0 O
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that is,

T =ay,
Z]:GQa
Z = xay.

In view of the left invariance of the problem, we can restrict ourselves by trajectories starting from the

identity: X (0) = Xy =1d, i.e.,

Consider first the case ag = 0. Then
t
T = /rcosﬁodt = trcos b,

0
t

Yy = /rsinﬁodt = trsin b,

0
t
2
z= /trz cos By sin Oy dt = 57“2 cos By sin 6.
0

And if a3 # 0, then

8
I

<
I
S ‘ To T — T — . O —

rcos(fp + ast) dt = ai(sin(ﬂo + agt) — sin ),
3

rsin(fy + asgt) dt = ai(cos 0o — cos(bp + ast)),
3

z= aL(sin(Hg + ast) — sinfp)rsin(fy + ast) =
3
t in(2(6, t)) — sin 26 in 6
_ ( _ sin(2(0y + ast)) — sin 26 + sin 0(cos(60 +at) — cos90)> '
2 das as

If az = 0, then projections of extremal trajectories X (¢) to the plane (x,y) are straight lines, thus the
whole trajectories X (t), t € [0, 4+00) are optimal.

And if ag # 0, then such projections are arcs of circles. One can show that such arcs are optimal up to
the first complete circle: X(t), t € [0, 27/ |as]].

We found solutions of the minimization problem
t1
/\/i + ¢ dt — min
0
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Fig. 6. Euler’s elastic problem
along Lipshchitzian plane curves (z(t),y(t)) under the boundary conditions

(.I,y, Z)(O) = (1'073/0720)7 (xay7 Z)(t1> - (xlaylvzl)v

z(t) = /;Udy

is the algebraic area of the domain in the plane (z,y) bounded by the curve (z(t),y(t)), the axis y, and

where

the straight line perpendicular to this axis.

Geometrically, this problem can be stated as follows. Given two points (xo,y0), (z1,%1), a plane curve
~o connecting (x1,y1) to (2o, o), and a number S = z; — zp, one should find a plane curve v connecting
(z0,y0) to (z1,y1) such that the domain bounded by « and -y has the algebraic area S, and ~ is the
shortest possible curve. Solutions to this problem are straight lines and arcs of circles. This is one of the

ancient optimization problems known as Dido’s problem, it goes back to IX B.C [28].

8.4. Euler’s elastic problem. Now we consider a problem studied first by L. Euler in 1744 [20].
Suppose that we have two points ag = (xg,y0), a1 = (21,y1) in the plane and two unit vectors vg, vy,
lvo| = |v1] = 1, attached respectively at these points. We should find the profile of the elastic rod with
fixed endpoints ag, a1 and fixed tangents vy, v; at these endpoints.
Let v(t) = (x(t),y(t)), t € [0,t1], be the arc-length parametrization of the elastic rod, ¢; being its length
assumed fixed. Let 0(t) be the angle between the velocity vector (&(t),4(t)) and the positive direction of
the axis x, see Fig. 6.

Then the elastic problem can be stated as follows:

T = cosf,
1 = sin @,
0 = u,

(:v,y,@)(O) = (ZUOvyO’QO)? (xay79)(t1) = (561791791)7

where vy = (cos bp,sinby), v1 = (cosfy,sinf;). The elastic energy of the rod is measured by the integral

t1
1
J:2/kz2dt—>min,
0

where k is the curvature of the rod. For an arc-length parametrized curve, the curvature is, up to sign,

equal to the angular velocity, thus k2 = 62 = u2, and we obtain the cost functional for the optimal control
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problem:

t1

1
J:2/u2dt—>min.
0

This problem has obvious symmetries — translations and rotations in the plane (z,y). So it is natural
to expect that it can be stated as an invariant problem on the Euclidean group E(2). Indeed, the state

space of the control system is

cosf —sinf =z
G=E(2) = sin  cosf y ||(z,y) eR? fe St
0 0

—_

Further, the dynamics of the system has the form

cos) —sinf =z —sinf u —cosf u cosf
X:% sinf cosf y | = cosf u —sinf u sinf
0 0 1 0 0 0
cosf —sinf =z 0 —u 1
=] sinf cosf y v 0 0
0 0 1 0 0 0

The Lie algebra of the Euclidean group is

L = e(2) = span(E2 — E12, F13, Fa3).
—_—_—

€1 €2 €3

So the elastic problem is left-invariant:

X:X(62+ue1), ueR, XeaG,

X(O):X07 X(tl) :X1>
ty

1
J:2/u2dt—>mln
0

We already computed multiplication table in e(2), see (6.7):

le1, e2] = es, le1, e3] = —e2, [e2, e3] =0,
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whence

0 0 O 0 0 O
ader=11 0 0 -1 |, adeg = 0O 0 0 |,
01 O -1 0 0
0 0O
ades=| 1 0 0
0 00

We choose the dual basis in the dual space to the Lie algebra:
L* = span(wi, w2, w3), (Wi, ej) = s,

and write elements of the Lie algebra as column vectors

3 A
L>A= ZAiei = A2 ,
=1 A3

and elements of the dual space as row vectors:

3

*

L Sa:Zaiwi:(al a2 a3).
=1

Controllability. The system I' = e3 + Re; C L is controllable on G = E(2) by Theorem 6.8.

Now we find extremal trajectories. The Hamiltonian of PMP has the form

hY(a) = (a,eg+ue1>+gu2, a€Ll*, uveR.

dh
Thus EPiale + ueq, and in view of (8.15), (8.16)
a

0O 0 O

oh
42" = _
a 9a 0 O U
-1 u O

Consequently, the Hamiltonian system (7.10) has the form

a1 = —as, T = cos b,
as = uag, 7 = sin 6,
a3 = —uaeg, 0 = u.
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In the abnormal case v = 0, and the maximality condition

h(a) = ag + ua; — max
u€R

yields a1 (t) = 0. Then the vertical subsystem takes the form
ap =0= —as,
az = uaz =0,
as =0 = —uas.

We have a; = a3 = 0, so ag = const # 0 and v = 0. Notice that this is a singular control, i.e., it is not

determined immediately by the maximality condition of PMP. Now we integrate the horizontal subsystem:

0 = 0o,
x = tcos by,
y = tsinfy.
Consider the normal case: v = —1,
hil(a) = ag + ua; — 1u2 — max,
2 u€eR

whence u = ay. Therefore, the vertical subsystem has the form

al = —as,
as = ajas,
(ig = —aian.

In view of the integral a% -+ a3 = const, we pass to the polar coordinates:

as = T COS Q, a3 = rsina.
The vertical subsystem simplifies:
=0,
&= —ay,
a1 = —rsina.
The angle « satisfies the equation of mathematical pendulum & = rsina. Further, 0 =u=a =—d,

thus # = 8—a, 3 = const. Finally, the angle 6 satisfies the equation § = —r sin(6 —~), v = B+ = const,

67



and we obtain the following closed system for optimal trajectories:

T = cos ¥,
y = siné,
0 = —rsin(d —~), r, 7y = const.

If 7 = 0, then 0 = 6y + t0y, and Euler elasticae, i.e., optimal curves (z(t),y(t)), are the same as in the
sub-Riemannian problem on the Heisenberg group, i.e., lines and circles.

Let 7 > 0. Then we can apply homotheties in the plane (z,y) in order to obtain r = 1, and further
apply rotations in this plane in order to have v = 0. Then the angle 6 satisfies the standard equation of

the mathematical pendulum 6 = —sin 0, 1i.e.,
0=c,
¢ = —sind.

Here c is the curvature of Euler elastica. The different qualitative types of solutions to the equation of

pendulum depend on values of the energy of the pendulum

2
E = 5 cosf € [—1,+00).

The following cases are possible:

(1) E

(2) Ee(-1 1)

(3a) E=1, 0 +# +m,

(3b) E=1, 0 =+,
(4) E € (1,+00).

It is known that the equation of mathematical pendulum is integrable in elliptic functions [18]. One can
show that equations for elasticae are integrable in elliptic functions as well, and the following qualitative
types of elasticae are possible:

(1) straight line, Fig. 7,

(2) inflectional elasticae, Fig. 8-11,
(3a) critical elastica, Fig. 12,
(3b) straight line, Fig. 13,
(4) non-inflectional elasticae, Fig. 14-15,
(5) r=0 = circles, Fig. 16, and straight lines.

A detailed study of optimality of Euler elasticae is performed in [41].
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Fig. 7. E = —1

Fig. 8. E € (—1,1) Fig. 9. E € (—1,1)
Fig. 10. E € (—1,1) Fig. 11. E € (-1,1)
Fig. 12. E=1,0#nx Fig. 13. E=1,0=n

8.5. The plate-ball system. Consider a unit two-dimensional sphere rolling on a horizontal two-
dimensional plane without slipping and twisting, see Fig. 17. Given an initial and a terminal contact
configuration of the sphere and the plane, the problem is to roll the sphere from the first configuration
to the second one in such a way that the curve in the plane traced by the contact point be the shortest
possible.

Fix an orthonormal frame (eg,es,e3) in R3 such that the plane is spanned by e1, ez, and the vector
es is directed upwards (to the half-space containing the sphere). In addition, choose an orthonormal
frame (f1, fo, f3) attached to the sphere. Then orientation of the sphere in the space is determined by the

orientation matrix
R : (61762763)'_)(f1)f27f3)) RGSO(3)7

and position of the contact point of the sphere with the plane is given by its coordinates (z,y) in the

plane corresponding to the frame (e1, e2). Then the state of the system is described by the tuple
X = (R, z,y) € SO(3) x R%
We have initial and terminal states fixed:
X(0)=Xo, X(t1)=Xy,
and the cost functional is "
l= / \/ﬂmdt — min.
Moreover, it is easy to see that the dynami(()js of the system is described by the following ODEs:
T = uq,
Y = ug,

0 0 —Uul
R=R 0 0 —uo
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Fig. 14. F € (1, +00) Fig. 15. F € (1,+00)

Fig. 16. r =0 Fig. 17. Rolling ball

The first two equations mean that the contact point (x,y) moves in the plane with an arbitrary velocity
(u1,u2), while the third equation means that the angular velocity of the rolling sphere is horizontal and
perpendicular to (uy,uz), see [14] for details.

We can assemble the state X to a single 6 x 6 matrix

R 0
X= ,
1 0 =z
0 0 1 vy
0 0

denote by G the Lie group of all such matrices for all R € SO(3), (x,y) € R%2. Then the dynamics of the

system takes the left-invariant form as follows:

R 0
X =
0 0 =z
0 00
0 0
0O 0 —uw
R 0 0 0 —up 0
B up uy 0
- 10 00 w |’
0 01y 0 0 0 wug
00 1 00 0

that is,
X = X(u1(E31 — E13 + Egg) +uz(Fsa — Baz + Esg)), X € G, (u1,uz) € R
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The Lie algebra of the Lie group G is

L = span(E3y — Ea3, B3 — E31, Eo1 — Ev2, Eug, Exg),
- =~

el e es eq es

with the multiplication rules inherited from so(3):

[e1,e2] = e3, [ea,e3] =e€1, [es,e1] =e2, adey =ades =0. (8.17)

The nonzero adjoint operators read as follows:

00 O 0 01
0 0 -1 0 0 0 0 0
01 0 -1 0 0
ade; = , adey = ) (8.18)
0 0 0 0
0 -1 0
1 0 0 0
0 0 0
ad €3 = . (819)
0 0

As usual, we choose the dual basis in the space dual to the Lie algebra:
L* = span(wy, . ..,ws), (wi,ej) =065, 4, j=1,...,5,

write elements of the Lie algebra as column vectors:

5 Ay
L>A= ZAzez = ,
=1 A5

and elements of the dual space as row vectors:

5
L*Sa:Zaiwi:<a1 ... as )
i=1
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Now we study the plate-ball optimal control problem:

X:X(u1(64—62)+u2(65+€1)), X €@, (u1,u2) E]RQ,

X (0) = Xo, X(t1) = X1,
ty
1
J = 2/(u%+u%) — min,
0

notice that we replace the functional [ by J as always.

Controllability: multiplication rules (8.17) imply that the control system has full rank. Since it is
symmetric and G is connected, controllability follows.

Existence of optimal controls follows from Filippov’s theorem.

The Hamiltonian of PMP has the form

14
Rl (a) = (a,ui(eq — e2) +uaz(es +e1)) + 5(1@ +ul),

then
on _
da
and it follows from (8.17), (8.18), (8.19) that

ui(eq — ea) +ua(es + 1),

0 0 —Uul
0 0 —us 0
oh U U2 0
a2t —
& da
0 0

So the vertical subsystem of the Hamiltonian system of PMP has the form

(a2 a5 a5 )

—<a1 az a3 a4 a5)
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Thus the whole Hamiltonian system of PMP takes the form:

ap = uias, T =uq,
ao = uoas, Y = ug,
az = —u1a1 — ugdaz,
0 0 —Ul
a4 = as =0, R=R| 0 0 —u

Consider first the abnormal case, v = 0. Then

hd(a) = ui(as — az) + uz(as + a1) — max € R?,
(u1,u2)

whence a4 — ao =0, a5 + a3 = 0. Thus

a1 = —as = const,
as = a4 = const,
a; =0 =wujas,
as = 0 = usas.
But non-constant extremal curves of the functional J satisfy the identity u3 + u3 = const # 0, so a3 = 0.
Finally,
az3 = 0= —uja1 — usas.

Then optimal abnormal controls (u;,ug) are constant, the corresponding curve (x,y) is a straight line,

and the orientation matrix is

0 0 —U1
R(t)=Roexp |t| 0 0 —us

UL U2 0

Now we pass to the normal case, v = —1. Then

1
h;l(a) :ul(a4—ag)+uQ(a5+a1)—f(u%—l—u%) —  max |,
2 (ul,UQ)ERQ

whence

U = a4 — ag, U2 = a5 + aj.
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For these controls, the vertical subsystem of the Hamiltonian system of PMP takes the form
a1 = (as — az)as,
az = (as + ai1)as,
a3 = —(ag — az)ar — (a5 + a1)ay,
aq = a5 = 0.
Introduce the variables
by = a4 — az = uq,
by = a5 + a1 = ug,
by = as,
then the above system reduces to the following one:
by = —bybs,
by = bybs,
i)g = asb1 — a4bs.

This system has an integral b3 + b3 = const, which can be set equal to 1 by homogeneity of the system.

We pass to the polar coordinates
b1 = cos b, a4 = rcos ¢,
by = sin 6, as = rsin @,
in which
0 = bs,
by = rsin(p — 0),
that is, the angle 6 satisfies the equation of pendulum
0 =—rsin(f — ¢).
The coordinates of the contact point satisfy the ODEs
T = u; = by = cosd,
1 = ug = by = sin6.
Thus we obtain a remarkable result: the contact point of the sphere rolling optimally traces Euler elastica!
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A description of the corresponding orientation matrix R(t) can be found in [14].
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