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ẋ = cos θ, ẏ = sin θ, θ̇ = u,

6�Þ	9
q = (x, y, θ) ∈ M = R

2
x,y × S1

θ , u ∈ R,
6�.�9

q(0) = q0 = (0, 0, 0), q(1) = q1 = (x1, y1, θ1),
6 0�9

J =
1

2

1∫

0

u2(t) dt → min,
6Yá 9

u(·) ∈ L2[0, 1], q(·) ∈ AC[0, 1],
6 ��9
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ñ¯î1ó�é A = {(x, y, θ) ∈ M | x2 + y2 < 1

ó�ì!ó
(x, y, θ) = (1, 0, 0)} /
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ñ_è2ó2ø
å1î�ç_æ2å¯ñ_å1ù2ý�ç1ðKó
(β, c)

æ!ç�þ�ç_ø
å1î1å�ð û ó�ì!ó2æ�é½è2ä C = S1
β × Rc

ðDç�ú
ñ_ä#ðDç_ñ_ó2ù2ä#ô�ý�å1â
åkðDç�ÿ2ñ_æ2ó2ý�ç

β̇ = c
�
ċ = − sinβ

/ ��å_ì!æ!ç�ÿ �
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è2â
ó�ÿ�ðDç�ÿ2ñ_æ2ó2ý�ç
E =

c2

2
− cosβ

ø#ç�éÇç_ä
ñ°è!ç_ø�1ó2ä
æ2ó2ä û ó�ì!ó2æ�é½è!ç C =
5

∪
i=1

Ci
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ð+/2è2ó!ô_/½.�9S�2âhé½ä

C1 = {(β, c) ∈ C | E ∈ (−1, 1)},6 .�9

C2 = {(β, c) ∈ C | E ∈ (1,+∞)},6sà�9
C3 = {(β, c) ∈ C | E = 1, β 6= π},6 >�9

C4 = {(β, c) ∈ C | E = −1},6 8�9

C5 = {(β, c) ∈ C | E = 1, β = π}.6�Þ#,�9
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x = x(λ, t), y = y(λ, t), θ = θ(λ, t), λ ∈ N = T ∗

q0
M ' R

3, t ∈ R.
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2 é½ä#ô�ò¯ó�éÇç�ì!ä
ä

λ
å�1å1ø
æ!ç�ù!ç_ä
ñ�ñ_è2å1ë2ý2õ ô�å1í2è�ÿ��°ä
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Exp : N →M, Exp(λ) = q(λ, 1) = (x(λ, 1), y(λ, 1), z(λ, 1)).
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√
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√
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√
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√
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√
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√
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√
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√
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√
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√
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√
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√
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√
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√
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√
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√
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√
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∪
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intA =
{
(x, y, θ) | x2 + y2 < 1, θ ∈ (0, 2π)

}

æ!ç)í2å#éÇðKæ2å	�°ä#ô�ñ_î�ç
intA = M+∪M−∪M0

ô�å1â^ì½ç1ô�æ2å�ø
æ!ç_ý2õ�þ�õ�æ2ý û ó2ó P = x sin
θ

2
−y cos

θ

2

�

M+ = {(x, y, θ) ∈ intA | P > 0, θ ∈ (0, 2π)},
M− = {(x, y, θ) ∈ intA | P < 0, θ ∈ (0, 2π)},
M0 = {(x, y, θ) ∈ intA | P = 0, θ ∈ (0, 2π)}
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Exp(L3) ⊂M−
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Exp(L2) ⊂M+
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Exp(L4) ⊂ M+
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λ̂0

1

æ2å1è!ðDç�ì!ó2ø
õ�ö)ñ1ôhÿI6 ô ó!ô�í2å_ì!ò1ø
å1î�ç_æ2ó�ú
ä#ð£ô�ó!ðDðKä
ñ_è2ó2ëm�
ý�ô�í2å1æ2ä
æ û ó!ç�ì!ò1æ2å1â
å�å1ñ_å�1è!ç%�°ä
æ2ó�ÿ 9Çæ!ç�í2è2å�ðKä���õ�ñ_ý2ó���ø#ç�éÇç_ö)÷kó2ä
å�_ì½ç1ô�ñ_ò

L1
1

/ �11å1ø
æ!ç�ù2ó!ð-�
ñ_å�í2è2ä
å�1è!ç_ø
å1î�ç_æ2ó2ä
ρ
ó¢í2å_ì!å	��ó!ð

λ̃0
1 = ρ(λ̂0

1)
/Þ1/ .�/ 2 ç_í2õ�ô�ý�ç_ä
ñ1ôhÿ¯ðKä
ñ_å#é�H�ò1ö)ñ_å1æ!ç�ô�ó!ô�í2å_ì!ò1ø
å1î�ç_æ2ó2ä#ð�î�ý�ç�ù2ä#ô�ñ_î1ä�æ!ç�ù!ç�ì!ò1æ2å1ë¯ñ_å1ù2ý2ó

λ̃0
1

/³Ýßè2ä
ø
õ#ì!ò�ñ�ç_ñ_ä�í2å_ì!õ�ù!ç_ä
ñ1ôhÿ�ñ_å1ù2ý�ç
λ̂1

1

/ � æ!ç�ì!å1â
ó2ù2æ2å¢í2è2ädé½ïUé½õ�÷kä#ðKõmí2õ�æ2ý2ñ_õ
λ̂1

1

í2è2ä
å�1è!ç_ø
õ1ä
ñ1ôhÿ î
λ̃1

1

ô�í2å�ðKå1÷kò1ö
ρ
/

Þ1/ 02/ 3 è!ç_î1æ2ó2î�ç_ö)ñ1ôhÿ ðKä��°é½õ ô�å�1å1ë�ñ_å1ù2ý2ó
λ̃0

1

ó
λ̃1

1

í2å�ô�ñ_ä
í2ä
æ2ó-õ
é½å1î_ì!ä
ñ_î1å1è2ä
æ2ó�ÿ-ô�ó!ôdú
ñ_ä#ðKä<6�._,�9���î1ï�ù2ó!ôdì2ÿ2ä
ñ1ôhÿ-è!ç_ø
æ2å�ô�ñ_ò

δ =
∣∣∣Exp (λ̃0

1) − q1

∣∣∣ −
∣∣∣Exp (λ̃1

1) − q1

∣∣∣ /Þ1/ á!/ �>ôdì!ó
δ > 0

��ñ_å�í2ä
è2ä�ü�å#é½ó!ð î�íM/1Þ1/ .Uô�å�ô\é½î1ó2â
å�ð ó2æ�é½ä
ý�ô�å1î+õ
λ̃i

1

/���æ!ç�ù2äKí2ä
è2ä�ü�å#é½ó!ð
ý¢ôdì!ädé½õ�ö)÷kä#ðKõ í2õ�æ2ý2ñ_õ1/

Þ1/ ��/ �>ôdì!ó-í2å_ì!õ�ù2ä
æ2æ2ï�ë æ!ç�1å1è
λ̃i

1

õ
é½å1î_ì!ä
ñ_î1å1è�ÿ2ä
ñ°ô�ó!ô�ñ_ä#ðKä�6�._,�9>ô)ñ_è2ä�1õ1ä#ðKå1ë ñ_å1ù2æ2å_ú
ô�ñ_ò1ö3��ñ_å�ó!ô�ý�å�ðKï�ë¯ý�å1è2ä
æ2ò

λ1 = λ̃i
1

æ!ç_ë�é½ä
æ°î�å�_ì½ç1ô�ñ_ó
L1

1

ó¯ç�ì!â
å1è2ó2ñ1ð¬ø#ç_î1ä
è��°ç�ú
ä
ñ�è!ç�1å1ñ_õ1/�ÝÁí2è2å1ñ_ó2î1æ2å�ð�ôdì!õ�ù!ç_ä+ý�å1è2ä
æ2ò�î�å�_ì½ç1ô�ñ_ó

L1
1

æ2ä+æ!ç_ë�é½ä
æ��_ô�å1î1ä
è��°ç_ä
ñ1ôhÿ
í2ä
è2ä�ü�å#é¢î¯íM/½.�/

z �



.�9f��å1ó!ô�ý ý�å1è2æ�ÿ¢ô�ó!ô�ñ_ä#ðKï 6�._,�9>î¯å�_ì½ç1ô�ñ_ó
L2

1

/!ÝUï�í2å_ì!æ�ÿ2ö)ñ1ôhÿ-í2íM/½.�/ ÞS�2.�/ ����í2å_ì!æ2å�ô�ñ_ò1ö
ç_æ!ç�ì!å1â
ó2ù2æ2ï�ä�í2íM/MÞ1/ ÞS�ÇÞ1/ ����ô�ø#ç1ðKä
æ2å1ë-å�_ì½ç1ô�ñ_ó

L1
1

æ!ç°å�_ì½ç1ô�ñ_ò
L2

1

/
0�9 �>ôdì!ó�ý�å1è2ä
æ2ò

λ1

æ!ç_ë�é½ä
æ���å1æ�î1å1ø
î1è!ç_÷°ç_ä
ñ1ôhÿ°îký�ç�ù2ä#ô�ñ_î1ä�è2ä
ø
õ#ì!ò�ñ�ç_ñ�ç2/���æ!ç�ù2ä)í2ä
è2ä�ü�å_ú
é½ó!ð ý-íM/MÞ1/

������� � #�� #�!�&$# ��/�' #
�* ��� '�	"'�� & �  ". ( ' ��,-&
Li ∪ Lj

�)í2ó!ô
ç_æ2æ!ç�ÿ°î�í2å#é½è!ç_ødé½ä�ì!ä�02/ .)ôhü�ä#ðDç)è!ç�1å1ñ�ç_ä
ñ	��ý�å1âhéÇç)ó2ø
î1ä#ô�ñ_æ2å
��î�ý�ç_ý�å1ëkó!ðKä
æ2æ2å�å�_ì½ç�ú
ô�ñ_ó

Li

æ!ç�ü�å#é½ó2ñ1ôhÿ ó!ô�ý�å�ðKï�ë-ý�å1è2ä
æ2ò!/
��é½æ!ç_ý�å°î�éÇç_æ2æ2å1ë-ø#ç�éÇç�ù2ä�ó!ðKä
ö)ñ1ôhÿ�é½î1ä�å�_ì½ç1ô�ñ_ó
Lió

Lj

6Yñ_å1ù2æ2ä
ä��
L1

ó
L3

��ó�ì!ó
L2

ó
L4

9S��í2è2ó2ù2ä#ðÁý�å1è2ä
æ2òkæ!ç�ü�å#é½ó2ñ1ôhÿ¯ì!ó��kòkî°å#é½æ2å1ë�ó2øg�
ñ_ó�ü
å�_ì½ç1ô�ñ_ä
ëM/ �>ôdì!ó�ø#ç_í2õ�ô�ñ_ó2ñ_ò¢í2å1ó!ô�ýmý�å1è2æ�ÿ�ô�æ!ç�ù!ç�ì½ç î¢å#é½æ2å1ë��Mç-í2å1ñ_å�ðÀî é½è2õ�â
å1ëmå�_ì½ç1ô�ñ_ó
í2å�ôdì!ädé½å1î�ç_ñ_ä�ì!ò1æ2å
��ñ_å�î1å1ø#ðKå	��æ!ç�ô�ó2ñ_õ�ç û ó�ÿ��_ý�å1âhéÇç�î�í2ä
è2î1å1ë¯å�_ì½ç1ô�ñ_ó°æ2ä
ñ�ý�å1è2æ�ÿ��_í2å��
ñ_å�ðKõä
â
å¯í2å1ó!ô�ý�1õ
é½ä
ñ¯í2è2å#é½å_ì��¯ç_ñ_ò�ôhÿ<1ä#ô�ý�å1æ2ä
ù2æ2å!/

Start

Read q1

λ1 := Random(c1)

λ2 := Random(c2)

(Exp(λ1) = q1) or

(Exp(λ2) = q1)

λb := Random(c1)

λe := Random(c1)

λ1 := chT1(Find Root(λb, λe))

dist2 := avsq1(λ1)

dist1 := dist2 + 1

no yes

(dist1 – dist2 >  )

and (Exp(λ1) ≠ q1)

yesno

dist1 := dist2

λ1 := swc1(chT1(Find Root(λ1)))

dist2 := avsq1(λ1)

Exp(λ1) = q1

yesno

no yes
Exp(λ1) = q1

λb := Random(c2)

λe := Random(c2)

λ2 := chT2(Find Root(λb, λe))

dist2 := avsq2(λ2)

dist1 := dist2 + 1

(dist1 – dist2 >  )

and (Exp(λ2) ≠ q1)

no yes

dist1 := dist2

λ2 := swc2(chT2(Find Root(λ2)))

dist2 := avsq2(λ2)

Write λ1

Write λ2

End

∋

∋
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ªd���
�M�'¦����	��
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��å��
ñ_å�ðKõ í2è2ó�ü�å#é½ó2ñ1ôhÿ¢î1ï�ù2ó!ôdì!ä
æ2ó�ÿ£í2è2å1ó2ø
î1å#é½ó2ñ_ò¯í!ç_è!ç�ì2ì!ä�ì!ò1æ2å!/���ì2ÿ¢ñ_å1â
å�ù2ñ_å�1ï¹è2ä�ú
ç�ì!ó2ø
å1î�ç_ñ_ò¢í!ç_è!ç�ì2ì!ä�ì!ò1æ2ï�ä�î1ï�ù2ó!ôdì!ä
æ2ó�ÿ�í2å�ôdì!ädé½å1î�ç_ñ_ä�ì!ò1æ2ï�ðÀå�1è!ç_ø
å�ðf�'æ2ä
å��ü�å#é½ó!ðKå é½ó!ôdú
ý2è2ä
ñ_ó2ø
ó2è2å1î�ç_ñ_ò�î1ï�ù2ó!ôdì!ä
æ2ó�ÿ�ó�î1ï�í2å_ì!æ�ÿ2ñ_ò�ó�ü¯í2å�å1ù2ä
è2ädé½ó���ô�æ!ç�ù!ç�ì½ç�î�å�_ì½ç1ô�ñ_ó

Li

�1í2å1ñ_å�ð
î
Lj

�³ø#ç_ñ_ä#ð¹å1í�ÿ2ñ_ò¬î
Li

óÃñ�/ é³/DÝ�éÇç_æ2æ2å1ëÁø#ç�éÇç�ù2ä ô�õ�÷kä#ô�ñ_î1õ1ä
ñ£ä#ô�ñ_ä#ô�ñ_î1ä
æ2æ2å1ä�è!ç_ø�1ó2ä
æ2ó2ä
î1ï�ù2ó!ôdì!ä
æ2ó�ÿ¢æ!çm�°ç_â
ó46t�
ñ_å�å1í2ó!ô
ç_æ2æ2ï�ä�î¯í2å#é½è!ç_ødé½ä�ì!ä�02/ .kó2ñ_ä
è!ç û ó2ó£ç�ì!â
å1è2ó2ñ1ðDç�9d/

��ñ�ç_ý���ô�æ!ç�ù!ç�ì½ç�é½ä�ì½ç_ä
ñ1ôhÿ¸å#é½æ!çÃó2ñ_ä
è!ç û ó�ÿ¸î å�_ì½ç1ô�ñ_ó Li

/ �>ôdì!ó ý�å1è2ä
æ2ò æ!ç_ë�é½ä
æ��+ñ_å
î1ï�ù2ó!ôdì!ä
æ2ó2ä�å�ô�ñ�ç_æ!ç_î_ì!ó2î�ç_ä
ñ1ôhÿ�6Yý�å1è2ä
æ2ò�æ!ç_ë�é½ä
æ 9S�!ä#ôdì!ó£æ2ä
ñ	�½ø#ç_í2õ�ô�ý�ç_ä
ñ1ôhÿ-ó2ñ_ä
è!ç û ó�ÿ£î Lj

/
�>ôdì!ó�ý�å1è2ä
æ2ò�æ2ä�æ!ç_ë�é½ä
æ���ñ_å�å1í�ÿ2ñ_ò�ø#ç_í2õ�ô�ý�ç_ä
ñ1ôhÿ¯í2å1ó!ô�ý�î�å�_ì½ç1ô�ñ_ó

Li

ó�ñ�/ é³/ ��í2å1ý�ç�î�å#é½æ2å1ë
ó2ø�å�_ì½ç1ô�ñ_ä
ë-æ2ä�1õ
é½ä
ñ¯æ!ç_ë�é½ä
æ¢ý�å1è2ä
æ2ò!/

��å_ì!æ!ç�ÿ�_ì!å1ý�ú;ôhü�ä#ðDç�ç�ì!â
å1è2ó2ñ1ðDç�è2ä��kä
æ2ó�ÿ�ø#ç�éÇç�ù2ó¯å�:��ì½ç1ô�ñ_ó2ý�ç�ü°í2è2ó2î1ädé½ä
æ!ç�æ!ç�è2ó!ô_/���/

��Å�� Í½Î ��Í½Æ"� �KÚ½Æ�×�Í½Ì�Æ�Ë�Ó$	
Æ��2Ó½×
�$������� ��&$� '*!�&$# �*/  �� /�'�� ���	��
��������������
��

Ý}ô�ó!ô�ñ_ä#ðKäg!#"%$'&�(�)�"%$'*,+�" � .%� 1ï+ì½ç�æ!ç_í2ó!ô
ç_æ!ç�í2è2å1â
è!ç1ðDðDç ��
��������������
�� �#è2ä#ç�ì!ó2ø
õ�ö)÷°ç�ÿå1í2ó!ô
ç_æ2æ2ï�ë�î1ïK�kä)ç�ì!â
å1è2ó2ñ1ð�í2å1ó!ô�ý�ç�å1í2ñ_ó!ðDç�ì!ò1æ2å1ë<��ì½ç1ô�ñ_ó2ý2óM/ H�ç�î_ü�å#é�í2è2å1â
è!ç1ðDðKä)í2å#éÇç�ú
ä
ñ1ôhÿ�ñ_è2å1ë2ý�ç

(x, y, θ) = q1
ómþ�å1è!ðDç_ñ î1ï+ü�å#é½æ2å1â
å�â
è!ç1þ�ó2ù2ä#ô�ý�å1â
å þ�ç_ë�ì½ç 6t(���������� (��
�������
�

��* ��óÁñ�/ é³/ 9d/KÝ ý�ç�ù2ä#ô�ñ_î1ä�è2ä
ø
õ#ì!ò�ñ�ç_ñ�ç£í2è2å1â
è!ç1ðDðDç¢î1å1ø
î1è!ç_÷°ç_ä
ñ¢þ�ç_ë�ìÃõ�ý�ç_ø#ç_æ2æ2å1â
å£þ�å1è!ðDç�ú
ñ�çmô ó2ø
å�1è!ç%�°ä
æ2ó2ä#ð ��ì½ç1ô�ñ_ó2ý2ó��³éÇç_ö)÷kä
ëÃè2ä��kä
æ2ó2ä-ø#ç�éÇç�ù2óI6�Þ	9 �/6 ��9^/DÝ¿è!ç�1å1ù2ä
ëÃñ_ä
ñ_è!ç�é½ó
ô�ó!ô�ñ_ä#ðKï !#"%$'&�(�)�"%$'*,+�"kî1ï�ù2ó!ôdì2ÿ2ö)ñ1ôhÿ¢í!ç_è!ç1ðKä
ñ_è2ï=�2ø#ç�éÇç_ö)÷kó2ä�å1í2ñ_ó!ðDç�ì!ò1æ2õ�ö ��ì½ç1ô�ñ_ó2ý2õ1/

�Zç_ý�ý�ç_ý�è!ç_ø#ðKä
èmí2è2å1â
è!ç1ðDðKïßå1ñ_æ2å�ô�ó2ñ_ä�ì!ò1æ2å-î1ä�ì!ó2ý��'å1í2ó��kä#ð ì!ó��kò-å�ô�æ2å1î1æ2ï�äkä
ä�ðKå_ú
ðKä
æ2ñ_ï�/

Þ	9���ô�æ2å1î1æ2å1ë¬þ�õ�æ2ý û ó2ä
ë£ÿ2î_ì2ÿ2ä
ñ1ôhÿ ��
��������������
�� ��ý�å1ñ_å1è!ç�ÿ£í2å ø#ç�éÇç_æ2æ2å1ë¬ñ_å1ù2ý�äB6 x � y �
cosThetaDT

�
sinThetaDT

9Kó å�_ì½ç1ô�ñ_ó�í2å1ó!ô�ý�ç
area

6Yý�å1ñ_å1è!ç�ÿ ô�å1å1ñ_î1ä
ñ1ô�ñ_î1õ1ä
ñ
Larea

9>í2å_ú
ì!õ�ù!ç_ä
ñ�æ!ç�1å1è-6

u
�
v
�
b0
�
k
�
r
�
whichCase

�
energy

9S�½ô�å#é½ä
è��¯ç_÷kó2ë-í2å_ì!æ2õ�ö ó2æ!þ�å1è!ðDç û ó2öå�ý�å1è2æ�ÿ�ü
λ1

ó�ì!ó
λ2

ô�ó!ô�ñ_ä#ðKï 6�._,�9 �/6�._0�9g6Yî�ø#ç_î1ó!ô�ó!ðKå�ô�ñ_ó-å1ñ¯ñ_å1â
å
��î�ý�ç_ý�å1ë å�_ì½ç1ô�ñ_ó
area1ï+ì£í2è2å1ó2ø
î1ädé½ä
æ í2å1ó!ô�ý 9 �

.�91?£ä
ñ_å#émü�å1è1émómðKä
ñ_å#é-H�ò1ö)ñ_å1æ!ç�è2ä#ç�ì!ó2ø
õ�ö)ñ1ôhÿmô�ñ�ç_æ�éÇç_è2ñ_æ2å1ëmþ�õ�æ2ý û ó2ä
ë ��
���� �!"!#� �í2è2ó2ù2ä#ð�ý�å_ì!ó2ù2ä#ô�ñ_î1å�ó2ñ_ä
è!ç û ó2ëÃõ�í2ä
è2î1å1â
å¬è!ç_î1æ2å�01,1,��³ç¬õ�î1ñ_å1è2å1â
å��_,��³ç¬õ�í2å�ôdì!ädé½æ2ä
â
åø#ç_í2õ�ô�ý�ç�ðKä
ñ_å#éÇç<H�ò1ö)ñ_å1æ!çm�¢01,1,2/
�Zç_ý��°ä°ôdì!ädé½õ1ä
ñ�å1ñ1ðKä
ñ_ó2ñ_ò
�Çù2ñ_å�ñ_å1ù2æ2å�ô�ñ_ò�î1ï�ù2ó!ôdì!ä
æ2ó2ë
�
ñ_ó�ümðKä
ñ_å#é½å1î-ø#ç�éÇç_ä
ñ1ôhÿ�ý�å1æ!ô�ñ�ç_æ2ñ�ç1ðKó�"$�!Þkó&%'�MÞ��Çý�å1ñ_å1è2ï�ä¯ðKå	��æ2å-í2è2ómæ2ä
å��ü�å#é½ó!ðKå�ô�ñ_ó
ó2ø#ðKä
æ2ó2ñ_ò�æ2ä
í2å�ô�è2ädéÇô�ñ_î1ä
æ2æ2å¯î¯í2è2å1â
è!ç1ðDðKä �

0�9m��è2ä
å�1è!ç_ø
å1î�ç_æ2ó2ä
ρ
�Då1í2ó!ô
ç_æ2æ2å1ä îÁç�ì!â
å1è2ó2ñ1ðKä��N1ï+ì!åmõ�ôdì!å	��æ2ä
æ2å�î�í2è2å û ä#ô
ô�ä-è2ä#ç�úì!ó2ø#ç û ó2óM/ �>ôdì!ó å1æ2å¬í2è2ä
å�1è!ç_ø
õ1ä
ñ¬è2ä
ø
õ#ì!ò�ñ�ç_ñ�ðKä
ñ_å#éÇç£ü�å1è1éG�³ñ_åmø#ç_í2õ�ô�ý�ç_ä
ñ1ôhÿ�ì!ó��kò¬ì!ó�1åþ�õ�æ2ý û ó�ÿ �)(+*-, �!ì!ó�1å �)(+*�. î¢ø#ç_î1ó!ô�ó!ðKå�ô�ñ_ó�å1ñ-í!ç_è!ç1ðKä
ñ_è!ç

area
/ �>ôdì!ó��°ä°í2è2ä
å�1è!ç_ø
õ1ä
ñ�ú

ôhÿ¢è2ä
ø
õ#ì!ò�ñ�ç_ñ�ðKä
ñ_å#éÇç<H�ò1ö)ñ_å1æ!ç���ñ_å�í2å�ðKó!ðKå��
ñ_ó�ü£þ�õ�æ2ý û ó2ë¢ø#ç_í2õ�ô�ý�ç_ä
ñ1ôhÿ ì!ó�1å�þ�õ�æ2ý û ó�ÿ
�)/���, ��ì!ó�1å �)/��#. 6Yî�ø#ç_î1ó!ô�ó!ðKå�ô�ñ_ó-å1ñ

area
9 �

á 910�õ�æ2ý û ó2ó �)(+�-, � �)(+��. î1ï�í2å_ì!æ�ÿ2ö)ñ ô�ý�å1å1è1é½ó2æ!ç_ñ�ç1ðKó¢î1ä
ý2ñ_å1è!ç
λ̂i

k

ôdì!ädé½õ�ö)÷kä
ä��!ä#ôdì!ó
v
�£í2è2ä
å�1è!ç_ø
õ1ä#ðDç�ÿ¬ý�å1å1è1é½ó2æ!ç_ñ�ç��Çç

vmax
ó
vmin

�¬ðDç_ý�ô�ó!ðKõ�ð ó�ðKó2æ2ó!ðKõ�ðf�Mø#ç�éÇç_ö)÷kó2ë
æ2ä
å��ü�å#é½ó!ðKõ�ößå�_ì½ç1ô�ñ_ò

Lk
area

�½ñ_å-î�ý�ç�ù2ä#ô�ñ_î1äkè2ä
ø
õ#ì!ò�ñ�ç_ñ�ç�î1å1ø
î1è!ç_÷°ç_ä
ñ1ôhÿ
Mod[v, vmax −

−vmin] + vmin
/½ê>ñ�ç¯ø#ç_í2ó!ô�ò¯ç_æ!ç�ì!å1â
ó2ù2æ!ç°ôdì!ädé½õ�ö)÷kä
ë��

For[, v >= vmax, v− = vmax− vmin];
6�.�á 9

For[, v < vmin, v+ = vmax− vmin].
6�.���9
H�ä#ô
ðKå1ñ_è�ÿkæ!ç)ñ_å
��ù2ñ_å�í2ä
è2î�ç�ÿkø#ç_í2ó!ô�ò11å_ì!ä
ä>ý�å�ðKí!ç_ý2ñ_æ!ç���í2è!ç_ý2ñ_ó2ý�ç)í2å1ý�ç_ø
ï�î�ç_ä
ñ	�
ù2ñ_åg1å_ì!ä
ä
æ!ç�é½ä���æ2å1ë¢ó-æ!ç_â^ì2ÿ�é½æ2å1ë ÿ2î_ì2ÿ2ä
ñ1ôhÿ-î1ñ_å1è!ç�ÿ �

��920�õ�æ2ý û ó2ó �)/���, � �)/��#. å1ñ_î1ä
ù!ç_ö)ñ ø#ç�í2å�ôdì!ädé½å1î�ç_ñ_ä�ì!ò1æ2ï�ë£í2ä
è2ä�1å1è¬í2å-ô�ä
ñ_ý�ä°î ó!ô�ý�å_úðKå1ë�å�_ì½ç1ô�ñ_óM/���æ2ï�ðKóÁôdì!å1î�ç1ðKó��'ñ_è2å1ë2ý�ä
(u, v, k)

ô�å1í2å�ô�ñ�ç_î_ì2ÿ2ä
ñ1ôhÿ�æ!ç�1å1è {(u, v + ei · j1,
k + ei · j2) ∈ Lk

area | j1, j2 ∈ Z} �Çâhé½ä ei �£ý�å1æ!ô�ñ�ç_æ2ñ�ç�� �°ç_â°ô�ä
ñ_ý2óM/���øm�
ñ_å1â
å æ!ç�1å1è!ç�î1ï+ú1ó2è!ç_ä
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