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Çàäà÷à Äèäîíû
Ñóáðèìàíîâà çàäà÷à íà ãðóïïå Ãåéçåíáåðãà

Çàäà÷à Äèäîíû ôîðìóëèðóåòñÿ êàê ñëåäóþùàÿ çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ:

q̇ = u1f1(q) + u2f2(q), q ∈ M = R3
x ,y ,z , u = (u1, u2) ∈ R2,

q(0) = q0 = (0, 0, 0), q(t1) = q1,

J =
1

2

∫ t1

0

(u21 + u22) dt → min,

f1 =
∂

∂x
− y

2

∂

∂z
, f2 =

∂

∂y
+

x

2

∂

∂z
.

• Çàäà÷à ëåâîèíâàðèàíòíà íà ãðóïïå Ãåéçåíáåðãà

M =

q =

 1 a c
0 1 b
0 0 1

 | a, b, c ∈ R


• Ñóùåñòâîâàíèå ðåøåíèé ñëåäóåò èç òåîðåì Ðàøåâñêîãî-×æîó è Ôèëèïïîâà.
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Ñóáðèìàíîâà çàäà÷à íà ãðóïïå Ãåéçåíáåðãà
• Ãåîäåçè÷åñêèå.
• Ââåäåì ëèíåéíûå íà ñëîÿõ T ∗M ãàìèëüòîíèàíû:

hi (λ) = ⟨λ, fi ⟩, i = 1, 2, 3, λ ∈ T ∗M.

• Àíîìàëüíûå ýêñòðåìàëè óäîâëåòâîðÿþò ãàìèëüòîíîâîé ñèñòåìå

λ̇ = u1h⃗1(λ) + u2h⃗2(λ), â êîîðäèíàòàõ:

ḣ1 = −u2h3,

ḣ2 = u1h3,

ḣ3 = 0,

q̇ = u1f1 + u2f2,

ïëþñ òîæäåñòâà

h1(λt) = h2(λt) ≡ 0.

Òàêèì îáðàçîì, h3(λt) ̸= 0, è ïåðâûå äâà óðàâíåíèÿ ãàìèëüòîíîâîé ñèñòåìû

äàþò u1(t) = u2(t) ≡ 0. Ïîýòîìó àíîìàëüíûå òðàåêòîðèè ïîñòîÿííû.
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Ñóáðèìàíîâà çàäà÷à íà ãðóïïå Ãåéçåíáåðãà
• Íîðìàëüíûå ýêñòðåìàëè óäîâëåòâîðÿþò ãàìèëüòîíîâîé ñèñòåìå λ̇ = H⃗(λ) ñ
ãàìèëüòîíèàíîì H = 1

2(h
2
1 + h22), â êîîðäèíàòàõ:

ḣ1 = −h2h3, (1)

ḣ2 = h1h3, (2)

ḣ3 = 0, (3)

q̇ = h1f1 + h2f2. (4)

• Ïîäñèñòåìà ãàìèëüòîíîâîé ñèñòåìû äëÿ ñîïðÿæåííûõ ïåðåìåííûõ h1, h2, h3
(âåðòèêàëüíàÿ ïîäñèñòåìà) (1)�(3) èìååò èíòåãðàëû H è h3. Áîëåå òîãî, â
ïëîñêîñòè {h3 = 0} âåðòèêàëüíàÿ ïîäñèñòåìà îñòàåòñÿ íåïîäâèæíîé. Òàêèì

îáðàçîì, íà ïîâåðõíîñòè óðîâíÿ {H = 1/2} îíà èìååò ïîòîê, ïîêàçàííûé íà

ñëåäóþùåì ñëàéäå: âðàùåíèÿ ïî îêðóæíîñòÿì {H = 1/2, h3 = const ̸= 0} è

íåïîäâèæíûå òî÷êè ïî îêðóæíîñòè {H = 1/2, h3 = 0}.
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Ñóáðèìàíîâà çàäà÷à íà ãðóïïå Ãåéçåíáåðãà:
Ïîòîê âåðòèêàëüíîé ïîäñèñòåìû ãàìèëüòîíîâîé ñèñòåìû ÏÌÏ
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Ñóáðèìàíîâà çàäà÷à íà ãðóïïå Ãåéçåíáåðãà
• Íà ïîâåðõíîñòè óðîâíÿ {H = 1

2} ââåäåì ïîëÿðíóþ êîîðäèíàòó θ:

h1 = cos θ, h2 = sin θ.

Ïàðàìåòðèçîâàííûå äëèíîé äóãè êðàò÷àéøèå óäîâëåòâîðÿþò íîðìàëüíîé

ãàìèëüòîíîâîé ñèñòåìå

θ̇ = h3,

ḣ3 = 0,

ẋ = cos θ,

ẏ = sin θ,

ż = −y

2
cos θ +

x

2
sin θ,

(x , y , z)(0) = (0, 0, 0).
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Ñóáðèìàíîâà çàäà÷à íà ãðóïïå Ãåéçåíáåðãà:
Ãåîäåçè÷åñêèå

x

y

z
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Ñóáðèìàíîâà çàäà÷à íà ãðóïïå Ãåéçåíáåðãà:
Îïòèìàëüíîñòü ãåîäåçè÷åñêèõ

• Ïðÿìûå ëèíèè (ñëó÷àé h3 = 0) ìèíèìèçèðóþò åâêëèäîâî ðàññòîÿíèå â R2
x ,y ,

ïîýòîìó îíè îïòèìàëüíû íà ëþáîì îòðåçêå t ∈ [0, t1], t1 > 0.
• Ñïèðàëè (ñëó÷àé h3 ̸= 0) íå ÿâëÿþòñÿ îïòèìàëüíûìè ïîñëå ïåðâîãî

ïåðåñå÷åíèÿ ñ îñüþ z ïðè t = 2π
|h3| , ïîñêîëüêó ýòè ïåðåñå÷åíèÿ ÿâëÿþòñÿ

òî÷êàìè Ìàêñâåëëà.
• Åñëè t1 =

2π
|h3| , òî ñóùåñòâóåò êîíòèíóóì ñïèðàëåé q(t), t ∈ [0, t1], ïðèõîäÿùèõ

â îäíó è òó æå òî÷êó q(t1) íà îñè z ; îíè ïîëó÷àþòñÿ îäíà èç äðóãîé

âðàùåíèÿìè âîêðóã ýòîé îñè, ïîýòîìó âñå îíè îïòèìàëüíû.
• ×àñòü îïòèìàëüíîé äóãè ÿâëÿåòñÿ îïòèìàëüíîé, ïîýòîìó ñïèðàëè

îïòèìàëüíû òàêæå äëÿ t ∈ [0, t1], t1 ∈ (0, 2π
|h3|).

• Ïîäâîäÿ èòîã, âðåìÿ ðàçðåçà ïî ãåîäåçè÷åñêîé Exp(λ, t) ðàâíî

tcut(λ) =

{
2π
|h3| ïðè h3 ̸= 0,

+∞ ïðè h3 = 0.
(5)
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Ñóáðèìàíîâà çàäà÷à íà ãðóïïå Ãåéçåíáåðãà:
Îïòèìàëüíûå ãåîäåçè÷åñêèå

x

y

z
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Ñóáðèìàíîâà çàäà÷à íà ãðóïïå Ãåéçåíáåðãà:
Ìíîæåñòâî ðàçðåçà è êàóñòèêà

Â çàäà÷å Äèäîíû ìíîæåñòâî ðàçðåçà

Cut = {Exp(λ, tcut(λ)) | λ ∈ C}

è ïåðâàÿ êàóñòèêà

Conj1 =
{
Exp(λ, t1conj(λ)) | λ ∈ C

}
ñîâïàäàþò äðóã ñ äðóãîì:

Cut = Conj1 = {(0, 0, z) ∈ R3 | z ̸= 0}.
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Ñóáðèìàíîâà çàäà÷à íà ãðóïïå Ãåéçåíáåðãà:
Ñóáðèìàíîâî ðàññòîÿíèå

Îïèøåì ÑÐ ðàññòîÿíèå d0(q) = d(q0, q), q = (x , y , z) ∈ R3:

• åñëè z = 0, òî d0(q) =
√

x2 + y2,

• åñëè z ̸= 0, x2 + y2 = 0, òî d0(q) =
√
2π|z |,

• åñëè z ̸= 0, x2 + y2 ̸= 0, òî ðàññòîÿíèå îïðåäåëÿåòñÿ óñëîâèÿìè

d0(q) =
p

sin p

√
x2 + y2,

2p − sin 2p

4 sin2 p
=

z

x2 + y2
.
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Ñóáðèìàíîâà çàäà÷à íà ãðóïïå Ãåéçåíáåðãà:
Ñóáðèìàíîâû ñôåðû

• Åäèíè÷íàÿ ñóáðèìàíîâà ñôåðà S = {q ∈ R3 | d0(q) = 1} ïðåäñòàâëÿåò ñîáîé

ïîâåðõíîñòü âðàùåíèÿ âîêðóã îñè z â ôîðìå ÿáëîêà, ñì. ðèñóíêè íà

ñëåäóþùåì ñëàéäå.

• Îíà èìååò äâå îñîáûå êîíè÷åñêèå òî÷êè z = ± 1
4π , x

2 + y2 = 0.

• Îñòàâøèåñÿ ñôåðû SR = {q ∈ R3 | d0(q) = R} ïîëó÷àþòñÿ èç S â ñèëó

äèëàòàöèé:

δs : (x , y , z) 7→ (esx , esy , e2sz), s ∈ R,
SR = δs(S), s = lnR.
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Ñóáðèìàíîâà çàäà÷à íà ãðóïïå Ãåéçåíáåðãà:
Ñóáðèìàíîâû ñôåðû
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Ñóáëîðåíöåâà ãåîìåòðèÿ
• Ãëàäêîå ìíîãîîáðàçèå M,
• âåêòîðíîå ðàñïðåäåëåíèå ∆ = {∆q ⊂ TqM | q ∈ M}, dim∆q ≡ const,
• ëîðåíöåâà ìåòðèêà (íåâûðîæäåííàÿ êâàäðàòè÷íàÿ ôîðìà èíäåêñà 1) â ∆:

g = {gq � ëîðåíöåâà ìåòðèêà â ∆q | q ∈ M}
• ñóáëîðåíöåâà ñòðóêòóðà (∆, g) íà M
• ãîðèçîíòàëüíûé âåêòîð: v ∈ ∆q,
• ãîðèçîíòàëüíûé âåêòîð v íàçûâàåòñÿ:

• âðåìåíèïîäîáíûì, åñëè g(v) < 0
• ïðîñòðàíñòâåííîïîäîáíûì, åñëè g(v) > 0 èëè v = 0,
• ñâåòîïîäîáíûì, åñëè g(v) = 0 è v ̸= 0,
• íåïðîñòðàíñòâåííîïîäîáíûì, åñëè g(v) ≤ 0

• ëèïøèöåâà êðèâàÿ â M íàçûâàåòñÿ âðåìåíèïîäîáíîé, åñëè îíà èìååò

âðåìåíèïîäîáíûé âåêòîð ñêîðîñòè ï.â.,
• ïðîñòðàíñòâåííîïîäîáíûå, ñâåòîïîäîáíûå è íåïðîñòðàíñòâåííîïîäîáíûå

êðèâûå îïðåäåëÿþòñÿ àíàëîãè÷íî.
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Ñâåòîïîäîáíûé êîíóñ äëÿ g = dx2 + dy 2 − dz2

�¨á.: Ñâåòîïîäîáíûé êîíóñ
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Ñóáëîðåíöåâà ãåîìåòðèÿ
• Îðèåíòàöèÿ âðåìåíè X � ýòî âðåìåíèïîäîáíîå âåêòîðíîå ïîëå â M.
• Íåïðîñòðàíñòâåííîïîäîáíûé âåêòîð v ∈ ∆q íàïðàâëåí â áóäóùåå, åñëè

g(v ,X (q)) < 0, è íàïðàâëåí â ïðîøëîå, åñëè g(v ,X (q)) > 0.
• Íàïðàâëåííàÿ â áóäóùåå âðåìåíèïîäîáíàÿ êðèâàÿ q(t), t ∈ [0, t1], íàçûâàåòñÿ
ïàðàìåòðèçîâàííîé äëèíîé äóãè, åñëè g(q̇(t), q̇(t)) ≡ −1.

• Ëþáàÿ íàïðàâëåííàÿ â áóäóùåå âðåìåíèïîäîáíàÿ êðèâàÿ ìîæåò áûòü

ïàðàìåòðèçîâàíà äëèíîé äóãè, àíàëîãè÷íî ïàðàìåòðèçàöèè äëèíû äóãè

ãîðèçîíòàëüíîé êðèâîé â ñóáðèìàíîâîé ãåîìåòðèè.
• Äëèíà íåïðîñòðàíñòâåííîïîäîáíîé êðèâîé γ ∈ Lip([0, t1],M) ðàâíà
l(γ) =

∫ t1
0

|g(γ̇, γ̇)|1/2dt.
• Äëÿ òî÷åê q1, q2 ∈ M îáîçíà÷èì ÷åðåç Ωq1q2 ìíîæåñòâî âñåõ áóäóùèõ

íàïðàâëåííûõ íåïðîñòðàíñòâåííîïîäîáíûõ êðèâûõ â M, êîòîðûå ñîåäèíÿþò

q1 ñ q2. Â ñëó÷àå Ωq1q2 ̸= ∅ îáîçíà÷èì ñóáëîðåíöåâî ðàññòîÿíèå îò òî÷êè q1
äî òî÷êè q2 êàê

d(q1, q2) = sup{l(γ) | γ ∈ Ωq1q2}. (6)
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Ïîñòàíîâêà ÑË çàäà÷è íà ãðóïïå Ãåéçåíáåðãà
• Ãðóïïà Ãåéçåíáåðãà � ýòî ïðîñòðàíñòâî M ≃ R3

x ,y ,z ñ çàêîíîì óìíîæåíèÿ

(x1, y1, z1) · (x2, y2, z2) = (x1 + x2, y1 + y2, z1 + z2 + (x1y2 − x2y1)/2).

• Ýòî òðåõìåðíàÿ íèëüïîòåíòíàÿ ãðóïïà Ëè ñ ëåâîèíâàðèàíòíûì ðåïåðîì

X1 =
∂

∂ x
− y

2

∂

∂ z
, X2 =

∂

∂ y
+

x

2

∂

∂ z
, X3 =

∂

∂ z
, (7)

ñ åäèíñòâåííîé íåíóëåâîé ñêîáêîé Ëè [X1,X2] = X3.
• Ðàññìîòðèì ëåâîèíâàðèàíòíóþ ÑË çàäà÷ó íà ãðóïïå Ãåéçåíáåðãà M,

çàäàííóþ îðòîíîðìèðîâàííûì ðåïåðîì (X1,X2), ñ îðèåíòàöèåé âðåìåíè X1:

q̇ = u1X1 + u2X2, q ∈ M, (8)

u ∈ U = {(u1, u2) ∈ R2 | u1 ≥ |u2|}, (9)

q(0) = q0 = Id = (0, 0, 0), q(t1) = q1, (10)

l(q(·)) =
∫ t1

0

√
u21 − u22 dt → max . (11)
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Êëþâ Ãåéçåíáåðãà
(Ìíîæåñòâî äîñòèæèìîñòè èç Id)

�¨á.: Êëþâ Ãåéçåíáåðãà ∂A
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Êëþâ Ãåéçåíáåðãà

�¨á.: Âèä ∂A âäîëü îñè y �¨á.: Âèä ∂A âäîëü îñè z
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Ýêñòðåìàëüíûå òðàåêòîðèè

• Àíîðìàëüíûå òðàåêòîðèè � êóñî÷íî-ãëàäêèå ñâåòîïîäîáíûå ñ íå áîëåå ÷åì

îäíèì ïåðåêëþ÷åíèåì.

• Íîðìàëüíûå òðàåêòîðèè � ãëàäêèå âðåìåíèïîäîáíûå.

• Ïàðàìåòðèçóþòñÿ ýëåìåíòàðíûìè ôóíêöèÿìè.

• Âñå îïòèìàëüíû.
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Ñóáëîðåíöåâî ðàññòîÿíèå
Îáîçíà÷èì d(q) := d(q0, q), q ∈ Aq0 .

Òåîðåìà

Ïóñòü q = (x , y , z) ∈ J+(q0). Òîãäà

d(q) =
√
x2 − y2 · p

sinh p
, p = β

(
z

x2 − y2

)
. (12)

Â ÷àñòíîñòè:

(1) z = 0 ⇔ d(q) =
√
x2 − y2,

(2) q ∈ J+(q0) \ I+(q0) ⇔ d(q) = 0.

-2 -1 1 2-3 3
p

0.5

1

p/sinh(p)

�¨á.: Ãðàôèê p
sinh p
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Ãðàôèê d |z=0 =
√

x2 − y 2

�¨á.: Ãðàôèê d |z=0
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Ãðàôèê d |y=0

�¨á.: Ãðàôèê d |y=0
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Ãðàôèê d |x=1

�¨á.: Ãðàôèê d |x=1
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Åäèíè÷íàÿ ÑË ñôåðà

�¨á.: Ñôåðà S è êëþâ Ãåéçåíáåðãà

∂A
�¨á.: Äëèííåéøèå, ñîåäèíÿþùèå q0
è S
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Ñâåòîïîäîáíûå äëèííåéøèå, çàïîëíÿþùèå S(0)

�¨á.: Ñâåòîïîäîáíûå äëèííåéøèå, çàïîëíÿþùèå S(0)
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ÑË ñôåðû ðàäèóñîâ 0, 1, 2, 3

�¨á.: ÑË ñôåðû ðàäèóñîâ 0, 1, 2, 3
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Çàäà÷à Ýéëåðà îá ýëàñòèêàõ

a1

l
v1

a0

v0

γ(t) R2

Äàíî: l > 0, ai ∈ R2, vi ∈ TaiR2, |vi | = 1, i = 1, 2.
Íàéòè: γ(t), t ∈ [0, t1]:
γ(0) = a0, ġ(0) = v0, γ(t1) = a1, ġ(t1) = v1. |ġ(t)| ≡ 1 ⇒ t1 = l

Óïðóãàÿ ýíåðãèÿ J =
1

2

∫ t1

0

k2 dt → min, k(t) � êðèâèçíà γ(t).
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XIII âåê: Æîðäàíóñ äå Íåìîðå
Jordanus de Nemore, De Ratione Ponderis,

Êíèãà 4, Ïðåäëîæåíèå 13:

Óïðóãèå êðèâûå � îêðóæíîñòè.

(Íåâåðíîå ðåøåíèå).
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1691: ßêîá Áåðíóëëè, ïðÿìîóãîëüíàÿ ýëàñòèêà

dy =
x2 dx√
1− x4

, ds =
dx√
1− x4

, x ∈ [0, 1]
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1742: Äàíèèë Áåðíóëëè

• Óïðóãàÿ ýíåðãèÿ

E = const ·
∫

ds

R2
,

R � ðàäèóñ êðèâèçíû.

• Ïîïûòêè ðåøåíèÿ âàðèàöèîííîé çàäà÷è

E → min .

• Ïèñüìî Ëåîíàðäó Ýéëåðó: ïðåäëîæåíèå ðåøèòü ýòó çàäà÷ó.
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1744: Ëåîíàðä Ýéëåð

• �Ìåòîä íàõîæäåíèÿ êðèâûõ ëèíèé, îáëàäàþùèõ ñâîéñòâàìè ìàêñèìóìà èëè

ìèíèìóìà, èëè ðåøåíèå èçîïåðèìåòðè÷åñêîé çàäà÷è, âçÿòîé â ñàìîì

øèðîêîì ñìûñëå�, Ëîçàííà, Æåíåâà, 1744,

• Ïðèëîæåíèå ¾Îá óïðóãèõ êðèâûõ¿:
¾. . . â ìèðå íå ïðîèñõîäèò íè÷åãî, â ÷åì íå áûë áû âèäåí ñìûñë êàêîãî-

íèáóäü ìàêñèìóìà èëè ìèíèìóìà.¿

• ¾Ñðåäè âñåõ êðèâûõ îäíîé è òîé æå äëèíû, êîòîðûå íå òîëüêî ïðîõîäÿò

÷åðåç A è B , íî è êàñàþòñÿ â ýòèõ òî÷êàõ ïðÿìûõ, çàäàííûõ ïî ïîëîæåíèþ,

îïðåäåëèòü òó, äëÿ êîòîðîé çíà÷åíèå âûðàæåíèÿ

∫
ds

R2
áóäåò íàèìåíüøèì.¿
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1744: Ëåîíàðä Ýéëåð

• Çàäà÷à âàðèàöèîííîãî èñ÷èñëåíèÿ,

• Óðàâíåíèå Ýéëåðà-Ïóàññîíà,

• Ñâåäåíèå ê êâàäðàòóðàì

dy =
(α+ βx + γx2) dx√
a4 − (α+ βx + γx2)2

, ds =
a2 dx√

a4 − (α+ βx + γx2)2
,

• Êà÷åñòâåííûé àíàëèç èíòåãðàëîâ,

• Òèïû ðåøåíèé (ýëàñòèêè).
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Ýñêèçû Ýéëåðà
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1807: Ïüåð Ñèìîí Ëàïëàñ
Ôîðìà ïîâåðõíîñòè êàïèëëÿðà

Ðèñóíêè Äæ.Ìàêñâåëëà (Áðèòàíñêàÿ Ýíöèêëîïåäèÿ, 1890 ã.)
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1859: Ã.Ð. Êèðõãîô

Êèíåòè÷åñêèé àíàëîã: ìàòåìàòè÷åñêèé ìàÿòíèês
s
?

β

m

mg

L
S
S
S
S

β̈ = −r sinβ, r =
g

L
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1880: Ë. Çààëøþòö

Ïåðâàÿ ÿâíàÿ ïàðàìåòðèçàöèÿ ýéëåðîâûõ ýëàñòèê ôóíêöèÿìè ßêîáè:

L.Saalsch�utz, Î ñòåðæíå, íàãðóæåííîì äåéñòâèåì áîêîâîé ñèëû, Ëåéïöèã, 1880.
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1906: Ìàêñ Áîðí

• Äèññåðòàöèÿ ¾Óñòîé÷èâîñòü óïðóãèõ êðèâûõ íà ïëîñêîñòè è â ïðîñòðàíñòâå¿,

Ãåòòèíãåí, 1906 ã.

• Óðàâíåíèÿ Ýéëåðà-Ëàãðàíæà ⇒

ẋ = cos θ, ẏ = sin θ,

Aθ̈ + B sin(θ − γ) = 0, A, B, γ = const,

• ýëàñòèêà áåç òî÷åê ïåðåãèáà ⇒ óñòîé÷èâîñòü,

• ýëàñòèêà ñ òî÷êàìè ïåðåãèáà ⇒ ÷èñëåííîå èññëåäîâàíèå ñîïðÿæåííûõ

òî÷åê,

• ÷åðòåæè ýëàñòèê íà îñíîâå ïðèáëèæåííûõ âû÷èñëåíèé.

40 / 71



1906: Ìàêñ Áîðí
Ýêñïåðèìåíòû ñ óïðóãèìè ñòåðæíÿìè:
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1993: Â. Äæàðäæåâè÷
Ýéëåðîâû ýëàñòèêè â çàäà÷å îá îïòèìàëüíîì êà÷åíèè ñôåðû ïî ïëîñêîñòè áåç

ïðîêðó÷èâàíèÿ è ïðîñêàëüçûâàíèÿ
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1993: Ð. Áðîêåòò è Ë. Äàè

Ýéëåðîâû ýëàñòèêè â íèëüïîòåíòíîé ñóáðèìàíîâîé çàäà÷å ñ âåêòîðîì ðîñòà

(2,3,5):

q̇ = u1X1 + u2X2, q ∈ R5, u = (u1, u2) ∈ R2,

q(0) = q0, q(t1) = q1,

l =

∫ t1

0

√
u21 + u22 dt → min,

[X1,X2] = X3, [X1,X3] = X4, [X2,X3] = X5.
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Ïðèëîæåíèÿ ýéëåðîâûõ ýëàñòèê

• òåîðèÿ óïðóãîñòè è ñîïðîòèâëåíèå ìàòåðèàëîâ (ìîäåëèðîâàíèå êîëîíí, áàëîê,

óïðóãèõ ñòåðæíåé),

• ðàçìåð è ôîðìà â áèîëîãèè (ìàêñèìàëüíàÿ âûñîòà äåðåâà, èçãèá ïàëüì ïîä

äåéñòâèåì âåòðà, êðèâèçíà ïîçâîíî÷íèêà, ìåõàíèêà êðûëüåâ íàñåêîìûõ),

• íåëèíåéíûå ñïëàéíû â òåîðèè àïïðîêñèìàöèè (Ã.Áèðêõîô, Ê.Ð. äå Áóð, 1964),

• âîññòàíîâëåíèå ñêðûòûõ èçîáðàæåíèé â êîìïüþòåðíîì âèäåíèè (Ä.Ìàìôîðä,

1994),

• ìîäåëèðîâàíèå òîíêèõ îïòè÷åñêèõ âîëîêîí è ãèáêèõ ñîåäèíåíèé â

ìèêðîýëåêòðîíèêå (Â.Äæåèðåçáõîé, 2008),

• äèíàìèêà îñè âèõðÿ è êóáè÷åñêîå óðàâíåíèå Øðåäèíãåðà (Õ.Õàñèìîòî, 1971),

• ìîäåëèðîâàíèå ìîëåêóë ÄÍÊ (Ð.Ñ.Ìàííèíã, 1996), . . .
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Çàäà÷à Ýéëåðà: Êîîðäèíàòû â R2 × S1

a1

a0

γ(t) θ(t)

θ0
θ1

x

y

• (x , y) ∈ R2, θ ∈ S1,

• γ(t) = (x(t), y(t)), t ∈ [0, t1],

• a0 = (x0, y0), a1 = (x1, y1),

• v0 = (cos θ0, sin θ0), v1 = (cos θ1, sin θ1).
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Çàäà÷à îïòèìàëüíîãî óïðàâëåíèÿ

ẋ = cos θ,

ẏ = sin θ,

θ̇ = u,

q = (x , y , θ) ∈ R2
x ,y × S1

θ , u ∈ R,
q(0) = q0 = (x0, y0, θ0), q(t1) = q1 = (x1, y1, θ1), t1 ôèêñèðîâàíî.

k2 = θ̇2 = u2 ⇒ J =
1

2

∫ t1

0

u2 dt → min .

Äîïóñòèìûå óïðàâëåíèÿ u(t) ∈ L2[0, t1].
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Ëåâîèíâàðèàíòíàÿ çàäà÷à íà ãðóïïå äâèæåíèé ïëîñêîñòè

SE(2) = R2 ⋉ SO(2) =


 cos θ − sin θ x

sin θ cos θ y
0 0 1

 | (x , y) ∈ R2, θ ∈ S1


q̇ = X1(q) + uX2(q), q ∈ SE(2), u ∈ R.
q(0) = q0, q(t1) = q1, t1 ôèêñèðîâàíî,

J =
1

2

∫ t1

0

u2dt → min,

Ëåâîèíâàðèàíòíûé ðåïåð íà SE(2):

X1(q) = qE13, X2(q) = q(E21 − E12), X3(q) = [X1,X2](q) = −qE23.
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Íåïðåðûâíûå ñèììåòðèè
è íîðìàëèçàöèÿ óñëîâèé çàäà÷è

• Ëåâûå ñäâèãè íà SE(2) ⇒ q0 = Id ∈ SE(2):

• Ïàðàëëåëüíûå ïåðåíîñû â R2 ⇒ (x0, y0) = (0, 0)

• Ïîâîðîòû â R2 ⇒ θ0 = 0

• Ãîìîòåòèè â R2 ⇒ t1 = 1
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Ìíîæåñòâî äîñòèæèìîñòè
q0 = (0, 0, 0), t1 = 1

Aq0(1) = {(x , y , θ) | x2 + y2 < 1 ∀ θ ∈ S1 èëè (x , y , θ) = (1, 0, 0)}.

Ïåðåâîä q0 â q:

u = 0
u = C1

u = C3

u = C2

q0

q

-

Y
>

?

�
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Ìíîæåñòâî äîñòèæèìîñòè
è ñóùåñòâîâàíèå îïòèìàëüíûõ òðàåêòîðèé

-2

0

2

x1
-2

0

2

x2

-1

-0.5

0

0.5

1

x3

-2

0

2

x1

q1 ∈ Aq0(t1) ⇒ ∃ îïòèìàëüíàÿ òðàåêòîðèÿ q(t) ∈ Lip[0, t1]
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Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà â èíâàðèàíòíîé ôîðìå

q̇ = X1(q) + uX2(q), q ∈ M = R2 × S1, J =
1

2

∫ t1

0

u2 dt → min

• TqM = span(X1(q),X2(q),X3(q)), X3 = [X1,X2]
• T ∗

qM = {(h1, h2, h3)}, hi (λ) = ⟨λ,Xi ⟩, λ ∈ T ∗M

• Ãàìèëüòîíîâû âåêòîðíûå ïîëÿ h⃗i ∈ Vec(T ∗M)
• hνu = ⟨λ,X1 + uX2⟩+ ν

2u
2 = h1(λ) + uh2(λ) +

ν
2u

2

Òåîðåìà (Ïðèíöèï ìàêñèìóìà Ïîíòðÿãèíà)

u(t) è q(t) îïòèìàëüíû ⇒ ∃ λt ∈ T ∗
q(t)M, ν ∈ {−1, 0}:

λ̇t = h⃗νu(t)(λt) = h⃗1(λt) + u(t) h⃗2(λt),

hνu(t)(λt) = max
v∈R

hνv (λt),

(ν, λt) ̸= 0, t ∈ [0, t1].
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Àíîðìàëüíûå ýêñòðåìàëüíûå òðàåêòîðèè

ν = 0 ⇒ θ ≡ 0, x = t, y ≡ 0

q0 q1

J = 0 = min ⇒
⇒ àíîðìàëüíûå ýêñòðåìàëüíûå òðàåêòîðèè

îïòèìàëüíû ïðè t ∈ [0, t1] ∀ t1 > 0.

Åäèíñòâåííàÿ òðàåêòîðèÿ èç q0 = (0, 0, 0) â (t1, 0, 0) ∈ ∂Aq0(t1).
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Ãàìèëüòîíîâà ñèñòåìà äëÿ íîðìàëüíûõ ýêñòðåìàëåé

ν = −1 ⇒ íååäèíñòâåííîñòü ýêñòðåìàëüíûõ òðàåêòîðèé

Ãàìèëüòîíîâà ñèñòåìà ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà:

ḣ1 = −h2h3, ẋ = cos θ

ḣ2 = h3, ẏ = sin θ

ḣ3 = h1h2, θ̇ = h2

h21 + h23 = r2 ≡ const ⇒ h1 = −r cosβ, h3 = −r sinβ
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Óðàâíåíèå ìàÿòíèêà

β̈ = −r sinβ ⇔
{
β̇ = c ,

ċ = −r sinβ

-3 -2 -1 1 2 3

-3

-2

-1

1

2

3

β

c

π−π

j

Y

j

q

Y

i

54 / 71



Íîðìàëüíûå ýêñòðåìàëüíûå òðàåêòîðèè

θ̈ = −r sin(θ − γ), r , γ = const,

ẋ = cos θ,

ẏ = sin θ.

Ñèñòåìà èíòåãðèðóåìà â ôóíêöèÿõ ßêîáè.

θ(t), x(t), y(t) ïàðàìåòðèçîâàíû ôóíêöèÿìè ßêîáè cn, sn, dn,E.
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Ýéëåðîâû ýëàñòèêè

Ýíåðãèÿ ìàÿòíèêà

E =
θ̇2

2
− r cos(θ − γ) ≡ const ∈ [−r ,+∞)

• E = −r ̸= 0 ⇒ ïðÿìûå,

• E ∈ (−r , r), r ̸= 0 ⇒ èíôëåêñèîííûå ýëàñòèêè,

• E = r ̸= 0, θ − γ = π ⇒ ïðÿìûå,

• E = r ̸= 0, θ − γ ̸= π ⇒ êðèòè÷åñêèå ýëàñòèêè,

• E > r ̸= 0 ⇒ íåèíôëåêñèîííûå ýëàñòèêè,

• r = 0 ⇒ îêðóæíîñòè è ïðÿìûå.
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Ýéëåðîâû ýëàñòèêè
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Ýéëåðîâû ýëàñòèêè
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Ýéëåðîâû ýëàñòèêè
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Îòðàæåíèÿ â ôàçîâîì öèëèíäðå ìàÿòíèêà β̈ = −r sin β

?

�
�

�
�

�
�

�
�

�
��+

ε1

ε2

ε3
β

c
γs

γ1
s

γ2
s

γ3
s

j

�Y

*

Ãðóïïà ñèììåòðèé ïðÿìîóãîëüíèêà

D2 = {Id, ε1, ε2, ε3} = Z2 × Z2.
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Äåéñòâèå îòðàæåíèé ε1, ε2, ε3 íà ýëàñòèêè

pc

(xs, ys)

(x1
s , y

1
s)

�

� l⊥

(xs, ys)

(x2
s , y

2
s)

-

*

l

(xs, ys)

(x3
s , y

3
s)

*

*
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Íåïîäâèæíûå òî÷êè îòðàæåíèé ε1, ε2, ε3

pc

l⊥

l l
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Òî÷êè Ìàêñâåëëà, ñîîòâåòñòâóþùèå îòðàæåíèÿì
Íåïîäâèæíûå òî÷êè îòðàæåíèé εi :

t = tnεi , i = 1, 2, n = 1, 2, . . .

T = ïåðèîä êîëåáàíèé ìàÿòíèêà ⇒

tnε1 = nT ,

(
n − 1

2

)
T < tnε2 <

(
n +

1

2

)
T .

Âåðõíÿÿ îöåíêà âðåìåíè ðàçðåçà:

tcut ≤ min(t1ε1 , t
1
ε2) ≤ T
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Ñîïðÿæåííûå òî÷êè

Ýêñïîíåíöèàëüíîå îòîáðàæåíèå

Expt : T ∗
q0M → M, λ0 7→ q(t) = π ◦ eth⃗(λ0)

q(t) � ñîïðÿæåííàÿ òî÷êà ⇔ q(t) � êðèòè÷åñêîå çíà÷åíèå Expt

Expt(h1, h2, h3) = (x , y , θ)

∂(x , y , θ)

∂(h1, h2, h3)
= 0
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Ëîêàëüíàÿ îïòèìàëüíîñòü
íîðìàëüíûõ ýêñòðåìàëüíûõ òðàåêòîðèé

Òåîðåìà (Óñëîâèå ßêîáè)

Íîðìàëüíûå ýêñòðåìàëüíûå òðàåêòîðèè òåðÿþò ëîêàëüíóþ îïòèìàëüíîñòü â

ïåðâîé ñîïðÿæåííîé òî÷êå.

Ïåðâîå ñîïðÿæåííîå âðåìÿ t1conj ∈ (0,+∞].

• Íåò òî÷åê ïåðåãèáà ⇒ t1conj = +∞,

• Èíôëåêñèîííûé ñëó÷àé ⇒ t1conj ∈ [t1ε1 , t
1
ε2 ].
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Óñòîé÷èâîñòü èíôëåêñèîííûõ ýëàñòèê

• t1 ≤
1

2
T ⇒ óñòîé÷èâîñòü

• t1 ≥
3

2
T ⇒ íåóñòîé÷èâîñòü

Â ÷àñòíîñòè:

• íåò òî÷åê ïåðåãèáà ⇒ óñòîé÷èâîñòü (Ì. Áîðí),

• 1 èëè 2 òî÷êè ïåðåãèáà ⇒ óñòîé÷èâîñòü èëè íåóñòîé÷èâîñòü,

• 3 òî÷êè ïåðåãèáà ⇒ íåóñòîé÷èâîñòü.
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Ãëîáàëüíàÿ îïòèìàëüíîñòü ýëàñòèê

q1 ∈ Aq0(t1), îïòèìàëüíàÿ qt =?

qt = Expt(λ) îïòèìàëüíà ïðè t ∈ [0, t1] ⇒ t1 ≤ min(t1ε1(λ), t
1
ε2(λ))

N ′ = {λ ∈ T ∗
q0M | t1 ≤ min(t1ε1(λ), t

1
ε2(λ))}

Expt1 : N ′ → Aq0(t1) ñþðúåêòèâíî, íåâûðîæäåíî, íåèíúåêòèâíî

∃ îòêðûòûå âñþäó ïëîòíûå Ñ ⊂ N ′, M̃ ⊂ Aq0(t1) òàêèå, ÷òî

Expt1 : Ñ → M̃ ïðÿìàÿ ñóììà äèôôåîìîðôèçìîâ
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Ãëîáàëüíàÿ ñòðóêòóðà ýêñïîíåíöèàëüíîãî îòîáðàæåíèÿ
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tGMax(x) = t1

�¨á.: Ñ = ∪4

i=1
Li

Expt1−→

M+

M−

�¨á.: M̃ = M+ ∪M−

Expt1 : L1, L3 → M+ äèôôåî, Expt1 : L2, L4 → M− äèôôåî
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Êîíêóðèðóþùèå ýëàñòèêè

q0

q1 ∈ M+

q2(t) = Expt(λ
2)

λ2 ∈ L3

q1(t) = Expt(λ
1)

λ1 ∈ L1

? : J[q1· ] ≶ J[q2· ]
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