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Ñèñòåìà Íàâüå-Ñòîêñà (ÑÍÑ)

∂tv(t, x)−∆v + (v,∇)v +∇p(t, x) = 0, (1)

div v(t, x) = 0, v(t, x)|t=0 = v0(x), (2)

v(t, . . . , xm+2π, . . .) = v(t, . . . , xm, . . .), m = 1,2,3

(3)

Çäåñü v(t, x) = (v1, v2, v3), p(t, x) - ñêîðîñòü

æèäêîñòè è äàâëåíèå, v0(x) -çàäàíî, t ∈
(0, T ), T ≤ ∞, x ∈ T3 := (R/2πZ)3 (÷òî ýêâè-

âàëåíòíî (3)).

Ôóíêöèîíàëüíûå ïðîñòðàíñòâà

V k := {v ∈ (Hk(T3))3 : divv = 0,
∫
T3
vdx = 0},

ãäå Hk(T3) - ïðîñòðàíñòâî Ñîáîëåâà, è

V 1,2(QT ) = {v ∈ L2(0, T ;V 2) : ∂tv ∈ L2(0, T ;V 0)},

ãäå QT = (0, T )× T3.
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Ñèñòåìà Íàâüå-Ñòîêñà ñ óïðàâëåíåì (ÑÍÑ)

∂tv(t, x)−∆v+(v,∇)v+∇p(t, x) =
N∑
j=0

δ(t−tj)uj(x),

(4)

div v(t, x) = 0, v(t, x)|t=0 = v0(x), (5)

v(t, . . . , xm + 2π, . . .) = v(t, . . . , xm, . . .), (6)

m = 1,2,3. Çäåñü δ(t − tj) ýòî δ-ôóíêöèÿ
Äèðàêà â ìîìåíò tj , uj(x), j = 0,1 . . . N
- óïðàâëåíèå, òàêîå ÷òî supp uj(·) ⊂ ω ⊂
T3, ãäå ω - çàäàííàÿ ïîäîáëàñòü òîðà T3.
Òàêîå óïðàâëåíå íàçûâàåòñÿ èìïóëüñíûì.

Ïîñòàíîâêà íåëîêàëüíîé çàäà÷è ñòàáèëèçàöèè

Çàäàíî v0 ∈ V 1(T3), íàéòè 0 = t0 < t1 <
. . . tN , uj ∈ V 1(T3), supp uj ⊂ ω, j = 0,1, . . . N
òàê, ÷òîáû ðåøåíèå (v(t, x), p(t, x)) ∈ V 1,2×
L2(R+; (L2(T3)3) çàäà÷è (4)-(6) óäâëåòâîðÿëî
óñëîâèþ

‖v(t, ·)‖V 1(T3) → 0, ïðè t→∞ (7)
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Î÷åíü âàæíî, ÷òî ìû èùåì ðåøåíèå (v, p)

çàäà÷è ñòàáèëèçàöèè (4)-(7) â ïðîñòðàíñòâå

V 1,2×L2(R+; (L2(T3)3), ãäå äîêàçàíà åäèíñòâåí-

íîñòü ðåøåíèÿ çàäà÷è (1)-(3). Ôàçîâûì

ïðîñòðàíñòâîì äëÿ V 1,2 ÿâëÿåòñÿ V 1(T3).

×òîáû ðàáîòàòü â ôàçîâûì ïðîñòðàíñòâîì

V 0(T3) ìû ïåðåéäåì îò ÑÍÑ ê ñèñòåìå

Ãåëüìãîëüöà. Ðîòîð ñêîðîñòè

ω(t, x) = rot v(t, x) =

= (∂x2v3−∂x3v2, ∂x3v1−∂x1v3, ∂x1v2−∂x2v1)

Ñèñòåìà óðàâíåíèé Ãåëüìãîëüöà äëÿ rotv:

∂tω(t, x)−∆ω + (v,∇)ω − (ω,∇)v = 0

ω(t, x)|t=0 = ω0(x)

ãäå ω0 = rotv0
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Ñòðóêòóðà áèëèíåéíîãî îïåðàòîðà

Íåëèíåéíûé ÷ëåí â óðàâíåíèÿõ Ãåëüìãîëüöà:

B(ω) = (v,∇)ω − (ω,∇)v = Φ(ω)ω +Bτ(ω),

ãäå Bτ(ω) - êîìïîíåíòà, êàñàòåëüíàÿ ê ñôåðå

Σω = {u ∈ V 0 : ‖u‖V 0 = ‖ω‖V 0}

â òî÷êå ω ,Φ ôóíêöèîíàë, è ïîýòîìó êîìïîíåíòà

Φ(ω)ω îðòîãîíàëüíà ê Σω â ω.

Íîðìàëüíàÿ ïàðàáîëè÷åñêàÿ ñèñòåìà

(ÍÏÑ)

∂tω(t, x)−∆ω−Φ(ω)ω = 0, divω = 0, ω|t=0 = ω0
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Ñëó÷àé ïîëíîãî (ñ Bτ) óðàâíåíèÿ

òèïà Áþðãåðñà.

Óðàâíåíèå Áþðãåðñà: ∂tv(t, x)−∂xxv−∂xv2 =

0

Ïðîäèôôåðåíöèðîâàííîå óðàâíåíèå Áþðãåðñà

(y(t, x) = ∂xv(t, x))

∂ty(t, x)−∂xxy−2y2−2v∂xy = 0, y(t, x)|t=0 = y0(x)

(1)

y(t, x+ 2π) = y(t, x) (2)

Îáîçíà÷èì T := R/2πZ,

L0
2(T) = {w(x) ∈ L2(T) :

∫ 2π

0
w(x)dx = 0}

Òåîðåìà. Ñóùåñòâóåò òàêîå r > 0, ÷òî äëÿ

ëþáîãî ‖y0‖L0
2(T) < r ñóùåñòâóåò åäèíñòâåííîå

ðåøåíèå y ∈ L2(R+;L0
2(T)) ∩ C∞(R+ × T)

çàäà÷è (1),(2), è ‖y(t, ·)‖L2
≤ c‖y0‖L2

e−t/2 ∀t >
0.
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Ñòðóêòóðà áèëèíåéíîãî îïåðàòîðà

Íåëèíåéíûé ÷ëåí â ïðîäèôôåðåíöèðîâàííîì

óðàâíåíèè Áþðãåðñà:

B(v, y) := 2y2 + 2v∂xy = Φ(y)y +Bτ(v, y),

ãäå

Φ(y) =
∫ 2π

0
y3(x)dx/‖y‖2L2(T), y 6= 0, Φ(0) = 0,

è Bτ(v, y) - êîìïîíåíòà, êàñàòåëüíàÿ ê ñôåðå

Σy = {u ∈ L0
2 : ‖u‖V 0 = ‖y‖L0

2
}

â òî÷êå y.

Íîðìàëüíîå ïàðàáîëè÷åñêîå

óðàâíåíèå (ÍÏÓ)

∂ty(t, x)− ∂xxy −Φ(y)y = 0, (3)

y(t, x)|t=0 = y0(x) (4)

7



ßâíàÿ ôîðìóëà äëÿ ðåøåíèÿ ÍÏÓ

Òåîðåìà 1. Ïóñòü S(t, x, z0) - ðàçðåøàþùèé

îïåðàòîð äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè

ñ ïåðèîäè÷åñêèì êðàåâûì óñëîâèåì:

∂tz(t, x)−∂xxz = 0, z(t, x+2π) = z(t, x), z|t=0 = z0,

(5)

ò.å. S(t, x, z0) = z(t, x). Òîãäà ðåøåíèå çàäà÷è

(3),(4) èìååò âèä

y(t, x; y0) =
S(t, x; y0)

1−
∫ t
0 Φ(S(τ, x; y0))dτ

(6)
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Ñòðóêòóðà äèíàìè÷åñêîãî ïîòîêà äëÿ
ÍÏÓ

L0
2(T) ≡ V 0 - ôàçîâîå ïðîñòðàíñòâî äëÿ

çàäà÷è (3), (4).

Îïðåäåëåíèå 1.ÌíîæåñòâîM− ⊂ V 0 íà÷àëüíûõ
óñëîâèé y0, òàêèõ ÷òî ñîîòâåòñòâóþùåå ðåøåíèå
y(t, x; y0) çàäà÷è (1),(2) óäîâëåòâîðÿåò îöåíêå

‖y(t, ·; y0)‖0 ≤ α‖y0‖0e−t/2 ∀t > 0

äëÿ íåêîòîðîãî α > 1, çàâèñÿùåãî îò ‖y0‖0,
íàçûâàåòñÿ ìíîæåñòâîì óñòîé÷èâîñòè.

Îïðåäåëåíèå 2.ÌíîæåñòâîM+ ⊂ V 0 íà÷àëíûõ
óñëîâèé y0, òàêèõ ÷òî ñîîòâåòñòâóþùåå ðåøåíèå
y(t, x; y0) ñóùåñòâóåò íà êîíå÷íîì èíòåðâàëå
âðåìåíè t ∈ (0, t0), è âçðûâàåòñÿ ïðè t = t0
íàçûâàåòñÿ ìíîæåñòâîì âçðûâîâ.

Îïðåäåëåíèå 3.ÌíîæåñòâîMg ⊂ V 0 íà÷àëüíûõ
äàííûõ y0, òàêèõ ÷òî ñîîòâåòñòâóþùåå ðåøåíèå
y(t, x; y0) ñóùåñòâóåò ïðè t ∈ R+, è ‖y(t, x; y0)‖0 →
∞ ïðè t→∞ íàçûâàåòñÿ ìíîæåñòâîì ðîñòà.

Ëåììà 4.ÌíîæåñòâàM−,M+,Mg íå ïóñòû,
è M− ∪M+ ∪Mg = V 0
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Ñòàáèëèçàöèÿ ÍÏÓ ñ îáðàòíîé

ñâÿçüþ

Ðàññìîòðèì çàäà÷ó ñòàáèëèçàöèè íà öèëèíäðå

{(t, x) ∈ R+ × T3}:

∂ty(t, x)− ∂xxy −Φ(y) = 0, (7)

y|t=0 = y0(x) + u0(x) (8)

ãäå y0(x) ∈ H1/2∩L0
2 - çàäàííàÿ íà÷àëüíàÿ

ôóíêöèÿ, à u0(x) ∈ L0
2 - ñòàðòîâîå óïðàâëåíèå

ñ íîñèòåëåì â ñåãìåíòå [−ρ, ρ] ⊂ (−π, π] :=

T ñ ôèêñèðîâàííûì 0 < ρ < π. Ìû äîëæíû

íàéòè òàêîå u0, ÷òî ðåøåíèå y(t, x) çàäà÷è

(7), (8) óäîâëåòâîðÿåò îöåíêå

‖y(t, ·)‖0 ≤ αe−t/2, ïðè t→∞

äëÿ íåêîòîðîãî α > 0.

Òåîðåìà. Äëÿ çàäàííûõ y0 ∈ H1/2∩L0
2\M−

è ìàëîãî ôèêñèðîâàííîãî ρ > 0 ñóùåñòâóåò

òàêîå u0 ∈ L0
2, supp u0 ⊂ [−ρ, ρ], ÷òî v0 +

u0 ∈M−.
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Ôóíêöèîíàëüíî-ïîëÿðíûå

êîîðäèíàòû.

Îáîçíà÷èì åäèíè÷íóþ ñôåðó â L0
2 ñèìâîëîì

Σ = {y ∈ L0
2(T) : ‖y‖ = 1} Ôóíêöèîíàëüíî-

ïîëÿðíûå (ô-ï) êîîðäèíàòû ôóíêöèè y ∈
L0

2 - ýòî y(x) = (ρ, ϕ(x)), ãäå ρ = ‖y‖, ϕ(x) =

y(x)/ρ ∈ Σ. Äëÿ ðåøåíèé óðàâíåíèÿ (1)

óäîáíåå èñïîëüçîâàòü âìåñòî Σ ìíîæåñòâî

Σ(1) = {ϕ(x) ∈ L0
2(T) : ‖ϕ‖ = 1} ∩H1(T)

Ëåììà. Óðàâíåíèå (1) â (ô-ï) êîîðäèíàòàõ

èìååò ñëåäóþùèé âèä:

∂tρ(t)+‖∂xϕ(t, ·)‖2ρ−ρ2Ψ(ϕ(t, ·)) = 0, ρ|t=0 = ρ0

(9)

∂tϕ(t, x)−∂xxϕ−‖∂xϕ‖2ϕ = ρBτ(w,ϕ), ϕ|t=0 = ϕ0

(10)

ãäå ρ0 = ‖y0‖, ϕ0 = y0/ρ0, Ψ(y) =
∫ 2π
0 y3(x)dx,

∂xw = ϕ.
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Ëåììà. Ïóñòü ρ, ϕ -ðåøåíèå çàäà÷è (9),(10)

ñ ρ0 � 1, Ψ(ϕ0) = −α1 è t0 - òàêîé ìîìåíò,

÷òî ∀t ∈ (0, t0)

Ψ(ϕ((t, ·;ϕ0)) ≤ −α, ãäå 0 < α < α1.

Òîãäà ðåøåíèå ρ(t) èç (9),(10) óäîâëåòâîðÿåò

îöåíêå

ρ(t) ≤
e−t/2

ρ−1
0 + α(1− e−t)

∀t ∈ [0, t0].

Ëèíèè óðîâíÿ ôóíêöèîíàëà Ψ íà

ñôåðå Σ(1).

Îáîçíà÷èì ýòó ëèíèþ óðîâíÿ òàê:

Ψ[α] = {ϕ ∈ Σ(1) : Ψ(ϕ) = α}

Ëåììà. Äëÿ êàæäîãî α ∈ R ëèíèÿ óðîâíÿ

Ψ[α] ÿâëÿåòñÿ íåïðåðûâíîé ãèïåðïîâåðõíîñòüþ

íà ñôåðå Σ(1).
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Íåëîêàëüíàÿ ñòàáèëèçàöèÿ óðàâíåíèÿ

òèïà Áþðãåðñà ïîñðåäñòâîì

èìïóëüñíîãî óïðàâëåíèÿ.

∂ty(t, x)−yxx−Φ(y)y−Bτ(v, y) =
N∑
k=1

ûk(x)δ(t−tk),

y|t=0 = y0 (11)

Ýòà çàäà÷à ýêâèâàëåíòíà ñëåäóþùåìó íàáîðó

çàäà÷ Pk íà âðåìåííûõ èíòåðâàëàõ t ∈ (tk, tk+1),

k = 0,1, . . . , N :

∂ty(t, x)− yxx −Φ(y)y −Bτ(v, y) = 0,

y|t=tk = y(tk, ·) + ûk (12)

Ìû ïåðåïèøåì çàäà÷ó (12) (ô-ï) êîîðäèíàòàõ.

Ýòî äàåò íàì âîçìîæíîñòü çàôèêñèðîâàòü

ìîìåíò tk, êîãäà ôóíêöèîíàë Ψ(ϕ(t, ·)) äîñòèãàåò

êðèòè÷åñêîãî çíà÷åíèÿ αcr. Â ýòîò ìîìåíò

ìû çàäàåì íîâûé èìïóëüñ ûk, êîòîðûé ïåðåâîäèò

ôóíêöèîíàë èç êðèòè÷åñêîãî óðîâíÿ â áîëåå

äîïóñòèìûé. Ýòîò èìïóëüñ ñòðîèòñÿ ñ ïîìîùüþ

ñëåäóþùåé òåîðåìû.
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Òåîðåìà. Ïóñòü ϕ(x) ∈ Ψ[−αcr], ãäå 0 <

αcr < α, è [0, ω] ⊂ T - íîñèòåëü êîíñòðóèðóåìîãî
èìïóëüñà. Ñóùåñòâóåò òàêîå n0 > 0 (çàâèñÿùåå

îò ϕ(x), x ∈ [0, ω]), ÷òî äëÿ êàæäîãî n > n0

ñóùåñòâóåò u(x) ñ suppu ∈ [0, ω], êîòîðûé

óäîâëåòâîðÿåò óñëîâèÿì:∫ ω

0
u(x)dx = 0,

∫
T

(ϕ(x) + u(x))2dx = 1 +
1

n
,

∫
T

(ϕ(x) + u(x))3dx ≤ (1 +
1

n
)α.

14



Ëèòåðàòóðà

[1] A.V.Fursikov, On parabolic system of nor-
mal type corresponding to 3D Helmholtz sys-
tem, Advances in Mathematical Analysis of
PDEs, Proc. St. Petersburg Math. Soc., XV;
AMS Transl.Series 2 232 (2014), 99-118

[2] A.V.Fursikov, Stabilization of the simplest
normal parabolic equation by starting con-
trol. Communications on pure and applied
analysis, 13 (2014), 1815-1854

[3] A.V.Fursikov, L.S.Shatina, Nonlocal sta-
bilization of the normal equation generated
by Helmholtz system by starting control.�
DCDS, v.38, no.3, March 2018, 1187-1242.
Doi: 10.3934/dcds.2018050

[4] A.V.Fursikov, L.S.Osipova, On the non-
local stabilization by starting control of the
normal equation generated by Helmholtz system.-
SCIENCE CHINA Math, V.61, No.11, 2018,
2017-2032.

15



[5] Ë.Ñ.Îñèïîâà, À.Â.Ôóðñèêîâ, Îá îäíîì

ìåòîäå íåëîêàëüíîé ñòàáèëèçàöèè óðàâíåíèÿ

òèïà Áþðãåðñà ïîñðåäñòâîì èìïóëüñíîãî

óïðàâëåíèÿ, Äèôôåðåíöèàëüíûå óðàâíåíèÿ,

òîì 55, No. 5, 2019, 702-716.

[6] A.V.Fursikov, On the Stabilization Prob-

lem by Feedback Control for Some Hydrody-

namic Type Systems. In: T.Bondar, G.P.Galdy,

S.Necasova, (eds) Fluids Under Control. Ad-

vances in Mathematcal Fluid Mechanics. Birkhaus-

er, Cham. (2024), p.1-61.

[7] J.M.Coron, On null asymptotic stabiliza-

tion of the two-dimensional incompressible

Euler equations in a simply connected do-

mains, SIAM J. Control Optim. 37:6 (1999),

p.1874-1896.

[8] J.M.Coron, Control and nonlinearity, Math.

Surveys and monographs, 136 AMS, Provi-

dence, RI, 2007.

16



[9] M.Krstic, On global stabilization Burg-

ers' equation by boundary control, Systems

of control letters, 37, (1999), p.123-141.

[10] J.-F.Raymond, Feedback boundary sta-

bilization of the three-dimensional incompress-

ible Navier-Stokes equations, J. Math. Pure

Appl. 87:6 (2007), p.627-669.

17



Ñïàñèáî

çà âíèìàíèå

18


