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Ñèñòåìà óðàâíåíèé Íàâüå-Ñòîêñà (ÑÍÑ)

∂tv(t, x)−∆v + (v,∇)v +∇p(t, x) = 0,

divv = 0,

v(t, . . . , xi, . . .) = v(t, . . . , xi+2π, . . .), i = 1,2,3,

v(t, x)|t=0 = v0(x)

Çäåñü v(t, x) = (v1, v2, v3) - ñêîðîñòü æèäêîñòè,

p(t, x) - äàâëåíèå. Ýíåðãåòè÷åñêîå íåðàâåíñòâî:∫
T3
|v(t, x)|2dx+ 2

∫ t

0

∫
T3
|∇xv(τ, x)|2dxdτ ≤

∫
T3
|v0(x)|2dx,

ãäå T3 = (R/2πZ)3 - òðåõìåðíûé (3D) òîð.

Îáðàç íåëèíåéíîãî îïåðàòîðà (v,∇)v â êàæäîé

òî÷êå v ∈ Σ ≡ {u ∈ L2 : ‖u‖L2
= 1} êàñàåòñÿ

ñôåðû Σ, ò.å. v ⊥L2
(v,∇)v.
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Ñèñòåìà óðàâíåíèé Ãåëüìãîëüöà

Ðîòîð ñêîðîñòè

ω(t, x) = rot v(t, x) =

= (∂x2v3−∂x3v2, ∂x3v1−∂x1v3, ∂x1v2−∂x2v1)

Õîðîøî èçâåñòíûå ôîðìóëû:

(v,∇)v = ω × v +∇
|v|2

2
,

rot (ω×v) = (v,∇)ω−(ω,∇)v, åñëè div v = divω = 0

Ñèñòåìà óðàâíåíèé äëÿ ðîòîðà ñêîðîñòè:

∂tω(t, x)−∆ω + (v,∇)ω − (ω,∇)v = 0

ω(t, x)|t=0 = ω0(x)

ãäå ω0 = rotv0.

3



Ôóíêöèîíàëüíûå ïðîñòðàíñòà äëÿ

ÑÍÑ è ñèñòåìû Ãåëüìãîëüöà

Ôóíêöèîíàëüíîå ïðîñòðàíñòâî:

V m = V m(T3) =

= {v(x) ∈ (Hm(T3))3 : div v = 0,
∫
T3
v(x)dx = 0}

ãäå Hm(T3) - ïðîñòðàíñòâî Ñîáîëåâà. Èñïîëüçóÿ

ðàçëîæåíèå â ðÿäû Ôóðüå

v(x) =
∑
k∈Z3

v̂(k)eix·k, v̂(k) =
∫
T3

v(x)

(2π)−3
e−ix·kdx,

ãäå x·k =
∑3
j=1 xjkj, k = (k1, k2, k3) è ôîðìóëó

rot rot v = −∆v, ãäå div v = 0, ïîëó÷èì

rot−1ω(x) = i
∑

k∈Z3\{0}

k × ω̂(k)

|k|2
eix·k

Ïîýòîìó îïåðàòîð

rot : V 1 −→ V 0

ÿâëÿåòñÿ èçîìîðôèçìîì ïðîñòðàíñòâ.
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Ñèñòåìà íîðìàëüíîãî òèïà è åå

âûâîä

Íåëèíåéíûé ÷ëåí â ñèñòåìå Ãåëüìãîëüöà

èìååò âèä:

B(ω) = (v,∇)ω − (ω,∇)v

Ñïðàâåäëèâà ñëåäóþùàÿ ôîðìóëà:

(B(ω), ω)V 0 = −
∫
T3

3∑
j,k=1

ωj∂jvkωkdx 6= 0

è ïîýòîìó

B(ω) = Bn(ω) +Bτ(ω),

ãäå Bn(ω) - êîìïîíåíòà, îðòîãîíàëüíàÿ ñôåðå

Σω = {u ∈ V 0 : ‖u‖V 0 = ‖ω‖V 0}

â òî÷êå ω, à âåêòîð Bτ(ω) ÿâëÿåòñÿ êàñàòåëüíûì

ê Σω â ω. ßñíî, ÷òî Bn(ω) = Φ(ω)ω ãäå Φ -

íåèçâåñòíûé ôóíêöèîíàë, êîòîðûé îïðåäåëÿåòñÿ

èç óðàâíåíèÿ∫
T3

Φ(ω)ω(x)·ω(x)dx =
∫
T3

(ω(x),∇)v(x)·ω(x)dx

è èìååò âèä
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Φ(ω) =

∫
T3(ω(x),∇)rot −1ω(x) · ω(x)dx∫

T3 |ω(x)|2dx
, ω 6= 0,

Φ(ω) = 0, ω ≡ 0

Íîðìàëüíàÿ ïàðàáîëè÷åñêàÿ ñèñòåìà

(ÍÏÑ)

∂tω(t, x)−∆ω −Φ(ω)ω = 0, divω = 0 (1)

ω(t, x)|t=0 = ω0(x) (2)

ßâíàÿ ôîðìóëà äëÿ ðåøåíèÿ ÍÏÑ

Òåîðåìà 1. Ïóñòü S(t, x, y0) - ðàçðåøàþùèé
îïåðàòîð äëÿ ñèñòåìû Ñòîêñà ñ ïåðèîäè÷åñêèìè
êðàåâûìè óñëîâèÿìè:

∂ty −∆y = 0, div y = 0, y|t=0 = y0, (3)

ò.å. S(t, x, y0) = y(t, x). (Ìû ïðåäïîëàãàåì
÷òî div y0 = 0). Òîãäà ðåøåíèå çàäà÷è (1),(2)
èìååò âèä

ω(t, x;ω0) =
S(t, x;ω0)

1−
∫ t
0 Φ(S(τ, x;ω0))dτ

(4)
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Îäíîçíà÷íàÿ ðàçðåøèìîñòü ÍÏÑ è

íåïðåðûâíàÿ çàâèñèìîñòü ðåøåíèé îò

íà÷àëüíûõ óñëîâèé

Ëåììà 1. ∃c > 0, ∀u ∈ V 1/2 Φ(u) ≤ c‖u‖3/2

Ëåììà 2. ∀β < 1/2 ∃c1 > 0 ∀y0 ∈ V −β(T3),∫ t

0
Φ(S(t, ·, y0))dt ≤ c1‖y0‖−β.

Ïóñòü QT = (0, T ) × T3, T > 0 èëè T = ∞.
Ïðîñòðàíñòâî ðåøåíèé äëÿ ÍÏÑ:

V 1,2(−1)(QT ) = L2(0, T ;V 1) ∩H1(0, T ;V −1)

Óñëîâèå 1. Åñëè íà÷àëüíîå óñëîâèå ω0 ∈
V 0\{0} è ðåøåíèå ω(t, x;ω0) ∈ V 1,2(−1)(QT )
òî ω(t, ·, ω0) 6= 0 ∀t ∈ [0, T ]

Òåîðåìà 2. Äëÿ êàæäîãî ω0 ∈ V 0 ñóùåñòâóåò
T > 0 òàêîå, ÷òî ñóùåñòâóåò åäèíñòâåííîå
ðåøåíèå ω(t, x;ω0) ∈ V 1,2(−1)(QT ) çàäà÷è
(1),(2), óäîâëåòâîðÿþùåå Óñëîâèþ 1.

Òåîðåìà 3. Ðåøåíèå ω(t, x;ω0) ∈ V 1,2(−1)(QT )
çàäà÷è (1),(2) íåïðåðûâíî çàâèñèò îò íà÷àëüíîãî
óñëîâèÿ ω0 ∈ V 0.
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Ñâîéñòâà ôóíêöèîíàëà Φ

Î ÿäðå ôóíêöèîíàëà Φ(S(t;u))

Îïðåäåëåíèå êîíóñà

KΦ = {u ∈ V 0 : Φ(S(t;u)) ≡ 0 ∀t ∈ R+}

Åñëè u ∈ KΦ, òî λu ∈ KΦ ∀λ ∈ R Ïóñòü

L = {z ∈ V 0 : z(x) =
∑
k∈U

ẑ(k)eik·x, ẑ(−k) = ẑ(k)},

ãäå

U = {k = (k1, k2, k3) ∈ Z3\{0} :
3∑

j=1

kj íå÷åòíà}

Ëåììà 3. L ⊂ KΦ, KΦ \ L 6= ∅
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Ñòðóêòóðà äèíàìèêè ïîòîêà äëÿ ÍÏÑ.

V 0(T3) ≡ V 0 ÿâëÿåòñÿ ôàçîâûì ïðîñòðàíñòâîì

äëÿ çàäà÷è (1),(2).

Îïðåäåëåíèå 1.ÌíîæåñòâîM− ⊂ V 0 íà÷àëüíûõ

äàííûõ ω0, òàêîå, ÷òî ñîîòâåòñòâóþùåå

ðåøåíèå ω(t, x;ω0) çàäà÷è(1),(2) óäîâëåòâîðÿåò

íåðàâåíñòâó

‖ω(t, ·;ω0)‖0 ≤ α‖ω0‖0e−t/2 ∀t > 0 (∗)

íàçûâàåòñÿ ìíîæåñòâîì óòîé÷èâîñòè. Çäåñü

α > 1 - ôèêñèðîâàííîå ÷èñëî, çàâèñÿùåå

îò ‖ω0‖0.

Ïóñòü

M−(α) = {ω0 ∈M−;ω(t, ·;ω0) óäîâëåòâîðÿåò (*)}

ãäå α ≥ 1 is �xed. Òîãäà M− = ∪α≥1M−(α)
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Îïðåäåëåíèå 2.ÌíîæåñòâîM+ ⊂ V 0 íà÷àëüíûõ

äàííûõ ω0, òàêîå ÷òî ñîîòâåòñòâóþùåå ðåøåíèå

ω(t, x;ω0) ñóùåñòâóåò òîëüêî íà êîíå÷íîì

âðåìåííîì èíòåðâàëå t ∈ (0, t0), è âçðûâàåòñÿ

ïðè t = t0 íàçûâàåòñÿ ìíîæåñòâîì âçðûâîâ.

Ñïðàâåäëèâà ôîðìóëà:

M+ = {ω0 ∈ V 0 : ∃t0 > 0
∫ t0

0
Φ(S(τ, ·;ω0))dτ = 1}

Îïðåäåëåíèå 3.ÌíîæåñòâîMg ⊂ V 0 íà÷àëüíûõ

äàííûõ ω0, òàêîå ÷òî ñîîòâåòñòâóþùåå ðåøåíèå

ω(t, x;ω0) ñóùåñòâóåò äëÿ âðåìåíè t ∈ R+,

è ‖ω(t, x;ω0)‖0 →∞ ïðè t→∞, íàçûâàåòñÿ
ìíîæåñòâîì ðîñòà.

Ëåììà 4.ÌíîæåñòâàM−,M+,Mg íå ïóñòû,

è M− ∪M+ ∪Mg = V 0.
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Îá îäíîì ïîäìíîæåñòâå ìíîæåñòâà

óñòîé÷èâîñòè

Äëÿ ρ > 0, β < 1/2 îïðåäåëèì ýëëèïñîèä

Elβρ = {v ∈ V 0(T3) : ‖v‖2−β =
∑

k∈Z3\{0}

|v̂(k)|2

|k|2β
≤ ρ} =

= {v ∈ V 0(T3) :
∞∑

k∈Z3\{0}

|v̂(k)|2

(ρ|k|2β)
≤ 1}.

Ëåììà 5. Ïóñòü c1ρ < 1, ρ ≤ (α−1)/(αc1), c1
- êîíñòàíòà èç Ëåììû 2. Òîãäà Elβρ ⊂M−(α).

Äîêàçàòåëüñòâî. Äëÿ ðåøåíèÿ S(t, x, ω0) çàäà÷è
(3) äëÿ ñèñòåìû Ñòîêñà ìû èìååì:

‖S(t, ·, ω0)‖20 =
∑
k 6=0

e−2|k|2t|ω̂0(k)|2 =

= e−2t ∑
k 6=0

e−2(|k|2−1)t|ω̂0(k)|2 ≤ e−2t‖ω0‖20

è â ñèëó Ëåììû 2 äëÿ ω0 ∈ El
β
ρ , ò.å. äëÿ

‖ω0‖2−β ≤ ρ ìû èìååì, ÷òî ω0 ∈M−(α), åñëè
α ≥ 1/(1− c1ρ), ò.å. åñëè ρ ≤ (α− 1)/(αc1).
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Íåêîòîðûå ïîäìíîæåñòâà åäèíè÷íîé

ñôåðû èç V 0

Åäèíè÷íàÿ ñôåðà: Σ = {v ∈ V 0 : ‖v‖0 = 1}.
Ïîäìíîæåñòâà

A−(t) = {v ∈ Σ :
∫ t

0
Φ(S(τ, v))dτ ≤ 0},

A0(t) = {v ∈ Σ :
∫ t

0
Φ(S(τ, v))dτ = 0},

A− = ∩t≥0A−(t), A0 = ∩t≥0A0(t),

B+ = Σ \A− ≡

≡ {v ∈ Σ : ∃t0 > 0
∫ t0

0
Φ(S(τ, v))dτ > 0},

∂B+ = {v ∈ Σ : ∀t > 0
∫ t

0
Φ(S(τ, v))dτ ≤ 0

è ∃t0 > 0 :
∫ t0

0
Φ(S(τ, v))dτ = 0.
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Î ñòðóêòóðå ôàçîâîãî ïðîñòðàíñòâà

Âàæíàÿ ôóíêöèÿ íà ñôåðå Σ:

B+ 3 v → b(v) = max
t≥0

∫ t

0
Φ(S(τ, v))dτ. (5)

Î÷åâèäíî, b(v) > 0 è b(v)→ 0 ïðè v → ∂B+.
Îïðåäåëèì îòîáðàæåíèå Γ(v):

B+ 3 v → Γ(v) =
1

b(v)
v ∈ V 0. (6)

ßñíî, ÷òî ‖Γ(v)‖0 →∞ ïðè v → ∂B+.
Ìíîæåñòâî Γ(B+) ðàçäåëÿåò V 0 íà äâå ÷àñòè:

V 0
− = {v ∈ V 0 : [0, v] ∩ Γ(B+) = ∅},

V 0
+ = {v ∈ V 0 : [0, v) ∩ Γ(B+) 6= ∅}.

Ïóñòü B+ = B
f
+ ∪B

∞
+ , ãäå

B
f
+ = {v ∈ B+ : max â (5) äîñòèãàåòñÿ ïðè t <∞},

B∞+ = {v ∈ B+ : max â (5) íå äîñòãàåòñÿ ïðè

t <∞}.

Òåîðåìà 4.M− = V 0
− , M+ = V 0

+∪B
f
+, Mg =

B∞+ .
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Ñòàáèëèçàöèÿ ñ îáðàòíîé ñâÿçüþ

Íîðìàëüíîé ïàðàáîëè÷åñêîé ñèñòåìû.

Íà öèëèíäðå {(t, x) ∈ R+ × T3}, ãäå

T3 = (R/2πZ)3 - òðåõìåðíûé òîð, ðàññìîòðèì
çàäà÷ó ñòàáèëèçàöèè

∂tv(t, x)− ∂xxv −Φ(v)v = 0, (7)

v|t=0 = v0(x) + u0(x), (8)

ãäå, íàïîìíèì,

Φ(v) =

∫
T3(v(x),∇)curl −1v(x) · v(x)dx∫

T3 |v(x)|2dx
, v 6= 0,

Φ(v) = 0, v ≡ 0, (9)

v0(x) -çàäàííîå íà÷àëüíîå âåêòîðíîå ïîëå,
à u0(x) - ñòàðòîâîå óïðàâëåíèå ñ íîñèòåëåì
â êóáå

[−ρ, ρ]3 ⊂ (−π, π]3 := T3 (10)

ñ ïðîçâîëüíûì ôèêñèðîâàííûì 0 < ρ < π

(â (10) ìû èäåíòèôèöèðîâàëè (−π, π]3 ñ
òîðîì T3).
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Èíà÷å ãîâîðÿ, äëÿ ëþáîãî v0 ∈ V 0 èùåòñÿ
òàêîå óïðàâëåíèå u0 ∈ V 0 ñ íîñèòåëåì â
êóáå (10), ÷òî ðåøåíèå v(t, x) çàäà÷è (7)(8)
óäîâëåòâîðÿåò íåðàâåíñòâó

‖v(t, ·)‖0 ≤ αet/2, ïðè t→∞

ñ íåêîòîðûì α > 0.

Ìû èùåì ñòàáèëèçèðóþùåå óïðàâëåíèå

u0(x) = λu(x), λ ∈ R (11)

ñ

u(x) = rot(ξp(x1, x2, x3)w(x1, x2, x3),0,0),
(12)

ãäå p - íàòóðàëüíîå ÷èñëî, è π/(2p) ≤ ρ,

ξp(x1, x2, x3) - õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ
êóáà [−π/(2p), π/(2p)]3 ⊂ T3, à

w(x1, x2, x3) = (2 sinx1 sinx2 + sinx2 sinx3

+ sinx1 sinx3)Π3
i=1(1 + cosxi). (13)

Òåîðåìà. Ïóñòü v0 ∈M+∪Mg, ρ > 0 -ìàëî
è ôèêñèðîâàííî. Ñóùåñòâóåò u0 ∈ L0

2 âèäà
(12), (13), òàêîå ÷òî v0 + u0 ∈M−.
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Îñíîâíîé øàã äîêàçàòåëüñòâà ñîñòîèò â

âûâîäå íåðàâåíñòâà

∫
T3

Φ(S(t, x;u)dx ≥ βe−18t ∀t ≥ 0 (14)

ñ ïîëîæèòåëüíîé êîíñòàíòîé β, ãäå S(t, x, u)

- ðåøåíèå ñèñòåìû Ñòîêñà ñ ïåðèîäè÷åñêèìè

ãðàíè÷íûìè óñëîâèÿìè è ñòàðòîâûì óïðàëåíèåì

u0(x), îïðåäåëåííûìè â (12),(13). Èñïîëüçóÿ

(14) ìîæíî äîêàçàòü, ÷òî

∀v0 ∈M+ ∪Mg ∃α > 1, λ0 � 1 ∀|λ| ≥ λ0

1−
∫ t

0
Φ(S(τ, x, v0 + λu)dτ > 0 ∀t > 0.

Â ñèëó ÿâíé ôîðìóëû (4) äëÿ ðåøåíèÿ

ÍÏÓ (7) ìû ïîëó÷àåì, ÷òî

‖v(t, ·; v0 + λu)‖2L2
≤ αe−t.

Ýòî äîêàçûâàåò Òåîðåìó.
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Ñïàñèáî

çà âíèìàíèå
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