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Ñèñòåìà Íàâüå-Ñòîêñà (ÑÍÑ)

∂tv(t, x)−∆v+(v,∇)v+∇p(t, x) = f(x), (1)

div v(t, x) = 0 t > 0, x ∈ Ω, (2)

v(t, x)|t=0 = v0(x), x ∈ Ω, (3)

v(t, ·)|∂Ω = u, u(t, x′), x′ ∈ ∂Ω, (4)

Çäåñü v(t, x) = (v1, v2, v3) - ñêîðîñòü,

p(t, x) - äàâëåíèå.

Ïóñòü çàäàíî íåóñòîé÷èâîå ñòàöèîíàðíîå

ðåøåíèå v̂(x) = (v̂1, v̂2, v̂3), p̂(x)

ñèñòåìû Íàâüå-Ñòîêñà:

−∆v̂(x) + (v̂,∇)v̂ +∇p̂(x) = f(x), (5)

div v̂ = 0 x ∈ Ω, (6)

2



Ïîñòàíîâêà çàäà÷è ñòàáèëèçàöèè

Äëÿ çàäàííîãî σ > 0 íàéòè òàêîå óïðàâëåíèå

u(t, x′), ÷òî ðåøåíèå v(t, x) çàäà÷è (1)-(4)äëÿ

ÑÍÑ ñòðåìèòñÿ ê v̂ ñ ïðåäïèñàííîé ñêîðîñòüþ

σ ïðè t→∞:

‖v(t, ·)− v̂‖Ω ≡ ‖v(t, ·)− v̂‖V 1(Ω) ≤ ce
−σt. (7)

Çäåñü

V 1(Ω) = {v ∈ (H1(Ω))3 : divv = 0)

ãäå H1(Ω) - ýòî ïðîñòðàíñòâî Ñîáîëåâà.

Óïðàâëåíèå u(t, x′) äîëæíî áûòü ñ îáðàòíîé
ñâÿçüþ, ò.å. îíî äîëæíî ðåàãèðîâàòü íà

ôëþêòóàöèè ðåøåíèÿ v(t, x), ïîäàâëÿÿ èõ.

Ñòàáèëèçàöèÿ ñòðîèòñÿ ïðè óñëîâèè, ÷òî

‖v̂ − v0‖V 1 < ε ïðè äîñòàòî÷íî ìàëîì ε.
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Ñâåäåíèå ê ñëó÷àþ ñòàðòîâîãî

óïðàâëåíèÿ

1) Ïðîäîëæåíèå ÑÍÑ (1)-(4)

Ïðîäîëæèì îáëàñòü Ω äî îáëàñòè G : Ω ⊂
G.
Ïðîäîëæèì v̂(x) äî a(x), x ∈ G ñ diva =

0, a|∂G = 0. ïîäñòàâëÿÿ a â ÑÍÑ ìû ïîëó÷èì
ïðîäîëæåíèå g(x), x ∈ G ïðàâîé ÷àñòè f

äëÿ ÑÍÑ (1)

Ìû ïðîäîëæèëè ÑÍÑ (1)-(4)íà îáëàñòü G,
çàáûâ î(4)è ïîñòàâèâ ïðàâóþ ÷àñòü g âìåñòî
f :

∂tw −∆w + (w,∇)w +∇p1(t, x) = g(x), (8)

div w(t, x) = 0 t > 0, x ∈ G (9)

w|∂G = 0, w(t, x)|t=0 = w0(x) + u(x) (10)

Çäåñü w0(x) = Lv0(x) - ïðîäîëæåíèå v0(x)

íà G; è u(x) - ñòàðòîâîå óïðàâëåíèå, ïðè÷åì
supp u ⊂ ω b G \Ω.
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Ïðåäïîëîæèì, ÷òî ñòàðòîâîå óïðàâëåíèå

u ðåàëèçóåò ñòàáèëèçàöèþ, ò.å.

‖w(t, ·)− a‖V 1(G) ≤ ce
−σt, t→∞

Òîãäà ðåøåíèå (v, u) èñõîäíîé çàäà÷è ñòàáèëè-

çàöèè (1)-(7) çàäàåòñÿ ðàâåíñòâîì:

(v(t, ·), u(t, ·)) = (γΩw(t, ·), γ∂Ωw(t, ·)) (11)

ãäå γΩ, γ∂Ω - ýòî îïåðàòîðû ñóæåíèÿ ñ îáëàñòè

G íà Ω, ∂Ω, à w(t, x) - ýòî ðåøíèå çàäà÷è

(8)-(10) ñ w0 = Lv0, ãäå v0 - ýòî íà÷àëüíîå

óëîâèå(3). Òîãäà äëÿ ëþáîãî t > 0

‖v(t, ·)− v̂‖Ω ≤ ‖w(t, ·)− a‖G ≤ ce−σt

5



Ðàñïðåäåëåííîå óïðàâëåíèå

∂tw−∆w+(w,∇)w+∇p1(t, x) = g(x)+u(t, x),
(12)

div w(t, x) = 0 t > 0, x ∈ G (13)

w|∂G = 0, w(t, x)|t=0 = w0(x) (14)

Çäåñü u(t, x) - ðàñïðåäåëåííîå óïðàâëåíèå
ó êîòîðîãî ∀t > 0 supp u(t, ·) ⊂ ω b G \Ω.

Ïóñòü çàäàíû σ > 0 è ñòàöèîíàðíîå ðåøåíèå
a (ñ òàêîé æå ïðàâîé ÷àñòüþ g, íî áåç
óïðàâëåíèÿ). Òðåáóåòñÿ íàéòè óïðàâëåíèå
u(t, x),
supp u(t, ·) ⊂ ω, òàêîå, ÷òî

‖w(t, ·)− a‖V 1(G) ≤ ce
−σt, ïðè t→∞

Óïðàâëåíèå ñ îáðàòíîé ñâÿçüþ: u(t, ·) =
F (w(t·)), ãäå F : V 1(G)→ V 1

00(ω) - íåðïðåðûâíûé
îïåðàòîð, à V 1

00(ω) = {v ∈ V 1(G) : v|G\ω =
0} .
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Ñòàðòîâîå óïðàâëåíèå: çàìåíà

íåèçâåñòíîé ôóíêöèè

w(t, x) = y(t, x) + a(x):

∂ty−∆y+(a,∇)y+(y,∇)a+(y,∇)y+∇p1(t, x) = 0,

(15)

div y(t, x) = 0 t > 0, x ∈ G (16)

y|∂G = 0, y(t, x)|t=0 = y0(x) + u(x) (17)

1)Ñòàðòîâîå óïðàâëåíèå: ëèíåéíàÿ

çàäà÷à

∂y(t, ·)
∂t

+Ay = 0, y|t=0 = y0(x) + u(x),

(18)
ãäå Ay = π(−∆y + (a,∇)y + (y,∇)a),
π : (L2(G))3 → V 0

0 (G) - îðòîïðîåêòîð,

V 0
0 (G) ≡ {v ∈ (L2(G))3 : div v = 0, v·n|∂G = 0},

à n- âíåøíÿÿ íîðìàëü ê ãðàíèöå ∂G.
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A : V 0
0 (G)→ V 0

0 (G) - ñåêòîðèàëüíûé îïåðàòîð,

ò.å. ∃ϕ ∈ (0, π/2),M > 1, α ∈ R òàêîé, ÷òî

Sα,ϕ = {λ ∈ C : ϕ ≤ |arg(λ−α)| ≤ π, λ 6= α} ⊂ ρ(A)

è ‖(A−λI)−1‖ ≤M/|λ−α| ∀λ ∈ Sα,ϕ. Ïîýòîìó,
åñëè γ = ∂Sα,ϕ, òî

e−At = (2πi)−1
∫
γ
(A− λI)−1eλtdλ

= (2πi)−1(
∑
j

∫
|λ−λj|<ε

. . . dλ+
∫
γσ
. . . dλ)

Çäåñü λj - ñîáñòâåííîå çíà÷åíèå ñ Re λj <

σ. Ïóñòü ekm(λj)) - ýòî ñîîòâåòñòâóþùèå

ñîáñòâåííûå è àñîöèèðîâàííûå ôóíêöèè.

Ïîëîæèì

X+
σ (A) = [ekm(λj) : Re λj < σ]

(Ýòî - ïîäïðîñòðàíñòâî ýêñïîíåíöèàëüíî

ðàñòóùèõ ðåøåíèé (18))
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Ïóñòü A∗ : V 0
0 (G) → V 0

0 (G) - ýòî îïåðàòîð,

ñîïðÿæåííûé ê A. Îïåðàòîð A∗ ÿâëÿåòñÿ
ñåêòîðèàëüíûì ñ òåì æå ñåêòîðîì Sα,ϕ,

÷òî è ó A. Îïðåäåëèì êàê è âûøå ïðîñòðàíñòâî

X+
σ (A∗). Ìû ïîëîæèì

X−σ (A) = V 0
0 (G)	X+

σ (A∗)

(Ýòî - ïðîñòðàíñòâî ýêñïîíåíöèàëüíî

óáûâàþùèõ ðåøåíèé (18)). Ïóñòü

{e1, . . . , eK} - âåùåñòâåííîçíà÷íûé áàçèñ â

X+
σ (A),

{d1, . . . , dK} - âåùåñòâåííîçíà÷íûé áàçèñ in
X+
σ (A∗), è

(ej, dm)V 0
0 (G) = δj,m

Òåîðåìà 1. Áàçèñ {d1, . . . , dK} ìîæíî âûáðàòü
òàê, ÷òî äëÿ êàæäîé ïîäîáëàñòè ω ⊂ G

ìíîæåñòâî ôóíêöèé {d1|ω, . . . , dK|ω} ëèíåéíî
íåçàâèñèìî.
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V k(G) = {v ∈ Hk(G) : div v = 0}, k = 0,1, . . .

V 1
0 (G) = {v ∈ V 1(G) : v|∂G = 0}

V 1
00(ω) = {v ∈ V 1(G) : vG\ω = 0}, ω b G

V− = X−σ (A) = {v ∈ V 0
0 (G) :

∫
G
v(x)·dj(x)dx = 0},

j = 1,2 . . . ,K

Òåîðåìà 2. Ñóùåñòâóåò ëèíåéíûé îïåðàòîð
E : V 1

0 (G)→ V 1
00(ω) òàêîé, ÷òî y0+Ey0 ∈ V−

Äîêàçàòåëüñòâî. Ðàññìîòðèì â ω b G çàäà÷ó
−∆w(x) +∇p = v(x), div w = 0, w|∂ω = 0;

w = (−π∆)−1
ω v, (−π∆)−1

ω : V 1
0 (G)→ V 1

00(ω)

.
Ïîëîæèì Ev(x) =

∑K
j=1 cj

(
(−π∆)−1

ω dj
)

(x),
ãäå êîíñòàíòû cj = cj(v) íàõîäÿòñÿ èç ñèñòåìû
óðàâíåíèé:

K∑
j=1

cj

∫
ω

(−π∆)−1
ω dj(x)dk(x)dx = −

∫
G
dk(x)v(x)dx,

k = 1, . . . ,K
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2) Óñòîé÷èâîå èíâàðèàíòíîå

ìíîãîîáðàçèå

Ïóñòü S(t, w0) ≡ w(t, ·) - ðàçðåøàþùèé îïåðàòîð
íåëèíåéíîé çàäà÷è (15)-(17) in V 1

0 (G)

Óñòîé÷èâîå èíâàðèàíòíîå ìíãîîáðàçèå

Mσ(a) ⊂ V 1
0 (G) îïðåäåëÿåòñÿ êàê ìíîãîîáðàçèå

êîíå÷íîé êîðàçìåðíîñòè, îïðåäåëåííîå â

îêðåñòíîñòè Oε(a) ⊂ V 1
0 (G) ñòàöèîíàðíîãî

ðåøåíèÿ a, èíâàðèàíòíîãî îòíîñèòåëüíî

äåéñòâèÿ îïåðàòîðà S(t, ·), ∀t > 0 è

óäîâëåòâîðÿþùåãî ñîîòíîøåíèþ

‖S(t, w0)−a‖G ≤ ce−σt as t ≥ 0 ∀w0 ∈Mσ(a)

(19)

Ëåììà 1. Äëÿ êàæäîãî σ > 0, âîçìîæíî,

êðîìå äèñêðåòíîãî ìíîæåñòâà θ, ñóùåñòâóåò

åäèíñòâåííîå óñòîé÷èâîå èíâàðèàíòíîå

ìíîãîîáðàçèåMσ(a) ìèíèìàëüíî âîçìîæíîé

êîðàçìåðíîñòè.
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3) Îñíîâíàÿ òåîðåìà

Ïðåäïîëîæèì, ÷òî ‖w0 − a‖Ω < ε,
ãäå w0 - íà÷àëüíîå óñëîâèå, à a - ñòàöèîíàðíîå
ðåøåíèå â çàäà÷å ñòàáèëèçàöèè
(15)-(17) äëÿ ÑÍÑ.

Òåîðåìà 3. Ïóñòü σ ∈ R+ \ θ. Òîãäà äëÿ
äîñòàòî÷íî ìàëîãî ε ñóùåñòâóåò íåëèíåéíûé
îïåðàòîð E : Oε(a)→ V 1

00(ω) òàêîé, ÷òî
w0 + E(w0) ∈Mσ(a) , ãäå
Oε(a) = {v ∈ V 1(Ω) : ‖v − a‖Ω < ε}.

Óïðàâëåíèå ñ îáðàòíîé ñâÿçüþ

∂tw−∆w+(w,∇)w+∇p1 = g+
∑
j

δ(t−tj)(Ew)(tj, ·)

div w(t, x) = 0 t > 0, x ∈ G,

w|∂G = 0, w(t, x)|t=0 = w0(x),

ãäå

tj = min(t > tj−1 : dist(w(t, ·),Mσ)(a) = ε/2)
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Ðàñïðåäåëåííîå óïðàâëåíèå.

Ñòàáèëèçàöèÿ ñ îáðàòíîé ñâÿçüþ.

∂tv(t, x) +Av = u(t, x), v|t=0 = v0 (20)

supp u ∈ ω (21)

u(t, ·) = ΛEv(t, ·), ãäå E - îïåðàòîð ñ îáðàòíîé

ñâÿçüþ èç ëèíåéíîé çàäà÷è ñòàáèëèçàöèè

ñî ñòàðòîâûì óïðàâëåíèåì. Ïóñòü

V = V 0
0 (G), V+ = X+(A), V− = X−(A)

P+ : V → V+, P− : V → V− - îðòîïðîåêòîðû
P+v = v+, P−v = v−
Ëåììà 2. a)Ev = EP+v, b)P+Ev = −P+v

Èç (20),(21) ñëåäóåò, ÷òî ∂tv(t, x) + (A −
ΛE)v = 0. Ñëåäîâàòåëüíî:

∂tv+ + (A+ ΛI)v+ = 0, v+|t=0 = P+v0

∂tv−+Av− = ΛP−Ev+, v−|t=0 = P−v0
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Ðàñïðåäåëåííîå óïðàâëåíèå â

íåëèíåéíîì ñëó÷àå.

Ïîëîæèì Âv = (A+ ΛI)v+ +Av−.
ÑÍÑ èìååò âèä:

∂ty(t, x) + Ây + π̂(y,∇)y = 0, y|t=0 = y0

Òåîðåìà 4. Ïóñòü ‖y0‖V < ε, ãäå ε äîñòàòî÷íî

ìàëî. Òîãäà

‖y(t, ·)‖V ≤ c‖y0‖V e−σt, ïðè t→∞
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Ñïàñèáî

çà âíèìàíèå
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