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Ââåäåíèå

Ìû áóäåì èçó÷àòü çàäà÷è óïðàâëåíèÿ äëÿ

äèôôåðåíöèàëüíûõ óðàâíåíèé ãèäðîäèíàìè÷åñ-

êîãî òèïà. Äëÿ ïðîñòîòû ñíà÷àëà íàïîìíèì

íåêîòîðûå ïîíÿòèÿ òåîðèè óïðàâëåíèÿ â

ñëó÷àå êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ òåïëî-

ïðîâîäíîñòè:

∂ty(t, x)−∆y(t, x) = f(t, x), t ∈ (0, T ), x ∈ Ω,

y|∂Ω = yb(t, x
′), x′ ∈ ∂Ω, y|t=0 = y0(x),

ãäå Ω ⊂ Rd - îãðàíè÷åííàÿ îáëàñòü ðàçìåðíîñòè
d ≥ 1, ∂Ω - ãðàíèöà îáëàñòè, f, yb, y0 èçâåñòíûå

ôóíêöèè, à ôóíêöèÿ y - èñêîìàÿ. Ýòà êðàåâàÿ

çàäà÷à îïèñûâàåò ðàñïðåäåëåíèå òåìïåðàòóðû

y(t, x) â òåëå Ω äëÿ êàæäîãî ìîìåíòà âðåìåíè

t ∈ (0, T ).

Çàäà÷è óïðàâëåíèÿ: (Ïðåäâàðèòåëüíîå

îïèñàíèå.) Ââåäåì äâà âèäà óïðàâëåíèé.
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1)Çàäà÷à íóëü óïðàâëÿåìîñòè ñ ãðàíè÷íûì
óïðàâëåíèåì. Ïóñòü çàäàíà y0(x), x ∈ Ω.
Íàéòè òàêóþ ôóíêöèþ u(t, x′), (t, x′) ∈ (0, T )×
∂Ω := ∂ΩT , ÷òî ðåøåíèå y(t, x), (t, x) ∈
(0, T )×Ω := ΩT çàäà÷è

∂ty(t, x)−∆y = 0, y(t, x)|t=0 = y0(x), (1)

y|x′∈∂Ω = u(t, x′), (2)

óäîâëåòâîðÿåò ðàâåíñòâó

y|t=T = 0 (3)

Ôóíêöèÿ u èç (2) íàçûâàåòñÿ ãðàíè÷íûì
óïðàâëåíèåì.

2) Çàäà÷à íóëü óïðàâëÿåìîñòè
ñ ðàñïðåäåëåííûì óïðàâëåíèåì. Ïî çàäàííîé
ôóíêöèè y0(x) íàéòè òàêóþ ôóíêöèþ u(t, x),
(t, x) ∈ ΩT , ÷òî ðåøåíèå y(t, x) çàäà÷è

∂ty(t, x)−∆y = u(t, x), y|t=0 = y0(x), (4)

y|x′∈∂Ω = 0, ∀t ∈ (0, T ), (5)

óäîâëåòâîðÿåò (3). Ôóíêöèÿ u èç (4) íàçûâàåòñÿ
ðàñïðåäåëåííûì óïðàâëåíèåì.
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Ìû îïóñòèëè çàäàííûå ôóíêöèè f, yb â îáîèõ

îïðåäåëåíèÿõ çàäà÷è íóëü óïðàâëÿåìîñòè

òîëüêî ëèøü ðàäè ïðîñòîòû. Âî ìíîãèõ

ñèòóàöèÿõ îíè äîëæíû áûòü èñïîëüçîâàíû.

Êðîìå òîãî, äîñòàòî÷íî ÷àñòî íóëü â ïðàâîé

÷àñòè (3) íóæíî çàìåíèòü íà ñîîòâåòñòâóþùóþ

ôóíêöèþ ŷ(x). Òîãäà íàçâàíèå çàäà÷è çàìåíÿåòñÿ

íà çàäà÷ó òî÷íîé óïðàâëÿåìîñòè.

Çàìåòèì, ÷òî çàäà÷à íóëü óïðàâëÿåìîñòè

ñ ãðàíè÷íûì óïðàâëåíèåì áîëåå åñòåñòâåííà

è ïîýòîìó áîëåå âàæíà äëÿ ïðèëîæåíèé,

÷åì àíàëîãè÷íàÿ çàäà÷à ñ ðàñïðåäåëåííûì

óïðàâëåíèåì. Äåéñòâèòåëüíî, ñîçäàòü íóæíóþ

òåìïåðàòóðó íà ãðàíèöå ∂Ω ôèçè÷åñêîãî

òåëà Ω (ò.å. ãðàíè÷íîå óïðàâëåíèå) ïðîùå,

÷åì ñîçäàòü íàäëåæàùèé èñòî÷íèê òåïëà

âíóòðè ôèçè÷åñêîãî òåëà Ω (ò.å. ðàñïðåäå-

ëåííîå óïðàâëåíèå).

Òåì íå ìåíåå, ìàòåìàòè÷åñêàÿ ìîäåëü ñ

ðàñïðåäåë¸ííûì óïðàâëåíèåì òàêæå ìîæåò

áûòü ïîëåçíîé. Äàâàéòå ïîêàæåì,
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÷òî ìàòåìàòè÷åñêîå ðåøåíèå çàäà÷è (1)-
(3) ñ ãðàíè÷íûì óïðàâëåíèåì ìîæåò áûòü
ñâåäåíà ê ðåøåíèþ çàäà÷è ñ ðàñïðåäåëåííûì
óïðàâëåíèåì, óäîâëåòâîðÿþùèì íåêîòîðûì
äîïîëíèòåëüíûì îãðàíè÷íèÿì:

Ïóñòü G ⊂ Rd, ω ⊂ Rd, d ≥ 1 � îãðàíè÷åííûå
îáëàñòè òàêèå, ÷òî Ω ⊂ G, ω ⊂ (G\Ω), GT =

(0, T ) × G,ωT = (0, T ) × ω, è ∂G ÿâëÿåòñÿ
ãðàíèöåé G. Çàäàíà ôóíêöèÿ z0(x), x ∈ G,
òàêàÿ, ÷òî z0|∂G = 0, íàéòè ôóíêöèþ

v(t, x), (t, x) ∈ GT : supp v ⊂ ωT (6)

òàêóþ, ÷òî ðåøåíèå z(t, x) çàäà÷è

∂tz(t, x)−∆z = v(t, x), z|t=0 = z0(x), (7)

z|x∈∂G = 0, ∀t ∈ (0, T ), (8)

óäîâëåòâîðÿåò ðàâåíñòâó

z(T, x) = 0 (9)

Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò ðåøåíèå
(z(t, x), v(t, x)) çàäà÷è (6)-(9), è
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íà÷àëüíûå óñëîâèÿ z0, y0 çàäà÷ (6)-(9) è

(1)-(3) ñâÿçàíû ñîîòðîøåíèì: z0|x∈Ω = y0(x).

Íàëîæèì ñëåäóþùèå îãðàíè÷åíèÿ íà ôóíêöèþ

z(t, x) óêàçàííóþ âûøå:

y(t, x) = z|(t,x)∈ΩT
, u(t, x′) = z|(t,x′)∈∂Ω

(10)

Òàê êàê Ω ∩ ω = ∅ , òî èç ñîîòíîøåíèÿ

(10) ñëåäóåò ÷òî v(t, x) = 0 äëÿ x ∈ Ω. Ýòî

îçíà÷àåò, ÷òî ïàðà (y, u), îïðåäåëåííàÿ â

(10) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1)-(3).

Ðàññìîòðèì òåïåðü çàäà÷ó òî÷íîé óïðàâëÿåìîñòè

äëÿ ñèñòåìû Íàâüå-Ñòîêñà.
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Ñèñòåìà Íàâüå-Ñòîêñà (ÑÍÑ) òå÷åíèÿ

âÿçêîé íåñæèìàåìîé æèäêîñòè

∂tv(t, x)−∆v+(v,∇)v+∇p(t, x) = f(x)+u(t, x),
(11)

div v(t, x) = 0 t > 0, (12)

v(t, x)|t=0 = v0(x), (13)

v(t, . . . , xj+2π, . . .) = v(t, . . . , xj, . . .), j = 1,2,3
(14)

Çäåñü v(t, x) = (v1, v2, v3) � ñêîðîñòü òå÷åíèÿ
æèäêîñòè, p(t, x) � äàâëåíèå, u(t, x) � óïðàâëåíèå,

supp u(t, ·) ⊂ ω ⊂ T3 ∀t,
ãäå T3 = (R/2πZ)3 � òðåõìåðíûé òîð (âêëþ÷åíèå
x ∈ T3 ýêâèâàëåíòíî âûïëíåíèþ ïåðèîäè÷åñêèõ
êðàåâûõ óñëîâèé (14)), ω � îòêðûòîå ìíîæåñòâî.

Ïóñòü

(v̂(x), p̂(x)) = (ṽ(ε, x), p̃(ε, x)) (15)

ãäå ïàðà (ṽ(t, x), p̃(t, x)) óäîâëåòâîðÿåò ïðè
t ∈ (0, ε) ñèñòåìå óðàâíåíèé (11)ñ u(t, x) ≡
0, (12),(14) è íåêîòîðîìó íà÷àëüíîìó óñëîâèþ.
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Ïðîáëåìà òî÷íîé óïðàâëÿåìîñòè,

ïîñòâëåííàÿ Æ.-Ë.Ëèîíñîì:

Ñóùåñòâóåò ëè òàêîå óïðàâëåíèå u, ÷òî

v(T, x) = v̂(x) (16)

ãäå v � ðåøåíèå çàäà÷è (11)-(14),à v̂ � âåêòîðíîå
ïîëå (15)?

Ââåäåì ôóíêöèîíàëüíûå ïðîñòðàíñòâà

V k := {v ∈ (Hk(T3))3 : divv = 0,
∫
T3
vdx = 0},

ãäå Hk(T3) � ïðîñòðàíñòâî Ñîáîëåâà,

V 1,2 = {v ∈ L2(0, T ;V 2) : ∂tv ∈ L2(0, T ;V 0)},

V 0
00(ω) = {u ∈ V 0 : u(x) = 0 ïðè x ∈ T3 \ ω}

Òåîðåìà 1. Ïóñòü çàäàíû f ∈ V 0, v0 ∈
V 1, T > 0, v̂. Òîãäà ñóùåñòâóåò òàêîå óïðàâëåíèå
u ∈ L2(0, T ;V 0

00(ω)), ÷òî ðåøåíèå

(v,∇p) ∈ V 1,2 × L2(0, T ; (L2(T3)3)

çàäà÷è (11)-(14)óäîâëåòâîðÿåò óñëîâèþ (16).
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Ðåøåíèå çàäà÷è Æ.-Ë.Ëèîíñà î

òî÷íîé óïðàâëÿåìîñòè

1) Ñëó÷àé ëîêàëüíîé òî÷íîé óïðàâëÿåìîñòè:
‖v̂−v0‖V 1 < ε. (Ñ èñïîëüçîâàíèåì Êàðëåìàíîâñêèõ
îöåíîê)

A. V. Fursikov, O. Yu. Imanuvilov, Control-
lability of evolution equations, Lecture Notes
Ser. Seoul (Global Anan. Res. Ctr.) 34 (1996),
p.1-163.

2) Ñëó÷àé íåëîêàëüíîé òî÷íîé óïðàâëÿåìîñòè
äëÿ äâóìåðíîé ÑÍÑ.

J.-M.Coron,A.V.Fursikov, Global exact con-

trollability of the 2D Navier-Stokes equations

on manifold without boundary,
Russian J.Math.Phys.4:3,(1996), p.1-20.

3) Ñëó÷àé íåëîêàëüíîé òî÷íîé óïðàâëÿåìîñòè
äëÿ òðåõìåðíîé ÑÍÑ.

À.Â.Ôóðñèêîâ, Î.Þ.Ýìàíóèëîâ, Òî÷íàÿ óïðàâëÿåìîñòü
óðàâíåíèé Íàâüå-Ñòîêñà è Áóññèíåñêà, Óñïåõè
Ìàòåìàòè÷åñêèõ Íàóê, 54:3 (1999), ñ.93�
146.
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Â Òåîðåìå 1 äîêàçàíî ñóùåñòâîâàíèå ðåøåíèÿ
íåëîêàëüíîé çàäà÷è òî÷íîé óïðàâëÿåìîñòè
äëÿ òðåõìåðíîé ñèñòåìû Íàâüå-Ñòîêñà. Îòìåòèì,
÷òî ýòà çàäà÷à íåêîððåêòíà â ñìûñëå Àäàìàðà.
Íàøà öåëü - ïðîâåñòè àíàëîãè÷íîå èññëåäîâàíèå
ñòàáèëèçàöèè ðÿäà ñèñòåì ãèäðîäèíàìè÷åñêîãî
òèïà ñ ïîìîùüþ óïðàâëåíèÿ ñ îáðàòíîé
ñâÿçüþ. Áóäó÷è ðåãóëÿðèçàöèåé çàäà÷è òî÷íîé
óïðàâëÿåìîñòè, ýòà çàäà÷à ñòàáèëèçàöèè
ÿâëåòñÿ êîððåêòíîé â ñìûñëå Àäàìàðà. Ìû
íà÷íåì ñ ïðîñòåéøèõ ïðèìåðîâ.

Çàäà÷à ñòàáèëèçàöèè ñ ïîìîùüþ ãðàíè÷íîãî

óïðàâëåíèÿ ñ îáðàòíîé ñâÿçüþ Ðàññìîòðèì
ïðîñòîå ïàðàáîëè÷åñêîå óðàâíåíèå

∂y(t, x)

∂t
−
∂2y(t, x)

∂x2
− αy(t, x) = 0, (17)

y|t=0 = y0(x), (18)

ãäå α > 1, x ∈ (−π/2, π/2), t ∈ R+, y0(x) ∈
L2(−π/2, π/2). Ìû âêëþ÷èëè â (17) ÷ëåí
ñ α > 1, ÷òîáû çàäà÷à (17),(18) îáëàäàëà
ýêñïîíåíöèàëüíî ðàñòóùèìè ðåøåíèÿìè, òàê
êàê åñëè y0(x) = cosx, òî y(t, x) = cosxe(α−1)t

óäîâëåòâîðÿåò (17),(18).
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Ïîñòàíîâêà çàäà÷è: Ïðè çàäàííîì σ > 0
íàéòè ãðàíè÷íûå óñëîâèÿ u+(t), u−(t) äëÿ
(17),(18):

y(t,−π/2) = u−(t), y(t, π/2) = u+(t) (19)

òàêèå, ÷òîáû ðåøåíèå y(t, x) çàäà÷è (17)-
(19) óáûâàëî ñî ñêîðîñòüþ σ:

‖y(t, ·)‖L2(−π2,
π
2) ≤ ce

−σt (20)

ãäå c çàâèñèò îò σ è y0(·).

×òîáû ðåøèòü çàäà÷ó ñòàáèëèçàöèè (17)-
(20), ìû ñâåäåì åå ê ðåøåíèþ çàäà÷è ñòàáèëèçàöèè
ñ ïîìîùüþ ñòàðòîâîãî óïðàâëåíèÿ. Äëÿ
ýòîãî ìû ïðîäîëæèì ðåøåíèå y(t, x) çàäà÷è
(17)-(19) ñ ïðÿìîóãîëüíîé ïîëîñû {(t, x) ∈
R+×(−π/2, π/2)} íà öèëèíäð (t, x) ∈ R+×T,
ãäå T = R/2πZ - ýòî îêðóæíîñòü äëèíîé 2π,
ò.å. èíòåðâàë (−π, π) ñ îòîæäåñòâëåííûìè
êîíöàìè −π and π. Äðóãèìè ñëîâàìè, ìû
áóäåì ðàññìàòðèâàòü (17) äëÿ (t, x) ∈ R+×
(−π, π) ñ ïåðèîäè÷åñêèìè ãðàíè÷íûìè óñëîâèÿìè:

∂z(t, x)

∂t
−
∂2z(t, x)

∂x2
− αz(t, x) = 0, (21)

z(t, x+ 2π) = z(t, x), (22)

11



z|t=0 = z0(x) := Ey0(x). (23)

Çäåñü z(t, x) - ýòî ïðîäîëæåíèå y(t, x), E -
ñëåäóþùèé îïåðàòîð ïðîäîëæåíèÿ:

Ey0(x) =

{
y0(x), x ∈ (−π/2, π/2), (24)
u(x), x ∈ (−π,−π/2) ∪ (π/2, π),

à ôóíêöèÿ u(x) îäíîçíà÷íî îïðåäåëÿåòñÿ
ïî y0; u(x) íàçûâàåòñÿ ñòàðòîâûì óïðàâëåíèåì.

Çàäà÷à ñòàáèëèçàöèè ñî ñòàðòîâûì

óïðàâëåíèåì ñ îáðàòíîé ñâÿçüþ : Ïî
çàäàííîìó y0(x) ∈ L2(−π/2, π/2),
σ > 0 íàéòè òàêîå ñòàðòîâîå óïðàâëåíèå
u(x) ∈ L2((−π,−π/2)∪(π/2, π)), ÷òî ðåøåíèå
çàäà÷è (21)-(23) óäîâëåòâîðÿåò îöåíêå

‖z(t, ·)‖L2(−π,π) ≤ ce
−σt, t→∞ (25)

Îòìåòèì, ÷òî ïî îïðåäåëåíèþ ñòàðòîâîå
óïðàâëåíèå u(x) íàçûâàåòñÿ óïðàâëåíèåì
ñ îáðàòíîé ñâÿçüþ, åñëè îíî îäíîçíà÷íî
îïðåäåëÿåòñÿ ïî y0.

Ìû ðåøèì ýàäà÷ó ñòàáèëèçàöèè (21)-(25)
ñ ïîìîùüþ ìåòîäà Ôóðüå. Ïóñòü z(t, x) -
ðåøåíèå çàäà÷è
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(21)-(23), ãäå íà÷àëüíîå óñëîâèå z0(x) çàäàíî.

Ïîäñòàâèâ ðÿä Ôóðüå z(t, x) =
∑
k∈Z ẑ(t, k)eikx

â(21)-(23) ïîëó÷èì, ÷òî êîýôôèöèåíò Ôóðüå

ẑ(t, k) := (2π)−1 ∫ π
−π z(t, x)e−ikxdx îïðåäåëÿåòñÿ

ïî ôîðìóëå

ẑ(t, k) = e−(k2−α)tẑ0(k), (26)

ãäå ẑ0(k) - êîýôôèåíò Ôóðüå íà÷àëüíîãî

óñëîâèÿ z0(x). Èñïîëüçóÿ îáîçíà÷åíèå ‖z‖ =

‖z‖L2(−π,π), ïîäñòàâèì â ðàâåíñòâî Ïàðñåâàëÿ

ñîîòíîøåíèå (26). Â ðåçóëüòàòå ìû ïîëó÷èì:

‖z(t, ·)‖2 = 2π
∑
k∈Z
|ẑ(t, k)|2 =

= 2π
∑
k∈Z
|ẑ0(k)|2e−2(k2−α)t (27)

Â ñèëó (27) íåðàâåíñòâî (25) âåðíî òîãäà

è òîëüê î òîãäà, êîãäà

ẑ0(k) = 0, ∀k ∈ Z : |k| <
√
α+ σ (28)

Èñïîëüçóÿ (28), ïîñòðîèì îïåðàòîð E, óêàçàííûé

â (24), ÷òî ÿâëÿåòñÿ ãëàâíûì øàãîì â ðåøåíèè

çàäà÷è ñòàáèëèçàöèè (21)-(25).
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Ëåììà 1. Äëÿ ëþáîãî σ > 0 ñóùåñòâóåò
åäèíñòâåííûé îïåðàòîð ïðîäëæåíèÿ E, óêàçàííûé
â(24), òàêîé, ÷òî äëÿ ëþáîãî y0(x) ∈ L2(−π/2, π/2)∫ π/2

−π/2
e−ikxEy0(x)dx = 0 ∀k : |k| <

√
σ + α

(29)
Äîêàçàòåëüñòâî. Ïîëîæèì B = (−π,−π/2)∪
(π/2, π). Â ñèëó (24),(29)∫
B
e−ikxu(x)dx = −

∫ π/2

−π/2
e−ikxy0(x)dx := −ỹ0(k)

(30)
ãäå ỹ0(k) - êðàòêîå îáîçíà÷åíèå âåëè÷èíû
èíòåãðàëà èç ëåâîé ÷àñòè ïîñëåäíåãî ðàâåíñòâà.
Ìû èùåì u(x) â ñëåäóþùåì âèäå

u(x) =
∑

|j|<
√
σ+α

ũje
ijx, x ∈ B, (31)

ãäå ũj - íåêîòîðûå âåëè÷èíû. Ïîñëå ïîäñòàíîâêè
(31) â (30) ìû ïîëó÷èì:∑

|j|<
√
σ+α

ak,jũj = −ỹ0(k), (32)

ãäå

ak,j =
∫
B
e−i(k−j)xdx, |k| <

√
σ + α. (33)
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Ìàòðèöà A = ‖ak,j‖ ÿâëÿåòñÿ ïîëîæèòåëüíî
îïðåäåëåííîé. Äåéñòâèòåëüíî, åñëè Φ =
{φk, |k| <

√
σ + α} è ϕ(x) =

∑
k φke

ikx, x ∈ B,
â ñèëó (33)

(AΦ,Φ) :=
∑
k,j

ak,jφjφk =
∫
B

∑
k,j

e−i(k−j)xφjφkdx =

∫
B
|ϕ(x)|2dx ≥ 0 (34)

Åñëè äëÿ ϕ(x) âìåñòî íåðàâåíñòâà â (34)
ìû èìååì ðàâåíñòâî, òî ϕ(x) =

∑
|k|≤k0

φke
ikx ≡

0 è

eik0xϕ(x) =
∑
|k|≤k0

φke
i(k+k0)x ≡ 0

ãäå k0 - íàèáîëüøåå íàòóðàëüíîå ÷èñëî,
óäîâëåòâîðÿþùåå íåðàâåíñòâó k0 <

√
σ + α.

Íî ðÿä eik0xϕ(x) ÿâëÿåòñÿ ïîëèíîìîì, îí
îãðàíè÷åí íà åäèíè÷íîé îêðóæíîñòè êîìïëåêñíîé
ïëîñêîñòè è ðàâåí íóëþ â ïî÷òè âñåõ åå
òî÷êàõ. Ïîýòîìó âñå åãî êîýôôèöèåíòû φk
ðàâíû íóëþ. Ñëåäîâàòåëüíî detA = det ‖ajk‖ 6=
0, ñèñòåìà (32) îäíîçíà÷íî ðàçðåøèìà, è
äëÿ êàæäîãî σ > 0 îïåðàòîð E èç (24)
ñóùåñòâóåò è åäèíñòâåíåí. Ëåììà 1 äîêàçàíà.
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Ðåøèì çàäà÷ó ñòàáèëèçàöèè (17)-(20) ñ ãðàíè÷íûì

óïðàâëåíèåì, ñ ïîìîùüþ çàäà÷è ñòàáèëèçàöèè

(21)-(25) ñî ñòàðòîâûì óïðàâëåíèåì. Êàê

ñëåäóåò èç Ëåììû 1, ïðîäîëæåíèå z0(x) =

(Ey0)(x) ôóíêöèè y0(x) ∈ L2(−π/2, π/2) íà

îêðóæíîñòü (−π, π) óäîâëåòâîðÿåò íåðàâåíñòâó

‖z0‖L2(−π,π) ≤ c‖y0‖L2(−π/2,π/2)

Õîðîøî èçâåñòíî, ÷òî ðåøåíèå z(t, x) êðàåâîé

çàäà÷è (21)-(23) áåñêîíåíî äèôôåðåíöèðóåìî

ïðè ëþáîì t > 0 è ïîýòîìó îãðàííè÷åíèÿ

z(t, x)|(t,x)∈R+×(−π/2,π/2) = y(t, x) è

z(t, x)|(t,x)∈R+×{±π/2} = u±(t) êîððåêòíî

îïðäåëíû. Òàê êàê z(t, x) óäîâëåòâîðÿåò (21)-

(25), òî ôóíêöèè (y(t, x), u+(t), u−(t))

óäîâëåòâðÿþò (17),(20).

16



Ñïàñèáî

çà âíèìàíèå
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